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Abstract

We find sufficient conditions for bounded density shifts to have a
unique measure of maximal entropy. We also prove that every mea-
sure of maximal entropy of a bounded density shift is fully supported.
As a consequence of this, we obtain that bounded density shifts are
surjunctive.

1 Introduction

The concept of entropy is of particular interest when trying to define formally
how a system behaves at equilibrium. Given a dynamical system, we say that
an invariant measure is a uniform equilibrium state if it achieves the maximal
possible entropy. It has been of interest to physicists and mathematicians
to determine whether a system has a unique equilibrium state or not. When
this happens, mathematicians say the system is intrinsically ergodic and
physicists sometimes say that the system does not have a phase transition.

In this paper we are interested in trying to determine if bounded density
shifts are intrinsically ergodic. Bounded density shifts were introduced by
Stanley in [16]. These subshifts are defined somewhat similarly to the classi-
cal B-shifts in that they both are hereditary ([9]), meaning that membership
in the shift is preserved under coordinatewise reduction of letters. Whereas
(-shifts are ‘bounded from above’ by a specific sequence coming from a -
expansion, bounded density shifts are restricted by length-dependent bounds
on the sums of letters in subwords.
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Stanley proved characterizations of when bounded density shifts are
shifts of finite type, sofic, or specified which are remarkably similar to those
proved in [15] for S-shifts.

A very effective way of proving that a transitive §-shift is intrinsically
ergodic is using the Climenhaga-Thompson decomposition [5] (see Section
2.3), which uses specification of a sub-language. Using this powerful result
one can prove that (-shifts (and their factors) are intrinsically ergodic in a
few lines (see [5, Section 3.1]).

Proving that bounded density shifts are intrinsically ergodic seems much
more mysterious. In this paper we also use Climenhaga-Thompson’s theorem
to prove a fairly general sufficient condition (Theorem 3.5), though checking
the conditions is more complicated than for S-shifts.

It is not difficult to find examples satisfying our sufficient condition
(Corollary 3.7), and in fact we do not know if any bounded density sub-
shift fails to satisfy it (Question 3.6). We conjecture that the answer of this
question is positive at least for binary subshifts and that every bounded
density shift is intrinsically ergodic.

This is not the first paper to study intrinsic ergodicity of bounded density
shifts. This has been done in [4, 14]. We are able to prove intrinsic ergodicity
under different assumptions than those in those papers. Our hypotheses are
also much simpler, and provide proofs of intrinsic ergodicity for new classes
of bounded density shifts.

Furthermore, we prove that every measure of maximal entropy of a
bounded density shift (with positive entropy) is fully supported. This prop-
erty is sometimes known as entropy minimality because it is equivalent to
having lower topological entropy on every proper subshift. As a consequence
of this we prove that synchronized bounded density shifts are always intrin-
sically ergodic, and we also obtain surjunctivity of bounded density shifts.
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2 Definitions and preliminary results

2.1 Subshifts

We devote this section to collect some basic definitions in symbolic dynamics.
For a broader introduction to subshifts, languages and their properties, see
[10].

Let A a finite set of symbols. We say that w is a word if there exists
n € N such that w € A™ and we denote the length of w by |w|. Let € denote
the empty word, i.e. the word with no symbols. A word u is a subword of
w if u = wywppq ... w; for some 1 < k <1 < |w|. For words w™, ... w®),
we use wM .. w to represent their concatenation. We say that a word
w is a prefix of w if uw = wy ... wy for some 1 < k < |w| and a suffix if
U = Wy . .. W}y, for some 1 < k < |w|, denote by Suf(w) and Pre(w) the sets
of nonempty suffixes and prefixes respectively for w.

We endow A% with the product topology. When describing a point
x € A% as a sequence, we use a dot to indicate the central position as

follows, x = ...x_1.x0x1 ..., where x; to represent the ith coordinate of z.
We represent intervals of integers with [7, j], and x; j = 7@iy1...7;5.
The shift map o : AZ — AZ is defined by o(z) = ...2_120.2172.... We

say that a set X C A% is a subshift if it is closed and invariant under o.
For any subshift X ,let

Lo(X)={we A" :3r € X and i,j € Z s.t z}; ;) = w}.

We define £(X) = ;2 Ln(X) as the language of the subshift X. Given
a word w, we define its cylinder set as [w] = {z € X : (g y|—1) = w}. The
cylinder sets form a basis of the topology of AZ.

2.2 Specification properties

A subshift X is specified if there exists M € N such that for all u,w € £(X),
there is a v € Lp(X) such that vvw € L(X). Following [5], we also define
specification for subsets of the language.

Definition 2.1. Let X be a subshift, G C L(X) and n,t € Ng. We say that
G has specification (with gap sizet) if for allm € N andw®, ..., w™ €
G, there exist vV, ... vm=1) e £,(X) such that

w = wDpMyp@ 4@ =1y m) ¢ £(x).



2.3 Measures of maximal entropy

For any subshift X, we denote by M (X) the set of Borel probability measures
on X. Equipped with the weak* topology M (X) is a compact topological
space.

For any p € M(X) and any finite measurable partition £ of X, the
entropy of & (with respect to ), denoted by H,,(§), is defined by

==Y u(A)logu(A

Aeg

where terms with p(A) = 0 are omitted.

Given a subshift X we denote the o-invariant Borel probability measures
with M (X, o). For p € M(X, o), the entropy of p (for the shift map o) is
defined by

ha(X) = im0 S (] log (w]) = im —LHL(EM), (1)

n—oo n
weL(X)

where £ represents the partition of X into cylinder sets from the first n
letters, i.e. £ = {[w] : w e A"}.

We note for future reference that ¢ = Vico J”{ , where €M) is the
partition based on xg and V is the join of partitions. We will later need to
make use of the following basic facts about entropy; for proofs and general
introduction to entropy theory, see [18].

Theorem 2.2 (Theorem 4.3 [18]). For any subshift X, p € M(X), and &,
n finite partitions of X, H, (§Vn) < H,(§) + Hyu (n).

Theorem 2.3 (Corollary 4.2.1 [18]). For any subshift X and p € M(X),
if € is a finite measurable partition of X with k sets, then H,(§) < log(k),
with equality only when p(A) = k=1 for all A € €.

Theorem 2.4 ([18], p. 184). For any subshift X, finite measurable partition
€ of X, measures pi; € M(X), andp; >0 (1 <1 <n)withd  p =1,
Hyr pos(§) 2 > i piHy, (€).

By the well-known Variational Principle, the supremum of h,(X) over

all p € M(X,0) is the topological entropy hiop(X) of X. For any subshift
X, we have that

1
hiop(X) = lim —log | £,(X)]. (2)



For general topological dynamical systems, the supremum above may not
be achieved. However, every subshift has at least one measure of maximal
entropy, that is v € M (X, o) achieving the supremum above, meaning that
hy (X)) = hiop(X).

We say a subshift is intrinsically ergodic if there is only one (probability)
measure of maximal entropy.

Every specified subshift is intrinsically ergodic ([1]). This result has been
generalized in several works, including [5] and [13]. Before stating the result
we need some extra definitions.

Given a collection of words D C L(X) and n > 1, we define D,, =
DN L,(X). We denote the growth rate of D by

h(D) = limsup S log | Dy|. (3)
n—oo T
Note that h(L(X)) = hiop(X).
Following [5], we say that £(X) admits a decomposition CPGC® for CP,G,C* C
L(X) if every w € L(X) can be written as uvw for some u € CP, v € G,
w € C*®. For such a decomposition, we define the collection of words G(M)
for each M € N by

GM) ={ww : uellveGwel’|ul <M w <M} (4)

Theorem 2.5 (Climenhaga and Thompson [5]). Let X be a subshift whose
language L(X) admits a decomposition CPGC®, and suppose that the follow-
ing conditions are satisfied:

1. G has specification.
2. h(CPUC?) < hiop(X).

3. For every M € N, there exists T such that given v € G(M), there exist
words w, w with |u| < 7, |lw| <7 for which uvvw € G.

Then X 1is intrinsically ergodic.

Remark. Using results from [12], Climenhaga explained in a blog post [3]
that condition 3 is actually not required to prove uniqueness of the measure
of maximal entropy. Howewver, this condition is not difficult to check for
bounded density shifts with positive entropy (Lemma 3.4) and so we verify
it regardless.



2.4 Bounded density shifts

Bounded density shifts were introduced in [16].
Let f: Ny — [0,00) be a function. We say f is canonical if

e f(0)=0,
o f(m—+1)> f(m) for all m > 0, and
e f(m+mn) < f(m)+ f(n) for all n,m € N.

The bounded density shift associated to a canonical function, f, is
defined as follows:

i+p—1
Xf:{mE(NO)Z:VpENandViEZ Zxrgf(p)}. (5)
Note that X is a subshift on the alphabet A= {0,1,..., | f(1)]}.
Actually, bounded density shifts can be defined for any function f :
Np — [0, 00), but it was shown in [16] that every bounded density shift can
be defined by some canonical f.

Definition 2.6. Let Xy be a bounded density shift, the limit

lim Jn) (6)

n—oo N

1s called the limiting gradient and is denoted by a.

The existence of the limit is given by Fekete’s lemma and the definition of
canonical function; furthermore, the limit is an infimum, and so f(n) > an
for all n.

There exist bounded density shifts with o = 0 but they are fairly trivial
systems where the upper density of non-zero coordinates is always 0. A
bounded density shift has positive topological entropy if and only if & > 0
(see [9, Theorem 12]) if and only if it is coded (determined by a labeled irre-
ducible graph with possibly countably many vertices) ([16, Theorem 3.1]).

As we mentioned in the previous section, the specification property guar-
antees intrinsic ergodicity. For bounded density shifts, X is specified with
specification constant M if and only if 0™ is intrinsically synchronizing (see
Definition 3.12 in [16, Theorem 5.1]). Bounded density shifts with positive
topological entropy without specification can easily be constructed ([16]).

A subshift X with alphabet {0, 1,...,n} is hereditary if every time there
is z € X and y € A? with y; < x; Vi € Z, then y € X. Tt is not difficult to
check that bounded density shifts are hereditary.



3 Intrinsic ergodicity

In this section we fix a bounded density shift Xy with o > 0. We define

|ul

G=qwe L(Xy) : if u e Pre(w) U Suf(w), then ﬂZul<a , and
u

|v]

B=CP=C"={ve L(Xy) : Zv,za U {e},

where € denotes the empty word.
Lemma 3.1. The language L(X¢) admits a decomposition BGB.

Proof. Let z € L(Xy). Define u to be the prefix of z in B of maximal
length (which may be the empty word €), and denote its length by M > 0.
Similarly, define w to be the suffix of z in B of maximal length (which may
be the empty word €), and denote its length by N > 0.

Suppose that 211 v—1] € G- Then by definition, there exists a word

v € Pre (Z[M'FLN—H) U Suf (Z[M+1,N—1}) with

|l

\v|2“20‘

Without loss of generality we can assume that v € Pre (Z[MH,N*H)’ it
means that v € B, but it is not possible because then uv would be a prefix
of z in B longer than u. Therefore v € G. O

Lemma 3.2. The set G has specification.
Proof. We will show that G has specification with gap sizet = 0. Let m € N,

w®, . w™ e G and z = w® - w(™ We compute
n ni n2 Nm

Zzi = Zw§1)+2w§2)+...+2w§m)
i=1 i=1 i=1 i=1

< nja+nga+...+npQ

(5

= an
< fn).
This implies that z € £(X7). O



Proposition 3.3. There exists p € M(Xy,0) with Z}ig” in(fi]) > « and
W(B) < hy(Xy).

Proof. For each n € N and w € £,,(Xy) N B, consider the set:

K, = {*0.w0* :w € L,(Xf) N B}.

By construction |K,| = |£,(Xf) N B|. Let v, € M(Xy) be the atomic
measure concentrated uniformly on the points of K, i.e.

1
Uy = )] Z Og-

reK,
Let p, € M(Xy) be defined by
1 n—1
S j
fn = Z Up oo
7=0
Note that
LF (1)) Lr)  n-t ‘
> (i) = =Y oo (i)
i=0 i=0 =0
LFW)] . n o
B i Hw € L (Xf) NB:w; =i}
- n 4 | K|
=0 J=1
1 1 &
_ o Z - ij
wELA (X f)NB j=1

Since M (Xy) is compact (in the weak™* topology), we can choose a sub-
sequence such that

lim - log £, (X;) N B| = limsup - £, (X;) N B| = h(B),  (7)
J—00 5 n—oo N
and pn; — pp € M(Xy). By the definition of y,, it is routine to check that
p €M (Xys,0),ie pis o-invariant.
We will use techniques from the proof of the variational principle in [11]
to prove that



hy (Xf)>hmsup—log\£ (Xy)NB| = h(B). (8)
n—oo
Firstly, since ZU( ipin; ([i]) > cvand pu,, — 1, we also have that Z}ig” in([i]) >
a. Consider the partition given by the alphabet £ = {[0],...,[[f(1)]]}. Since
all w € Ly;(Xf) N B have equal measure vy, ([w]) = |Ky,|™" and all other
w e A} have Vn,([w]) = 0, by Theorem 2.3,

Hunj \/ C’_ig = - Z an([w])log an([w]): 10g|£nj (Xyp)nmB|.
=0 WELn, ( f) NB

(9)
Let g,n € N with 1 < ¢ < n and define a(t) = L%J for 0 <t < ¢q. Note
that a(0) > a(1) > --- > a(q—1). For every 0 <t < g — 1, we define

Sy={0,1,....,t—1,t+a(t)g,t +a(t)g+1,...,n—1}.
So, for any such ¢, we can rewrite {0,1,...,n — 1} as follows
{0,1,....n—1} ={t+rq+il0 <r<a(t),0<i<q}US,. (10)
Observe that

n—t n
t+alt )q=t+{ . Jq>t+<q—l>q=t—|—n—t—q:n—q.

Thus, the cardinality of S; is at most 2q.
Using (10) we get

nj—1 a(t)—1
Vo= ot \/ vVl ()
1=0 r=0 leSt

Combining (9), (11) and Theorem 2.2 we obtain

n;—1

anj \/ o

=0

log [Ln, (Xy) N B|

M

a(t)—1 q—1
< ( (rq+t) \/ Uif) 4 ZHan (0715)
r=0 i=0 lesSt

a

—~

-1

IN

q—1
H, oo tatt (\/ J—z§> + 2¢log(l). (12)
! =0

Il
=)

T

9



For the inequality > g, Hy,, (07l€) < 2qlog(l) we apply Theorem 2.3.
We note that for each 0 <t < g — 1, we have

(a(t)—1)q+t§{”q—1Jq+t:n—q. (13)

Summing the first term in the last line of (12) over ¢ from 0 to ¢ — 1, and
using that the numbers {t +7r¢ : 0 <t < ¢g—1,0 < r < a(t) — 1} are all
distinct and are all no greater than n — ¢, yields

q—1 fa(t)— q—1 A a(0)—1 q—1 -
Z Joo—(ra+D) (\/ 0_15) = ; H,, co-ta) (\/ U_Z§> + -

t=0 r=0 =0 =0

a(g—1)—1 q—1 ‘
-t Z Un .oa*(Tqﬂ*l) (\/ O'—Z€>
=0
n;—1 qg—1 ‘
S (\/ a—zg> | (14
p=

1=0

Using (12) and (14) we get

nj—l qg—1 2
— 2q
qug |‘C'nJ (Xf) N B| S Z HanOU_p (\/ g 5) + Flog(l)'

p=0 i=0 J
Now, we divide by n; and apply Theorem 2.4 (with p; = %), to obtain
q—1
ilog L. (Xf)NB| < H <\/ Zf) + —log(l) (15)
. nj \f = Hpn,

J i=0 n;
We will also use that

q—1 q—1
klim Hy,, <\/ Uif) =H, (\/ Uif) ; (16)
i=0 i=0

which is obtained using the definition of weak* convergence. Then, combin-
ing (15) and (16) yields

10



gh(B) = lim ilog\ﬁnjk (Xy)NB|

k—oo Nj,
q—1 ' 2(]2
< lim H - lim — log({
=g, e, <\/ f)n;%onjk el
q—1 ‘
= H, (\/ UZ§>.
=0

Now, by definition of h,(X}),

q—1
h(B) < lim EHM <\/ U’f) = hu(Xy).

e q i=0
O

Lemma 3.4. For every M € N, there exists T such that given v € G(M),
there exist words u,w with |u| < 7, |w| < 7 for which vvw € G.

Proof. Let M € N and v € G(M). This implies that there exist v/, w’ €
B,v" € G such that v = vv'w" and |u/| < M, |w'| < M. Choose u =w =07,
2M | f(1
with 7 = ’VU( )
a

Let z € Pre(07uw/'v'w/'07). Consider the following sets, N1 = [1,7], Ny =
[T+ 1,7+ [W|JU[r + [V + 1,7 + [u'v'w'|| and N3 = [T + |/| + 1,7 + |u/V]].
Note that Ny corresponds to the section where u' and w’ appear and N3
where v' appears. Also, we can assume that |z] > 7 (otherwise we are
considering that z € Pre(07)), then

11
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’i‘zlzzzyi‘ Z Zi + Z Zi + Z 2
i=

iENTA[L,|2]] i€N2N[L,]2]] i€N3N[L,|2]

_ L (NN ] 3 Zi+|N30[1,|Z|]| Y

BN T P ST CHE PR
< o (R ahemLr o) + alvan i )

— o (o o )

< @IV AL el + ol N L <))

- o (PRI D

<

Q

Here, the first inequality holds since v’ € G, the second equality holds be-

cause |[N1N[1,|z|]| = 7 (using |z| > 7), and the second inequality holds since
" amls)

o .
The proof for z € Suf(07u'v'w’'07) is similar. O
Our main result is the following.

Theorem 3.5. Let Xy be a bounded density shift. If for every measure of

mazximal entropy u, we have that Z}ig” ipn([7]) > «, then Xy is intrinsically
ergodic.

Proof. If a = 0, then since all sequences have frequency 0 of non-0 symbols,
the unique invariant measure is the delta measure of *°0°°.

If @ > 0 we will obtain the result using Theorem 2.5. First note that
B = CP = C®. Using Lemma 3.1 we obtain £(X) = CPGC*. Now we will
check the numbered hypotheses of Theorem 2.5.

1. Lemma 3.2 gives us that G has specification.

2. Let ¢/ be the measure constructed in Proposition 3.3. By hypothesis it
cannot be a measure of maximal entropy. Thus, A(C? UC?®) = h(B) <
hy (X 5) < hiop(Xp)-

12



3. We obtain this property using Lemma 3.4.

O

Question 3.6. Is it true that for every binary bounded density shift we have
that p([1]) > « for every measure of maximal entropy?
Is it true that for every bounded density shift we have that

for every measure of maximal entropy?

A simple condition that easily provides several examples is the following,.

Corollary 3.7. Let Xy be a bounded density shift. If o > E}i(lm zJ%l then
Xy is intrinsically ergodic.

Proof. Using [8, Corollary 4.6] and the fact that bounded density shifts
are hereditary we have that for any measure of maximal entropy p([i]) <
p([i—1]). Since u is a probability measure this implies that p([i]) < 1/(i+1).
Thus,

LF() LF ()]

RN D

i=1 i=1
We obtain the result using Theorem 3.5. O

Remark. In particular, every binary bounded density shift with o > 1/2 is
intrinsically ergodic.

We will now prove a property called entropy minimality for all bounded
density shifts for v > 0 using results from [8]. We first need some definitions.

Definition 3.8. A subshift X is entropy minimal if every subshift strictly
contained in X has lower topological entropy.

Equivalently, X is entropy minimal if every measure of maximal entropy
on X is fully supported.

Definition 3.9. Let X be a subshift and v € L(X). The extender set of
v in X is defined by

EX(U) = {y S {07 L..., Lf(l)J}Z P Y(—00,01VY1,00) € X}

13



Theorem 3.10 (Garcia-Ramos and Pavlov [8]). Let X be a subshift with
hiop(X) > 0, 1 a measure of mazimal entropy and v,w € L(X). If Ex(v) C
Ex(w) then

p(v) < p(w)eterX)wl=lvl)

Theorem 3.11. Every bounded density shift (with o > 0) is entropy mini-
mal.

Proof. Let Xy be a bounded density shift, u € M(Xy,0) a measure of
maximal entropy and w € L£(Xy). Since the topological entropy of Xy is
positive then 1 € L£(Xy), and p([1]) > 0 (otherwise p([0]) = 1 and the
entropy cannot be positive). By Poincaré’s recurrence theorem, there exists
v' € L(Xy) for which p([v]) > 0 and

G |w|

/
s Yom
=1 =1

We can then define v which is coordinatewise less than or equal to w with

|v] |w]

By the fact that X is hereditary, Ex,(v') C Ex,(v), and so by Theo-
rem 3.10, p([v]) > u([v']) > 0.

We want to prove that Ex,(v) C EXf(0|”|w0‘“|). Let y € Ex,(v), with
T = Y(—00,0]-VY[1,00) € Xy, and ' = y(_oo,o].0|”|w0‘”|y[1,oo). Let n <m € Z.
We consider two cases, when x’[mm} is a subword of 0/”lw0/?l and when it is
not. If x’[nym] is subword of 0/"lw0/*!, then l'/[mm] € L(Xy) since w € L(X)
([16, Lemma 2.3]). Otherwise, there exists p € Z such that

m m~+p
Zxéﬁ Z x; < f(m —n).
i=n i=n-+p

This implies that x’[n m) € £(Xy). Thus, 2’ € Xy, andsoy € Ex, (0lvlpol®l),

Since y was arbitrary, Ex,(v) C EXf(0|”|wO‘”‘). Using Theorem 3.10 we
conclude that

p([w]) = p([01 w0y > pu([u])eMer(Iel=lel > g,

Therefore, p is fully supported.

14



Definition 3.12. Let X be a subshift. A word v € L(X) is intrinsically
synchronizing if wv,vw € L(X) then vvw € L(X).

A subshift is synchronized if there exists v € L(X) such that v is an
intrinsically synchronizing word.

Every entropy minimal synchronized subshift is intrinsically ergodic ([17,
8]) and every synchronized subshift is coded ([7]). Hence, we obtain the
following corollary.

Corollary 3.13. Every synchronized bounded density shift is intrinsically
ergodic.

3.1 Surjunctivity

Another application of entropy minimality is surjunctivity. Given a subshift
X, we say ¢ : X — X is a shift-endomorphism if it’s continuous and it
commutes with the shift. If a shift-endomorphism is bijective we say it is a
shift-automorphism.
A subshift X is said to be surjunctive if every injective shift-endomorphism

of X is a shift-automorphism. Every full shift is surjunctive ([6, Chapter 3].
The following result is known (e.g. see [2]) but it is not explicitly stated.
We write the proof since the argument is simple.

Lemma 3.14. Every entropy minimal subshift is surjunctive.

Proof. Let X be a subshift and ¢ : X — X an injective shift-endomorphism.
This implies that ¢(X) is a subshift which is topologically conjugate to
X. Since topological entropy is conjugacy-invariant, ¢(X) has the same
topological entropy as X. If X is entropy minimal then ¢(X) = X. O

Using this and Theorem 3.11 we obtain the following.

Corollary 3.15. Every bounded density shift with positive topological en-
tropy s surjunctive.
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