Ergod. Th. €& Dynam. Sys. (2007), XX, 1-33
Printed in the United Kingdom © 2007 Cambridge University Press

Some counterexamples in topological
dynamics

RONNIE PAVLOV

Department of Mathematics, The Ohio State University, Columbus, Ohio 43210
(e-mail: rpavlov@math.ohio-state.edu)

(Received 26 December 2006 and accepted in revised form 13 May 2007)

Abstract. In this paper, we exhibit, for any sparse enough increasing sequence
{pn} of integers, totally minimal, totally uniquely ergodic, and topologically mixing
systems (X,T) and (X', T”) and f € C(X) for which the averages 3 Zg;ol f(TPrz)
fail to converge on a residual set in X, and where there exists 2’ € X' with
a' ¢ {T'Pna'}.

1. Introduction

For a measure-preserving transformation 7' of a probability space (X, B,pu),
Birkhoff’s ergodic theorem guarantees the existence of the limit of ergodic averages
limy, o0 = Z?;Ol f(T'z) for p-almost every z € X and for any f € L!'(X). Several
results have been proven about the convergence of such averages when one averages
not along all powers of T', but only along some distinguished subset of the integers.
([3], [4], [9]) In particular, when one averages along {p(n)},en for a polynomial
p(n) with integer coefficients, there is the following result of Bourgain:

THEOREM 1.1. ([3], p. 7, Theorem 1) For any measure preserving system
(X,B,1,T), for any polynomial q(t) € Z[t], and for any f € LP(X,B,u) with
p>1, limy_, % 22;1 f(T9M ) exists p-almost everywhere.

Theorem 1.1 can be interpreted as follows: for any polynomial ¢(t) € Z[t],
any measure-preserving system (X, B, u, T), and any measure-theoretically “nice”
function f, the set of points # where limy_. 3 25:1 f(T9™z) does not converge
is of measure zero, or negligible measure-theoretically. It is then natural to wonder
whether or not there is a topological parallel to this result using topological notions
of “niceness” (continuity) and negligibility (first category), and in fact such a

question was posed by Bergelson:

Question 1.1. ([1], p. 51, Question 5) Assume that a topological dynamical system
(X,T) is uniquely ergodic, and let p € Z[t] and f € C(X). Is it true that for all
but a first category set of points lim, .o = Z?;OI f(TPO) ) exists?
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2 R. Pavlov

To properly discuss and motivate Question 1.1, we need some definitions:

Definition 1.1. A topological dynamical system (X,T) consists of a compact
topological space X and a continuous map 7' : X — X.

Definition 1.2. A topological dynamical system (X, T) is minimal if for any closed
set K with T"'K C K, K =@ or K = X. (X,T) is totally minimal if (X,7")
is minimal for every n € N.

Definition 1.8. A topological dynamical system (X, T') is uniquely ergodic if there
is only one Borel measure p on X such that u(A) = u(T~1A) for every Borel set
A C X. (X,T) is totally uniquely ergodic if (X,7™) is uniquely ergodic for
every n € N.

Definition 1.4. A topological dynamical system (X,T) is topologically mixing if
for any nonempty open sets U,V C X, there exists NV € N such that for any n > N,
UnNnT"V # @.

Definition 1.5. For any set A C N, the upper Banach density of A is defined by

{m,m+1,...,m+n—1}NA|

d*(A) = limsup sup

n—oo meN n

Definition 1.6. For any set A C N, the upper density of A is defined by

d(A) = lim sup M

n—o00 n

Definition 1.7. For a set A C N, the density of A is defined by

dA) =t b0 4]

n— o0 n

if this limit exists.

Definition 1.8. Given a topological dynamical system (X,T) and a T-invariant
Borel probability measure u, a point « € X is (T, p)-generic if for every f € C(X),

S STy

Bergelson added the hypothesis of unique ergodicity because it is a classical result
that a system (X, T') is uniquely ergodic with unique T-invariant measure p if and
only if for every z € X and f € C(X), limy oo + Y1 o f(Tix) = [ f dp, and so
this is a natural assumption to make on (X,T') in Question 1.1.

However, Bergelson was particularly interested in the convergence of these
averages to the “correct limit,” ie. [ « J dp where p is the unique T-invariant
measure on X. To have any hope for such a result, it also becomes necessary to
assume ergodicity of all powers of T in order to avoid some natural counterexamples
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Some counterexamples in topological dynamics 3

related to distribution (mod k) of p(n) for positive integers k. For example, if
p(n) = n?, T is the permutation on X = {0, 1,2} defined by Tz = z+1 (mod 3), u
is normalized counting measure on X, and f = xyoy, then T' is obviously uniquely
ergodic with unique invariant measure u = w, but

= 3 ifz=0,
lim = TP ) — if oy —
Jim — Zf( x) 0 ifxz=1, and
=0 z2 ifr=2

To avoid such examples, we would need T' to be totally ergodic as well as uniquely
ergodic, and so it makes sense to assume total unique ergodicity to encompass both
properties. Bergelson’s revised question then looks like this:

Question 1.2 Assume that a topological dynamical system (X, T') is totally uniquely
ergodic with unique T-invariant measure p, and let p € Z[t] and f € C(X). Is it true
that for all but a first category set of points lim, o & Z?;OI (TP0z) = [ f dp?

We answer Questions 1.1 and 1.2 negatively in the case where the degree of p
is at least two, and in fact prove some slightly more general results. The level of
generality depends on what hypotheses we place on the space X. In particular, we
can exhibit more counterexamples in the case where X is a totally disconnected
space than we can in the case where X is a connected space. Here are our main
results:

THEOREM 1.2. For any increasing sequence {p,} of integers with upper Banach
density zero, there exists a totally minimal, totally wuniquely ergodic, and
topologically mizing topological dynamical system (X,T) and a continuous function
f on X with the property that for a residual set of v € X, & Zf::ol (TPrx) does
not converge.

THEOREM 1.3. For any increasing sequence {py} of integers with the property that
for some integer d, ppi1 < (Pni1 — pn)? for all sufficiently large n, there ewists
a totally minimal, totally uniquely ergodic, and topologically mizing topological
dynamical system (X,T) and a continuous function f on X with the property that
for a residual set of v € X, + 27127:—01 (TPrz) does not converge. In addition, the
space X is a connected (2d + 9)-manifold.

We note that Theorems 1.2 and 1.3 answer Questions 1.1 and 1.2 negatively
for nonlinear p € Z[t] with positive leading coefficient. In fact, it is not hard to
modify the constructions contained in this paper to make T invertible, which yields
a negative answer to these questions for all nonlinear p. We address this issue at
the end of the paper.

Theorems 1.2 and 1.3 are about nonconvergence of ergodic averages along certain
sequences of powers of . We also prove two similar results about nonrecurrence of
points. As motivation, we note that a minimal system has the property that every
point is recurrent. In other words, if (X,T') is minimal, then for all z € X it is the
case that € {T"x},en. If (X, T) is totally minimal, then all points are recurrent
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even along infinite arithmetic progressions: for any nonnegative integers a, b, and
for all z € X, z € {T*" bz}, cn. It is then natural to wonder if the same is true
for other sequences of powers of T, and in this vein there is the following result of
Bergelson and Leibman, which is a corollary to their Polynomial van der Waerden
theorem:

THEOREM 1.4. (2], p. 14, Corollary 1.8) For any minimal system (X,T) and any
polynomial q[t] € Z[t] with q(0) = 0, for a residual set of x € X it is the case that
z is a limit point of {T9™x},ex.

The following two results proved in this paper show that this is the best that
can be hoped for. In other words, it is not the case that for every minimal system
every point is recurrent under polynomial powers of T'.

THEOREM 1.5. For any increasing sequence {p,} of integers with upper Banach
density zero, there exists a totally minimal, totally wuniquely ergodic, and
topologically mizing topological dynamical system (X,T) and an uncountable set
A C X such that for every x € A, the sequence {TP~z} does not have x as a limit
point, i.e. there is no sequence of positive integers {n;} such that TP~ix converges
to x.

THEOREM 1.6. For any increasing sequence {py} of integers with the property that
for some integer d, ppi1 < (Pny1 — pn)? for all sufficiently large n, there ewists
a totally minimal, totally uniquely ergodic, and topologically mizing topological
dynamical system (X, T) and a point © € X such that the sequence {TP"x} does not
have x as a limit point, i.e. there is no sequence of positive integers {n;} such that
TPrix converges to x. In addition, the space X is a connected (2d + T)-manifold.

The following simple lemma shows that Theorems 1.5 and 1.6 cannot be improved
too much, i.e. we cannot exhibit topologically mixing examples with a second
category set of such nonrecurrent points.

LEMMA 1.1. If a topological dynamical system (X, T) is topologically mizing, then
for any increasing sequence {p,}, the set of x € X for which x is not a limit point
of {TPrx}nen is of first category.

Proof. For any € > 0, define Cc = {& : d(x,TPrx) > ¢ Vn € N}. It is clear
that all C¢ are closed. We claim that C, contains no nonempty open set, which
shows that it is nowhere dense, implying that C = |J;—, C1 the set of points z
for which  is not a limit point of {TP~x},en is of first catggory. Suppose, for a
contradiction, that there is a nonempty open set U with U C C, for some €. Then,
there exists V' with diam(V) < € such that V' C U C C.. By topological mixing,
there exists m such that V NT~P»V = (). This implies that there exists x € V so
that TPz € V. Since diam(V) < €, d(z, TP z) < €. However, z € V C C¢, so we
have a contradiction.

O
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Some counterexamples in topological dynamics 5

Theorem 1.5 shows that it is possible for this set of points nonrecurrent along
Pn to be uncountable though.

We mention that some mixing condition is necessary for a statement like
Lemma 1.1; as a simple example, consider an irrational circle rotation T : z — x4+«
on the circle T. There is clearly some increasing sequence of integers {p, } such that
pra (mod 1) — % Then, for any z € T, TPrz — z + %, and so for every x € X,
{TP~x} does not have z as a limit point.

Before proceeding with the proofs, we now give a brief description of the content
of this paper. In Section 2, we will describe some general symbolic constructions
of topological dynamical systems with particular mixing properties. At the end of
this section, we will arrive at a construction of a system which is totally minimal,
totally uniquely ergodic, and topologically mixing, and which has as a parameter a
sequence of integers {ny}.

In Section 3, by taking this sequence {n;} to grow very quickly, we will show
that the examples constructed in Section 2 are sufficient to prove Theorems 1.2 and
1.5. Some interesting questions also arise and are answered in Section 3 pertaining
to the upper Banach density of countable unions of sets of upper Banach density
Zero.

In Section 4, we create a flow under a function with base transformation a skew
product which acts on a connected manifold, and which is totally minimal, totally
uniquely ergodic, and topologically mixing. This transformation has as a parameter
a function f € C(T). We use conditions of Fayad ([5]) on flows under functions
to achieve topological mixing, and some conditions of Furstenberg ([6]) on skew
products to prove total minimality and total unique ergodicity.

In Section 5, by a judicious choice of f, we use the examples of Section 4 to
prove Theorems 1.3 and 1.6.

Finally, in Section 6 we give some open questions about strengthening our results.

2. Some general symbolic constructions

Our proofs of Theorems 1.2 and 1.5 will use symbolic topological dynamical systems.
Every symbolic topological dynamical system (X,T") in this paper is constructed
as follows: T is always the left shift map on {0, 1}, defined by T'z[n] = z[n + 1] for
every n € N and z € {0, 1}. We choose z € {0,1}", and the space X is the orbital
closure of 71 X = {T™z},en, endowed with the induced topology from {0, 1},
which has the discrete product topology. Alternately, the topology of X is defined
by the metric d(x,y) = 27", where n is minimal so that x[n] # y[n].

We will outline three constructions which algorithmically create x for which T
will act in a certain way on the orbital closure X of z. (Here the “certain way” in
question depends on which construction is used.) To describe the constructions, a
few more definitions are necessary.

Definition 2.1. An alphabet is any finite set, whose elements are called letters.

Definition 2.2. A word on the alphabet A is any element of A™ for some positive
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6 R. Pavlov

integer n, which is called the length of w and written |w|. Equivalently, a word of
length n on A is a string of n letters of A: w = w[lJw[2]...w[n].

For any words v of length m and w of length n, we denote by vw their concatenation,
i.e. the word v[1]v[2]...v[m]w[l]w[2]...w[n] of length m + n. We denote by w*
the word ww ... w given by the concatenation of k copies of w.

Definition 2.3. A word w of length n is a subword of a sequence u € AY if there
exists k > 0 such that u[i + k] = wli] for 1 <14 < n. Analogously, w is a subword
of a word v of length m if there exists 0 < k < m — n such that v[i + k] = w[i] for
1< <n.

Definition 2.4. Given any closed shift-invariant set X C AN, the language of X,
denoted by L(X), is the set of all words which appear as subwords of elements of
X.

In the case where X is the orbit closure of a single point x, L(X) is just the
set of subwords of x. We may now describe our first construction. It should also
be mentioned that many ideas from these constructions are taken from work of
Hahn and Katznelson ([7]), where they also algorithmically constructed symbolic
topological dynamical systems with certain ergodicity and mixing properties.

Construction 1: (Minimal) We define inductively ng, wg, and Ay, which are,
respectively, sequences of positive integers, words on the alphabet {0,1}, and sets
of words on the alphabet {0,1}. Each word in Ay is of length ng, and wy is a
member of Ax. (We will use the term “Ag-word” to refer to a member of Ay from
now on.) We define these as follows: always define ny = 1, w; = 0, 4; = {0,1}.
Then, for any k > 1, ngy1 is defined to be any integer greater than or equal to
ng| Ag| which is also a multiple of ny, and then A4 is chosen to be the set of words
of length ny41 which are concatenations of Aj-words, containing each Ag-word in
the concatenation at least once. wyy1 is taken to be any Ayi1-word which has wy,
as a prefix.

In this way, a list of words {wy }ren is created, each of which is a prefix of the
next. This means that one can define x to be the limit of the wy, i.e. for any
m < ng, [m] := wg[m]. The claim is that regardless of the choice of the integers
nk, as long as ny divides ngi1, and ngr1 > ng|Ag|, T will act minimally on the
orbital closure of . We then need to show that for any y € X, {T"y}nen = X.
Choose any y € X and w € L(X). By the definition of z, there exists k such that w
is a subword of wy. wy is an Ax-word, so by definition, every Aji-word contains
wy, and therefore w, as a subword. Finally, note that again by the definition of
Construction 1, z is an infinite concatenation of Ay 1-words. This implies that any
2nj1-letter subword of x contains some complete Ay 1-word, and therefore w, as
a subword. In particular, since y € X, y[1]...y[2nk+1] contains w as a subword,
and so there exists n € N so that T"y begins with w. Since w was an arbitrary
subword of z, this implies that {T™y}neny = X, and so (X, T) is minimal.

O
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Some counterexamples in topological dynamics 7

So, we have now demonstrated a way of constructing an x with minimal orbit
closure. We will now make this construction a bit more complex in order to
construct an x with a totally minimal orbit closure.

Construction 2: (Totally minimal) We define inductively ng, wg, and Ay, which
are, respectively, sequences of positive integers, words on the alphabet {0,1}, and
sets of words on the alphabet {0,1}. Each word in Ay is of length ng, and wy
is a member of A;. We define these as follows: always define n; = 1, w; = 0,
A; = {0,1}. Then, for any k > 1, ng41 is defined to be any integer greater than
or equal to (k!)?ny|Ax| + k! + n?, and then Ay is chosen to be the set of words
w’ of length ngiq which are concatenations of Ag-words and the word 1 with the
following properties: the word 1 does not appear at the beginning or end of w’,
only a single 1 can be concatenated between two Ag-words, and for every w € Ay,
and for every 0 < i < k!, w appears in w’ at an i (mod k!)-indexed place. That
is, there exists m =i (mod k!) with w’'[m]w’[m + 1]...w'[m + n; — 1] = w. From
now on, to refer to this second condition, we say that every w € Ay occurs in w’ at
places indexed by all residue classes modulo k!. w41 is taken to be any element of
Aj41 which begins with wy.

Since this construction is a bit complicated, a few quick examples may be in
order. Suppose that no = 6, |A2] = 4, and we choose ng = 134. Say that
As = {a,b,c,d}. Then w = abedlabedldabedabeabedab is an As-word: each Ag-
word appears at least once beginning with a letter of w with an odd index, and at
least once beginning with a letter of w with an even index. Examples of words which
would not be As-words include abed11abeddabedababeabed (1 is concatenated twice
between d and a), abedalbedldbedaabebbbbde (occurrences of the word a begin only
with even-indexed letters), or abedldcbabedabedabedadb (wrong number of letters.)

For this definition to make sense, it must be shown that if Ay is nonempty
and contains at least one word wyg, then Agy; is nonempty and contains at least
one word wy41 beginning with wg. For any k, assume that wy € Ag. Then,

enumerate the elements of Ay by wy = ai,a2,...,a4,, and define the words
npy1—kl(klng |Ag [+ —i(ny+1)
! 1 1 1 l n
upr1 = at'al’ ...aﬁ;‘k‘ and w' = (ups11)¥(a11)%a, k , where

i = ngy1 — k! (mod ng). Since ngi1 > (k!)2ng|Ak| + k! + ni, w' exists, and is
a concatenation of Ag-words and the word 1 with length ngi1. In w’, at most a
single 1 is concatenated between any two Ag-words, and 1 does not appear at the
beginning or end of w’. Also, since the length of w1 is divisible by k!, and since all
Ap-words are subwords of 1y 1, all Ap-words appear in (ux11)*" at places indexed
by all residue classes modulo k!, and so all Ax-words appear in w’ at places indexed
by all residue classes modulo k! as well. Therefore, w’ € Ax.1, and is a possible
choice for w1 since it begins with wy.

Since for every k, wy, is a prefix of w1, we can define the limit of the wy to be
our sequence z. The claim is that every x constructed in this way will have orbital
closure totally minimal with respect to T'. Let us verify this. Fix any m > 0. We
wish to show that for any y € X, {T™"y},en = X. Choose any such y, and fix
any word w which is a subword of x. Since zx is the limit of the wy, there exists
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k such that w is a subword of wjy. Without loss of generality, we assume that
k > m. By the construction, wy occurs in every Agy1-word, and it occurs at places
indexed by every residue class modulo k!. Since k > m, in particular this implies
that wy, and therefore w, occurs in every Ajyi-word at places indexed by every
residue class modulo m. Since x is a concatenation of Agi-words and single ones,
every 2ngy1 + 2-letter subword of x contains w at places indexed by every residue
class modulo m. In particular, since y € X, the word y[1]...y[2nk+1 + 2] must
have this property, and so there exists n so that T™"y begins with w. Since w
was an arbitrary subword of z, this shows that {T™"y},,cny = X, and since m was
arbitrary, that (X, T) is totally minimal.

O

We now define one more general type of construction, again more complex
than the last, so that the system created will always be totally uniquely ergodic
and topologically mixing, in addition to being totally minimal. For this last
construction, we first need a couple of definitions.

Definition 2.5. For any integers 0 < ¢ < m and k, and w € Ag_1 and w' € Ay,
we define fr}, (w,w') to be the ratio of the number of occurrences of w as a
concatenated Aj_i-word at ¢ (mod m)-indexed places in w’ to the total number of
Ay _1-words concatenated in w’.

We consider any positive integer to be equal to 0 (mod 1) for the purposes of
this definition. An example is clearly in order: if 4; = {01,10}, (in Constructions 2
and 3, A; is always taken to be {0, 1}, but here we deviate from this for illustrative
purposes) w = 01, and w’ is the Az-word 01]10|1|01|10 (here vertical bars illustrate
where breaks in the concatenation occur), then w occurs twice out of four A;-
words, so fr{;(w,w’) = 3. Since one of these occurrences begins at w’[1] and one
begins at w'[6], fr§,(w,w') = fri,(w,w’') = 1. We make a quick note here that
there could be some ambiguity here if an Aj4q1-word could be decomposed as a
concatenation of Ay words and ones in more than one way. For this reason, we
just assume that when computing fr} ;(w,w’), the definition of the Ay word w’
includes its representation as a concatenation of Ag-words and ones. (i.e. in the
example given, w’ is defined as the concatenation 01|10]1|01|10 of A;-words and
ones, rather than the nine-letter word 011010110.)

Definition 2.6. Given any words w’ of length n’ and w of length n < n’, and any
integers 0 < ¢ < m, define fr; ,,(w,w’) to be the number of occurrences of w at i
(mod m)-indexed places in w’, divided by n’ —n + 1.

Taking the previous example again, fro1(w,w’) = %, since 01 occurs three times

as a subword of 011010110. Since two of these occurrences begin at letters of w’

with even indices and one begins at a letter of w’ with odd index, fro2(w,w') = 2

and frio(w,w’) = %.

Construction 8: (Totally minimal, totally uniquely ergodic, and topologically
mizing) We define inductively ng, wy, and A, which are, respectively, sequences
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of positive integers, words on the alphabet {0, 1}, and sets of words on the alphabet
{0,1}. Each word in Ay is of length ng, and wy, is a member of A. We define these
as follows: always define ny = 1, w; = 0, A; = {0,1}. Then, we fix any sequence
{di} of positive reals such that Y .-, dy < oo, and define, for each k > 1, some
ng+1 = Cr(k—+1)!|Ag|ng + p for any integer Cj, > ny, > % and prime ng < p < 2ny
(We may choose such a p by Bertrand’s postulate. [8]) Note that this implies that
(ng, k') =1 for all k € N. We then define Ay to be the set of words w’ of length
ng+1 with all of the same properties as in Construction 2, along with the property
that, for any w € Ay, and for any 0 < i < k!, frik,(w,w') € [kl!‘f—sz‘, ,;T—X:‘]. W41
is taken to be any element of Ajyq which begins with wy.

For this definition to make sense, it must again be shown that if Ay is nonempty
and contains at least one word wy, then Agy; is nonempty and contains at least
one word wg41 beginning with wg. For any k, assume that wy € Ag. Then,
enumerate the elements of Ay by wy = ai,a2,...,a4,, and define the words
upsr = af'af' .ol and W' = (uern) DT (ugyq1)P. Clearly for large k,
w’ exists, and is a concatenation of Ag-words and the word 1 with length ngy.
In w’, at most a single 1 is concatenated between any two Ag-words, and 1 does
not appear at the beginning or end of w’. Since (ng, k!) = 1, for every 0 < i < k!
and z € Ay, x appears in upy1 exactly once as a concatenated Ag-word at an 4
(mod k!)-indexed place. Therefore, x appears in w’ exactly Ck(k + 1) times as a
concatenated Ag-word at i (mod k!)-indexed places, and so fr; (v, w') = m.
Since 7 and x were arbitrary, w’ € Agy1. Also, w' is a possible choice for w1 since
it begins with wy.

Since any z created using Construction 3 could be said to have been created using
Construction 2 as well, it will automatically have totally minimal orbit closure X.
We claim that X will, in addition, be totally uniquely ergodic. Take any word
w € L(X), and any fixed integer j. We define two sequences {m,(cj)} and {M,gj)} as
follows: m,(cj) is the minimum value of fr; ;j(w,w’), where 0 <14 < j and w’ ranges
over all Ag-words, and M,Ej) is the maximum value of fr; ;(w,w’), where 0 < i < j
and w’ ranges over all Ag-words.

Suppose that m,(cj ) and M ,gj ) are known, and that £ > j. We wish to show that

m,(cjll and M, 151)1 are quite close to each other. Let us consider any element w’
of Agy1 and, for any fixed 0 < i < j, see how few occurrences of w there could
possibly be at ¢ (mod j)-indexed places in w’. By the definition of Construction 3,
for every w” € Ay, and 0 < ¢/ < k!, the ratio of the number of times w” occurs as a
concatenated A-word in w’ whose first letter is a letter of w’ whose index is equal
to i (mod k!) to the total number of Ap-words concatenated in w’ is at least kl!l_—fk’“‘.
Since j divides k!, then for any 0 < i’ < 7, the ratio of the number of times that w”

occurs as a concatenated Ap-word at ¢’ (mod j)-indexed places in w’ to the total

number of Aj-words concatenated in w’ is at least ﬁ. Since the total number of
Ag-words concatenated in w’ is at least Z}’:jrll, this implies that the number of such

1—dj Nk+1 -/ 7" " -/
TTAL] Tt for any ¢’ and w”. For any w"” and ¢/,

the number of times that w occurs at ¢ (mod j)-indexed places in w’ as a subword

occurrences of w” in w’ is at least
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of an occurrence of w” that occurs at an ¢’ (mod j)-indexed place in w is then at
least 1—dx il
1Ak e+ : : N .
0 <4 < j, the number of occurrences of w in w’ at ¢ (mod j)-indexed places is at

least

(e —|w|+1)fri—ir (mod j),; (w,w"). Summing over all w” € Ay and

j—1

e — W] +1 ¥ wrea, Dmeo STmj(w, ")
ng + 1 j|Ak|

Since w’ was arbitrary in Ax11 and 0 <4 < j was arbitrary,

j—1
m(]) > (1 _ dk) Nk+1 ng — |w| +1 Ew//EAk Zz_n:o meJ(’LU, ’UJN)
= N1 — Jw|+1  np+1 JlAL| :

(1 = di)ng+1

Let us now bound from above the number of occurrences of w in w’ at ¢ (mod j)-
indexed places. By precisely the same reasons as above, for any 0 < i < j, the
number of occurrences of w at i (mod j)-indexed places which lie entirely within a
concatenated Aj-word in w’ is not more than

(1 + di)ng+1

j—1
ng — |w| +1 Zw”eAk 2377,:0 fr’m,j(wa w”)
Nk JlAk|

(The denominator of the first fraction changed because there are at most nﬁ:l Ag-
words concatenated in w’.) However, it is possible that there are occurrences of w
in w’ which do not lie entirely within a concatenated Ag-word in w’. The number
of such occurrences of w is not more than |w|+ 1 times the number of concatenated
Ap-words in w', which in turn is less than or equal to (Jw| + 1)™=. This means
that the number of occurrences of w at ¢ (mod j)-indexed places in w’ is bounded

from above by

j—1
g — W]+ 1 3y ay Zmeo ST (w,w")
Nk ]|Ak| ng

and since 0 <7 < j was arbitrary, this implies that

j—1
MO < Nk+1 e — Jw| 4+ 12 e a, Dmeo [Tmj(w,w")
pe1 < (1+dk) 1
N1 — [w +1 Nk J1 Ak

(1 + dk)nk+1

N1 |w| 41
ner1 — |Jwl+ 1 ng

This implies that

i—1
() () Nk+1 ng — W] + 12 e a, 2omeo S Tmg (W, w")
Mk+1_mk+1§2dk -
Nk4+1 — |’LU| +1 ng ]|Ak|

Nkl |w] + 1
ngt1 — |wl+ 1 ng

Since froy, j(w,w”) <1 for every 0 < m < j and w” € Ay, for large k this shows
that Mlgﬂr)l — mgll < 2dy + %':1), which clearly approaches zero as k — co. We
now note that since

j—1
() Nk+1 ng — |w| +1 Zw”eAk Zzn:O frm,j(w,w")
My, = (1—dy) -

nk+1—|w|+1 ng+1 ]|Ak|

)
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Some counterexamples in topological dynamics 11

and since by definition fr,, ;(w,w”) > mk ) for all w” € Ay,

_ 1 .
méll > (1 —dy) [l ne — vl + ), which implies that

ngt1 — |lwl+1  ng+1

. . lw] —1 |w|
ml(cjll - ml(vj) 2 m’(“J) {(1 B dk)(l * N1 — [w| + 1> (1 g+ 1> - 1}

> —m) (d +ml+|1) —(ax +|k|)

By almost completely analogous reasoning, for large k

©) () <j>[ ( jw] -1 )( |w| — 1) }
M — MY <M 1+dg)(1l+ ———— ) (1 - -1
k+1 | —— k ( k) N1 — |U)| + 1 Nk
1 ; 2 1 2 1
TR VI S (e | N TS
ne+1 — Jwl+1  ng Nk Nk
Therefore,
i 2w +1 w|+1 2wl +1
m,gﬂj1<M,§+>1<M,§”+dk+7| | m@ tody+ 2 g Al vl
Nk—1 Nk
; 4w|+3
<m 4 2dy_4 +dy, + L,
Ng—1
SO |m,(€jJZ1 - (J)| < di + 2di_4 41:'5;3. In a completely analogous fashion,
|M,§J+)1 M,gj)| < dp + 2di_1 + % We know that Y7 di converges, and

since n; > 2F for all k, Zz’;l nik converges as well. Therefore, we see that the

sequences {mg )} and {M ,gj )} are Cauchy, and converge. Since we also showed that
M,gj) - m,(cj) — 0, we know that they have the same limit, call it .

This implies that for very large k, |fr;;(w,w’) — | is very small for every
0<i<jand w' € Ar. We claim that this, in turn, implies that for very large NV,
| frij(w,w"”) —a| is very small for every word w” of length N which is a subword of
x: fix any € > 0, and take k such that |fr; j(w,w') —a| < § for every 0 < i < j and
w' € Ay, and such that 12—'}:”' < §. Then for any word w” € L(X) of length at least
S"Tk, w’ is a subword of a concatenation of Ax-words and copies of the word 1. The
number of full Ag-words appearing in the concatenation forming w” will be at least

[w] —2, and at most % So, the number of occurrences of w at ¢ (mod j)-indexed

ng+1
places in w” which are contained entirely within a concatenated Ag-word is at least

(Lol DI — 9y — Ju] +1)) (@ — §) > [w”|(1 = §) = $)(a—§) > [w"|(a—e),

ne+1 4
and at most |w”|%1:l+l(oz + 5) < |w’|(a + §). Since there are at most
1"
%lk)‘wl < |w"|% occurrences of w not contained entirely within a concatenated

Ap-word, this implies that fr; ;(w,w”) is at least @ — ¢, and at most o+ e.

Since for any € > 0, this statement is true for any long enough word w” € L(X)
and 0 < i < j, we see that + ZZ o X[w](T"y) — o uniformly for y € X. Since w
was arbitrary, and since charactemstm functions of cylinder sets are dense in C(X),
%Z?;Ol f(T%y) approaches a uniform limit for all f € C(X), and so (X,T7) is
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12 R. Pavlov

uniquely ergodic for every 7 € N. Since an invariant measure for (X,7T) would be
invariant for any (X,77) as well, the unique invariant measure is the same for every
]

Finally, we claim that the orbital closure of any x constructed in this way is
also topologically mixing. Consider any words w,w’ € L(X). By construction,
there exists k so that there are Ag-words y,3y’ with w a subword of y and w’ a
subword of 3. We also claim that for any % <1< 5”%, there exists an
Apy1-word b; where b;[i + 1]b;[¢ + 2] ... b;[i + ng] = y, and similarly b} € Ag4q with
bili+1]bs[i+2] ... bi[i+ng] = y'. We show only the existence of b;, as the proof for b
is trivially similar. Consider any % <i< 5"%, and take j = ¢ (mod ny). Then,
if we enumerate the elements of Ay by a1, as,...,a,|, first define the word uy1 =
ak'ak' .. .aﬂxk', and then define the word y; = (ug11)7 (upr 1) FFD =P (up 1 1)P7,
y; has the property that y;[i + 1yi[i + 2] ... yi[¢ + ng] is a concatenated Ag-word
in y; as long as y;[i + 1]y;[i +2]...y:[i + nx] lies in the subword (ugq)CxFE+D—P
of y;, which will be true for large k and i € (=%, 5"%) This means that if
we reorder ai,...,a,| in the definition of uy1, we may create a word b; where
bilt + 1]bs[i + 2]...b;[i + ni] = y. b; € Agy1, since for every 0 < ¢ < k! and
x € Ay, x appears exactly Ci(k + 1) times in b; as a concatenated Ai-word at
i (mod k!)-indexed places, implying that fr}, (z,b;) = m (This uses the
fact that (ng,k!) = 1, which was already shown.) We create b, in the same
way for each i. Since w is a subword of y and w’ is a subword of ', for every
% +n <1 < 5"% —ng, it is easy to choose a word z; to be b; for properly chosen
jsothat z;[i+1]...z;[i+|w|] = w, and similarly 2} so that z/[i+1] ... z/[i+]|w'|] = w'.
For large k, this means that we can construct such z; and z] for any i € [“42, 4"%]

We will now use these z; and z/ to prove that for any n > |w|+ngy1, there exists
a word x € L(X) of length n such that wrw’ € L(X). We do this by proving a

lemma:

LEMMA 2.1. For anyt > k+1, and for any 0 < 1,5 < ny such that there exists an
A-word x where x[i + 1|z[i + 2] ... x[i + ngy1] and z[j + z[j + 2] ... 2[j + npt1]
are concatenated Agyi-words in x, and for any two Ayy1-words z and z', there
exists an Ag-word ©' where o'[i + 1]2'[i + 2] ... 2'[i + ngg1] = 2z and 2'[j + 1)2'[j +
2]...2[j+nps1] =72

Proof. We prove this by induction. First we prove the base case t = k + 2; take an
Apqo-word x where x[i + 1]z[i + 2] ... z[i + ngr1] and x[j + 1z[j + 2] .. . 2[f + ng+1)
are concatenated Ap4i1-words in x, call them a and b respectively. Since z is an
Ap42-word, there exists an occurrence of z at an (¢ (mod (k+1)!)) (mod (k+1)!)-
indexed place, i.e. there exists i’ = ¢ (mod (k + 1)!) such that z[i’ + 1]a[i’ +
2]...z[i’ + ngy1] = 2. Similarly, there exists j/ = j (mod (k + 1)!) such that
x[j’ + 1z’ + 2]...2[j + nky1] = 2. We now create 2’ by leaving almost all of
x alone, but defining «'[i + 1]...2'[i + ng41] = 2z, '[j + 1]...2'[J + ne41] = 2/,
Z'[i" +1]...2'[i" + ng+1] = a, and &'[j' + 1] ... 2" [’ + ng+1] = b. This new word 2’
is still a concatenation of Ay 1-words and ones, and since we switched two pairs of
Ap41-words which occurred at indices with the same residue class modulo (k+ 1)!,
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Some counterexamples in topological dynamics 13

I} gy, @) = 17 gy (w,2") for all 0 <4 < (k+1)! and w € Ay1. Therefore,
x’ is an Agyo-word, with z and 2’ occurring at the proper places, completing our
proof of the base case.

Now, let us assume that the inductive hypothesis is true for a certain value of ¢,
and prove it for ¢t + 1. Consider an A;41-word x where x[i + 1] ...x[i + ng41] and
x[j +1]...2[j + ng41] are concatenated Ayi1-words in z, call them a and b. Call
the concatenated A;-word that z[i+1]...z[i+ng41] is a subword of @', and denote
the corresponding A;-word for z[j +1]...x[j + ng41] by b’. From now on, when we
speak of these words a,b,a’,b’, we are talking about the pertinent occurrences at
the places within z already described. There are two cases; either a’ and b’ are the
same; i.e. the same A;-word in x, occurring at the same place, or they are not. If a’
and b’ do occur at the same place, then by the inductive hypothesis, there exists an
Ag-word ¢ with an occurrence of z at the same place as a occurs in @’ = ¥, and an
occurrence of 2’ at the same place as b occurs in @’ = b'. If we can replace a’ = V'
by ¢ in z, then we will be done. If o’ and b do not occur at the same place, then
since a is a concatenated Ay41-word in @', by the inductive hypothesis there exists
an A;-word a” such that a” has z occurring at the same place where a occurs in
a’. Similarly, there exists an A;-word b” such that " has an occurrence of 2’ at the
same place where b occurs in b'. If we replace a’ by a” and &’ by b” in z, then we
will be done. So regardless of which case we are in, our goal is to replace one or two
chosen A;-words within z with one or two other A;-words. We will show how to
replace two, which clearly implies that replacing one is possible. We wish to replace
a’ by a” and b’ by b”. We do this in exactly the same way as in the base case; say
that o/ = z[t/ + 1] ...z} + n] and b’ = [’ + 1] ... z[j’ + ny]. Since a” € A, there
exists i/ = ¢’ (mod #!) and j” = j' (mod t!) such that z[i” + 1]...z[i" + n = a”
and z[j"” + 1]...z[j" + ny = b”. As in the base case, we create ' by making
[ +1) .2 [ ) =a” and 2/ [i7 1] [ 4] = a2 [f ] 2 4] =
b”, and 2'[j” +1]...2'[j” +ns] = . Then 2’ is an A;q1-word, and by construction
2Zli+1].. .2 i+ng]=zand &'+ 1]...2[J + ngy1] = 2.

O

Choose any sequence {v,,} of A,,-words for all m > k + 1. For any such m,
take P, = {n : vy[n+1]...0m[n + nge1] is a concatenated Agyq word in vy, }.
Since vy, is a concatenation of Ay 1-words and ones, if we write the elements of P,
as pgm) < pém) < o< p™ then for any 1 < ¢ < ¢, py_:i _pgm) < npy1 + L

For any 1 < £ < t, and i,j € [%,4"%], by Lemma 2.1, there exists

an A,,-word v with the property that U[plm) +1].. .v[pgm) + ngt+1] = z and

v[pyn) +1].. .v[pgm) + ng41] = 25, This implies that there is a subword of v of

the form wzw’ where the length of z is pgm) - pgm) + (j — i) — Jw|. We note that
j — i can take any integer value between —3"% and 3";“ inclusive. Therefore,
the set of possible lengths of x for which wzxw' € L(X) contains

! ) (m) 3ng 3ng
m) m o +1 —+1
g (|w| +pp P+ 5 5 D
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14 R. Pavlov
When / is increased by one, p§m) is increased by at most ngy1 + 1. This, along
with the fact that the intervals [—?’n%,?m%] have length 6"%, which for
large k exceeds ny41 + 1, implies that this set of possible lengths of x contains
[[w]+p§™ —pi™ = 22 oo 4p™ = pi™ + 2] D [Jw] s 0] 4 1 — 21
Since this entire argument could be made for any m, we see that for any n >
|w| + ngy1, there exists © € L(X) of length n so that waxw’ € L(X). Then, for any
nonempty open sets U,V C X | there exist w and w’ such that [w] C U and [w'] C V.
By the above arguments, there exists N so that for any n > N, [w] N T™w’] # 0,
implying that U N T™V # (). This shows that (X, T) is topologically mixing.

O

3. Some symbolic counterexamples

Proof of Theorem 1.2. We take the continuous function f(y) = y[1] for all y € X,

and first note that
N-1

1
{y eX : N Z f(TPy) does not converge}
n=0

2 < Ny {yGX 2 froa(0,ylpr + ylpz + 1] ylpe +1]) < i})ﬂ

n>0k>n

(ﬂ U {yEX : frO,l(Ouy[pl+1]y[p2+1]-..y[pk+1])>%}),

n>0k>n
and that the latter set, call it B, is clearly a G5. We will choose x so that B is dense
in X. This will imply that B is a dense G, and since X is a complete metric space,
by the Baire category theorem, that B is residual, which will prove Theorem 1.2.
Now let us describe the construction of .

Recall that we have assumed that the sequence {p,} has upper Banach density
zero. We define A := {p, : n € N}. We also define the intervals of integers
B; = [25!,(j + 1)!] NN for every j € N, and take any partition of N into infinitely
many disjoint infinite sets in N, call them C;, Cs, . ... Define the set D, = Ujec1 B;,
and then define the set A; = {p, : n € D1} + 1. Next, choose some ro large
enough so that (minC,,)! > 2 -2, and define Dy = UjeCTz Bj, and then define
As = {pn : n € D3} + 2. Continuing in this way, we may inductively define
Ap, Dy for all £ € N so that for all k, Dy = UJ'EC% Bj for some 7, with the
property that (minC,,)! > 2k, and Ay, = {p, : n € Dy} + k. We will verify some
properties of these sets. Most importantly, we denote by H the union (J,> ; Ay,
and claim that d*(H) = 0. We show this by noting that H has a certain structure;
H consists of shifted subintervals of A, separated by gaps which approach infinity.
More rigorously:

LEMMA 3.1. There exist intervals I, = [ag,br] NN and integers jp such that
H= U;Q“;l ((A N1I) +jk) and such that

lim (min ((A N Iky1) +jk+1) — max ((A N1Iy) +jk)> = 0.

k—o00
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Some counterexamples in topological dynamics 15

Proof. Take the set Q = U,;“;l Cyr., and denote its members by ¢1 < g2 < ....
Then, for any k, By, is a subset of some Dy. The interval I; is then defined
to be [pa(ge)s Prgrtyy], (which means ap = pogg,) and by = p(g41)) and ji
is defined to be s. It is just a rewriting of the definition of the Ay that
H = UpZ, (AN 1) + ji) with these notations. All that must be checked is
that limp_ o (min ((Aﬂ Tit1) +jk+1) — max ((A N 1) —l—jk)) = 0o. We will show
that ax4+1 + jrk+1 — bk — Jx — 00, which implies the desired result. Since qx4+1 > gk,
ak+1—br = (qr+1)! > (gr)!. So, we must simply show that (gx)!—jr — oco. Suppose
that Bg, is a subset of D,. Then j; = s. We also note that by construction,
(min C,,)! > 2s. But, since By, C D, g € Cy,, and so min C,, < gi. Therefore,
(gr)! > 2s, and so (qx)! — jk = (@) — s > @, which clearly shows that this
quantity approaches oo, since {qg;} is an increasing sequence of integers.

O

We will now prove a general lemma that implies, in particular, that d*(H) = 0.

LEMMA 3.2. Ifd*(A) = 0, and if there exist intervals Iy, = [ak, bp] NN and integers
Jk such that

lim (min ((A N1kt1) +jk+1) — max ((A N Ix) +jk)) = 00,

k—o0

then the set B =Jpe; (AN I;) + ji has upper Banach density zero.

Proof. Fix € > 0. By the fact that d*(A) = 0, there exists N such that for any
interval J of integers of length at least NV, "Tglﬂ < €. Take J to be any interval of
integers of length exactly V. Since

lim (min ((A N Iky1) +jk+1) — max ((A N 1) +jlc)) = 09,

k—o0
there is some K such that if J has nonempty intersection with (AN1I;)+ ji for some
k > K, it is disjoint from (A N Ij/) + ji for every k' # k. Therefore, for intervals
J of integers of length N with large enough minimum element, J N B consists of

a subset of a shifted copy of J N A, and so IET;]‘JI < I’T;,‘T/‘ for some interval J’ of
integers whose length is also N. This means that in this case, ‘BI?IJ‘ < €. We have

then shown that for every ¢, there exist N, M such that for any interval of integers
J of length N with min J > M, 52l < e, We will show that this slightly modified
definition still implies that d*(B) = 0. Again fix € > 0, and define M and N as was
just done. Now consider any interval of integers I with length at least w Then,
partition I into subintervals: define I = IN{1,..., M}, and then break I'\ Iy into
consecutive subintervals of length N, called Iy, Io, ..., Ir. There may be one last
subinterval left over of length less than N; call it Iy; (which may be empty.) Note

that |I| > Nk, or % < 1. We see that

k k
BNI| |BNI IBNL| |BNIya| M N IBNL|\ N
= <
2 (> )+

Moo M ST\ TE ) T
M+N 1
< —(k 2
ST + k( €) < 2
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16 R. Pavlov

Since € was arbitrary, d*(B) = 0.
O

By combining Lemmas 3.1 and 3.2, d*(H) = 0. We will now create ny, Ay, and
wy, to use for Construction 3. We note that this part of our construction will use
only the fact that d*(H) = 0, and no other properties. We takeny =1, A; = {0,1},
and wy = 0. We recall that {n;} must be a sequence of integers with the following
properties: for all k > 1, ng1 = Cr(k + 1)!|Ag|ni + p for some positive integer
Cr > ni > i and prime ng < p < 2ng. We also require ng to grow quickly
enough so that for all k, and for any interval of integers I of length at least ngy1,
ulr}fﬂ < %”i’“k‘nk. That we may choose such nj is a consequence of the fact that
d*(H) = 0. Using these ny, we define Ay as in Construction 3. We now prove a

lemma:

LEMMA 3.3. For any k,m € N, and for any sequence of letters u € {0,1}N, there
exists an Ap-word Uy g m Such that vy g m[i—m] = uli] for alli € HN[m+1, m+ny].

Proof. This is proved by induction on k. Clearly the hypothesis is true for k¥ = 1
and for any uw,m. Now suppose it to be true for a particular k. We will show
that it is true for k¥ + 1 and every u,m. We again construct an auxiliary word
upy1: enumerate the elements of Ay by ai,a2,...,a4,]. Then, we again define
the word upy1 = a¥'al’ ...aﬂxk'. Define v}, = (ups11)P (Uppr)*FHD=P, where
ng+1 = Cr(k+1)!|Ax|ng +p as above. We note that for any 0 < i < k! and w € Ay,
w occurs exactly Ci(k+ 1) times as a concatenated Ag-word at ¢ (mod k!)-indexed
places in v;_ ;. (This uses the fact that (ng,k!) = 1 for all k, which has already
been shown.) Now, fix m € N. We wish to construct an Ayii-word vy g+1,m such
that vy k+1,m[i —m] = ufi] for all i € H N [m + 1,m + ngt1]. We begin with the
Apy1-word vy ;. Clearly it is not necessarily true that v, ,[i — m] = u[i] for all
i € HN[m+1, m+nyy1]. We force this condition to be true by changing some of the
Ap-words concatenated in v;_ ;. We show that this is possible; for any concatenated
Ap-word in vy, say vy [f]vg 1 [7 +1] .. v [J +nk — 1], the necessary condition
is that ones or zeroes (depending on ) be introduced at digits whose indices are of
the form i—m for alli € HN[m+j+1,...,m+j+ni—1]. To do this, we replace this
Aj-word by vy k,m+j, which by the inductive hypothesis has the correct digits of u
at the desired places. So, we may change v;_, , into a concatenation of Ay-words and
ones, call it vy k11,m, which has the proper digits of « in all desired places. This may
be done by changing at most [HN[m+1,...,m+ni1]| < % < diCr(k+1)
Ag-words. Therefore, since for any 0 < ¢ < k! and w € Ag, w occurred in
vy, as a concatenated Aj-word at i (mod k!)-indexed places exactly Cx(k + 1)
times, w occurs in vy g4+1,m as a concatenated Ap-word at i (mod k!)-indexed
places between Cy(k + 1)(1 — dj) and Cy(k + 1)k(1 4 d,) times. This implies that
frim (W, Vgt1,m) € [klll_—flli:\’ kl!T—X:\]’ and since i and w were arbitrary, that vy, is
an Ayi1-word. By induction, the lemma is proved.

O

This implies in particular that for every u, k there exists an Ai-word vy 1,0 with
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Some counterexamples in topological dynamics 17

Uy k0[t] = ufi] for all i € HN[1,...,nk]. By a standard diagonalization argument,
there exists a sequence {k;} and z € {0,1}" such that x is the limit of vy, o as
j — o0. Then, for every k, choose k; > k, and take wy to be the Ai-word which
is a prefix of x. This allows us to define wy € Ay for all k, and to see that x is
their limit as well. Since for every j, vy, 0[i] = 1 for all i € H N [1,n4,], clearly
z[i] = u[f] for all i € H. As mentioned above, this entire construction could be
done with any set of zero upper Banach density in place of H, which lets us state
the following corollary:

COROLLARY 3.1. For any C' C N with d*(C) = 0, there exists x € {0, 1} such that
X = {Tkx}yen is totally minimal, totally uniquely ergodic, topologically mizing,
and with the property that for any sequence u € {0,1}N, there exists x, € X such
that x,[1] = uli] for alli € C.

Proof. Given the set C, fix {ny} as in the proof of Lemma 3.3. Then note that the
reasoning from the lemma yields that for any u € {0,1}Y, there exists x, a limit
of Ag-words such that x,[i] = u[i] for all ¢ € C. Fix any one of these z,, and call
it x. Note that since x contains every Ag-word as a subword, z,, € {T*z}reny = X
for all u. Since x was created using Construction 3, X is totally minimal, totally
uniquely ergodic, and topologically mixing.

O

We use Corollary 3.1 to create the x which will prove Theorem 1.2. Recall that
H =;—, Ay, where Ay, = {p, +k : n € Dy} for all k, D), = Ujecrk B; for some
rk, and B; = [25!, (j + 1)/ N Z for all j. For each k, we write the elements of C,,
in increasing order as c&), cg), .... We now decompose H into two disjoint subsets;
define H, = {m € H : m = p, + k for some n € B; where j = c&? for odd i}
and H. = {m € H : m = p, + k for some n € B, where j = c&? for even i}.
Since d*(H) = 0, we use Corollary 3.1 to create z with totally minimal, totally
uniquely ergodic, and topologically mixing orbit closure X, and for which z[n] =0
for n € H, and z[n] = 1 for n € H.. Recall that we wish to show that for the
continuous function f : y — y[1] from X to {0, 1}, the set of points y such that
2 Efj;ol f(TPry) fails to converge is residual. We showed earlier that it is sufficient
to show that the set

B= (ﬂ U {yeX : fr071(0,y[p1+1]y[p2+1]...y[]9k+1])<i})ﬂ

n>0k>n

<ﬂ U {yGX t froa(0,ylpr + ylpe + 1] ylpe + 1)) > g})

n>0k>n
is dense in X. By definition, for any w € L(X), there is some j such that
z[j+1]z[j+2]. .. z[j+|w|]] = w. By the constructionof z, {n : j+1+p, € H} = Dy,
for some k, z[i] = 0 for all i € H,, and z[i] = 1 for all i € H.. In particular,
z[j + 1+ pp| = 0 for all n in B ) for odd i and z[j + 1 + p,] = 1 for all n in
Tl )
B ) for even i. But then for any odd integer i, (T7z)[p, + 1] = 0 for all integers

Tk
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n €2 (ciic)) (cﬁl,} + 1)), and so

(1)_1

£70,1(0, (T92)[py + 1)(T92)[ps + 1] ... (T72) [p 0, + 1)) > C()i
Q 1

which is clearly larger than % for sufficiently large k. Similarly, for any even integer
i, (T92)[pn + 1] = 1 for all integers n € [2(cE), (¢t +1)1], and so

Froa(0, (PFa)ps + (T 0)lps + 1] (TP2) o +11) < -

) +1

which is clearly less than i for sufficiently large k. Therefore, T7x € B, and T7x
begins with the word w. Since w was an arbitrary word in L(X), this shows that
B is dense in X, completing the proof of Theorem 1.2.

O

We note that this proof in fact shows that the set

(MU {rex: froa@slo+ e + 1ol + 1) < 2 )

n>0k>n

(ﬂ U {yEX : fro(0,y[pr + ylpe +1] .. [pk|+1]>>¥})

n>0k>n

is a residual set in X, and so we can also say that for a resid-
ual set of z, liminfy_o 27127:—01 f(@Pry)y = 0 = infyex f(z) and
limsupy oo & o F(T7y) = 1= sup,ex f().
Proof of Theorem 1.5. We use Corollary 3.1. Consider any set C' = {p, }nen with
d*(C) = 0. Choose any set ¢’ with (C +1) c ', 1 € C’, d*(C') = 0, and
|C"™\\(C + 1)] = co. Denote the elements of C"\(C' + 1) by by < ba < .... By
Corollary 3.1, we may construct = such that x has totally minimal, totally uniquely
ergodic, topologically mixing orbit closure, and with the property that for every
u € {0,1}] there exists x, € X with z,[i] = uli] for all i € C’. For every
v € {0,1}Y, define some u, € {0,1}" by u,[1] =0, uy[a] =1 for all a € (C + 1),
and u,[bg] = v[k] for all k € N. Then, for any such v, x,,[¢{] = 1 for all i € (C'+ 1),
Ty, [1] = 0, and z,, [bg] = v[k] for all k € N. Since for alln € N, p, +1 € C +1,
(TPrx, )[1] = @y, [pn + 1] = 1, whereas z,,,[1] = 0. It is then clear that z,,, is not
a limit point of {TPrxy, }nen. Since wy,[bx] = v[k] for all k € N, xy, # x,,, for
v # v, and so the set {Zu, },c{0,1}v is uncountable.

O

It is natural to wonder about one aspect of the proof;, why is it that in our
construction, we only force certain digits to occur along shifted subsets of A, rather
than along entire shifted copies of A? The reason comes from a combinatorial fact
which is somewhat interesting in its own right:

Ezample. There exists a set D C N with d*(D) = 0 with the property that for any
infinite set G of integers, the set D+ G = {d+¢ : d € D,g € G} has upper
Banach density one.
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Proof. We begin with the sequence d,, = 312, where |n|y is the maximal integer
k so that 2¥|n. So, {d,} begins 1,3,1,9,1,3,1,27,1,3,1,9,1,3,1,... Then, define
¢n = Yy dy. {cn} is then an increasing sequence of integers, with the property
that the nth gap ¢p41 — ¢ 18 dpy1 for all n. We first claim that d*({¢,}) = 0.
Choose any positive integer k, and any 2* + 1 consecutive elements c;, . . ., Ciyonr Of
the sequence {c, }. There must be some integer j € [0, 2% —1] such that 2¥|i+j. This

ok
means that 3k|di+j, and so that ¢;yor —c; = 2”2-71 dm > diyj > 3%, This means

m=1
that any interval of integers of length less than 3¥ can contain at most 2* elements of
{¢n} for any k, which implies that d*({c,}) = 0 since limy_, 2];% = 0. Therefore,
if we construct a new sequence by increasing the gaps {d,}, it will still have upper
Banach density zero. We will change {d,,} countably many times, never decreasing
any element. In other words, we inductively construct, for every k € N, a sequence
{d%’“’}, so that these sequences are nondecreasing in k, i.e. dslk) > dslkfl) for all
n, k. We add the additional hypothesis that for every k, d({n : d¥) > d,}) =0,
in other words that only a density zero subset of the elements of {d,} have been
changed after any step.

Step 1: We change d,, for some infinite, but density zero, set of n, so that for
every positive integer m, there exists n such that d,, = m. This is clearly possible;
for example, by increasing d,, for a density zero set of odd n. Call the resulting
sequence {d,(zl)}.

Step k: (k > 1) Assume that we have already defined {dﬁf‘”}, a sequence of
integers with the property that ak=v > d, for all n, and that d({n : dFY s
d,}) = 0. Define the set R, C N* by R, = {(a1,...,ar) : a; € Nya; > 3*}.
Since {n : dF > dy} has density zero, there exist infinitely many intervals of
integers I; such that |I;| > 25! for all j, and so that dF Y = d, for all n € I;
for any j. Therefore, by the construction of the sequence {d,}, each I; contains
a subinterval I} of integers of length 2% 5o that for every j, and for all n € I,

d,(zk_l) < 3. We may also assume, by passing to a subset if necessary, that the
union of all I} has density zero. We now take any bijection ¢ from N to Ryx, and
for every j, if I} = {s,s+1,... ,5+2F —1}, and if ¢(5) = (a1, ..., asx) € Rox, define

k)

dgk) = al,dgﬂ = az""’di]i)%fl

for any m not in any I]'<, define dgf) = dgf*l). This defines dslk) for all n. Since for
every n, dﬁ,’“’ > d%kfl), by the inductive hypothesis we see that dslk) > d,, for all
n. Also, since d({n : d¥) > d,(zkfl)}) = 0, and since by the inductive hypothesis,
d{n : dF Y > d,}) = 0, we see that d({n : d¥) > d,}) = 0, completing the
inductive step.

= aqr. After making these changes on each I ]'<,

It is a consequence of this construction that if we define Hy, = {n : dgﬂ) > dﬁ{“‘”}
for every k, the sets Hy, are pairwise disjoint. Therefore, the sequences {dﬁ{“)} have
a pointwise limit, call it {e,}. By the construction, for any k, and for any k-tuple
(ai,...,ax) of integers all greater than 3%, there exists m such that dg:ll
for 1 < i < k. And, since the Hy are disjoint, this means that e;,1+;_1 = a; for
1 < i < k. Now, define the sequence f, = 22:1 en for all n. As already noted,

since e, > d, for all n, D = {f,} has upper Banach density zero. We claim

_1 = G4
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that for any infinite set G of integers, D + G contains arbitrarily long intervals of
integers. Fix any infinite G = {g,}, with g1 < g2 < ---. For any k, there exist
M1, M2, . .., Mok, Mok 1 SO that gm, ., — gm; > 3% for every 1 < j < 2*. Then, by
construction, there exists m so that e,,4; = Gm i —Gmgi_ +lfor1<j< 2k,
This means that

—i+2

fm+i = fm + Zem+j
j=1

i
= fm + Z(gmzk—j+2 o ngk—j+1 + 1) = (fm + gm2k+1) B gm2k+1—i +1i
j=1
for 1 < i < 2*. But then for each such 1, fm+i+9m2k+1,i = fm—|-gmzk+1 +1 € D+G.
This implies that {f, + I,y T 1L,....fm+ Gy T 2%} is an interval of integers
of length 2% which is a subset of D + G. Since k was arbitrary, D 4+ G contains

arbitrarily long intervals and so has upper Banach density one.
O

This answers our question: if we had, in the proof of Theorem 1.2, tried to force
ones to occur along infinitely many shifted copies of our set A of upper Banach
density zero, it’s possible that no matter what set G of shifts we used, we would be
attempting to force x[i] = 1 for arbitrarily long intervals of integers ¢, which would
imply that 1° € X, yielding the closed invariant set {1°°} C X and contradicting
the minimality of X.

4. Some general constructions on connected manifolds
We will now construct some totally minimal, totally uniquely ergodic, and
topologically mixing transformations which act on a connected manifold, and
in Section 5 we will use such examples to prove Theorems 1.3 and 1.6. The
constructions in question will use both skew products and flows under functions.
We will be repeatedly using the topological space T, which can most easily be
considered as the half-open interval [0, 1) with 0 and 1 identified and the operation
of addition (mod 1). (Whenever we refer to the addition of elements of T, it should
be understood to be addition (mod 1).) We also note that T™ is a metric space
for any n with metric d defined by d(z,y) = min, yezn d(x + u,y + v), where d is
the Euclidean metric in R”. We will denote by Ay Lebesgue measure on T* for any
k> 0.

For any k£ > 1, irrational @ € T and continuous self-map f of T, we define
the transformation S = Si o5 on T* as follows: for any v = (v1,...,0) € T,
(Sv)1 =v1 +a, (Sv)2 = f(v1) + ve, and for every j > 2, (Sv); = vj_1 + v;.

THEOREM 4.1. For any f differentiable with 3 < f'(z) < 3 for all z € T, Sg.a,y
is totally minimal and totally uniquely ergodic with respect to A.

Proof. During the proof, since k, «, and f are taken to be fixed, we suppress
notational dependence and refer to Sy ..¢ simply as S. Fix any rectangles
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R= Hle R;and R' = Hle R!in T*, where R; and R! are intervals of length C for
every 1 <i < k. Now, fix any positive integer ¢ such that A\ ((R1 + ) N R}) > §.
Fix any 72 € Ra, ..., € Ry, and define the set

FE = {Jil € Ry 7T1(S€($1,T‘2,...,7‘k)) S Rll}

(Here and elsewhere, 7; : T¥ — T is the usual projection map v + v; for 1 <i < k.)
Since 1 (S*(z1,72,...,7%)) = o1 + Lo, by choice of £ we know that E; is an interval
with A (E1) > . Now, define the set

Ey = {,Tl S m(S’é(xl,Tg,...,rk)) S R;,l <1< 2}
8#2(Se(x1,r2 ..... r
8LE1 ’

. —1 .
below. For this, we note that mo(S*(z1,72,...,7%)) = r2 + >.,_o f(z1 + ic), and
make the observation that for any ¢, f(x1+ia) is equal modulo one to an increasing
function in z; whose slope is between % and % Therefore, considered as a function

&) from above and

We will examine the structure of Fs by bounding

of z1, ma(S*(21,72,...,7%)) is equal modulo one to an increasing function from

[0,1) to R whose derivative is in (£, 3¢) for all z;. This implies that E5 is a union

of many intervals separated by gaps of length less than %, where the length of all
2

intervals but the first and last is greater than % For large ¢, this implies that

D ;C for some constant Do,

2
FE5 contains some set F5 a union of intervals of length
where \;(F») > B2C? for some constant Bs.

We proceed inductively: for any 2 < i < k, assume that we are given F; a union of
intervals whose lengths are D;C¢~ (=1 for some constant D;, where \; (F;) > B;C"
for some constant B;, and such that for any 1 € F;, m;(S(x1,72,...,7%)) € R;-
for 1 < j <4i. We now wish to define F;;1. Define the set

Ei+1 = {,Tl S Fl : 7Ti+1(52($177'27~'77'k)) (S Ré—i—l}'

For any interval I of length D;C¢~=1) in F;. let’s examine I N E;11. We note that

l—1 .
(—j5—1 .
7Ti+1(5£(£61,7“2,---,7“k))=77i+1,é(7°27---77“i+1)+z( z’il )f(ﬂﬁl +Jja),
=0

where 7;41,¢ is some function of 72,...,7;11 which does not depend on z;. So,
as a function of zy, Ty 1(S*(x1,72,...,7%)) is equal modulo one to an increasing
function from [0, 1) to R whose derivative is between A¢* and B¢* for some constants
A,B > 0. This implies that for large ¢, I N E;y; is a union of many intervals
separated by gaps of length less than %K*i, where the length of all but the first and
last is greater than %é’i. For large ¢, this implies that I N E;; contains Fr 41 a
union of intervals of length DC¢~* where A1 (Fr,i+1) > EC);(I) for some constants
D, E. By taking F;;1 to be the union of all Fr;11, we see that F;;; is a union of
intervals of length D;1C¢~% where A\ (Fj11) > B;11C*"! for some constants D; 1
and B;t1. Since Fijy1 C Eiyq, for any x1 € Fipq, m;(S%(z1,72,...,71%)) € R for
1<7<i+ 1.

By inductively proceeding in this way, we will eventually arrive at a set Fj, where
A1 (F)) > ByC* for some constant By, and where S*(z1,79,...,7%) € R for every
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r1 € F),. By integrating over all possible 7o, ...,7, we see that \x(S‘RN R') >
B,C*~1. We have then shown that for any ¢ with \;((R1 + ko) N R}) > &,
Me(S*RN R') > B,C?*~!. Denote by L the set of such £. Then if we define R,
to be the transformation  — z + « on T, then L = {n : RZX(0) € J}, where
J={z €T : M((R+z)NR)>$}. Itis easily checked that A;(J) = C. This

means that for any M, N € N,

N—-1
1 1 i
FILN{0 M, M(N -1} =+ > xs((RA0),
=0

which approaches A\1(J) = C as N — oo by total unique ergodicity of R, with
respect to A;. Then, for large N,

N—-1

1 ML / 1 2k—1 2k
— > —|L M, .., M(N-1)}B — B .
N;:O:)\k(s ROR) > < [LO{0,M,.... M(N = 1)}| BiC «C

Therefore,
1 N-1
lim inf — % M(SMERNR') > Brhe(R)AR(R). (1)

We have shown that Equation 1 holds for R and R’ arbitrary congruent cubes in
Tk, Tt is clear that it also holds for R and R’ disjoint unions of congruent cubes.
Suppose that for some M € N, there exists a Lebesgue measurable S -invariant
set A C T* with \¢(A) € (0,1). By taking complements if necessary, without
loss of generality we may assume that Ag(A) < % By regularity of Lebesgue
measure, there exists € and A’ a union of cubes with side length e such that (A")¢
is also a union of cubes of side length €, A(A) < Ax(4') < &, and A\ (AAA') <
Bi\,(A)2. Then, for any ¢ € N, since SM‘A = A and \,(AAA") < Be)i(4)2,
A (AASMEAT) < Be)i(A)? as well. Similarly, Ag(ASASME(A)) < Br),(A)2
Therefore, A\, (SMEA" N SME(A')) < BrpAr(A)? for all £ € N. Since \g(A) <
A (A") < A((A")), this contradicts Equation 1.

So, SM is ergodic with respect to \j for every M > 0. We claim that this also
implies unique ergodicity of SM for every M > 0, which follows from an argument
of Furstenberg, and rests on the fact that S is a skew product over an irrational
circle rotation. The following fact is shown in the proof of Lemma 2.1 in [6] on p.

D78:

Fact. For any minimal system (Xg,7p) which is uniquely ergodic with respect
to a measure pg, and any skew product 7" which acts on X = Xy x T by
T(x0,y) = (Toxo,y + h(xp)) where h : Xo — T is a continuous function, if T
is ergodic with respect to pug x m, then T is minimal and uniquely ergodic with
respect to pg X m.

Denote by (SM)() the action of S on its first i coordinates for any 1 < i < k.
Since they are factors of S™, each (SM)(i) is ergodic with respect to A;. Also, for
each 1 <i < k, (SM)(+1Y) is a skew product as described above with Ty = (S™)®.
We may then use Furstenberg’s result and the fact that (S™)®) is minimal and
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uniquely ergodic with respect to A1 (since it is an irrational circle rotation) to see
that (S™)® is minimal and uniquely ergodic with respect to Ao. We can continue
inductively in this fashion to arrive at the fact that S™ is minimal and uniquely
ergodic with respect to \;. Since M was arbitrary, S is totally minimal and totally
uniquely ergodic with respect to Ag.

O

We will now use these skew products to define flows under functions which have all
of the previous properties and are also topologically mixing. Define the continuous
function ¢ : T? — R by

o eQﬂ'ikm o eQﬂ'ily
g(x,y)—2+Re<Z o +Z )
k=2 1=2
Note that 1 < g(x,y) < 3 for all ,y. We then define the space X = {(v,z,y,t)
veTF v,y eT,0<t<g(x,y)} where (v,z,y, g(z,y)) and (Sk.a, rv, 2+, y+7",0)
are identified for all v, z,y. X is then homeomorphic to the mapping torus of TF+2
and a continuous map, and so is a connected (k + 3)-manifold. For any irrational
7,7 € T, we then define the continuous map Ti43,a,4,4,f : X — X by

el

(0,2, + 1) if ¢+ 1< g(z,y),

Thts.0y00.1(0;0,Y,1) =
a0y ) (Ska, vz +7, 9+ t+1—g(z,y) ift+1>g(z,y).

Finally, we define pt = ([ri29 dAig2) " Aigs = 3Ait3 a Thys,a,y,y,f-invariant
Borel probability measure on X. We will prove the following:

THEOREM 4.2. For any f differentiable with 3 < f'(z) < 3 for all z € T and any
irrational o,~y,v' € T which are linearly independent and which satisfy ¢!, > €3
and i1 > €%, where {q,} and {q¢.} are the digits in the continued fraction
expansions of v and ' respectively, Ti13,a,4,~,f s totally minimal, totally uniquely
ergodic with respect to u, and topologically mixing.

Again, since a,y,v’, and f are fixed, for now we will suppress the dependence
on these quantities in notation and denote the transformations Ty43.a,y,y/,r and
Sk,a,f by T and S respectively. We also make the notation, for any integer ¢ > 0,
ge(z,y) = Zf;é g(x+ivy,y+iv'), and define go(z,y) = 0. The proof of Theorem 4.2
rests mostly on the following lemma, which is essentially taken from [5].

LEMMA 4.1. For any sufficiently large integer n >0,y € T, £ € [%62‘1",262‘1;], and

any xg € T with g,xo € [%a %];

edn ax edn

Ly, 0 , s
e |2 o < T
Proof. g(z,y) =2( + Re( =2 we%m + >y %62”’"”), where

_ p2milly
X0 = 1=¢

1— e27ril’y ?
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1— e27ri€mv/

Y, m)=

1— eQﬂ'im'y’ :

The following facts are proved in [5], p. 454:

For all | € N\{0},£/ € N, | X (£,1)| < ¢. (2)
For alln e NI < ¢, € N, | X (4,1)] < gn. (3)
For all n € N,1 € (qn, 2qn),¢ € N, | X (£,1)| < 2¢,. (4)
n 2
For amy €< P22 X (£, q,)] > 2 o)
T
dn+1 {—1
For any { < | arg(X (£, gn))| < m—. (6)
2 An+1

We will use these to prove our lemma. It is easy to check that

59@(90 y 27rilm
“or = Re 22 0
X n ) qn—1 .
— Re (27-”'(]”%62#1%1900) + Re< Z 27mi 271"le()>
e n
2qn—
( Z o 271'1’11()) ( Z oI 277111())

I=qn+1 1=2qn
X(€7 Qn) - |X(€7 qn)|e27riqnaco>

edn

+ Re (2m'qn

We bound the first term from above and below and the rest from above.

Re (27riqn|XEf%")62”q"x“ ‘ = %271@“ sin(2wqnxo)|, and since ¢ €
[%(32‘1”,262‘1;], ¢ < 21 By (2) and (5), 20 < |X(£,qn)| < €. Since gno € [+, 3],
< 27lqn

— edn °

% < |sin(27gnzo)| < 1. Therefore 2lqn ‘Re (qu L(Z’q”)l 2mign o

? edn
Next, by (3),

qn—1 qn—1 qn—1
Xe l) anl
2mi e?mitzo )| < o7 XD <2 < 2mg?.
(3 2r e ) [ <2r 3 DIETEPY

=2

We similarly have

2qn— ‘
‘ ( Z 2 271'1110)‘ §47Tq721

l=gn+1
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Also, from (2), we can conclude that for large n

‘ (zz X0 wwo)’q SR LCUIFPE o Lot

1=2qy,, 1=2qy,, = 2qn

Finally, from (6) and (2), we see that

‘-1
| X (€, qn) = X (0 an)l| < 21X (€, qn)| arg(X (€, qn)) < 27Tq "

and so since ¢ < 2¢2%n and ¢, > €39, this implies that

X([, qn) - |X(£7 qn)l eQﬂ'iqnzo

edn

/ l
‘Re (mq" ) ’ s STt
e n

By combining all of these bounds,

2lgqn 2 2 2 ¢ klgn 9ge(z,y)
ean T 2y —ATG, — o — 8me o < == (wo)| <
2mlqy, '+ L
T 2mq? + 4mg? + =t 82 _q"i,
ed -9qn edn
and since ¢ > 1e24», for large n we have
&Jn 892 (ZE, y) 76%1
— < | < .
edn ‘ ax (IO) edn
O

The proof of the following fact is trivially similar:

LEMMA 4.2. For any sujﬁcz’ently large integer n > 0, x € T, £ € [%ezq;ﬂezqnﬂ],
and any yo € T with q,yo € [6, 3]

Lq! 0ge(z, 7lq),
G _ ‘ geéy y)(y )‘ - ef; _
Proof of Theorem 4.2. Consider any m € [3¢%? ,2¢2%.], and any cubes R = Hk+3 R;
and R’ = Hfilg R} where R; and R} are intervals of length C for 1 < ¢ < k + 3.
Take intervals Qr+1 and Qg2 of length % central in Ry41 and Ry4o respectively.
Define R = Hle R;. We also make the following definition: ¢(m,x,y,t) is the
integer £ such that g,(z,y) < m+t < ger1(z,y). Alternately, for any v € T*,

6‘1;

T (v,2,y,t) = (S"¥ D0, @ 4 U(m, 2y, t)y,y + L(m, 2, y,1)7,
m+1t— 9e(m,x,y,t) ((E, y)) .
Now, fix any y € Qi42 and t € Qr43. We first define the set

By = {wl € Qrtr © qnt1 € [(15 Zﬂ}

For large m, A1 (E7) > D;1C for some constant D > 0, and Ff is a union of many

1 .
. By removing those, we
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can define FY a union of intervals of length % where A1 (EY) > DoC for some
constant Dy > 0. We then define the set

C
Egz{xleE{’ : A (Ry +€(m,x1,y,t)aﬂR'1)>§,

Qri1+ L(m,x1,y,t)y C Ry, Quya +€(m,z1,y,t)y C R;c+2)}'

We wish to use Lemma 4.1 to analyze the structure of F5. First we note that
since 1 < g(x,y) < 3 for all ,y, by definition of £(m, x,y,t), {(m,z,y,t) <m+t <
3(l(m,x,y,t) + 1), and so for large enough n, ¢(m,z,y,t) < m < %E(m,x,y,t),
or {(m,x,y,t) € [.3m,m]. By our assumption on m, this means that for any
z,y,t, L(m,z,y,t) € [Se2n, 2¢2in]. Now, fix any interval I of length % in

E{, and let us examine Fy N I. By the preceding remarks and Lemma 4.1,

L(m,z1,Y,t)gn O3 T™ (v,2,y,t) 7L(m,x1,Y,t)qn
edn < | Oz (I1)| < cdn

for every 1 € I. Since
t(m, z,y,t) € [.3m,m],

.3maqn Ompr3T™ (v, x,y, 1) Tmqy
7
< 5 (@) < — (7)

edn

for every 1 € I. This means that w has the same sign for all

x1 € I, and without loss of generality we assume it to be positive. Let us

define L to be the set of possible values for ¢(m,x1,y,t) for 1 € I. (Since gy

is continuous for every ¢, L is an interval of integers.) Then for any fixed ¢ € L,

define Iy = {z1 € I : {(m,x1,y,t) =L} = {x1 € I : gelz1,y) <m+t <

ger1(x1,y)} ={x1 € I ¢ ge(x1,y) € [m+t — g(z1 + v,y + €+'),m + t]}. Since

1< glzi+ly, y+0+) < 3, by (7) mme < m(Iy) < =, or m(Iy) € (£ 102
Tedn Tedn

7Tmgn’ T mgn

for all £ € L except the smallest and largest, for which m(I;) could be smaller.
Since m > €2, this means that the number of elements in L approaches infinity
as m does. Now, we note that Ey N[ = (J,c;, Ir, where L' is the set of £ € L
where Ay ((Ry + fo) NRY) > £,Qrq1 + 0y C Rj 4, and Qriz + 7' C R,
Then ‘|L_L/|I = ﬁ Y oier XJ(Rf;_’%,Y,(O)), where R, ., is the rotation on T3 given by
(a,b,c) — (a+a,b+vy,c+7') and J = {(a,b,c) € T : MN((R1+a)NR}) >
%,Qk+1 +b C Ry ,Qri2 +c C Ry ,)}. Since o, 7, and 7' are rationally
independent, R, ~, is uniquely ergodic, and so as m — oo, % — A3(J) = CT.
Due to the already established bounds on A (Iy) for £ € L, this implies that
there is a constant D3 > 0 so that A\;(Ea N I) > D3C3\;(I) for every interval
I in Ey{. By removing the possibly shorter first and last subintervals of Fs NI,
we have F; C Es NI a union of intervals of length greater than %ﬁf;n with
A1 (Fr) > DyC3)\ (1) for some constant Dy > 0. We take F, to be the union

of all Fy, and then \;(Fy) > D5C* for some constant D5 > 0. Finally, we define

Ey={21 € F : mus(T™(v,21,y,1)) € R}, 5 Yo € TF}.

Note that F5 is a union of intervals Iy, and so fix any such interval I, of length
greater than %ﬁf; . By definition, 713 (T™ (v, z1,y,t)) = m +t — ge(x1,y) for any
x1 € Ip, and mp4.3(T™ (v, 21, y,t)) ranges monotonically from 0 to g(x1 + £y, y+£7)
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as x1 increases over I,. Since, by Lemma 4.1, = prral

7 edn ox

lan ’Bge(r,y)(xl)’ < Tan

M(Es N 1) > DgCAi(Iy) for some constant Dg > 0. By taking the union over
all Iy, \1(E3) > D7C? for some D7 > 0.

Consider any z1 € E3. We know that Ay ((Ry + £(m,z1,y,t)e) N RY) > &, and
by the proof of Theorem 4.1, this implies that if we define the set A,, = {v € R :
7 (T™ (v, 21,y,t)) € R, 1 < i <k}, then M\y(Ay,) > BxC? = for some constant
By, > 0. But this means that for any v € A,,,

Tm(vu z1,Y, t) = (Sf(m,zl,y,t),v, x1 + ﬁ(m, x1,Y, t)/% Y + g(mu z1,Y, t)')/,
m+t— gE(m,zl,y,t) (xla y))

is in R’ by definitions of F3 and A,,. So, there exists a constant Dg > 0 such
that A1 ({(v,21) : T™(v,21,9,t) € R')} > DgC?**4. By integrating over all
possible y € Qri2, t € Qr43, we see that there is a constant Dg > 0 such that
p((T™R)NR') > 2?46 = Dyp(R)u(R).

This argument works for any large enough m € [g
analogous argument using Lemma 4.2 and which involves varying y instead of x
shows that the same is true for any large enough m € [262‘17/@, 2e1n+1]. However,
this implies that for all sufficiently large m and any congruent cubes R and R/,
p((T™R)NR') > Dou(R)p(R'), which implies that T is totally ergodic with respect
to u and topologically mixing. It remains to show that 7' is in fact totally uniquely
ergodic.

Our proof is similar to the argument of Furstenberg used earlier, however since
this is about a flow under a function and his argument was about skew products,
we will present the proof in its entirety here. Fix any M € N. Since T™ is
ergodic with respect to u, p-a.e. every point of X is (T™, p)-generic. Since p is
shift-invariant, and since shifts in the last coordinate commute with 7™, if a point
(v,z,y,t) € X is (TM, u)-generic, (v,z,y,t') is as well for all 0 < ¢ < g(z,y).
This implies that for A\gi2-a.e. (v,z,y), the fiber {(v,2,9,t)}o<t<g(a,y) consists
of (T™, u)-generic points. Denote by G this set of (v,z,y) which give rise to
(TM j1)-generic fibers. Choose any (v, z,y,t) € TF*2. We know that for large n,
L(nM,z,y,t) € [.3nM,nM], and that £(nM,x,y,t) is increasing in n. Therefore,
the set {¢(nM,x,y,t) : n € N} has positive density. The skew product U on T*+2
defined by U(v, z,y) = (Sk,a,fv, z+7,y+7') is totally uniquely ergodic with respect
to A2 for the same reason as in the proof of Theorem 4.1. (The only difference is
that here the base case is the rotation on T3 given by (z,y, 2) — (v +a,y+7,2+7")
instead of an irrational rotation on T. However, since «, v, and ~" are rationally

’
e2dn 2¢%dn] for some n. An

independent, this rotation is also totally uniquely ergodic and totally minimal.)
This implies that the set {¢ : U‘(v,z,y) € G} has density one. Together,
these facts imply that there exists n such that U/M:29:8)(y z 4) € G, or that
T"M (v, 2,y,t) = (g,5) for some g € G and s € R. This means that T"™ (v, z,y,t)
is (TM pi)-generic, and so (v, ,y,t) is as well. Since (v, x,y,t) € X was arbitrary,
every point in X is (T™, u)-generic, and so T™ is uniquely ergodic with respect to
. Since u(U) > 0 for every nonempty open set U, TM is minimal as well. Since
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M was arbitrary, T is totally uniquely ergodic, totally minimal, and topologically
mixing.
O

5. Some counterexamples on connected manifolds

Proof of Theorem 1.6. Our transformation is T447,q,~,y/,f for properly chosen «,
v, 7', and f. We always take o to be the golden ratio ‘/52*1 because of a classical

fact from the theory of continued fractions:

LEMMA 5.1. For any n € N, the distance from na to the nearest integer is greater
than .
3n

~ and 4’ can be any irrational elements of T satisfying the hypotheses of
Theorem 4.2. What remains is to define f. Before doing so, we will use our
sequence {p,} to construct another increasing sequence of integers. For any n,
take w, = £(pn,0,0,0). In other words, for any v € T2+ TP=(1,0,0,0) =
(S (v), wnY, WY, Pn — Guw, (0,0)). (Here S = Saqia,a,f and T = Togi7.a,4~',f-)
As before, for large n, wy, € [.3pn, pn]. We claim that w, 11 < (wnp1 —w,)*t! for all
large enough n. This is because wy11—wn = £(Ppt1—"Dns> WnY, WnY s Prn—Guw,, (0,0)):

(Swn+1’l}, Wn417s Wn417Ys Pntl — Gwngs (0, 0)) = TPn+1 (’U, 0, 07 0)
= TPn+17Pn (Tpn (U, 0, O, O)) = TPn+17Pn (S’wnv, Wn7, wnﬂylvpn - Guw, (07 0))

_ (Swn-‘:-f(pn+1 — Py Wi, Wn Y Prn—Guwn, (0,0)) (Swn (U))

)

/

(wn +L(Pry1 — P> Wi, wn'}//vpn = Guw, (0, 0)))%
(wn +(Pnt1 — Py wn?, W', pn — Guw,, (0, O)))”Y )

Pn+1 — Gwpgq—1 (07 0)) :

Therefore, since pp41 — pr — 00, Wnt1 — Wy € [.3(Pn+1 — Pn), Pnt1 — Pn) for large
n for the same reasons as before. This implies for large n that w,411 < ppy1 <
(Pnt1 — pn)? < (1_30(wn+1 —wy))? < (%)d(wrﬁl —wp)? < (Wnp1 — wy)
Wpt1 — Wy — 00. We wish to choose f so that S*(0) is bounded away from 0,
where 0 € T2t is the zero vector.

We will define f as an infinite sum: F(v1) = v1 + Y0, CiSa,.e; (v1) is a function
from T to R, and f(v1) = F(v1) (mod 1) is a self-map of T. In this sum, ¢; € R*
with 3272, ¢; < 1, z; € T and ¢; > 0 will be chosen later, and the function s, (y)

for any z € T and € > 0 is a function defined by

since

< Ty — ifor—e<y<
5y = = [cos(Z(y—z))+1] fz—e<y<az+e,
' 0 otherwise.

The pertinent properties of s, ¢ are that it is nonzero only on the interval [x—e, x+€],
it attains a maximum of = at y = =z, and that its derivative is bounded from
above in absolute value by % Since each term ¢;sz, ¢, in the definition of F' is a
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differentiable function with derivative bounded from above in absolute value by %,
and since Y .- ¢; < 1 and the identity function has derivative one everywhere, F
is a differentiable function with F’(v1) € (1, 2) for all v; € T. This shows that for
any choice of ¢; with Y2 ¢; < 1, and for any choice of z;, €;, by Theorem 4.2, T' is
totally minimal, totally uniquely ergodic, and topologically mixing. We will choose
f so that S*~(0) is bounded away from 0. The only quantities still to be chosen
are ¢;, x; and €;.

We wish to choose f so that S*~(0) is bounded away from 0. The only quantities
still to be chosen are c¢;, z; and ¢;. We note that for any 1 < k£ < 2d + 4
and any j > k — 1, mx(S7(0)) = Eg;gf“ (7255") fiar). This can be proved by
a quick induction, and is left to the reader. In particular, if we make the notation
Yn = Tag+a(S¥"(0)) for any w, > 2d + 3, then y, = Z;U;‘O_2d_3 (w’g;_gl)f(ia).
Our goal is to choose ¢;, x;, and €; so that y,,, = % for all sufficiently large n. To
1

by Lemma 5.1. This guarantees that s, ., (ia) = 0 for any 0 <4 < wyy1, @ jéw{lut;.
This means that each choice of ¢; that we make will change the values of y, for
only n > 4, and allows us to finally inductively define ¢;.

Recall that our goal is to ensure that y, = 2?2"0725173 (wgd__gl)f(ioz) = % for
all sufficiently large n. Note that since {w,,} is an increasing sequence of integers,
wy, > n for all n. We have already shown that w, < (w, —w,_1)%! for all large
n, and SO Wy, — Wy_1 > nd%l, and so w, = w1 + > o(w; — wi—1) > Z?:Qid%l >
%(%)ﬁ > %nHﬁ for all large n, and so Y.~ , w, ! converges, a fact which will
be important momentarily. We choose N so that > L1 Wy < m. The
procedure for defining the sequence ¢, is then as follows: ¢; =0 for 1 <i¢ < N. For
any n > N, assume that y; = % for N +1 < i < n. Then, we choose ¢, so that
Yntl = % Note that for any n > 1, y,, = hn(c1,. .., Cn,2)+Cn,1%en71 (w"_;siél_l)

(%7}1"4,1(61 ..... Cnfl)) (mod 1)

€n (wn+21d11;" N 1)

) > m('wnﬁ-l — w,)??*2 for large

do this, we choose z,, = wya for all n, and €, = info<icw, 1 izw, [Tn —ia| >

for some h,, : T"~2 — T. This means that taking ¢, = 7

wn+17wn71
2d+2

for all n by Lemma 5.1. This means that

gives Yn+1 = % Note that (

_1
3wn41

n, and recall that €, >
Cn < 6m(2d42)'Wn 11 (W1 —wy) 42 which, by the hypothesis on the sequence
{wy}, is less than 67(2d + 2)!(w,4+1) !, again for sufficiently large n. This means
that >0 ¢, < 6m(2d +2)!307 v w,fy < 1 by definition of N. We have
then chosen ¢, so that d(5*(0),0) > d(yn,0) = & for all n > N. Forn < N,
note that m (S“"(0)) = wpa # 0, since o ¢ Q. This means that for all n,
d(5*(0),0) > min(3, mini<p<y d(wna,0)) > 0.

However, by definition, mq44(777(0,0,0,0)) = m2q+4(S*"(0)) for all n.
Therefore, T (0,0, 0, 0) is bounded away from (0,0, 0,0), and so since T is totally
uniquely ergodic, totally minimal, and topologically mixing, we are done.

O

We note that there was nothing special about the number % in this proof, and
so the proof of the following corollary is trivially similar:

COROLLARY 5.1. For any increasing sequence {wy} of integers with the property
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that for some integer d, wy1 < (Wpy1 —wy)L for all sufficiently large n, and for
any sequence {zp,} C T, there exists f satisfying the hypotheses of Theorem 4.1 so
that for all sufficiently large n, maq4+4((S2d+4,0,£)""(0)) = 2.

Proof of Theorem 1.3. Our transformation is T5449,a,,,,f for the same a, v, and +/
as before. We use the same strategy as we did to prove Theorem 1.2; in other words,
we will be forcing certain types of nonrecurrence behavior along a set comprised of
a union of infinitely many shifted subsequences of {p,}.

We now proceed roughly as we did in proving Theorem 1.2. We will define
a sequence {t,} by shifting different p,, by different amounts. First, define the
intervals of integers B; = [j! + 1,(j + 1)!] N N for every j € N, and take any
partition of N into infinitely many disjoint infinite sets C1, Co,.... We denote the
elements of C;, written in increasing order, by cz(-l), cz(-2) .... Choose some s; large
enough so that p,+1 — pn, > 2-1 for n > (inf Cy, )!, define the set Dy = Ujecsl By,
and then define ¢, = p, + 1 for all n € D;. Next, choose some ss large enough so
that pp4+1—pn > 2-2 for n > (inf Cs,)!, and define Dy = Ujecs2 B, and then define
tn = pn+2 forall n € Da. Continuing in this way, we may inductively define Dy, for
all k € Nso that Dy, = Ujecsk

for n > (inf Cs, )!, and then define ¢,, = p,, +k for all n € Dy,. For any n ¢ |-, Dx,
t, = pn. Note that by the construction, for any n, k where t,, = p,, + k, it must be
the case that n € Dy, and therefore that n > (inf C;,)!, and so that p,+1 —p, > 2k.
Therefore, since t,1 > pryy for all n, typ1 —tn > prg1 — pp — k > B5Pn and
so {t,} is increasing. Since n—1 > (inf Cs,)!, pn — Pn—1 > 2k, and so in particular
pn > 2k. This implies that ¢, = p, + k < 2p, for all n. Finally, we see that
thi1 < 2Pni1 < 2(Pna1 — pn)? < 29 (t,4 1 — t,)? for all large enough n. Since
tng1 — tn > PP — 00 as n — oo, this means that tnq1 < (fng1 — tn)*™! for

B; for some s, with the property that p,4+1—p, > 2k

large enough n.

We again define a sequence {w,}: for any n, take w, = £(¢,,0,0,0). In other
words, for any v € T24+6 Tt (v,0,0,0) = (S (v), WnY, WnY's tn—Gu, (0,0)). (Here
S = S2d46,a,f and T’ = Tog49,a,~,~,f-) For exactly the same reasons as in the proof
of Theorem 1.6, w, 11 < (Wpi1 — wy)?t2 for large n.

Therefore, by using Corollary 5.1, for any sequence {z,} C T, we may choose f
such that ma416(77"(0,0,0,0)) = T2a+6(5""(0)) = z, for all n. We define 2z, = %

for any n € Dy, where n € B; for j = ch with odd ¢, and z, = % for any n € Dy

where n € B; for j = cg? with even i. For any z, not defined by these conditions,
z, may be anything. (We can take z, = 0 for such n if it is convenient.) Take
h € C(X) such that h(v,z,y,t) = 0 if vegr6 = %, h(v,x,y,t) = 1 if vages = %,
inf,ex h(z) =0, and sup,cx h(z) = 1. Now, we note that

N—-1
1
{z €eX : N Z h(TP"z) does not converge}

n=0

(AU feer S Skmri= o

k 4
n>0k>n
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(ﬂ U {zeX i 1§i§kﬁ2d+6(Tpi(2))=§}| >%}>7

n>0k>n

and that the latter set, call it B, is clearly a Gs. We will show that B is dense in X.
Choose any nonempty open set U C X. By minimality of T', there is some k so that
T%(0,0,0,0) € U. By construction, t,, = p,+k for alln € Dy. Also by construction,
Dy = Ujec,, Bj» and m2a16(T"(0,0,0,0)) = maie(T7" (T*%(0,0,0,0))) = % for
j= cgi) and i odd. But then for any odd integer i, m2446(T?"(T%(0,0,0,0))) =
for any n € [(?) + 1, (c{? + 1)1], and so

1
3

(i = 1< < () + DY maaro(T7(T4(0,0,0,0)) = g} o)
(4 1) T4

which is clearly larger than % for sufficiently large k. Similarly, for any even integer
i, Taar6(TP"(T%(0,0,0,0))) = £ for any n € [(cS,})' +1, (CQQ + 1)), and so
(i + 1<0 < () + D maaro(T7(T(0,0,0,0)) = 3} )
(eS,} +1)! B céQ +1

which is also greater than % for sufficiently large k. This implies that 7%(0,0,0,0) €
B, and so that B N U is nonempty. Since U was arbitrary, this shows that B is
dense, and so a dense Gj. Therefore B is a residual set by the Baire category
theorem, and for every z € B, + EN 1 h(TP~z) does not converge.

O

We note that exactly as in the proof of Theorem 1.2, this in fact shows that
for a remdual set of z € X, liminfy oo & Z h(T”“z) =0 = infyex h(z) and

limsupy . % Z (T”“z) =1=sup,cxh(z )

6. Questions

There are some natural questions motivated by these results. For any totally
minimal and totally uniquely ergodic system (X, T'), any nonempty open set U C X
with u(U) € (0,1), and any = ¢ U, take the set A ={n € N : T"z € U}. Since
(X,T) is uniquely ergodic, the density d(A) := lim,_ M of A equals
w(U) > 0, and so the sequence {ay} of the elements of A written in increasing order
does not satisfy the hypotheses of any of our theorems. However, since x ¢ U, and
since T%x € U for all n, Tz is bounded away from .

For a similar example, take T' to be a totally minimal and totally uniquely
ergodic isometry of a complete metric space (X, d) with diameter greater than 2.
Take z,y € X with d(z,y) > 2, and define f € C(X) where f(z) = 0 for all
z € Bi(z) and f(z) = 1 for all z € By(y). Then, take the sets A = {n € N
Tz € Bi(y)} and B ={n € N : T"z € Byi(x)}. Since (X,T) is uniquely
ergodic, d(A) = u(By(y)) > 0 and d(B) = M(BQ(x)) > 0. For any z € Bi(w),
d(Tz,y) < d(Tz, T“”x) +d(Tx,y) = d(z,z) + (Ta"I Yy <s+3= 1 and
so f(T*"z) = 1. Also for any z € By (), d(Tz,2) < d(T* 2 Tb"ac)—l—d(Tb"x,x) =
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d(z,2) +d(T*z,2) < £ + 3 =1, and so f(T*"z) = 0. This means that by making
a sequence {c,} by alternately choosing longer and longer subsequences of {ay}
and {b,}, we could create such {c,} with d({¢,}) > 0 (so {¢,} does not satisfy
the hypotheses of any of our theorems) where limy o0 4 25:1 f(Térz) does not
converge for any z in the second category set B 1 (x).

The point of these examples is to show that our hypotheses are certainly not the
only ones under which examples of the types constructed in this paper exist. This
brings up the following questions:

Question 6.1. For what increasing sequences {p,} of integers does there exist a
totally minimal and totally uniquely ergodic system (X, T) and a point € X such
that « ¢ {TPrx}?

Question 6.2. For what increasing sequences {p,} of integers does there exist a
totally minimal and totally uniquely ergodic system (X, T') and a function f € C(X)
such that limy_, oo %25:1 f(TPrx) fails to converge for a set of = of second
category?

Also, it is interesting that we could create examples for a wider class of sequences
{pn} when X was not connected. We would like to know whether or not this is
necessary, i.e.

Question 6.3. Given an increasing sequence {p,} of integers and a totally minimal
totally uniquely ergodic topological dynamical system (X,T) and x € X such that
x ¢ {TPrz}, must there exist a system with the same properties where X is a
connected space?

Question 6.4. Given an increasing sequence {p,} of integers and a totally minimal
totally uniquely ergodic topological dynamical system (X,T) and f € C(X) such
that limpy o0 % Zﬁ;l f(IPnx) fails to converge for a set of x of second category,
must there exist a system with the same properties where X is a connected space?

Finally, we briefly address one more issue about generalizing our results. In our
symbolic examples, the dynamical systems considered were not invertible, since
every x considered was in {0, 1} rather than {0,1}%. It is, however, not hard to
extend our results to the invertible case. The rough idea is to define each w41
to have wj occurring somewhere in the middle rather than as a prefix. Then, wy
approaches a limit z in {0, 1}%, and the orbit closure of z is again taken to be X.
The remainder of the proofs goes through in a similar fashion.
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