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ABSTRACT. We bound the number of distinct minimal subsys-
tems of a given transitive subshift of linear complexity, continu-
ing work of Ormes and Pavlov [7]. We also bound the number of
generic measures such a subshift can support based on its com-
plexity function. Our measure-theoretic bounds generalize those
of Boshernitzan [1] and are closely related to those of Cyr and Kra

[2].

1. INTRODUCTION

In this work, we study symbolically defined dynamical systems called
subshifts. A subshift is defined by a finite set A (called an alphabet),
the (left) shift action o on A% and a set X C A% of sequences that
is closed in the product topology and o-invariant. For convenience, we
will refer to a subshift (X, o) only as X since the dynamics are always
understood to come from o. (See Section 2.1 for more details.)

Given a subshift X, let cx(n) denote the number of words of length
n that appear in X, i.e., the complexity function of X. Assuming that
X is transitive and cx(n) grows linearly, we ask: what is the interplay
between cx(n) and the structure of the sub-dynamical systems of X7
We study this question in both the topological and measure-theoretic
categories.

In the topological category, we provide bounds on how large cx(n)
must be in order to accommodate a given number of minimal sub-
systems in X. If X contains only one minimal subsystem, then, by
the Morse-Hedlund Theorem (Theorem 3.2), either X is periodic or
cx(n) > n+1 for every n. In [7], Ormes and Pavlov show that, if X is
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transitive and not minimal, then

(1.1) limsup(cx(n) — 1.5n) = oo.
n—oo
Moreover they show that the bound (1.1) is sharp in the sense that the
threshold 1.5n cannot be increased by any nondecreasing, unbounded
function g : N — N; for any such g, there is an example of a transitive
non-minimal subshift X where
lim sup(cx(n) — (1.5n + g(n))) < oc.

n—oo
For X containing two or more minimal subsystems, in Section 3 we
establish the following.

Theorem 1.2. Let X be a transitive subshift which is the orbit closure
of a recurrent point x, where X has j > 2 proper minimal subsystems,
exactly © of which are infinite (0 < ¢ < j). Then the following bounds
hold and are sharp:

(1) limsup,, ,(cx(n) —(j+i+ 1)n) = 0o, and

(2) liminf, o (cx(n) — (j +i)n) = oco.

The notion that the bounds in Theorem 1.2 are sharp is the same as
for (1.1), namely, that for any nondecreasing unbounded g : N — N,
there exists X satisfying the hypotheses of the theorem for which the
bounds do not hold when g is added to (j+i+1)n or (j+i)n respectively.

In Section 4 we consider the case of a general (not necessarily re-
current) transitive subshift. We establish bounds on the growth rate
of c¢x(n) in the special cases where X contains one or two minimal
subsystems and then prove the following.

Theorem 1.3. Let X be a transitive subshift where X has 7 > 3 min-
imal subsystems, exactly i of which are infinite (0 <i < j). Then

liminf(cx(n) — (j +i)n) = oc.
n—oo
Of course, Theorem 1.3 implies that
limsup(cx(n) — (j +i)n) = oo

n—oo
for transitive X as well, and we show that this bound is sharp in the
same sense as above.

Turning our attention to the measure-theoretic category, we consider
the well-studied problem of bounding the number of ergodic measures
that a given subshift can support. For example, in [1], Boshernitzan
shows that if X is minimal and

liminf(cx(n) — Kn) = —o0,
n—oo
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then X can support at most K — 1 ergodic measures. He also shows,
again assuming minimality, that X is uniquely ergodic provided that

lim sup ex(n)
n—o00 n

< 3.

Cyr and Kra, motivated by work of Katok [4] and Veech [9] on interval
exchange transformations, extended Boshernitzan’s work by consider-
ing arbitrary (not necessarily minimal) subshifts and nonatomic generic
(not necessarily ergodic) measures [2]. Note that because they are
working in such a general setting, their results cannot establish bounds
on the number of atomic measures. Indeed, given any subshift X, one
can always union X with a fixed point to obtain a new subshift Y with
an additional (atomic) ergodic measure, where ¢y (n) = cx(n) + 1.

In this paper we consider transitive systems and obtain bounds on
the number of generic measures. In particular, we show the following
in Section 5.

Theorem 1.4. Let X = O(x) be a transitive subshift where x is recur-
rent and aperiodic. If

cx(n)

lim sup
n—oQ

< 3,

then X 1is uniquely ergodic.

The following result is similar to a result obtained in [2]; see Section 5
for more details.

Theorem 1.5. Let X = O(x) be a transitive subshift where x is not
eventually periodic in both directions. If

liminf(cx(n) — gn) = —oco
n—o0

for g € N, then X has at most g — 1 generic measures.

Note that Theorem 1.5 does not imply Theorem 1.3. Indeed, if X
contains g minimal subsystems, then there are least g generic measures
on X. Theorem 1.5 would then imply that

liminf(cx(n) — gn) > —oo,
n—0o0

whereas Theorem 1.3 gives the stronger conclusion

liminf(cx(n) — gn) = co.
n—oo
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2. PRELIMINARIES

2.1. Subshifts. We recall some basic definitions; for more information,
see [5].

A full shift is a pair (A%, o) where A is a finite alphabet, A% has
the product of the discrete topology on A, and o : A* — A” is the
left-shift defined by o(x); = x;,1 for each x = (x;)iez € AZ. A subshift
is a pair (X, o) where X is a closed and c-invariant subset of some
AZ. To conserve notation, we will often refer to the subshift (X, o) as
simply X.

A subshift X is transitive if there exists © € X such that X = O(x),
the closure of the orbit O(z) = {¢™(x) : n € Z}. We call such a
point x € X a transitive point. If X = O(x) for every z € X, then
X is minimal. A transitive subshift X is periodic if it has a transitive
point x which is periodic, meaning that there exists p € Z such that
oP(x) = x. Note that a transitive subshift X is periodic if and only if
X has finite cardinality.

Given a subshift X, a word of length n in X is a block of symbols w =
wiwsy - - - Wy, that occurs in some point z € X, ie., w = ;201 -+ Tirn_1
for some i € Z. Let L£,(X) denote the set of all words of length n
occuring in some point in X, and £(X) = (7, £,(X). The complezity
function of X is the function cx(n) : N — N that gives the cardinality
of £,(X). If X is transitive, then X = O(z) for some z € X, and in
this case cx(n) is equal to the number of words of length n in z.

For a symbol a € A and n > 1, the expression a™ denotes the word
of length n formed by concatenating a with itself n times. Correspond-
ingly, a> denotes the infinite concatenation of a with itself. Depending
on the situation, a® may denote a bi-infinite sequence, a left-infinite
sequence, or a right-infinite sequence. The choice of meaning should
be clear from context.

A point x € X is recurrent if every word in x occurs at least twice
(equivalently, infinitely often). If every word in x occurs infinitely often
with uniformly bounded gaps between occurrences, then x is uniformly
recurrent. Note that x is uniformly recurrent if and only if X = W
is minimal.

If X and Y are subshifts, then for any continuous f : X — Y such
that f oo = oo f, there exist m,a € N such that for every x € X,
f(z)o is determined by the word z_,, - 2o -2, In this case f is
called an (m + a + 1)-block map with memory m and anticipation a.
If such a map f is surjective then it is a factor map. In this paper,
when we define a factor map f on a subshift X, it is understood to
have codomain f(X). In addition, any (m + a + 1)-block map has an
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obvious associated action on finite words as well (for any n-letter word
w, f(n) has length n —m — a); we use f to refer to this function also
since usage should always be clear from context.

A word w in L£(X) is right-special if there exist a,b € A such that
wa,wb € L(X) with a # b. Similarly, w is left-special if there exist
a,b € A such that aw,bw € L(X) with a # b. Let RSx(n) (or just
RS(n) if X is understood) denote the set of right-special words in X.

Let x be an element of a subshift X. By the omega-limit set of x,

we mean the set
w(z) =[] {o"(@): n > N}
N>1
For any € X, the set w(z) is a closed and shift-invariant subset of
X, so is itself a subshift.

We say that a point x in a subshift X is eventually periodic to the
right if there exist integers p > 0 and N > 0 such that for all « > N,
T; = Tip. Similarly, we say that x is eventually periodic to the left
if there exist integers p > 0 and N > 0 such that for all i < —N,
Ty = Tij—p-

2.2. Sturmian subshifts. There are several different approaches to
defining Sturmian subshifts (see [3] for an introduction). We outline
one such approach here.

For any irrational 3, define the map Rs : [0,1) — [0,1) by Rg(x) =
r+ 3 mod 1. For any x € (0,1), define the sequence s(z) € {0,1}% by

1 it R} 0
Sn(.ilf): l g(x) < [ ’5)
0 if RE(x) € [8,1).
The bi-infinite sequence s(z) is called a Sturmian sequence for . For
any two-element set {a, b}, we call a subshift X C {a,b}? a Sturmian

subshiftif X can be obtained as the orbit closure of a Sturmian sequence
with 0 replaced by a and 1 by b.

2.3. Bounds on the Complexity Function. Here we introduce short-
hand notation for bounds on the complexity function.

Definition 2.1. Given a function f: N — R, write cx(n) = f(n) if
limsup(cx(n) — f(n)) = oo.

n—oo

Definition 2.2. Given a function f: N — R, write cx(n) > f(n) if
liminf(cx(n) — f(n)) = oo.
n—oo

Note that the bounds in Theorem 1.2 can be rewritten using this no-
tation as
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(1) ex(n) > (j+i+ 1)n and

and the bound in Theorem 1.3 can be rewritten as cx(n) = (j + ¢)n.

As mentioned in the introduction, throughout this work we will say
that a bound of the form cx(n) > f(n) (or cx(n) = f(n)) which holds
under some hypotheses on X is sharp if it fails when any nondecreas-
ing unbounded g : N — N is added to f(n), i.e., if for any such g
there exists a subshift X satisfying the relevant hypotheses for which
cx(n) > f(n) 4+ g(n) (or cx(n) = f(n) + g(n)) is false.

3. TRANSITIVE SYSTEMS WITH A RECURRENT TRANSITIVE POINT

The main goal of this section is to prove Theorem 1.2, which assumes
that X contains two or more minimal subsystems. But first we recall
some existing results that can be used to treat X containing a single
minimal subsystem.

3.1. Single minimal subsystem. If X is itself minimal and not a
periodic orbit, then the following two results establish that

cx(n) >n+1
for all n > 1 and that this bound cannot be improved.
Theorem 3.1 ([6]). If X is a Sturmian subshift, then
cx(n)=n+1 foralln > 1.

Theorem 3.2 ([6]). Let X be any subshift. If there exists n > 1 such
that cx(n) < n, then X is a finite set of periodic points.

Thus the Sturmian subshifts are examples of the lowest complexity
subshifts that are not periodic (see [8] for more). If X is transitive and
not minimal, then the following (sharp) bound was proved in [7].

Theorem 3.3 ([7]). Suppose X is a transitive subshift with a recurrent
transitive point x. If X is not minimal, then

cx(n) > 1.5n,
and this bound is sharp.

Combining the results of [7] and techniques of the proof of Theorem
1.2, we will be able to establish the following.

Theorem 3.4. Suppose X is a transitive subshift with a recurrent tran-
sitive point x. If X properly contains an infinite minimal subsystem,
then

cx(n) = 2.5n,
and this bound is sharp.
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We postpone the proof of Theorem 3.4 until after the proof of The-
orem 1.2.

3.2. Multiple minimal subsystems. For j > 2 and 0 < ¢ < 7,
consider the set of subshifts S = S(j,4), where X € S(j,7) if and only
if X is transitive with a recurrent transitive point, and X has j distinct
minimal subsystems, exactly ¢ of which are infinite. To prove Theorem
1.2 for X € S(j,1), we first reduce to the i = 0 case via factor maps.

3.2.1. Reduction to the i = 0 case. We define a factor map 7 that
maps the j distinct minimal subsystems of X to j distinct points,
which are fixed by ¢. Lemma 3.5 will provide an inequality between
the complexity sequences for X and 7(X'), which will allow us to simply
work with 7(X) moving forward.

Let M, ..., M; denote the minimal subsystems of X, where, without
loss of generality, M, ..., M; are infinite and M, 1,..., M, are finite.
Since the sets M, ..., M; are pairwise disjoint closed subsets of X,
there is an r > 1 such that the sets £,.(M;), ..., L.(M;) are pairwise
disjoint. Fix such a value of r; pick j distinct symbols a4, ..., a; that do
not occur in z; and define an r-block map ¢ with domain X, memory
zero, and anticipation (r — 1) as follows:

o(y), = ap i Yg - Ygaro1 € ET(MP)§
! Yy, otherwise.

Now pick a symbol b that does not occur in ¢(z), and define a 2-block
map 1 with domain ¢(X), memory zero, and anticipation 1 as follows:

b if 2,241 € {a,s, sa,} for some p and s # ay;
U(z)g = .
Yy, otherwise.

Note that post-composing ¢ with 1 has the effect of ensuring that
words of the form a;; are always preceded and followed by the “marker”
symbol b. Define 7 = 1) o ¢. Then the minimal subsystems of 7 (X)
are simply the one-point sets (M) = {a°}. If X € S(j,1), it follows
that 7(X) € S(5,0).

Lemma 3.5. If X € S(j,i) with j > 2 and 7 is the factor map defined
above, then, for every n >r, cx(n) > cxx)(n —r) +in.

Proof. Note that for any ¢-block factor map from a subshift X onto
a subshift Y, a word of length m in X determines a word of length
m—q+ 1in Y. It follows that cx(m) > ¢y (m — g+ 1).

Applying this to our situation, since ¢ is a 2-block map, cy(x)(n)

>
Cx(z)(n —1). To complete the proof, it is enough to show that cx(n) >
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cg(x)(n —r 4+ 1) +in. For any n, let W, denote the set of words
in ¢(X) of the form ag*”“ where n > r and 1 < p < ¢, and let
Wy = L, _11(0(X))\Wy. Each word in W7 has at least one ¢-preimage
in £,,(X), but each ap~" "' € W) has at least n+41 preimages in £,,(M,),
since any word in £,,(M,,) is a preimage of a?~" ™, and ¢y, (n) > n+1

p
for all n, using Theorem 3.2 and the fact that M, is infinite. U

Lemma 3.6. For eachp € {1,...,j} andn € N, a, is both right- and
left-special in w(X).

Proof. Since a;° € 7(X), aj can be followed by a,. Assume for a
contradiction that aj is not right-special, i.e., it can only be followed

by a,. Since 7(X) # {a;°}, there must exist m € Z so that

o™ (z) = "'y—3y—2y—1-a;o7

where y_1 # a,. Since x is recurrent, y - y_gyn = y_1a, for some
k > n+2. Then —k+n < —2, so there is some smallest ¢ > 1 such that
Ybtntq 7 p- Then y_pig Y pintg-1 = a, and y_jin+q 7 ap, imply-
ing that a, is right-special, a contradiction. Our original assumption
was then false, i.e., a; is right-special; a symmetric argument shows
that a; is left-special. O

To establish that (1) and (2) from Theorem 1.2 hold, first observe
that, by Lemma 3.5, it is enough to show only that (1) and (2) hold
for 7(X). Indeed, if we prove that cy(xy(n) > (j 4+ 1)n, then there is a
strictly increasing sequence (ny) such that c.xy(ny —7) > (j+1)(ni —
r) + k for all k. So by Lemma 3.5,

cx(ng) > crx)y(ng —r) +ing
> (J+ D(ng — 1) + k +iny,
= it D k()
which implies cx (n) > (j+i+1)n. By asimilar argument, c.(x)(n) = jn
implies cx(n) = (j + i)n.
Because of this, to simplify notation we will replace m(X) with X
and make the following assumptions:
o (Al): X € 5(4,0);
e (A2): the minimal subsystems of X are the one-point systems
M, = {a$®}, ..., M; = {a;?o}; and
e (A3): for any word in X of the form a,s or sa,, s = b.
3.2.2. Proof that (1) and (2) from Theorem 1.2 hold when i = 0. As-

sume X is as above. Then there is a transitive point z for X that is
recurrent, and that therefore cannot be both eventually periodic to the
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left and eventually periodic to the right. Without loss of generality,
assume that x is not eventually periodic to the right. Our proof will
involve bounding from below the number of right-special words in X
of various lengths (were = eventually periodic to the right, we would
instead count left-special words). The following elementary lemma will
be used to verify that cx(n) = (j + 1)n.

Lemma 3.7. For each n > 2, cx(n) > cx(n — 1) + #RS(n — 1).
Therefore, for m < n, cx(n) > cx(m) + S25—" #RS(0).

Proof. For every n, each word of length n — 1 can be extended to at
least one word of length n, while each right-special word of length
n — 1 can be extended to at least two words of length n. This yields
cx(n) > ex(n—1)+4#RS(n—1). Applying this recursively, we obtain
the inequality cx(n) > cx(m) + 35— #RS(¢) for m < n. O

We begin by considering the set of right-special words provided by
Lemma 3.6, which we will call B:

B:={a, : 1<p<jandneN}.

By just considering the elements of B, we see that #RS(n) > j for all
n.
By combining the inequality #RS(n) > j with Lemma 3.7, we can
show that the bound cx(n) > (j + 1)n would imply cx(n) > jn. In-
deed, note that cx(n) > (j+1)n implies that there exists an increasing
sequence of integers (ny) such that cx(ng) > (j+1)ng. Thus for n > ny,

n—1

ex(n) > ex(m) + > #RS(n)
l=ny
(J + Dng + j(n —ny)

which gives cx(n) = jn.
Thus we will be done if we establish the bound cx(n) > (j + 1)n.
We divide the proof into cases, beginning with the simplest case.

Case (i): For all sufficiently large n, #RS(n) > j + 1 and there is

a strictly increasing sequence (ny) where #RS(ny) > j + 2 for all k.
The assumptions imply that, for n > ny,

an #RS(0) > (j + L)n + k.
=1
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This implies that c¢x(n) > (j + 1)n, which completes the proof of The-
orem 1.2 in Case (i).

We now assume that the hypotheses of Case (i) do not hold. That
is, precisely one of the following two conditions holds.

Case (ii): There is a strictly increasing sequence (ny) such that
#RS(ny) = j, i.e., RS(ng) = B, for all k;
Case (iii): for all sufficiently large n, #RS(n) = j + 1.

Lemma 3.8. In Case (ii) or (iii), for each k, after re-indexing the
(k)

minimal subsystems M, ..., M; if necessary, there exist words wyy ,
wg;), e wyf), each of which begins and ends with the symbol b, such
that the transitive point x € X has one of the following forms:
rT=--- alzn’“ wg) a; "™ wg? a?"’“ wj(-}f) a7 wgg) <e.or
e ) a3 ald) o a2 ) )

where each aE"’@ represents a word of the form ay for some n > ny.

Proof. Recall that x is a transitive point that is not eventually periodic
to the right. For all p € {1,...,j} and all n > 1, a3 occurs in z. Since
r is not eventually periodic to the right, a;b must occur as well. Since
x is recurrent, ayb occurs infinitely many times in z. It follows that
ba, also occurs infinitely many times in x.

Assume the hypothesis of Case (ii), and fix k > 1and p € {1,...,j}.
Define w; = b. Since we are in Case (i), ap*~'wy & RS(ny), so there is
only one symbol, call it ws, that can appear after agk_lwl. Similarly
there is only one symbol that can appear after CLZ}“_2U)1U)2. Continuing
in this way, each successive symbol w; is forced (at least) until some
Wi+ Wisn,—1 € RS(nyg), i.e., w;---Witn,—1 = ar* for some r. There
must exist some smallest ¢ for which this is true, since the omega-limit
set w(z) must contain one of the minimal subsystems My, ..., M;. Set
w(p) = wywy---w;—1. Note that w(p) is the only word that begins
with b that can follow aj* in z, and that a;* is the only word that can
follow w(p). Set f(p) =r.

Since 1 < p < j was arbitrary, we obtain a function f: {1,...,j} —
{1,...,j}. Since bay* appears in = for each p, each p € {1,...,j} is
equal to f(q) for some ¢ € {1,...,7}, i.e. fis a bijection and thereby
a composition of cyclic permutations. If f were the composition of
two or more cyclic permutations, then z would not contain all aj* for
1 < p < j, a contradiction to transitivity of x. Therefore, f must
cyclically permute the elements of {1,...,j}. Re-indexing if necessary,
we may assume that f(p) = p+ 1 for p < j and f(j) = 1. For
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pe{l,...,j}, set wg;)(p) = w(p). After re-indexing again in the case
where z is eventually left-asymptotic, it follows that = has one of the
two prescribed forms.

Now assume the hypothesis of Case (iii). By the assumptions on
x, there must exist a strictly increasing sequence (ny) such that ba(*b
occurs in x for all k. Because ba* ™ also occurs in #, we know that
bai* is right-special for every k. By deleting the first few terms of the
sequence (ng) if necessary, this together with the assumption of Case
(3) implies that

RS(ng + 1) = {bal*, a* " ... ,a}“““}

for every k. The word aj*b ¢ RS(njy + 1), so, as in Case (ii), the
word ay*b forces a transition word w(1) (whose first symbol is b). But
note that the only symbols that can follow baj* are also a; or b, which
similarly implies that the word baj*b forces the same transition word
w(1). The rest of the argument from Case (ii) carries through with ny
replaced by ny + 1. We obtain the same possible forms of z as in Case
(it). O

We proceed assuming the conclusion of Lemma 3.8. For each p €

{1,...,7} and k € N, define
lgp = min{l > ny : baf;b € L(X)},
and set £y, := 0. Consider the following set of words:

E(k) = {a™wWal? j]” ;T)aﬁk’l}.

It follows from Lemma 3.8 that, if v € E(k), then any suffix of u
is right-special. Some of these suffixes, namely, the constant suffixes
ag“, . ,af’“‘l, are in B. But many of these suffixes are not constant
and therefore not in B.

For example, let E; (k) denote the set of suffixes of ai* w'% ayt* that
are longer than ¢} » but no longer than ¢, o+ () 1. Then each u € E; (k)
is right-special and not in B.

In general, for 1 < p < j, let E,(k) denote the set of suffixes of
ay P wiagt that are longer than (), but no longer than 5, + 0y,
where g =p+1if 2 <p < jand ¢ =1if p=j. Note that #E,(k) =

Uk p, and therefore

J
(3.9) Y #E (k) = by + -+ by
p=1

Also, each E,(k) N B = @, and, for r # p, E,(k) N E,.(k) = @.
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Proposition 3.10. For each k € N,
ex(len + - 4 lpj) > G+ 1)Uy + -+ log) + (Comrg 4+ -+ lir ).

Proof. To simplify notation, let Ly = lx + --- + ;. We proceed
by induction, where, since Ly = 0, the base case is the assertion that
cx(Ly) > (j + 1)Ly. This assertion follows from Lemma 3.7 together
with the following observations:
e for 1 < /¢ < Ly — 1, there are j right-special words of length ¢
in B; .
e there are L, (distinct) right-special words in (J]_, E,(1), none
of which are in B.
Now assume cx(Ly_1) > (j + 1)Ly_1 + Li_2, and observe that, by
Lemma 3.7 together with Equation (3.9),

Li—1
ex(Li) > ex(Lis) + > #RS(0)
=Ly
> [+ D) Lir + Li—a] + [j(Lr — Li—1) + Li]
> (J+ 1)Ly + L.

O

Since (lg_11+ -+ + lg_1;) — 00 as k — oo, it follows from Propo-
sition 3.10 that cx(n) > (j + 1)n, which by our earlier discussion com-
pletes the proof of Theorem 1.2 in Cases (ii) and (iii).

3.2.3. Sharpness of Theorem 1.2 when i = 0. Here we define a family
of examples that demonstrates the sharpness of the bounds in Theorem
1.2. We will consider the i = 0 cases first, and then show how to modify
the argument for ¢ > 0. Let ¢ : N — N be a given nondecreasing
unbounded function.

Define a sequence w = wyjwows - -+ via the rule that womg,,, = m for
m > 1 and k£ > 0, so that w = 1213121412131215---. Then, define a
doubly-infinite sequence

x =% (12" .. .jﬂ)(ﬁ%gng .. .jn%)(ln%gﬁ .. .j”{)(lnégnﬁ .. .j?%) .
for a doubly-indexed sequence n} satisfying
nt<<n?<<.ooo<<n] <<nl<<n?ooo<<nl<<ooo.

(The pattern of n} within z is as follows: the superscript p is always
the same as the letter being repeated, and the subscript & comes from
w, in that it is w; = 1 for the first j exponents, then wy, = 2 for the
next j, then ws = 1 for the next j, and so on.) Note that while w
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is fixed, different sequences (n}) give rise to different sequences x. In
other words, x represents a family of examples parametrized by (n?).
Regardless of choice of (n?), the transitive subshift X = O(x) has
J minimal subsystems: AM; = {1°},..., M; = {j*}. Also, we can
enumerate the right-special words in X as follows.
All words in the previously-defined set B are again right-special, and

any right-special word not in B must end with a word from the set
C = {127 23" ... j1™ : ke N}.
For 1 <p < j—1 and for any given k, the word

pnz (p + 1)n£+1
is maximally right-special in the sense that:
e any suffix of p™ (p + 1)"£+1 is right-special; and
e for any symbol s, the word sp™ (p + 1)"£Jrl fails to be right-
special.

Let D = D(k) denote the set of words that are not in B and are suf-
fixes of one of these. Each n in an interval of the form (ni“, nbth 4 ny)
corresponds to the length of a word in D. Moreover, we can ensure that
these intervals are disjoint by requiring that

3 2 1 4 3 2 J j—1 j—2
ng>n,+n,, Ng>ng+ng, ..., Ny >n, +ng .

Now consider right-special words ending in j1"i_ In w, the left-most
occurrence of k is wyr_;; any occurrence of a symbol m > k in w is
directly preceded by the word wy - - - wor—1_1; and any occurrence of the
word wy - - - war—1_7 is directly followed by a symbol m > k. Moreover,
any occurrence of the word kw - - - wor—1_; must be followed by a symbol
m > k, and any occurrence of the word mw; - - - wor-1_; for m > k must
be followed by k.

It follows from these observations about w that, in x, there is a
unique word u = u(k) of length

J
L=k = (nhy iy ool ),
i=1
namely,

wi= g apog = (1M ) (I e (1 )

2k _1 parenthetical blocks

that directly precedes any occurrence of 17 It follows that j”iulni is
maximally right-special.



14 DYKSTRA, ORMES, AND PAVLOV

Let F = F(k) denote the set of words that are not in B and are

suffixes of j”iulni, and note that F'N D = &. Then, for each n €
(ng,ny. + ni, + L(k)], there is exactly one word of length n in F, and
that word is right-special.

We have established the following.

Proposition 3.11. The set of right-special words in X is
U rRS(n) =B U J(D(k) U F(k)).
n=1 k=1

Moreover,

j if nfs +ny + L(k) <n < nj, for some k;
#RS(n) < j+2 difnd <n<nl+nl" for somek and 2 < p < j;
j+1  otherwise.

Set né = 0. Since g is nondecreasing and unbounded, we can choose
the sequence n} < n? < --- < n} <n} < --- to grow fast enough so
that for each k € N, and p € {1,...,5}, g(nf) is larger than the sum
of all n{ smaller than n}. More specifically, choose (n%) so that for all
k>landpe{l,...,j}

g(nf) > an + > ni.

Note that the right-hand side above provides an upper bound on the
number of n € [1,n?*") with #RS(n) = j+2. Lemma 3.7 then implies
that for n € [nk, n?™),

cx(n) < (G +Dn+glng) < (G +1Dn+g(n).
Similarly, if n € [n]_,,nt) for some k > 1, then
ex(n) < (G + D+ g(nf_,) < (+ Dn+g(n).

We've shown that cx(n) < (j + 1)n + g(n) for all n. Since g was
arbitrary, this shows that the bound cx(n) > (j + 1)n is sharp.

To see that the bound cx (n) > jn is sharp, we consider the complex-
ity along the subsequence (n}.). If we choose (n}) to grow fast enough,
then for all £ > 1,

9(iy1) > (G +2) (g + 0y + LK),
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Then Lemma 3.7 and Proposition 3.11 imply that
cx(niyr) < ex(nd 4 ng + L(K)) + j(njyy — (0 + ng + L(k)))
< (j + 2)(ng + ny + L(k)) + jngy — j(n], + ng + L(k))
< g(njay) + Jniy — 3 (ng, + ng + L(K)).

Since cx(n) < jn + g(n) along the sequence n; and g was arbitrary,
the bound cx(n) &= jn is sharp.

3.2.4. Sharpness of Theorem 1.2 when i > 0. We now wish to show
that the sharp examples constructed in Section 3.2.3 can be extended to
the i > 0 case. For this, first consider a system X € S(j,0) constructed
using the form from Section 3.2.3, i.e., X is the orbit closure of a
sequence of the form

T = jOO_(ln}QH? .. .j”{)(lnézng . .jné)(lnign? .. .j”{)(lnézng .. .jné) cel

Now let 1 <i < j, and let S;_;11,...,5; be arbitrary Sturmian sub-
shifts with alphabets disjoint from each other and from {1,...,j —i}.
Our goal is to replace constant strings of symbols from {j—i+1,...,j}
with sequences chosen from S;_; 1, ..., 5; to create X’ € S(j,4) in such
a way that the complexity is increased by exactly in. We begin with
an elementary observation about minimal subshifts, which applies in
particular to Sj—i+17 «e ey Sj.

Lemma 3.12. Given a minimal subshift S and a word w € L(S), there
exist arbitrarily long words v with the property that wvw € L(S).

Proof. By minimality, every point in x € S contains w infinitely many
times. Therefore, we can find two instances of w in x occurring at
indices that are arbitrarily far apart. U

To stitch Sj_;11,...,S; into X, we need to impose a further assump-
tion on the sequences (1;,)men. By Lemma 3.12, we can recursively de-

fine ni, n? ... 0, nd, n3,...,nd, ni ... insuch a way that, associated

toeachp € {j—i+1,...,j} and k € N, there is a word wy, € L,»(S,),
and every such wy, is both a prefix and suffix of w}, ;. The proof of
sharpness only required rapid growth of the sequence (n}), and Lemma
3.12 ensures that we may recursively choose n} with arbitrarily rapid
growth such that the words w? have the desired conditions. Since each
wi is a suffix of wi 41, the sequence wi has a left-infinite limit (as

k — o0), which we denote by w?,.
Now define
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the sequence obtained by replacing each p% in by w?, and replacing
7% by wi_. Then each S, for p € {j—i+1,...,J} is an infinite minimal
subsystem of X’ := O(2’), and each {p*} for p € {1,...,7 —i} is a
finite minimal subsystem of X’. It is not hard to check that X’ contains
no other minimal subsystems, and so X’ € S(j,7). It remains to show
that cx/(n) = cx(n) + in.

For this, consider the following 1-block factor map ¢ applied to X'.
Since the alphabets of the S, are disjoint, we may map any letter in
the alphabet of S, to p, and leave other letters (for p € {1,...,5 —1})
unchanged. The map ¢ induces a surjection from L, (X’) to £,,(X) for
all n. We claim that every word in £(X) which is not constant has
only a single ¢-preimage. To see this, consider w € L£(X) containing
multiple letters. Without loss of generality, we can extend w on the
left and right so that w contains some a™ as a prefix and b as a
suffix; if the extension has only one preimage, then of course w did as
well. Then, by construction of z’, the only subword of ' mapping to
w under ¢ is obtained by replacing every maximal subword of the form
p™ in z by w? for p € {j —i+1,...,5}. (The only possible ambiguity
comes from a™» and b™, but recall that wy is a prefix and suffix of w?,
for all k¥ > k, and so even if a™» and/or b were portions of longer
runs of a’s or b’s in z, the corresponding word in 2’ still contains w¢,
and/or w?, at those locations if @ and/or b are in {j —i+1,...,5}.)

On the other hand, for k € {j —i+1,...,7}, any constant word of
the form k™ has every word in £, (Sk) as a preimage, since Sy C X',
and all words in £, (Sx) map to k™ under ¢. Since cg, (n) = n + 1 for
all n, this means that all such words have n + 1 preimages under ¢.
Combining this yields cx/(n) =1 (cx(n) —i) + (n+ 1)i = cx(n) +in
for all n.

Now, the proof from Section 3.2.3 provides examples of X € S(7,0)
demonstrating sharpness of the bounds

cx(n) =G+ 1n and cx(n) > jn

in the ¢ = 0 case. The procedure above yields, for any 0 < ¢ < j,
X' € S(j,1) with cx/(n) = cx(n) +in, and so such X’ demonstrate the
sharpness of the more general bounds (1) and (2) from Theorem 1.2.

3.3. Proof of Theorem 3.4. We sketch the proof of Theorem 3.4
here. Suppose X is a transitive subshift X with a recurrent transitive

point x such that X properly contains an infinite minimal subshift M.
Because M # X, there is an r > 1 such that £, (M) # L£,.(X). Then
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define a factor map 7 on X such that

0 ifz, - 2zppp1 €L, (M
m)k:{ b2k € Lo(M)

1  otherwise.

The image 7(x) is a recurrent transitive point for m(X), and the sub-
shift 7(X) contains a unique minimal subshift 7(M) = {0>}. Since
7(X) # {0}, Theorem 3.3 gives c.(x)(n) > 1.5n. Using an estimate as
in Lemma 3.5 with ¢ = 1 yields cx(n) > 2.5n. Finally, Theorem 3.3 also
implies that there exist examples of such 7(X') demonstrating sharpness
of ¢r(x)(n) > 1.5n, and the reader may check that the examples con-
structed in [7] were similar to those from Section 3.2.3, relying only on
rapid growth of an auxiliary sequence. Therefore, the same technique
used in Section 3.2.4 yields X demonstrating sharpness of cx(n) > 2.5n.

4. GENERAL TRANSITIVE SYSTEMS

Our main theorem in the recurrent case, Theorem 1.2, provides
bounds in terms of ¢ and j for subshifts in the sets S(4,4). Our main the-
orem in the general transitive case, Theorem 1.3, offers similar bounds
in terms of sets that we will refer to as T'(j,7). Here T'(j,7) D S(j,1)
is the set of all transitive subshifts with 7 > 1 minimal subsystems,
exactly ¢ of which are infinite where 0 <7 < j.

4.1. Two or fewer subsystems. We first tackle the cases where j <
2. When j = 1, the results of Theorems 3.1 and 3.2 yield the minimal
complexity sequence of cx(n) =n + 1 for X not periodic.

When j = 2, the orbit closure of the sequence

x =...0000.11111...

produces a transitive system in 7'(2,0) satisfying c¢x(n) = n + 1 for all
n.

Theorem 4.1. Let X € T(2,i) where i > 0. Then

liminf(cx(n) — (i + 1)n) > —oc.

n—o0
Moreover, this bound is optimal in that the —oo cannot be replaced by
any integer.

Proof. Suppose X contains two minimal subsystems M; and Ms. Then
there is an 7 > 0 such that £, (M;)N L, (M) = @. Define a factor map
7 on X such that
1 if Rk Rk+r—1 G,CT(Mi), for i = 1,2
7T(Z)k = .
0 otherwise.
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Let y = m(x). Then, for all n > 1, the words 1" and 2" occur in y.
This means that y is not periodic, so, by the Morse-Hedlund Theorem,
cy(n) > n+ 1 for all n. Since i > 0, we may assume without loss of
generality that M is infinite, and so again by Morse-Hedlund, ¢;, (n) >
n + 1 for all n. Since 7 is an r-block map, for n > r, the word 17~ "*!
has at least ¢y, (n) > n + 1 m-preimages, so we obtain

cx(n) > caxxy(n—r+1)+n>2n—r+1.

If M, is also infinite, then both 17"+ and 2"~"*! have at least n+1
preimages, and all of those preimages are distinct. Therefore,

cx(n) 2 cxxy(n—r+1)+2n>3n—r+ 1.

We also claim that the —oo in Theorem 4.1 cannot be replaced by
any integer. We first treat the ¢ = 1 case: choose any N > 3 and define
a Sturmian subshift Z C {0,1}% created by 3 where ﬁ < B < %
Then 10¥1 € £(Z) if and only if k = N — 1 or N. Consider a right-

infinite word s in Z, let
xr=0%s,

and let X = O(z). Then, for 1 <n < N, there is only one right-special
word in £,(X), namely, 0". Therefore cx(N) = N + 1. Sturmian
systems contain exactly one right-special word of length n for every
n > 1. Therefore, when n > N, there are two right-special words in X:
0™ and a different one that is a subword of s. Lemma 3.7 then implies
that cx(n) =2n— N +1 for n > N, so liminfcx(n) —2n = —N + 1.
Since N could be arbitrarily large, there is no uniform lower bound in
the 1 = 1 case of Theorem 4.1.

For the i = 2 case, consider two Sturmian subshifts Z;, Zy C {0, 1}*
created by distinct (1,0 € (NLH, %) for any N > 3. Consider a
left-infinite word r € Z; ending in 1 and a right-infinite word s € Z
beginning with 1. Let

xr =r.s,

and let X = O(x).

There are three types of words in x: subwords of r, subwords of s,
and words that contain the word 11. For n > 2 there are exactly n — 1
subwords of  that contain 11. For 1 <n < N, L,(Z;) = L,,(Z3); both
of these equal the set of words of length n in {0,1}" that contain at
most one 1. Therefore cx(n) =(n—1)+ (n+1)=2nfor 1 <n < N.

For n > N, there are at most three right-special words: a single
word wy in £,,(Z;) that can be extended in two ways in £(Z;), a single
word wy in L£,(Z3) that can be extended in two ways in £(Z,), and
the n-letter suffix ws of r. Therefore, by Lemma 3.7, cx(n) = 3n — N
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for n > N, and so liminf cx(n) — 3n = — N, implying that there is no
uniform lower bound in the ¢ = 2 case of Theorem 4.1. 0

4.2. Three or more subsystems. We now proceed with the proof of
Theorem 1.3, which gives the bound cx(n) = (j + i)n for X € T(j,1)
with 7 > 3. For such an X, let z € X be a transitive point. Con-
sider the same r-block factor map 7 as constructed in Section 3.2.1.
Then 7(X) € T(5,0) for j > 3. Set y = w(z) and note that y is a
transitive point for 7(X). We also note that y cannot be eventually
periodic in both directions, or else 7(X) would have at most two mini-
mal subsystems (the periodic alpha-limit and omega-limit sets of y), a
contradiction.

We then assume without loss of generality that y is not eventually
periodic to the right. (If y were eventually periodic to the right, then
below we would consider left-special, as opposed to right-special words,
and arrive at the same conclusion.)

For each p € {1,...,j} and n € N, we claim a; is right-special.
Indeed, a;““l must occur in y for all p since {a;°} is a minimal subsystem
of m(X). Since y is not eventually periodic to the right, the word ayb
must also occur in y.

Therefore cx(x)(n) > jn for all n > 1. By Lemma 3.7, we may estab-
lish ¢x(x)(n) = jn by finding an infinite set of n for which #RS(x)(n) >
j+1. Fix p so that {a;°} is in the omega-limit set w(y). Then there exist
infinitely many n for which bajb occurs in y. Recall that ba;”rl occurs
in y for all n > 1, so bay € RSxy(n+1),ie. #RSru(n+1)>j+1,
for infinitely many n.

We then have c(x)(n) = jn. Finally, as in Lemma 3.5, for every p
with 77" {a>°} infinite, the number of m-preimages of a2~ is at least
n, establishing

ex(n) = (j + .

Remark 4.2. The proof above also works if X € S(2, 1) has a transitive
point x such that 7(x) is not both eventually periodic to the right and
eventually periodic to the left.

Theorem 4.3. Let X € T(j,i) where j > 3. Then the bound
cx(n) = (j+i)n
holds and is sharp.

Proof. The bound itself follows immediately from Theorem 1.3. To
see that the bound is sharp, let ¢ : N — N be any nondecreasing
unbounded function. Consider a point of the form

(4,4) T = (0> 1™M"2 ... (j _ 1)nj—1 1M QMi+1 . .. (j _ 1)%‘—2 e
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where n; << ny << ng << ---, and set X = W

For any n > 1, 0",1",--- ,(j — 1) are all right-special in X. No
word in X containing 01 is right-special, nor is any word that contains
three distinct symbols. The only other right-special words are of the
form

p"(p+1)" where k=(p+1) mod (j —1),1 <m < ng_

or
(j—1)™1™ where k=1 mod (5 —1),1 <m < ng_;.
In other words, we have #RS(n) = j + 1 only for n € (ng, ng + ng_1].

Therefore, if n € [ng, ngy1), the number of right-special words of length
k—1

less than n which are not of the form a™ is at most an If the

i=1
k-1

sequence (ny) grows sufficiently fast, then g(ny) an, and then

=1
Lemma 3.7 implies that

cx(n) < jn+g(n)
for all n.

For the T'(j,i) bound where 7 > 3 and 7 > 0, consider the family of
examples obtained by replacing the blocks 0%, 1™, 22 .. (i — 1)™1,

17, 2m+r (i — 1)™+i-2 . with blocks from Sturmian sequences as
in Section 3.2.4. Then the estimate in Lemma 3.5 gives the sharpness
of the bound. O

5. GENERIC MEASURES

We say that a point x in a subshift X is generic for a measure p if
the measures v,(r) := 1 ) D converge to p in the weak topology,
ie., if

N 1

lim — d
for all continuous f : X — R. The pointwise ergodic theorem implies
that whenever p is ergodic, p-almost every x € X is generic for u. We
say that a measure p is a generic measure on X if there exists x € X
that is generic for pu. All ergodic measures are clearly generic by the

pointwise ergodic theorem, but generic measures are not necessarily
ergodic; for instance, it is easily checked that

x = 0.011000111100000111111 ...

is generic for p = W.
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Our goal is to provide bounds on the number of generic measures a
transitive subshift can support. One of the more general results in this
vein is the following theorem of Cyr and Kra, which does not assume
transitivity of the subshift, but also does not control for the number of
atomic measures supported on periodic subshifts.

Theorem 5.1 ([2]). Suppose X is a subshift, and there exists k > 3

such that
lim sup ex(n)

Nn—00 n

< k.

If X has a generic measure p and there is a generic point z € X for p

such that the subshift Z = O(z) is not uniquely ergodic, then X has at
most k — 2 distinct, nonatomic, generic measures.

Combining the Cyr-Kra result above with others in this paper we
obtain the same conclusion under a different hypothesis.

Theorem 5.2. Suppose X is a transitive subshift which is the orbit
closure of a recurrent point and there exists k > 3 such that

cx(n)

< k.

lim sup
n—oo

Then X has at most k — 2 distinct, nonatomic, generic measures.

Proof. Let X be a transitive subshift with a recurrent transitive point.
Fix a generic measure p for X, and let z be a generic point for u. If
O(z) is not uniquely ergodic, then we are done by Theorem 5.1. Thus

we may assume that Z = O(z) is uniquely ergodic. Since Z is uniquely
ergodic, it follows that every point € Z is generic for p (see, for
instance, [10]).

Now assume for a contradiction that X has (k—1) > 2 generic mea-
sures fig, ..., gk_1, with respective generic points z1,...,2,_1. Then
by the preceding paragraph, we obtain (k — 1) disjoint subsystems
Zy...,Zr_q1 such that for all x € Z;, x is generic for u;. Each Z;
contains a distinct minimal subsystem. Therefore, by Theorem 1.2,

limsup(cx(n) — kn) = oo,
n—oo

a contradiction. O

In general, there does not appear to be a simple way to combine our
cx(n)

results with those of [2] in order to use an upper bound on lim sup,, ., ==

to bound the number of generic (not necessarily nonatomic) measures
in the transitive case. However, with some effort, we are able to show
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that in the case where k = 3, i.e., when X is transitive with a recurrent
transitive point and

) c
lim sup
n—oo n

then X is uniquely ergodic; this is our Theorem 1.4.

5.1. Proof of Theorem 1.4. If X is minimal, then this is Theorem
1.5 from [1]. If X is not minimal, then it cannot be the case that X
contains two or more minimal subsystems, since our Theorem 1.2 would
imply that cx(n) > 3n, which would contradict lim sup,, %Oo(ch(n)) < 3.

So X contains a unique minimal subsystem M;. By Theorem 1.5
from [1], there is a unique (ergodic) measure u supported on M;. Con-
sider the factor map 7 (as defined in sub-section 3.2.1); then p pushes
forward under 7 to d, in 7(X), and it is the only measure which does
so. So, if we are able to prove that w(X) is uniquely ergodic, then its
unique measure is dqe0, which implies that p is the unique measure on
X.

Since the hypotheses of Theorem 1.4 are preserved under application
of a factor map, we can assume without loss of generality that X has a
unique minimal subsystem {a®}. We can further reduce (by applying
a 1-block factor map sending a; to 0 and all other letters to 1) to the
case where X C {0,1}% and that X has unique minimal subsystem
{0>}. Toward a contradiction, suppose that such an X has an ergodic

o F Opec.

Lemma 5.3. Let (ny) € N be a strictly increasing sequence and x a
generic point for p. Then for all sufficiently large k, x|g o) has the form

sy = ) 027wl 020 P .,

(1

1
el

Moreover, T 00

where every w,”’ begins and ends with 1 and does not contain 0™.

Proof. We first note that since x is generic for p # dgeo, Z|p,o0) contains
infinitely many 1s. Moreover, since 0> is the only minimal subsystem
of X, the omega-limit set of x must contain 0%, i.e. ) contains 0"
for arbitrarily large n. Therefore, (o) has the claimed form, and it

)
remains only to show that ‘%@I — 00.
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By genericity,

u((o]) = / Xio) i

e,
= Jim =) Xo(o'(@)

i=0
_ # zeros in Ty Ty_1
o Nl—r>noo N

Observe that 1([0]) < 1 since we are assuming p # dp. It follows

that \w(()k)| — 00. Therefore, if we let 7, = ]w(()k)\ and z denote the
number of zeros in w(()k), then

Rk LT
dim = = p((0)) and Jim 2= = pa([0]).

Through some algebraic manipulation,

. 2k 2k T g . ny 2k — Tk
0= lim | — — = lim .
k—oo \ T T + Nk k—o0 ng + Tk Tk

Now,
. “k =Tk \ _ . 2k _ _
fi (57 ) = i (1) =mi) -1 40
so lim ( Tk ) = 0, which implies that Tk — 00. O
k—oo \ Ng + Tk Ny,

Lemma 5.4. If x is a sequence which is not eventually periodic to the
right, n € N, and w is a subword of x with length at least cx(n) + n,
then w contains an n-letter right-special word.

Proof. Assume that x and w are as in the lemma. By assumption, w
contains more than cy(n) subwords of length n, and therefore one is
repeated, call it u. If no n-letter subword of w is right-special, then for
every n-letter subword of w, there is only one choice of a letter which
may follow it in z. However, this would mean that the portion of x
between the two occurrences of u would have to repeat indefinitely to
the right, a contradiction to the assumption that z is not eventually
periodic to the right. Therefore, w contains an n-letter right-special
word. U

Lemma 5.5. There does not exist a strictly increasing sequence (ny)
such that #RS(ny) =1 for all k.

Proof. 1f such a sequence (ny) exists, then for every k, the only right-
special word of length ny is 0™. Let = be generic for ;. We note that x
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cannot be right-asymptotic to a periodic point: if that periodic point
were 0°°, then by genericity p = dp; and if it were not 0°°, then X
would contain a minimal subsystem other than {0>}.

Consider wék) as defined in Lemma 5.3. We note that wék) cannot
contain a right-special word of length ny, since by definition it would
not be 0™, a contradiction. Therefore, by Lemma 5.4, |w(()k)| < ex(ng)+
ng.

Next we observe that there exists K € N such that cx(n) < Kn for
all n. To see this, note that, since lim sup,, %OO(CXT(")) < 3, there exists
N € N such that cx(n) <3nforalln > N. Andfor1 <n < N—1, we
can simply let K (n) € N be any value such that K(n) > c¢x(n). Then
just define

K :=max{3,K(1),..., K(N —1)}.

Then |w(()k)| < cx(nk) + nk < (K + 1)ny, for all k, which contradicts

*)
the conclusion from Lemma 5.3 that % — 00.

O

Following [1], we define a strictly increasing sequence (nj) to be

logarithmically syndetic if there exists M such that D1 < M for all
ng
k.

Lemma 5.6. There is a logarithmically syndetic sequence (ny) such
that #RS(ny) < 2 for all k. Moreover, if RS(ny) = {07, b} for some
k and by, # 0™ then by, cannot be followed by three or more symbols.

Proof. Let ¢ = 3 — limsup,, .. (")), Then there exists N such that

n

CX—T(Ln) <3 —¢/2 for all n > N. We claim that any interval of the form
[i, (g) . z} where ¢ > N must contain a value of n such that ¢(n+ 1) —
¢(n) < 2. The statement of Lemma 5.6 then follows immediately by
Lemma 3.7.

To prove the claim, let ¢ > N and suppose cx(n + 1) — c¢x(n) > 3
for all n € [i, j], where j = (&) - i. Then

ex(j) > ex(i)+3(j —1)
> 3(j—1)
Jj(3—¢/2).
But <) < 3 — £/2 since j > N. 0

J

Let (ng) be a fixed logarithmically syndetic sequence as given by
Lemma 5.6, and let M > 1 be a constant such that "7’;—:1 < M. By

Lemma 5.5, by deleting a finite number of terms in (ny) if necessary,
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we can assume that # RS (ny) = 2 for all k. Let by denote the only right-
special word of length n, other than 0™+. By passing to a subsequence
and increasing M to 10M if necessary, we can assume that

(5.7) 10 < 4L < M for all k.
ng
: w(k> : C n . C n
Since ‘nLkl — oo and limsup;_, % < limsup,,_, % < 3, we

see that ]w(()k)| > cx(ng) + ny for sufficiently large k. By Lemma 5.4,

w(()k) contains a right-special word of length n;, which cannot be 0™,

k .
SO w(() ) contains at least one occurrence of by,.

Define ay to be the shortest (possibly empty) word such that
(5.8) w(()k) = apbpry
for some word 7y, and define d; to be the shortest word such that
(5.9) wi = Oubyd,
for some word /. Therefore we can write
w(()k) = apbpurdy

for some (possibly empty) word uy. Observe that |ag|, |dx| < cx(ng) +
ng < 4ny for all sufficiently large k, since otherwise, by Lemma 5.4,
ay or dj would contain b, contradicting minimality of length in their

definitions. By definition, by is a suffix of a,bius, but since % — 00,
for sufficiently large k£ we can assume that
|w(()k) | > 13ny
= 4dng + ng + 4ng + 4ny
> ag| + |bk| + |dik| + ex (ng) + ni,
which implies that |ug| > cx(ng) + ng. Therefore, by Lemma 5.4, wy

contains at least one copy of by.

Remark 5.10. Let p > 0 be an arbitrary positive integer. As above,
for sufficiently large k& we have

wg?| > (13 + dp)ny
> ag| + |b| + |di| + p(cx (ne) +ni).

Applying Lemma 5.4, we see that for sufficiently large k, u; contains
at least p copies of by.

Observe that by, is a suffix of aybgus, and by, is the only word in RS(ny,)
that appears in w(()k). Also, a; and dj, are the shortest words that satisfy
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(5.8) and (5.9), and (by Lemma 5.6), by can only be followed by two

distinct symbols. Therefore w(()k) must have the form

where ey, is the shortest (possibly empty) word such that w((]k) = apbrerbrqs

for some word gy.
In the form (5.11), observe (by Lemma 5.4) that

(512) |6k| < Cx<nk) + ng < 4ny

for all sufficiently large £ since e, does not contain any right-special
word of length ng. Also, my — oo by Remark 5.10. Therefore, by
deleting a finite number of terms from the beginning of (ny) if necessary,
we can assume that

(5.13) my > M?* 41 for all k> 1.

Observe that the first symbols of e, and dj, must be different: if they
were the same, then, since by, is the only word in RS(ny) that appears
in w(()k), we would have e, = di and z[p ) = arby(exbr)®. As noted,
for example, in the proof of Lemma 5.5, this cannot happen because x
cannot be eventually periodic to the right.

Now observe that all suffixes of (e,by)™ ! of length at least n; are
right-special: this is due to the fact that any such suffix can be followed
by either ey or d, and, as we just noted, the first symbols of e, and
d; must be different. By construction, none of these suffixes have the
form 0™. Therefore #RS(n) > 2 for each n € (ng, (my — 1) - |exby|].

Lemma 5.14. For all k, both by and by are suffives of (epby)™ 1.

Proof. Using (5.7) and (5.13), observe that

lbksi| = nrpa
< M- ny
< (mk — 1) “ N
< (my—1) - Jegbyl.
Therefore |bgi1| € (g, (mg — 1) - |exby|). And byyq is the only right-

special word of length nj,; other than 0™+ which implies that byq
is a suffix of (exby)™ 1.
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Next, observe that by (5.7) and (5.13),

‘bk+2‘ = Ngy2
< M-npy
< M?*.ny
< (mp—1)-ng
< (mg—1) - |egb].

Therefore by is also a suffix of (ezby)™ 1. ]
Lemma 5.15. For all k, exbrerby is a suffix of byy1.

Proof. By Lemma 5.14, by is a suffix of (epby)™ ™1, so it is enough
to show that |bgy1]| > |exbrerbyr|. To see this, observe that, using (5.7)
and (5.12),
be1l = ngta
107’Lk
4nk + ng + 4nk + ng
lex| + [bk] + lex] + |bk|
|€kbk€kbk|-

V

V

O
Proposition 5.16. For allk, egy1bpi1€rs1brs1 18 a suffiz of (epby)™ L.

Proof. If we apply Lemma 5.15 to k + 1 instead of k, we see that
€k+1brr1€k+1bk+1 1s a suffix of byyo, which, by Lemma 5.14, is a suffix
of <6kbk)mk71. ]

Finally, to arrive at a contradiction, we will use the words egbpeby
to construct a minimal subsystem of X other than {0>°}. To do this,
first define L, to be the length of the longest block of zeros occurring
in epbrerbr. Then Ly is also the length of the longest block of zeros in
(exby)™ 1 (assuming my > 3, which is trivial since my, — 00).

Proposition 5.17. (Ly) is a constant sequence.

Proof. By Proposition 5.16, egy1br1€x110r41 is a suffix of (epby)™ 1,
S0 Lii1 < L. On the other hand, by Lemma 5.15, exbreiby is a suffix
of byy1, 850 Ly < Ly O

For each k, define y* to be any point in X of the form
y*) = ey by . g, bi 1,

where /5, and r; are left- and right-infinite sequences. By compactness,
a subsequence of (®)) converges to a point ¥y € X. But by construction
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(and applying Proposition 5.17), O(y) is a subsystem of X that is

disjoint from {0>°}. Therefore O(y) contains a minimal subsystem
other than {0}, a contradiction, completing the proof of Theorem 1.4.

O

Remark 5.18. The assumption of recurrence was only used above to

establish that X has a single minimal subsystem. Our results in this

paper show that the only transitive X with more than one minimal
cx(n)

subsystem and limsup,,_, (—) < 3 are of the following types.

n

e X has two periodic minimal subsystems (e.g. the orbit closure
of x =...000.1111... or z = 1°.0"10"210™1 .. .)

e m(X) is eventually periodic in both directions and X has one
infinite subsystem (e.g., z = ...000.s... where s is a one-sided
sequence from a Sturmian system).

We now conclude with a proof of Theorem 1.5, which establishes
an upper bound of ¢ — 1 on the number of generic measures when
X = O(xz) for some x that is not eventually periodic in both directions
and

liminf(cx(n) — gn) = —o0.

5.2. Proof of Theorem 1.5. Assume that X is as above and z is
not eventually periodic to the right. Since liminf(cx(n) — gn) = —o0,
Lemma 3.7 implies that the number of n-letter right-special words is
strictly less than ¢ for infinitely many n. Therefore, there exists C' <
g—1 and a strictly increasing sequence (ny) such that there are exactly

C right-special words of length ny; call them b,(f) for1 <i<C. We
may further assume that

cx(ng) < 2gng

for every k by considering values of n where cx(n) — gn is smaller than
all previous values cx (i) — gi for i < n; see the discussion following
Theorem 2.2 in [1] for details. Therefore, by Lemma 5.4, every word

of length (2¢ + 1)n; contains at least one word b,(j).
For each k and 4, choose a point x,(;) with the word b,(j) appearing in
, MO
coordinates 0 through n; — 1, and define the measure 1/,8) ‘= Up; as

discussed at the start of Section 5, i.e.,

np—1
; 1
V}(CZ) = — 0 . (3) -
ng olxy

Jj=0
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By compactness, we can pass to a subsequence and assume without

loss of generality that for all 7, (V,Sf))k converges to a limit v®. We

claim that every generic measure is some . For this, assume that j
is an arbitrary generic measure, and let x € X be generic for pu.

For each k, the word xg - - - Z(2g41)n,—1 cOntains some b,(;’“) by Lemma 5.4,
and by again passing to a subsequence, we can assume that 7 is al-
ways equal to some fixed 7. For each k, define m; < 2¢gnj so that
Ty, - Tonptmp—1 = b,(;).

Since z is generic for p, both vy, and vy, ., converge to p in the
weak topology. This topology is induced by the metric

d(p,v) =Y 27" p([wn]) = v([wa])l,

neN

where {w,} is an arbitrary enumeration of the set of finite words on
{0,1}. Then for any € > 0, we may choose K so that for all & > K,
d(vg,, 1), d(vy, ., 1) < e This implies that

m
X

d(mgvy,, ,mep) < mpe  and  d((mp+ng) vy, o, (Mictne) ) < (metne)e,

which together imply that

T

d(@”k-F7MJV§k+nk‘—Tnkak,nkM)<i(2”@k%-nk)6

Therefore

2
Nk

Since € > 0 was arbitrary, Vg:” — p. Recall that o™#z begins with

b,(;), and so u;;;”” — v by definition of v®. Therefore, i = v, and
since p was an arbitrary generic measure, every generic measure is one
of the . Since there are C < g — 1 such measures, the proof is
complete.

O
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