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ABSTRACT. We consider topological dynamical systems (X,T),
where X is a compact metrizable space and T denotes an action
of a countable amenable group G on X by homeomorphisms. For
two such systems (X,T) and (Y, S) and a factor map 7 : X — Y,
an intermediate factor is a topological dynamical system (Z, R) for
which 7 can be written as a composition of factor maps ¢ : X — Z
and ¢ : Z — Y. In this paper we show that for any countable
amenable group G, for any G-subshifts (X,T) and (Y, .5), and for
any factor map m : X — Y, the set of entropies of intermedi-
ate subshift factors is dense in the interval [h(Y,S), h(X,T)]. As
corollaries, we also prove that the set of entropies of intermediate
zero-dimensional factors is equal to the interval [h(Y,S), h(X,T)],
and even when (X, T) is a zero-dimensional G-system, the set of
entropies of its zero-dimensional factors is equal to the interval
[0, (X, T)]. Our proofs rely on a generalized Marker Lemma that
may be of independent interest.

1. INTRODUCTION

In this work, we continue a line of research, initiated by Shub and
Weiss [12], concerning the following seemingly basic question: given a
topological dynamical system, what can be said about the topological
entropies of its factors? For the purposes of this paper, we consider a
topological dynamical system to be a pair (X, 7T’), where X is a compact
metrizable space and 7' is an action of a countable amenable group G on
X by homeomorphisms. Additionally, a factor of such a system (X, T)
is another system (Y, .S) for which there exists a continuous surjection
m: X — Y that commutes with the actions of S and T'. Some general
results about the entropies of factors are available [8, 9, 12], but the
question above has not been completely resolved. For instance, it is
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still not known whether every system with positive, finite entropy must
have a nontrivial factor with strictly smaller entropy.

Under certain hypotheses, there are some existing results about the
entropies of factors. For instance, Lindenstrauss proved [8] that if
(X,T) is a finite-dimensional Z-system, then the set of entropies of
factors of (X, T) is the entire interval [0, h(X,T)]. Furthermore, Lin-
denstrauss provided examples showing that this is not necessarily the
case if X has infinite dimension.

Lindenstrauss also proved what we call a ‘relative version’ of his
result, which concerns the entropies of intermediate factors. Given
a countable amenable group G, G-systems (X,7") and (Y, S5), and a
factor map 7 : X — Y, an intermediate factor is a G-system (Z, R) for
which 7 can be written as a composition of factor maps ¢ : X — Z
and ¢ : Z — Y. With this definition, Lindenstrauss showed that
if 7 is a factor map from a finite dimensional Z-system (X,T) onto
(Y, S), then the set of entropies of intermediate factors is the entire
interval [h(Y,S),h(X,T)] [8]. (The relative version is of course more
general than the original result concerning entropies of factors of a
single system, since the original result may be obtained by taking (Y, .5)
to be the trivial factor in the relative version.) Using the notion of
mean dimension [10], Lindenstrauss also generalized these results to
extensions of minimal Z-systems with zero mean dimension [9].

Here we examine the question in the setting of subshifts, or sym-
bolic dynamical systems. Of course subshifts are zero-dimensional,
and therefore previous results about zero-dimensional systems can be
applied to subshifts. However, we are interested in the finer question of
what can be said about the entropies of intermediate factors, where the
intermediate systems must come from a restricted class (such as sub-
shifts or zero-dimensional systems). In this direction, for Z-subshifts,
it was shown in [12] that any system with positive entropy must have
nontrivial factors of strictly smaller entropy (and in fact that they can
be taken arbitrarily close to A(X,T)). In addition, in [4], in the case
where (X,T) is a sofic Z-subshift, it was shown that the set of en-
tropies of subshift factors is dense in the interval [0, A(X, T')], which is
in some sense the most that can be hoped for, since a subshift has only
countably many subshift factors by the Curtis-Lyndon-Hedlund theo-
rem. A corresponding relative result was also established when (X, T)
and (Y, S) are both sofic Z-subshifts.

In this work, we show that the previously mentioned result of [4]
holds even when (X,T) is an arbitrary (not necessarily sofic) sub-
shift. Furthermore, we generalize these results from Z-subshifts to
G-subshifts, where GG is an arbitrary countable amenable group. Note
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that the computation/realization of entropies is much more difficult in
the setting of general countable amenable groups. For instance, re-
alization of arbitrary entropies for G-subshifts has only recently been
addressed for general classes of countable amenable groups [3, 13]. In
order to establish our main results at this level of generality, we first
prove a generalized Marker Lemma for countable groups.

Let us now state our main results. When referring to subshifts, we
omit explicit mention of the action (since it is always the shift action).
In the following two results, G' denotes any countable amenable group,
X and Y represent G-subshifts, H,(X) denotes the set of numbers
r € R such that there exists a G-subshift Z so that X factors onto
Z and h(Z) = r, and HT,(X,Y) denotes the set of numbers r € R
such that there exists a G-subshift Z with h(Z) = r and factor maps
p: X = Zand Y : Z — Y such that m = ¢ o .

Theorem 1.1. Let G be a countable amenable group, and let X be a
G-subshift. Then Heuw(X) is dense in the interval [0, h(X)].

The main technique in the proof of Theorem 1.1 is a general version
of the classical Marker Lemma of [1], which may be of independent
interest; see Section 3. We also establish the following relative version.

Theorem 1.2. Let G be a countable amenable group. Let X and Y be
G-subshifts with a factor map m: X — Y. Then HZ ,(X,Y) is dense
in the interval [h(Y"), h(X)].

From these results, we are actually able to establish corollaries about
general zero-dimensional factors of subshifts as well. In the following
two results, X and Y represent G-subshifts and H(X) denotes the set
of numbers € R such that there exists a zero-dimensional G-system
(Z, R) so that X factors onto (Z, R) and h(Z,R) = .

Theorem 1.3. Let G be a countable amenable group, and let X be a
G-subshift. Then Ho(X) = [0, h(X)].

Theorem 1.3 is actually proved as a corollary of a relative version.
Let HJ(X,Y) be the set of numbers r € R such that there exists a
zero-dimensional G-system (Z, R) with h(Z, R) = r and factor maps
p: X = Zand ¢ :Z — Y such that m = o .

Theorem 1.4. Let G be a countable amenable group. Let X and Y
be G-subshifts with a factor map 7 : X — Y. Then HF(X,Y) =
[2(Y), h(X)].

Finally, we can prove a corollary about entropies of factors of general
zero-dimensional G-systems. In the following result, G is a countable
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amenable group, (X, T) is a zero-dimensional G-system, and Ho (X, T)
is the set of numbers r € R such that there exists a zero-dimensional
G-system (Z, R) such that (X, T) factors onto (Z, R) and h(Z, R) = r.

Theorem 1.5. Let G be a countable amenable group, and let (X,T')
be a zero-dimensional G-system. Then Ho(X,T) = [0, h(X,T)].

We note that this result provides more information about the afore-
mentioned result of [8] when (X,T) is zero-dimensional: in this case,
not only do we know that every entropy in [0, h(X,T)] can be achieved
by factors, but that those factors can always be chosen to be zero-
dimensional.

The rest of the paper is organized as follows. Section 2 contains
necessary background and notation, Sections 3 and 4 contain some
preliminary results required for later proofs, and Sections 5, 6, 7, and
8 contain the proofs of Theorems 1.1-1.5.
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2. BACKGROUND AND NOTATION

2.1. Countable amenable groups. Let GG be a countable amenable
group. For sets A, K C G, we let AK = {ak : a € Ak € K} and
AAK = (A\K)U(K\ A). A sequence {F,}>2, of finite subsets of G
is called a Fglner sequence if for each finite set K C G, we have

. |KF,AF,|
lim ——— = 0.

The existence of a Folner sequence is equivalent to the amenability of
the group G. Let {F,}2, be a Fglner sequence, which we fix here and

use throughout the paper.

Definition 2.1. Suppose U and K are non-empty finite subsets of G
and 0 > 0. We say that U is (K, J)-invariant if
|[KU AU|
U]
Note that the definition of Fglner sequence yields that for any finite

set K C G and any 0 > 0, the set F), is (K, J)-invariant for all large
enough n.

< 0.
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Definition 2.2. Suppose {A;,..., A} is a collection of finite sets
of G. We say that the collection is d-disjoint if there exist subsets
{By,..., B} such that

(1) B; C A, for all 4,
(2) for i # j, we have B; N B; = &, and
(3) |Bi]/|As| > 1 — 6 for all i.

Definition 2.3. Suppose {A;,..., A, } is a collection of finite sets of
G, and let B C G. We say that the collection a-covers B if

BN (UA,-)| > a|B|.

Definition 2.4. ([11]) For 6 > 0, a collection of finite sets {71, ..., Ty}
is said to d-quasitile a group G (or to be a set of d-quasitiles for G) if
{e} € T} C --- C Ty and for any finite set D C G, there are finite sets
C; C G, for 1 <i < N, such that

(1) for fixed 7, the collection {T;c : ¢ € C;} is d-disjoint
(2) for i # j, T,C; N T;C; = &, and
(3) the collection {T1C4,...,TnCn} (1 — §)-covers D.

The fundamental result of Ornstein and Weiss [11, Theorem 6] states
that for any & > 0, there exists NV such that for any finite set K and any
d’ > 0, there exist finite sets {717, ...,Tx} that are (K, ¢)-invariant and
that d-quasi-tile G. We remark that by making ¢' > 0 small enough
and K large enough, one may force |T}| = min, |T;| to be arbitrarily
large.

For a collection of quasitiles {77, ..., Ty}, we refer to any collection
{C1,...,Cy} satisfying (1)-(3) above as a collection of center sets cor-
responding to D. If {C},...,Cx} is a collection of center sets for D,
then let C! = {c € C; : T;cnN D # @}, and observe that the collection

{C],...,Cy\} is again a collection of center sets for D. Thus, for a
collection of quasitiles {7T1,..., Ty} and finite D C G, there exists a
collection of center sets {C1,...,Cy}, and we may assume without loss

of generality that for all ¢ € C;, we have T;cN D # &.

Lemma 2.5. Let § € (0,1). Suppose that {S1,...,Sn} is a collection
of finite sets that §-quasitiles G. Let m = |S;| = min{|S1|,...,|Sn|},
and S = J;S; = Sy. Then for all large enough n, there exists C' =
C(n) C G such that {Sc: ce€ C} (1 —§)-covers F,, and

(1 +0)[Fnl

C] < T om
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Proof. Since {F,}2°, is a Folner sequence, for all large enough n, we
have

|SS™IF, A F,|
(2.1) < 0.
| £l
Fix n satisfying this condition. Since {Si,...,Sn} is a collection of

d-quasitiles, there exists a collection of center sets corresponding to
the set F,, with the additional property that for each ¢ € C;, we have
Let C =, Ci. Then

A= USZ-CZ- C SC,

and since A (1 — d)-covers F,,, we see that SC' (1 — 0)-covers F,,.

Now let us estimate |C]. Let C; = {c{,..., ¢}, }, and let A} = Sic},
for k =1,..., M;. Then the collection {A} : 1 <i < N,1 <k < M;}
is d-disjoint (by the quasitile properties (1) and (2)). Then there exist
sets Bi C Al such that |Bi| > |AL|(1 — 6) and if Bi N B} # @, then
1t =j and k = ¢. Then we have

N M; '
UU s

i=1k=1

Fix 1 <i< N and 1 <k < M;. Recall that AL N F,, = S;c, N F,, # @.
Let g € S;¢i N F,. Then there exists s € S; such that g = sc}, which
implies that ¢, = s7'g € S7'F,, and hence Sc¢i, C SS™'F,,. Then we
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see that
N M; N M;
JuUsi<|JU4
i=1 k=1 i=1 k=1
< |SSTIE,|
< (1+46)|Fyl,

where we have used (2.1). Combining the above inequalities gives

N M;
(1—omlc| < || Bi| < 1+ 0)F,
i=1 k=1
from which we conclude that
(1+9)|F|
< M e nl
Cl= (1—=0)m’
as desired. O

2.2. Topological and symbolic dynamics. We present some basic
definitions from topological and symbolic dynamics; for a more thor-
ough introduction to symbolic dynamics, see [7].

Definition 2.6. Let G be a countable amenable group. A G-system
is a pair (X,T), where X is a compact metrizable space and T =
(T9)4ec is an action of G on X by homeomorphisms. Additionally, a
zero-dimensional G-system is a G-system (X, T') such that X is zero-
dimensional (i.e., it has a topological base consisting of clopen sets).

Definition 2.7. A factor map from a G-system (X, .S) to a G-system
(Y,T) is a surjective function ¢ : X — Y that is continuous and
commutes with the actions of S and T. A conjugacy is a factor map
that is also injective. When ¢ : X — Y is a factor map, we refer to Y
as a factor of X.

When G is a countable amenable group, one may associate to each
G-system (X, T') an extended real number called the topological entropy
of (X,T). We let h(X) denote the topological entropy of (X,7) when
the action is understood, and we note that it serves as an important
conjugacy invariant in the study of topological dynamical systems. We
will not need a general definition of topological entropy here, but will
define it formally only for the class of G-subshifts (below) and then
will extend to some zero-dimensional G-systems via inverse limits; see
Section 2.3. For more information about the general entropy theory of
countable amenable groups, see [5].
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Definition 2.8. For any finite alphabet A and countable amenable
group G, the full G-shift over A is the set A%, which is viewed as a
compact topological space with the (discrete) product topology.

Definition 2.9. A pattern over A is any function w from a finite set
S C G to A, in which case S is called the shape of w.

Definition 2.10. The shift action 0 = (0,)4ec is the action of G on
A by automorphisms defined by (0,2), = z,, for all g,h € G.

Definition 2.11. A G-subshift is a closed subset of a full shift A that
is invariant under o.

Any subshift X is a compact space with the induced topology from
A%, and so (X, 0) is a topological G-dynamical system. In fact, this
topology on X is also generated by the ultra-metric given by

d(x’ y) — 27 min{n:zgn#ygn}’
where G' = {g,}72, is an enumeration of G.

Definition 2.12. For any G-subshift X and finite S C G, the S-
language of X, denoted by Lg(X), is the set of all patterns w with
shape S which appear as subpatterns of points of X, i.e., for which
there exists € X and g € G with z(g5) = w.

Definition 2.13. For any G-subshift X and w € Lg(X), the cylinder
set [w] is the set of all z € X with z(S) = w.

All factor maps between subshifts have a simple combinatorial de-
scription.

Definition 2.14. Given alphabets A and B, a finite set S C G, and a
function f : A% — B, the sliding block code induced by S and f is the
map ¢ : AY — BY defined by

(o(x))g = f(x(95))
for all z € A and g € G. A 1-block code is a sliding block code when
S = {e}.

If X and Y are subshifts, then for every factor map 7 : X — Y, there
is a sliding block code ¢ such that m = ¢|x; this is the classical Curtis-
Lyndon-Hedlund theorem when G = Z, and the proof is essentially the
same for general G. Even more is true: up to conjugacy, every factor
map can be written as a 1-block code, i.e., if ¢ : X — Y is a factor
map, then there exists a conjugacy ¥ on X and a 1-block code p on

(X)) so that ¢ = po1.
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Definition 2.15. The topological entropy of a G-subshift X is
A(X) = lim ——log| L, (X)],

where {F,,}2°, is a Folner sequence for G.

This limit is consistent with the general entropy theory for countable
amenable groups, and in particular it always exists and is independent
of the Fglner sequence chosen (see [5] for a proof).

It is well-known that for countable amenable GG, factor maps cannot
increase topological entropy, i.e., if ¢ is a factor map from X to Y,
then A(X) > h(Y). This observation motivates the main question
of this paper, namely whether a large set of entropies is achieved for
intermediate systems ‘between X and Y.’

2.3. Inverse limits.

Definition 2.16. Suppose {Z,}22, is a sequence of G-subshifts, and
for each n > 1, we have a factor map m, : Z, — Z,_1. The inverse
limit Z = lé'ngn is the set

7 = {(20,21,22,...) S HZ” :Vn > 1, m,(2,) = Zn_l}.

n=0

Since each Z, is compact, the product of these systems is compact
by Tychonoft’s theorem. In fact, if d,, is the usual ultra-metric on Z,
for each n > 0, then we can metrize the product topology on Z with
the metric

= d?’L n ,
d(z,2) =Y —(22 ),
n=0

Note that since each Z, is zero-dimensional, Z is zero-dimensional
as well. Additionally, there is a natural action of G on Z, given by
S9(z) = (04(20),04(#1),-..), which is continuous. We require the fol-
lowing lemma about entropy of inverse limits; for a proof in the case
G = Z, see [8, Lemma 4.9]. The straight-forward adaptation of this
proof for general countable amenable groups is left to the reader.

Lemma 2.17. For any inverse limit Z = T&an we have

h(Z) = lim h(Z,).

Finally, we will need the following simple lemma, which shows that
factor maps can be carried to the inverse limit; the proof is standard
and left to the reader.
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Lemma 2.18. Suppose that X is a G-subshift with a surjective factor
map po : X — Zy and that for each n > 1, there exist surjective factor
maps ¢, : X — Z, and w, : Z, — Z,_1 such that p, 1 = 7T, 0 ©,.
Define the map ¢ : X — Z by the rule p(z) = (po(x), p1(x),...).
Then ¢ is a surjective factor map.

2.4. Periodic patterns.

Definition 2.19. For any finite alphabet A, countable amenable G,
S,T C G with S finite, k € N, and w € AT, we say that w has k periods

from S if there exists a collection {s1,..., s} of k distinct elements of
S such that w, = wys, whenever g and gs; are both in 7. In this case,
we may refer to {s1,...,s,} as a period set for w.

Lemma 2.20. Let k € N, and let S C G be a finite set with |S| > k.
Let T C G be any set such that

T
k1 S| < —
0g 4 15| < ok
and for each s € S,
T
TAT —.

Then
‘{w € A" 1w has k periods from S}‘ < JAPTVE,

Proof. Let k € N, and let S C G be a finite set with |S| > k. Let T
be as above. To simplify the notation in this proof, let § > 0 be such
that § < k~'/2 and such that

klog 4 |S] < d|T,
and for each s € S,
o|T
| TATs| < %

Now let P C S such that |P| = k. First, define a finite undirected
graph with vertex set V' =T and edge set E C T'x T, where (¢g,h) € E
if there exists p € P such that h = gp or g = hp. Let C' C T be the
set of vertices corresponding to an arbitrary connected component of
(V, E) such that |C] < k (which might not exist). Let g€ C. If p€ P
and h = gp~' € T, then g = hp, which means (g,h) € E, and then
gp~t = h € C. Since |C| < k = |gP™!|, there exists p € P such that
gpt ¢ T, ie., ge T\ Tp. We now conclude that for any connected
component C' of (V, E) with |C| < k, we have

cclJ@\Tp).

peEP
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For g € T, let C(g) denote the connected component of (V, E') contain-
ing g. Then the above containment and our second hypothesis on T
combine to give

{geT:IC() < kY| <Y1\ Tol < @\m = 8|T.

peP

Let N, be the number of connected components of (V, E) with cardi-
nality . We have

7> |{g e T Clg)| 2 K}

7|

=Y Nyt
=k
> k) N
=k

and therefore the number of connected components of cardinality at
least k is bounded above by |T'|/k.

Now we turn to counting patterns in A” with period set P. Notice
that if w € AT has P as a period set, then w must be constant on any
connected component of the graph (V, E). Then the estimates in the
previous paragraph yield that

’{w € A" : P is a period set for w}‘ < AR APITT = | A HOITT

Finally, let us estimate the number of patterns in A” with & periods
from S. Using the previous estimates and our first hypothesis on T,
we have

‘{w € AT :w has k periods from S}’

< Z ‘{w e AT : P is a period set for w}‘
PcS
|P|=k

< JAETHT )P S|P =k}

< ‘A’(k*1+5)|T| ) ‘S’k

< |A|ETHOITE ) )0l

_ ‘A|(k*1+26)|T|'

Since 6 < k~1/2, the proof of the lemma is complete. O
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2.5. Other preliminaries. We denote the usual binary entropy func-
tion by H : [0,1] — R, where H(z) = —xlog(z) — (1 — z)log(1l — z),
with the convention that 0 - log0 = 0. The following two facts are
elementary and presented without proof.

Lemma 2.21. For any n and o < 1/2, we have

lon)
<:2fﬂa)n'
> (}) <

k=0

Lemma 2.22. If A and B are finite sets and ¢ : A — B satisfies
|01 (b)| < M for all b € B, then |A| < M|B].

3. MARKER LEMMA

Here we will prove a Marker Lemma for countable groups which
generalizes the classical Krieger Marker Lemma ([1], [6]). First, we
require a definition.

Definition 3.1. Let F be a finite collection of sets. For k£ € N, we say
that F is k-fold disjoint if for all collections {F1,. .., Fi.} of k distinct
elements of F, we have

Now we state our general Marker Lemma. Note that it does not
require amenability of the group G.

Lemma 3.2. Let G be a countable group, and let X be a G-subshift.
Let S C G and T' C G be finite, and let 1 < k < |S|. Then there ezists
a clopen set F' C X such that

(1) the collection {os(F') : s € S} is (k+ 1)-fold disjoint, and
(2) if
rg¢ |J ouF)
s

seS—1

then z(T') has k periods from S™'S.

The classical Krieger Marker Lemma corresponds to the case G = Z,
k=1, 8 =1[0,n], and T = [—n,n] for some n € N. Our use for
arbitrary k can be thought of as allowing shifts of the marker set to
have weaker disjointness properties in exchange for stronger periodicity
properties away from it.
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Proof. Let N' = {wy,...,w,} be an enumeration of the patterns w in
AT such that w does not have k periods from S~1S. Inductively define
the following sets. Let A; = [wy]. Fori=1,...,r —1, let

Ay = [wia] \ (U U Us<Aj)>-
j=1lseS-18
Let F' = J;_, A;. Note that F is clopen.
To establish (1), suppose for contradiction that there exists P =

{p1,...,per1} C S with |P| = k+ 1 and there exists z € X with

x € ﬂ op(F).
peP
Then for each p € P, we have that o,-1(z) € F' =], A;. For each p €
P, choose i(p) € {1,...,r} such that o,-1(x) € A;p). We claim that
there exists w € N such that o,-1(z) € [w] for all p € P. To see this,
suppose for contradiction that there exist p, ¢ € P such that i(p) # i(q).
Assume without loss of generality that i(p) < i(q) (otherwise reverse
the roles of p and ¢). Then

0g-1(x) € Aitg) N (04-1p(Air))),
which gives a contradiction, since ¢~'p € S71S and A;,) is defined to

be disjoint from o,(A;(,)) for all s € S7'S. Hence, there exists w € N
such that o,-1(z) € [w] for all p € P. Therefore

[wjn---Na

o,-1(z) € [w]No L

P Py 'p2 [w].

Since |P| = k+1, the non-emptiness of the intersection in the previous
display gives that the set {p; 'pa, ..., 7 'prs1} is a set of k periods from
S~1S for w. However, this contradicts the fact that w € N. Thus we
have established (1).

Now let # € X such that z(T) does not have k periods from S~1S.
Then z(T) = w; for some i =1,...,r. If i =1, thenx € F. If i > 1,
then either z € A; C F or else there exists j < i and s € S71S such
that € 04(A4;). In all cases, we obtain that

T € U os(F).
seS—18
Taking the contrapositive, we conclude that if
Zz ¢ LJ 03(}7%
seS—18

then x(T) has k periods from S~'S. This establishes (2) and finishes
the proof. O
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4. DENSITY

In this section, we define some basic notions of (upper) density for
subsets of countable amenable G (in terms of our previously chosen
Folner sequence F,). This will be used to quantify a way in which
visits to the marker set from Lemma 3.2 are rare when k is taken much
smaller than |S].

Definition 4.1. Let X be a G-subshift, and let ' C X. For a finite
set F C Gand z € X, let

Ng(z,F)=|{g € E:04(x) € F}|.
Then let

N F
D, (F) = sup —F"<x’ ),
zeX |Fn|

and D(F) = limsup,, D, (F).

Definition 4.2. Let X be a G-subshift. Let S C G be finite, and let
k € N. We say that ' C X is (S, k)-disjoint if {o5(F) : s € S} is
k-fold disjoint.

Lemma 4.3. Let X be a G-subshift. Let {S1,...,Sn} be a collection
that 6-quasitiles G with m = min,; |S;| and S = |J; S; = Sy, and let
k>1. If F C X is (S71, k)-disjoint, then

_ k(1 +0)

D(F) S gy + &

Proof. By Lemma 2.5, for all large enough n, there exists C' = C'(S, n, ¢)
such that {Sc:ce C} (1 — é)-covers F,, and

(1+0)|Fl

=5

Also, since F is (S7!, k)-disjoint, for any € X, we have

Ns(z, F) = {g € 5: 04(x) € F}|
=HgeS:xzeo,1(F)}
<k.
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Then for any x € X, the previous two displays and the fact that
{Sc:ce C} (1 —d)-covers F, gives that

NFn(LC, F) S Nsc(l', F) + NFT,,\SC<$7 F)
<> Nse(a,F) +|F,\ SC|

ceC
< 3" N(ou(a), F) + 61 F|
ceC
< K[|+ 0] E|
k(14 6)|F,|
< —————— +0|F,).
- (1-=6m ol
After dividing by |F,|, taking the supremum over x € X, and letting
n tend to infinity, we obtain the desired estimate. U

Now we show that if a factor map only changes a small percentage of
symbols, then the entropy drop across the factor map cannot be large.

Definition 4.4. Let 7 : X — Y be a factor map between (G-subshifts.
For a finite set ¥ C G,y € Y, and = € 7 (y), we define

Np(z,y) =[{g € E: x5 # yg}l.
Then define Ne(2.1)
T,y
Dyly) = sup ~TenY)
zer—1(y) |Fn|

and D(7) = limsup,, sup,cy Dn(y).
Lemma 4.5. Let m : X — Y be a factor map between G-subshifts
on alphabet A.  Suppose that D(r) < 1/2. Then h(X) — h(Y) <
H(D(m))+ D(m)log | Al

Proof. Let v = D(m), and let € > 0 be such that v+ ¢ < 1/2. Choose
n large enough so that for all y € Y and z € 77 1(y), we have

NFH(SC,y)
| E]
For w € Lg,(X), choose z € X such that z(F,) € [w]. Let y = n(z),
and let u = y(F),). Additionally, let K, = {g € F,, : wy, # u,}. Note
that

<7v—+e

| K| = Np,(,y) < (7 + €)|Fal.
Now consider the map that sends w € Lp,(X) to (u, Ky, w(Ky)),
which is injective. Then

1Lp (X)| < |Lp, (V)| - 2HOFEL | g|OFelEn]
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where we have used Lemma 2.21. Taking logarithm, dividing by |F},|,
and letting n tend to infinity gives

h(X) <h(Y)+H(y+e) + (y+¢€) log|A|

Since € may be taken arbitrarily small, we obtain the desired result. [

5. PROOF OF THEOREM 1.1

Let X be a G-subshift with alphabet A. We assume that |A| > 2,
since when |A| = 1, h(X) = 0 and the theorem trivially holds. Let
€ € (0,1/2). We will show that the set of entropies of subshift factors
of X is e-dense in the interval [0, h(X)]. Choose k£ > 1 such that
4log(]Al)/k < e. Choose ¢ € (0,1) and my > 1 such that

(5.1) H (W 4 5) 4 (% 4 5) log | A] < ¢/2.

Choose a collection {51, ..., Sy} that é-quasitiles G such that min, |.S;| >
mo and S = |J, S; has cardinality at least k. Choose n € (0,1) such
that

(5.2) log(JAN(2E™ (1 =)' +1) < €/2.

Choose a collection {T}, ..., Ty} that n-quasitiles G such that
2k*log 4 |SS™! < |Th| = min; |T;| and for all s € SS™" and i =
1,..., N, we have
| T3]
|T; AT;s| < o
Let T =, T;.
Now apply the Marker Lemma (Lemma 3.2) with parameters k, S™1,
and T. We get a clopen set F' C X such that F'is (S71, k + 1)-disjoint
and if x € X satisfies

z ¢ LJ 03(}?%

seSs—1
then z(T) has k periods in SS™'. By Lemma 4.3, we obtain that

_ (k+1)(1+0)
(5.3) D(F) < A

Before defining our factor maps, we require a few more definitions.
Let G = {gr}32, be an enumeration of G, with the convention that
go =e. Let G, = {90, ..., 9m}- We suppose that a and b are symbols
that are not contained in A, and we let B =AU {a, b}.

+ 0.
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Now we define our factor maps. First, let ¢y : X — B¢ be defined

by the rule
_fa, o4x)eF
#o(@)g = { x4, otherwise.

Since F' is clopen, ¢y is a sliding block code. Let Xy = ¢o(X). In-
ductively, suppose that ¢q, ..., @, and X,..., X,, have been defined.
Define ¢, 41 : X, — B by the rule

Pmr1(2)g = {

b, ifz,# aand Tyt g =0

x4, otherwise.

It is clear that ¢,,11 is a sliding block code. Let X, 11 = @ma1(Xm)-
This concludes our definition of the factor maps {¢n,}oo_, and the
subshifts {X,,}>_,. The remainder of the proof will be devoted to
showing that the set of entropies of the subshifts X, is e-dense in the
interval [0, h(X)] by verifying that the ‘entropy gaps’ h(X) — h(Xy)
and h(X,,) — h(X,,51) are smaller than € and that the entropy h(X,,)
is ‘eventually small,” i.e. h(X,,) < e for sufficiently large m.

Both claims will be proved by appealing to properties of F' guar-
anteed by the Marker Lemma. The former will follow from the fact
that visits to F' have small density, meaning that the changes made
via each ¢, have small density. The latter will follow from the fact
that portions of points of X which are not near visits to F' are highly
periodic, and since letters at locations near visits to F' are changed to
a for large m, such X,,, will have small entropy by Lemma 2.20.

5.1. Small entropy gaps.
Claim 5.1. D(po) < D(F).
(In fact, this inequality is an equality, but we will not need that fact.)

Proof. Let e; > 0. Choose n large enough so that D, (F) < D(F) + €.
Let y € Xy and € ¢, *(y). Then

N, (2,y) = {g € Fu: 2 # Yo}
=g e Fy:oy(x) € FY|
= NFn(J],F)

< (D(F) +e1)| |

Dividing by |F,|, taking supremum over y € Y and z € ¢, (y), and
letting n tend to infinity yields

D(go) < D(F) +er.
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Since €; may be taken arbitrarily small, we obtain that D(ypg) < D(F).
U

Claim 5.2. h(X) — h(X,) < €.

Proof. Note that D(F) < 1/2 (by (5.1) and (5.3)). Then by Lemma
4.5 and Claim 5.1, we see that

h(X) = h(Xo) < H( (¢0)) + D(go) log | A]
H(D(F)) + D(F)log| Al.
By (5.1) and (5.3), we conclude that h(X) — h(X,) < €. O

Claim 5.3. For all m > 0, we have D(@,41) < D(F).

Proof. Let ¢; > 0. Choose n large enough so that D, (F) < D(F) + ¢
and |(g,,41F) \ Ful < €1|F|- Let y € X1 and @ € ¢, (y). Let
z € X be such that z = ¢, 0...¢o(z). Then

Np,(z,y) ={g € Fn 1 15 # yg}|
<HgeF.:zy#aandz, . =a
<|{geFyia, =}
< Np (2, F) + N1 gye, (2 F)
< (D(F) + &)l Ful + (g1 Fo) \ Fil
< (D(F) + €1)|Fo| + e1]Fl.

Dividing by |F,, |, taking the supremum over y € X,,, 11 and z € ¢, (y),
and letting n tend to infinity yields

D(¢m41) < D(F) + 2.

Since €; may be taken arbitrarily small, we obtain that D(pmy1) <
D(F). 0

Claim 5.4. For all m > 0, we have h(X,,11) — h(X,) < €.

Proof. Recall that D(F) < 1/2. Then by Lemma 4.5 and the previous
claim, we see that

W Xni1) = M(Xm) < H(D(Pmi1)) + D(pms1) log | A]
< H(D(F)) + D(F) log A.
By (5.1) and (5.3), we conclude that hA(X,,41) — h(X,,) < €. O
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5.2. Eventually small entropy. Note that by our choice of the qua-
sitiles T, . .., Ty, we may apply Lemma 2.20 with parameters k, SS~1,
and T}, obtaining that for each i, we have

(5.4) [{v € AT : v has k periods from SS™'}| < |A[HTil/k,

Lemma 5.5. For large enough m, we have h(X,,) < €.

Proof. Choose m large enough that 7SS~ C G,,. Let §; € (D(F),1/2)
and 02 > 0 be arbitrary. Choose n large enough that D, (F) < 6; and

A (|FnAG,;1Fn| |F, ATT‘an]) _s
X , .
| E] | E] i

Since {Ti,...,Tn} is a set of n-quasitiles, there exists a collection
{C1,...,Cn} of center sets corresponding to F,, with the additional
property that if ¢ € C;, then T;c N F, # @.

Let w € Lg, (X,,). Choose y € X,,, such that y(F),) = w, and choose
x € X such that y = ¢ 0...00(x). Let J, = {g € G,'F, : y, = a}.
Note that for g € F},, we have that w, = a if and only if g € J,,, and
wy = b if and only if g € (G, Jy) \ Juw. Furthermore,

|Jw| = |JwﬂFn|+ |Jw\Fn|
(5.5) < Nr, (2, F) + (G Fo) \
< 61| Fu| + d2|
where we have used our choice of n in the last estimate.
Now for each 7, let C}* be the set of ¢ € C; such that (F,, N Tic) \

(GnJw) # @. Note that C is completely determined by J,, (along
with the already chosen F),, T;, and G,,).

Claim 5.6. If ¢ € C?, then z(Tjc) has k periods from SS™!.
Proof. To begin, suppose that ¢ € C;, g € F,, N T;c, and

o(z)e |J oulP).

s€8S-1

Then there exists s € SS™! such that o,.(z) € F. Hence y,. = a. Let
¢ = sc. Then ¢ = s7'¢’. Now let t € T; be such that tc = ¢g. Then
g = st™lg € SSTIT'F, C G,'F,, by our choice of m. Therefore
g € Jy,, and then g = ts~t¢’ € TSS™'J, C G,,J,, again using our
choice of m. We conclude that if ¢ € C; and

o.(x) € U os(F),

s€8s-1
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then F,,NT;c C G,,J,,. By the contrapositive, if ¢ € C; and (F,NT;c)\
(GdJw) # 9, then

o.(r) ¢ U os(F),

s€8s—1

which gives that z(7'c) has k periods from SS~! by our choice of F.
Thus, we have shown that if ¢ € C%, then z(T'c) has k periods from
SS~1, and therefore so does x(Tjc) (since T; C T)). O

For a finite set F, let P(E) denote the power set of E. Now consider
the map ¢ : Lg, (X)) = P(G,'F,) defined by w +— J,.

Claim 5.7. For each J C P(G,'F,), we have
¢~ ()] < AL | A @) TG

Proof. Let J € P(G,,'F,). Define C! = {c € C;: (F,NTic)\ (GnJ) #
@}. Now let w € ¢~ 1(J), i.e., J, = J, and let x € X be such that
x(F,) = w. Note that since J,, = J, we also have C}" = C! for each i.

Let g € F,,. For g € G, J, we have that w, = a whenever g € J and
wy = b whenever g ¢ J. Now suppose g € T;c\ (G, J) for some c € C;.
Then w, = z,. Also, we have ¢ € C/, and by Claim 5.6, z(T;c) has
k periods from SS~!. Hence w € ¢~!(J) is uniquely determined by a
tuple of the form

(6710 s (730 ey w0 ()

where each x(T;c) has k periods from SS~!. Thus, we have

N
o~ (J)] < H [{v € A% : v has k periods from 55—1}||C£|
i=1
AU O
N
< H [{v € A" : v has k periods from SS™'} ICil
i=1
. |A|\Fn\(Ui T:Cy)|

Then by Lemma 2.20 and the fact that {T1C1, ..., TnCn} (1—n)-covers
|F,,|, we obtain the desired inequality

(67 ()] < AT LA TG,
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Finally, using (5.5) in combination with Lemma 2.21 and Claim 5.7
yields the following estimate on the cardinality of |Lg, (X,)]:

L5, (Xp)| < 2HOF0)IE]) g|mlFnl | A)@/k) 2 TG

Using the n-disjointness of 17, ..., Ty, we see that for each i, we have

e
ceC;

>3 (- )T

ceC;

> (L=n)|Ti| - |Cil.

Recall that by our choice of centers, if ¢ € C;, then T;cN F,, # . Let
g € TsjeNF,. Then g = tc for some t € T}, and so ¢ =t~ g € T7'F,.
Hence T;C; C TT~'F,,. Combining the previous displayed formula with
the quasi-invariance of F,, with respect to TT~! and d, (by choice of
n), we obtain

|T:Cy| =

ST Gl < 1= S ITCH

Urc

1
< ——|TT7'F,|
I—n

1
=1,

1+ 69

L—=n

Finally, putting together all of the above estimates, we get
1LE, (X0)] < QH (81462)| Fy| A|(2/k)2i ITiI-ICi\|_A|n\Fn|

1409

< HEH5) Pl 4] (2R TP gylFnl

IN

| Fl-

Taking logarithms, dividing by |F,|, and letting n tend to infinity, we
get
2(1 + &) )
MXn) <H(@1+96 +<—+77 log | A|.
() < HG +80) 4 (s A
Since d, > 0 was arbitrary, and since §; € (D(F),1/2) was arbitrary,
we see that

MXJSH@WD+( +@mmm.

2
k(1 —n)
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By (5.1), (5.2), and (5.3), we conclude that h(X,,) < e. This finishes
the proof of Lemma 5.5. O

This concludes the proof of the e-density of the sequence {h(X,,)}5o_,
within [0, h(X)]. Since € > 0 was arbitrary, we conclude that H,;(X)
is dense in [0, A(X)], which finishes the proof of Theorem 1.1.

6. PROOF OF THEOREM 1.2

This proof is quite similar to that of Theorem 1.1. The main differ-
ence is that rather than completely removing information from loca-
tions in points of X by replacing letters by a and b (as in the previous
proof), the factor maps in this proof apply the block code defining
m: X — Y at those locations.

Let X have alphabet Ay, and let Y have alphabet Ay. Suppose
without loss of generality that the factor map 7 : X — Y results from
a 1-block code my : Ax — Ay. We assume without loss of generality
that [Ax| > 2. Let € € (0,1/2). We will show that Hs,(X,Y) is
e-dense in [h(Y), h(X)].

Choose the following parameters as in the proof of Theorem 1.1: k, 9,
mo, S, n, T, and F'. Also, choose the same enumeration G = {gx }2, as
before, and define the same sequence of maps {¢,, }>°_, and G-subshifts
X}y,

Now define the alphabets By = Ay x {a,b} and B = Ax U By.
We suppose that a and b are chosen so that Ax N By = &. Define
©o : X — BY by the rule

_J (mo(zy),a), ifoy(x) €F
Yo(@)g = { xg(,) otherwise.

Let Zy = ¢o(X). Inductively, let m > 0, and suppose we have defined
Zo, ...y Zm and 9y, . .., Um. Define ¥, @ Z,, — B by the rule

() =

Let Zm+1 = merl(Zm)

Let us now define some auxiliary maps. First, for m > 0, let ©,, =
Ym0 -0 and 1), = 1, 0--- 0. Note that 7, : X — X,, and
P, + X — Z, are factor maps. Next, let py : Ay x {a,b} — Ay
be the projection py(u,v) = u. For any m > 0, we define the map
PY : Z, — (Ay)Y by the rule

(mo(24),0), if 2z, € Ax and 2yt g € Ay x {a}
2g, otherwise.

mo(24), otherwise.

PY(Z) _ { pY(Zg)a if Yg € AY X {a? b}
m g
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Note that # = PY 04),,, and since 7 is a factor map, PY must be a
factor map onto Y as well. Also, let px : Ay x {a, b} be the projection
px(u,v) =v. For m >0, let PX : Z,, — (Ax U{a,b})% be defined by
the rule

px(zg), if 2z, € Ay X {a,b}

2g, otherwise.

PXe), = {

Observe that for any m > 0, we have ,, = PX o), , and since ¢, is
a factor map, we see that P~ is a factor map from Z,, onto X,,.

Claim 6.1. h(X) — h(Zy) < e.

Proof. Use Lemma 4.5 as in the proof of Claim 5.2. U
Claim 6.2. For any m > 0, we have h(Z,,) — h(Z;41) < €.
Proof. Use Lemma 4.5 as in the proof of Claim 5.4. U

Claim 6.3. For any m > 0, we have h(Z,,) < h(Y) + h(X,,).

Proof. Note that PY and P2 are 1-block codes, and hence they are
well-defined maps on the language of Z,,. Given w € Lg (Z,), let
u = PX(w) and v = PY(w). The map w — (u,v) is injective: i) if
ug, = a, then w, = (vy,a), ii) if u, = b, then w, = (v,,b), and iii) if
uy € Ax, then w, = u,. Hence

1Lr, (Vi) < [, (Xm)] - [£, (Y]

Taking logarithms, dividing by |F,|, and taking the limit as n tends to
infinity, we conclude that h(Z,,) < h(Y) + h(X,,), as desired. O

By Lemma 5.5, we see that for all large m, we have h(X,,) < e. Com-
bining this fact with Claims 6.1, 6.2, and 6.3, we see that H ., (X, Y) is
e-dense in [h(Y), h(X)]. Since € was arbitrary, this concludes the proof
of Theorem 1.2.

7. PROOF OF THEOREM 1.4

To achieve arbitrary entropies r € [h(Y'), h(X)], we construct zero-
dimensional factors as inverse limits of intermediate subshift factors
using Lemma 2.18 and Theorem 1.2.

The case r = h(Y) is trivial, and so we let r € (h(Y), h(X)]. Let
Zo =Y, @9 = 7, and 9y be the identity map on Y. By Theorem
1.2, there exists a subshift Z; and factor maps ¢; : X — Z; and
m : Zy — Zg such that m = w09 and h(Z;) € (r—1,r). Now suppose
we have defined 7,,, ¢, : X — Z,, and 7, : Z, — Z,,_1. By Theorem
1.2, there exists a subshift 7, ., and factor maps ¢, : X — Z,41 and
Tntl : Zny1 — Zpn such that 7, = m,1 100,41 and h(Z,11) € (T—%ﬂ, r).
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Let Z = l'ngn, and let ¢ : X — Z be the natural factor map (as in

Lemma 2.18). By Lemma 2.17 and our choice of h(Z,,) for each n, we
have that h(Z) = lim, h(Z,) = r.

8. PROOF OF THEOREM 1.5

Consider any zero-dimensional system X. By definition, there are fi-
nite clopen partitions P,, of X with elements whose diameters approach
0. For each n, we can associate a factor map f, to the full shift (P,)¢
via the usual symbolic coding, i.e., (f,(z))(g) is the element of P, in
which T,z lies. Define X, = f,(X); then h(X,,) is equal to h(X,P,),
the entropy of (X, T) with respect to the partition P, (see [14] for a full
definition). Since diam(P,) — 0, Theorem 7.6 from [14] (proved there
for G = 7Z, but the general proof is similar) implies that the entropies
h(X,) = h(X,P,) increase to h(X).

The case r = h(X) is trivial, and so we choose arbitrary r € [0, h(X)).
Since h(X,) increases to h(X), there exists n so that h(X,) > r.
By Theorem 1.3, there exists a factor map 1 so that (X,,) is zero-
dimensional and h((X,)) = r. This means that h((¢ o f,,)X) = r,
and since r € [0, h(X)) was arbitrary, the proof is complete.

Remark 8.1. A natural question is whether the relative version of
Theorem 1.5 holds, i.e. whether given a factor map between zero-
dimensional systems, all entropies in the interval between them are
achieved by entropies of intermediate zero-dimensional factors. We
considered this question, but if such a relative theorem holds, it cannot
be proved via our methods.

Here we explain why our methods cannot be used to obtain a relative
zero-dimensional result. For G = Z, there exist zero-dimensional sys-
tems Y such that all symbolic extensions of Y have entropy bounded
away from Y (these systems have positive residual entropy, as in [2]).
Specifically, consider Y to be the zero-dimensional system from Exam-
ple 8.10 in [2]; it was shown that h(Y) = log2, but any subshift Z
factoring onto Y has h(Z) > 2log 2.

This means that if we were to consider the projection factor map
¢:Y xY — Y there are in fact no intermediate subshift factors with
entropy in [h(Y), h(Y xY)]. Therefore, we could not possibly construct
intermediate zero-dimensional factors with entropies in (h(Y), (Y X
Y)) as inverse limits of subshifts.

Of course, the relative version of our zero-dimensional result could
still be true, but a proof would require completely different techniques.
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