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CO-STATIONARITY OF THE GROUND MODEL

NATASHA DOBRINEN AND SY-DAVID FRIEDMAN

Abstract. This paper investigates when it is possible for a partial ordering P to force £2,(4) \ V to be
stationary in ¥F. It follows from a result of Gitik that whenever P adds a new real. then 2, (2) \ V
is stationary in V¥ for each regular uncountable cardinal « in V¥ and all cardinals 2 > & in V¥ [4].
However, a covering theorem of Magidor implies that when no new w-sequences are added. large cardinals
become necessary [7]. The following is equiconsistent with a proper class of w;-Erdds cardinals: If P is
N;-Cohen forcing, then 22,(2) \ V is stationary in V%, for all regular k > R, and all A > x. The
following is equiconsistent with an w;-Erdés cardinal: If PP is 8;-Cohen forcing, then t@Nz (R3) \ Vis
stationary in ¥'¥. The following is equiconsistent with x measurable cardinals: If P is k-Cohen forcing.
then 2, () \ V is stationary in V¥,

§1. Introduction. Suppose V' C W are models of ZFC with the same ordinals,
k is regular and uncountable in W, and A is a cardinal > k in W. We say that
the ground model V' is stationary or that (2, (A))" is stationary in W if (2,.(1))"
is a stationary subset of (2, (4))". We say that the ground model is co-stationary
or that (2, (A))" is co-stationary in W if (2.(A))" \ (2,.(4))" is stationary in
(2:(2))". Note that (2,(2))" = (2:(4))" NV :hence, (2,(2)" \ (Zx(4))" =
(Ze () \ V.

The problem of preserving the stationarity of the ground model has been exten-
sively studied. Itis well-known that any k-c.c. forcing preserves all stationary subsets
of 2, () for all cardinals 4 > . hence preserves the stationarity of (Z,(1))" in

(2,(2))"". Shelah has proved the following general theorem.

THeOREM 1.1 (Shelah’s Strong Covering Lemma [12]). Suppose V- C W are mod-
els of ZFC, k is uncountable regular in W, (k%)Y = (k7)Y and Jensen covering
holds between V and W . Then for all . > ., (2. (1))V is stationary in (2, (1)) .

The problem of making the ground model co-stationary in the 2, (1) of the
larger model has received considerably less attention. The purpose of this paper is
to investigate the following general problem.

MaiN PROBLEM. Given a partial ordering P and uncountable cardinals £ < 4
in V¥ with & regular in V'F, when is (£, (4))" co-stationaryin V' ?
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The following theorem of Gitik shows that any P which adds a new real makes
(2,.(1))" co-stationary in V¥, for all cardinals X; < k < Ain VT with & regular
in VF.

TueoreM 1.2 (Gitik [4]). Let V' C W be two models of ZFC with the same ordi-
nals, k a regular uncountable cardinal in W, and J. > (xT)W . Suppose that there is
arealin W\ V. Then (2,(A))V is co-stationary in W .

Naturally, one wonders what happens if no new reals are added, but a new
w-sequence is added.

QUuESTION 1.3. Suppose P adds no new reals but does add a new w-sequence.
Let Ay be least such that P adds a new function r : @ — Ag. Does it follow that
(2,(4))" is co-stationary in V'F, for all cardinals X; < x < Ain V¥ with k regular
in V¥ and A > J¢?

We do not currently know the answer to this, although we do have some partial
results (see Fact 2.3, Theorems 3.2. 5.6, and 5.7, and Example 5.8).

QUESTION 1.4. Suppose P adds no new w-sequences but does add a new subset
of R;. Does it follow that for all regular x > Xy in V' and all A > ¥ in V'F that
(2,.(1))" is co-stationary in V'F?

We have obtained the equiconsistency of a positive answer to Question 1.4:
THeEOREM 3.8 (Consistency of Global Gitik). The following are equiconsistent:

1. There is a proper class of w,-Erdds cardinals.

2. If P is V;-Cohen forcing. then (2, (1))" is co-stationary in V¥ for all regular
k> Noandall 2 > k.

3. If P adds a new subset of Ny and is Ny-c.c. (or just satisfies the (k™. kT, < K)-
distributive law for all successor cardinals k > RN, and is k-c.c. for the least
strongly inaccessible k), then (2,(1))" is co-stationary in V¥ for all regular
k> Noandall 2 > k.

Why are w;-Erdos cardinals required for Global Gitik? Consider the following

special case of Question 1.4.

QUESTION 1.5. Suppose P adds no new w-sequences but does add a new subset
of ®;. Does it follow that (2, (X;))" is co-stationary in V'F?

Magidor’s Covering Theorem shows that at least one w;-Erdds cardinal is neces-
sary.

THEOREM 1.6 (Magidor [7]). Assume there is no wy-Erdés cardinal in Kpy, where
Kpy is the Dodd-Jensen core model. Then for every ordinal § one can define in Kpy
a countable collection of functions € on f such that every subset of f closed under €
is a countable union of sets in Kpy.

It follows from Theorem 1.6 that if Kp; has no w;-Erdos cardinal and P is
a (w.A<")-distributive partial ordering in V (for example. if P adds no new
w-sequences), where A > « > N, in VT and & is regular in VT, then there is
aclub C C Z.(4) in VP (namely, the one generated by the functions from the
theorem) such that C C V. Hence, (£, (1))" is not co-stationary in V'F. It follows
that if Kp; has no w;-Erdods cardinal and P adds no new w-sequences, then for all
A > Kk > ¥ with & regular in VT, (2,(A))" is not co-stationary in V'F. We will
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show that an w;-Erd0ds cardinal is the exact consistency strength of a positive an-
swer to Question 1.5 for (X3, N3, Ny)-distributive partial orderings. (These include
all 8y-c.c. partial orderings.)

THEOREM 3.6. The following are equiconsistent:

1. There is an w1-Erdés cardinal.

2. If P is Ny-Cohen forcing, then (Py,(1))V is co-stationary in V¥ for all A > Ns.

3. If P adds a new subset of R and is (N3, N3, Ny )-distributive, then (Px,(A))" is
co-stationary in V¥ for all J. > R3.

Now consider the following generalisation of Question 1.5.

Quest(k, 1). Suppose & is regular, P adds a new subset of x but adds no new
< k-sequences, and 4 > &t in V. Does it follow that (2, (1)) is co-stationary
in VF?

Using indiscernibles, we have shown the following.

THEOREM 3.2. Suppose that in V, 1 > k, & is regular, and 1 is k-Erdds. Let P
be k-Cohen forcing (or any partial ordering which adds a new subset of k and is
(1. 2. k)-distributive). Then (P.+(u))" is co-stationary in V¥ for all u > J.

The next theorem shows the necessity of a k-Erdos cardinal.

TueoreM 1.7 (Magidor [7]). If there is no k-Erdds cardinal in Kpy, then for every
ordinal 8, there exists a countable collection € of functions on f§ such that every subset
of B closed under € is the union of < k sets in Kpy.
Hence, if Kp; has no k-Erdds cardinal, and PP is a partial ordering in ¥ which
is (p, A<#)-distributive for all p < x (which is weaker than saying that no new
< k-length sequences are added), where A > u > x* and u is regular in V¥, then
(gzﬂ (1))¥ is not co-stationary in V'F. Thus, we have the following equiconsistency.
THEOREM 3.3. The following are equiconsistent:
1. k is regular and there is a k-Erdés cardinal greater than k.
2. k is regular and there is a A > k% such that if P is k-Cohen forcing, then
(P (A)V is co-stationary in V.

3. kisregular andthereis al > k™ such that if P is any partial ordering which adds
a new subset of k and is (1, ), k)-distributive, then (P,.+(A))" is co-stationary
in VF.

When 4 < R,,,. the following theorem implies that at least a measurable cardinal
is required in order to make the ground model co-stationary in Py, (4).

TueoreM 1.8 (Magidor [7]). Assume there is no inner model with a measurable
cardinal. Let f < R,,. Then in V one can define a countable set of functions such
that every subset of 8 closed under these functions is a union of N sets in Kpy.

It follows that if there is no inner model with a measurable cardinal, then the
answer to Quest(X,, 1) is negative for all X3 < 4 < R,,. The next theorem is
a strengthening of Theorem 1.8 which implies that for any regular k > X, if there
is no inner model with x measurable cardinals, then the answer to Quest(x, 4) is
negative for all k™ < 4 < N, (in fact, strongly negative in that every (< &, A")-
distributive partial ordering forces that the ground model is not co-stationary).

THEOREM 4.3. Let k > X, be regular and assume that there is no inner model with
k measurable cardinals. Then there is a countable collection € of functions on W, such
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that every subset of R, closed under € is the union of < & sets in Ky, Mitchell’s core
model for sequences of measures.

Whenever the Free Subset Property Fr, (4. k) holds (see Definition 4.4), then
Quest(x, ) has a positive answer for all partial orderings which are (4,4, x)-
distributive.

PROPOSITION 4.5. Suppose in V that /. > k and Fr. (A, k) holds. Suppose P adds
a new subset of k and is (1. . k)-distributive. Then (P, (A))" is co-stationary in VE.

Shelah has shown that if & < N.. from « measurable cardinals, one can obtain
amodel of ZFC in which Fr, (X, x) holds [11]. Using this, we obtain the following
equiconsistency.

THEOREM 4.7. The following are equiconsistent.

1. k is regular, X; > k and there are k measurable cardinals.

2. k is regular, ¥, > k. and if P is the k-Cohen forcing. then (2. ()" is
co-stationary in V¥ for all ). > R,.

3. K is regular, N, > k., and if P adds a new subset of k and is (N, R, k)-
distributive, then (2,+(1))" is co-stationary in V¥ for all . > X,..

§2. Basic definitions and facts. Throughout this paper, standard set-theoretic
notation is used. «, f8,y are used to denote ordinals, while «, A, u., v, p are used to
denote cardinals. Z,(X) = [X]* = {x C X : |x| < s}. Usually we use [X]<
instead of &,,(X) to denote the collection of finite subsets of X. (X)<* denotes the
collection of all functions from an ordinal less than « into X i.e., the collection of
all sequences of length less than x of elements of X'. We will hold to the convention
that if V' C W are models of ZFC with the same ordinals and k < 1 are cardinals
in W, then &, (/) denotes (2, (1))" .

Certain distributive laws imply preservation of the stationarity of the £, (1) of the
ground model. In addition, they will aid us in obtaining extension models in which
the ground model is co-stationary. We present the forcing-equivalent definitions of
distributivity, referring the reader to [6] for the Boolean algebraic versions.

DeriNITION 2.1. Let &, A, 4 be cardinals with ¢ < A. A partial ordering P is
(k. A)-distributive if forcing with P adds no new functions from # into 4. (This
implies all cardinals < x* are preserved.) P is (k, A, < w)-distributive if for any
function / : & — A, there is a function g : K — [A]<# in V such that for each
a < k. f(a) € gla) in VE. We will say that P is (k. A, u)-distributive if it is
(k. A, < ut)-distributive.

Facr22. 1. If Pis kT -cc., then P is (p. A, k)-distributive for all p and for all
A> K.

2. The (k. A k)-d.l. holds iff every subset of /. of size k in V¥ can be covered by
a subset of L of sizek in V.

3. If 2 > K and P is (A, A, k)-distributive, then P preserves all cardinals p with
&kt < p < A. Moreover, every stationary subset of (P.+(A))V in V is a station-
ary subset of (P-(2))"" in VE. Hence, (P.+(1))" is stationary in V.

4. If Pis (< k. k)-distributive and (1, 1, k)-distributive, then P perserves all cardi-
nals < A.
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Suppose « is a regular cardinal and 4 > k*. The question of whether (2, (u))”
is co-stationary in V'F is completely solved if P adds no new subsets of x. To see
this, let v be least such that P adds a new function r : K — v. Note thaty > 2
implies v > 2%, If v = 2, then P adds a new subset of k. (Of course if P adds no
new subsets of 4 of size < &. then (2, (1))" = (2,.(1))"". so the ground model
cannot be co-stationary.) If v > 2, we have the following.

Fact 2.3. Let V- C W be models of ZFC with the same ordinals. If k is a cardinal
in W andv > k is the least cardinal in V' such that W \ V has a new function from k
intov, thenVi > v, P+ (A)\ V' contains a cone. Moreover, for all cardinals p, A in W
with p regularin W,k < p <v < A, and ¢f(v) > pin V., then 2,(1) \ V contains
a cone.

PROOF. Let 7 : Kk — v bein W \ V. Let z € (£.+(4))". There is an in-
jection b : z — kin V. If z Dran(r), thenr = b~' o (bor) € V, since
bor : k — k and hence must be in V. Contradiction. Therefore, the cone
{xe P (A):x Dran(r)} NV = 0.

Now assume cf(v) > p. Any x € (2,(4))" cannot contain ran(r), since ran(r)
is unbounded in v. -

Remark. However, this tells us nothing about the co-stationarity of (£2,(1))"”
for 2 > p > v. Theorem 5.6 will give sufficient conditions for making (22,(1))"
co-stationary for 4 > p > v when P adds a new function from w; into v.

Next we state a well-known result of Menas.

THEOREM 2.4 (Menas [8]). Let A C B with |A| > k. For X C 2,.(A). let
X*={xe 2.(B):xnNAeX}. If C C P.(A) is club then C* is club in P, (B).
ForY C Z.B).letY |A={ynNA:ye Y} IfCC P.B) isclub, then C | A
contains a club set in Z,,(A).

Two special facts follow from this theorem.

Fact 2.5. Let V- C W be models of ZFC with the same ordinals and k be regular
and >k in W.

1. If (2.(A)V is co-stationary in W . then for all u > 1. (2.(u))" is also
co-stationary in W.

2. If (2. (A)V isstationaryin W and k < u < A, then (P, (u))" isalso stationary

inW.

ProoF. Suppose C is club in &, (u) and 4 > /. Then C | A contains a club in
P.(A),sothereisay € (C | )N (P (A)\ V). y =xnNiforsome x € C, and
y&€V=x¢gV.If Cisclubin &, (u), then C* is club in &, (1), so there is an
xeC*NV.Thenx Nu € C and x N £ must also bein V. -

Thus, to show that (2, (4))" is co-stationary in W for all 1 > &, it suffices to
show that (£, (k¥))" is co-stationary in W .

§3. «-Erdés cardinals and global Gitik. In this section, we first look at Erdos
cardinals and how they can be used to force co-stationarity at a single cardinal of
the ground model. After this, we concentrate on w;-Erdos cardinals, culminating
in the equiconsistency of a global Gitik-type result for partial orderings which add
a new subset of N;.
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DEerNITION 3.1. [2] Let v < A, v alimit ordinal. Ais a-Erdds if whenever C is club
in Aand f : [C]<® — A is regressive (f (a) < min(a)), then f has a homogeneous
set of order type a.

The following is a model-theoretic equivalent of being a-Erdds: 4 is a-Erdos
iff for any structure 21 with universe A (for a countable language) endowed with
Skolem functions, for any club C C 4, there is an I C C of order type a such
that 7 is a set of indiscernibles for 21 and in addition I is remarkable; i.e., whenever

10.....1,) < 1. then t™(19.....1,) = w210, ... .ti_1.7i. .. ..77n). (See[1].)
THEOREM 3.2. Suppose that in V', . > k, k is regular, and J. is k-Erdds. Let
P be k-Cohen forcing (or any partial ordering which adds a new subset of k and is
(1. 2. k)-distributive). Then (P.+(u))" is co-stationary in V¥ for all u > J.
PrROOF. Let G be P-generic over V. Let C C £+ (4) be club in V[G]. In V[G],
there is a function g : k x [A]<” — 4 such that C, C C, where

Co={x € Zp(2) :¥(e.p) € k x [x]™. g(a.y) € x}.

Using the (4, 4, k)-distributivity of P, we can obtain a set & = {f, : o < K} of
functions such that & € V, each f, : [A]~® — A, & is closed under composi-
tions (we identify a finite subset of A with its strictly increasing enumeration), and
Cs C C,where Cy = {x € 2.+ (1) :Va <k, Vy € [x]<?, fu(y) € x}.

Let 2 be the structure (4, €, f,(a < x)). Let I C 1 be a set of indiscernibles for
A with 0.t.(I) = k. Define cl(x) = x U{fa(y) : @ < K, y € [x]<?}. Note that
foreach x € 2.+ (A), cl(x) € Cg. since F is closed under finite compositions. Let
(1o : & < k) enumerate / in increasing order. Let J = {1, : @ < k and « is a limit
ordinal}. Note thatif i, < - <14, arein J. f < . and f4(lq,.....1a,) € I. then

Now let r be a new subset of x in V[G]. Let (s, : @ < k) enumerate J in
increasing order. Define x = {s, : @ € r}. Letu = cl(x). Then u € Cs. From u
we can read off r; hence, u ¢ V. The result for 2+ (u) \ V for all u > A follows
from Fact 2.4. =

The preceding theorem along with Theorem 1.7 yield the following equiconsis-
tency.

THEOREM 3.3. The following are equiconsistent:

1. There is a k-Erdés cardinal greater than k.

2. There is a o > k% such that if P is k-Cohen forcing. then (2.+(1))" is co-
stationary in V.

3. Thereis a i > k" such that if P is any partial ordering which adds a new subset
of k and is (1. 1. k)-distributive, then (2, (1))" is co-stationary in V.

The proof of Theorem 3.2 works for &,.+(/) only when 4 is k-Erdos. If we wish
to make A smaller, we need a different method. The rest of this paper is devoted
to shrinking /4 below a k-Erdos cardinal. In this section we concentrate on those
partial orderings which add a new subset of 8. The next lemma is a generalization
of an argument due to Baumgartner, which he used to construct a model in which
every club subset of Py, (R3) has maximal size [1]. The first part of this lemma will
enable us to obtain co-stationarity of (Zy,(4))” when A is smaller than the least
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w1-Erdos cardinal and a new subset of ¥, is added. The second part will be used in
Section 5 to obtain a partial result when no new subsets of X; are added but a new
w1-sequence is added (see Theorem 5.6).

LEMMA 3.4. 1. SupposethatinV, |2°| < k < A, k is regular, and /. is w,-Erdés.
LetQ = Col(k, < 1) and G be Q-generic over V. Thenin V[G]. given a function
g [ET]7? — [KT]<F. thereis a tree T isomorphic to 2<®' such that for any two
branchesb,cin T.bNYg"[c]<” CbNec.

2. Suppose that in V., v > Ny, W?| < & < A, k is regular, . is v-Erdds, and
Q = Col(k.< A). Then in V[G], given a function g : [cT]°¢ — [kT]<F,
there is a tree T isomorphic to v<®' such that for any branches b.c in T,
bNnUg"[e]=® Cbne.

Proor. (1) We closely follow the argument of Baumgartner in Theorem 5.9
of [1], using Col(k, < 4) in place of Col(X,, < 4) and checking that everything
goes through as before while supplying more details. Let ¢ : [A]<® — [A]<*.
Let R, be an (n + 1)-ary relation on . such that R, (B.ap.....0,_1) holds iff
p e gl{ap.....an1}). Let 91 be a Q-name for the structure (. R))pew. Let
B = (V;.€,<,Q.IFy), where ¢ ranges over the formulas of 9 and IF4 is the relation
{(p.av.....an_1):plF“Ak=¢(ap.....an_1)"}.

Let C C A be a club such that whenever 7 is a term of B and «y....,a, are
increasing from C, then t(ap....,0n—1) < o, (provided t(ay....,,_1) is an
ordinal). Welet T’ C C be a set of remarkable indiscernibles for B of order type w;,
with min(7’) > k™. By standard arguments, we can assume each indiscernible is
Mahlo. Enumerate 77 as (1, : @« < w1) and let T = {1, : @ < w; and « is a limit
ordinal}. Put a tree ordering <7 on T so that (7, <7) is isomorphic to 2<*! and
a<r f—a< pforalla, f € T. Unless otherwise specified, by a branch of T, we
mean an ;-branch through 7.

Fix a branch by C 7. Using Baumgartner’s Lemmas 5.4 — 5.6 of [1], there is
a G(by) € H™®(by) which is Q-generic over H® (by): meaning, for each maximal
incompatible D C Q such that D € H®(by). D N G(by) # 0.

Now, for any branch ¢ C T, let n. : bp — ¢ be an order-preserving bijection.
Note thatif 7(ap, ..., a,_1) € G(bp). then H®(¢) |= t(n.(ap). .. .. n(on—1)) € Q.
Let G(c) = {z(n (ap,..., o,_1)) : T is a term, og,....o0,—1 € by, and
t(ap,....an_1) € G(bp)}. Then G(c) is Q-generic over H®(c), by indiscerni-
bility. Let G(T') denote (J{G(c) : ¢ is a branch through T'}.

Claim 1. Any two elements in G(T) are compatible.

Let p.g € G(T). Let b, c be branches of T such that p € G(b) andgq € G(c). We
will show that p||q. Let o,  be terms such that p = o (7, (). . ... 75 (x_1)), where
ap,...,0r_1 € bg; and q = ‘c(n(,(ﬁo), e, n(,(ﬂm,l)), where ﬁo, . ,ﬁmfl € by.
Let pyp, = o(a.....ar_1) and g5, = ©(Bo.....Bm—1). Then py,|qs,. since they
are both in G(bg). Let r = w(yo,....7n—1) € G(bo) such that r < pp,.qp,. Let
rp = w(my(po)..... 1y (yu—1)) and re = w(z.(yo).....7(yu—1)). Then r, < p and
r. < ¢, by indiscernibility.

We will show that rp||r.. [dom(r)| < &, so every a € dom(r,) is definable in B
from parameters in x and {r,(yo).....7s(y4—_1)}. Say

a=¢(.....&1.m(po). . tp(Pa1)).
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where &.....¢ -1 € k. Let i be such that Vj < i, 7.(y;) = m(y;). and
Vj > i, mn(p;) # m(y;). Suppose that also & € dom(r.). It can be shown
using indiscernibility and remarkability that o < 7,(y;) and o < 7.(y;). Hence,
a=¢(C.....& 1.1 (). ... .m(ya_1)). by remarkability. Again by remarkabil-
ity, 7.(a) = r, (). Thus, Claim 1 holds.

Since |G(T)| < |2°| < K, we have that p = A G(T) € Q. Let G be Q-generic
with p € G. Let W = V[G] and work in .

Claim 2. 1If ¢ is any branch in T and % € [¢]<“. then g(X) € H®(c).

We will show that there is a ¢ € HZ(c¢) N G(c) which decides ¢(X). If we can
find such a ¢, then W = “f € g(%)”iff ¢ IF “A = R,(B. %) iff (¢, B.%) € IFy.
where ¢(f, %) = R, (. X). Then B = IzVB(B € z « (¢, f. %) € IF4). Hence, by
a Skolem function, such a z is in H®(c).

Define ¢ € D iff B = 3z((¢.z. %) € IF,), where w is VB(R,(B. %) < B € z).
D is dense since Q is x-closed. Each maximal incompatible subset of D is in B,
since Q is A-c.c. By elementarity, there is a maximal incompatible M C D such that
M € H®(c). Thus, M N G(c) # 0. which proves Claim 2.

Claim 3. For all branchesb # cof T.bN{Jg"[c]*® CbhNe.

Let x € [¢]<®. All elements of T are above ", and we can use parameters in x*
and still enjoy remarkability and indiscernibility. Let t be a term and yy, ..., Yk €EC
such that g(X¥) = t(30.....7). B E “There is an ordinal # and a bijection
f :n — g(%)”. By elementarity, this is true for H®(c), since g(X) € H®(c). Take
such . f in H®(c). Suppose: € b N g(x). Theny < x and 1 = f(a) for some
a < 7. But then 1 is definable from « and parameters in ¢; hence, 1 € ¢. Thus, we
have proved Claim 3, and (1) of the Lemma follows.

The proof of (2) is analogous, giving the set of indiscernibles of size v an ap-
propriate tree ordering isomorphic to v<®' and making the necessary changes in
cardinals. -

The next theorem will be used to obtain an equiconsistency for Quest(X;, N3)
(Corollary 3.6) and to obtain a result akin to Gitik’s when a new subset of XN; is
added (Theorem 3.8).

THEOREM 3.5. Suppose V |= “|2”| < k < A, k is regular, and 1 is w\-Erdds”.
Let Q = Col(k, < A), G be Q-generic over V., and W = V[G]. In W, let P be
N-Cohen forcing (or any partial ordering which adds a new subset of N and satisfies
the (kT k™, < k)-d.L if k is a successor cardinal, or the k-c.c. if k is inaccessible).
Then (2, (u))" is co-stationary in WF forall u > k*.

Proor. We assume PP is x-c.c., noting that if s is a successor cardinal, then we
can weaken this assumption to the (k. k*, < k)-d.l. Assume PP adds no new reals
(since otherwise Theorem 1.2 of Gitik suffices). In ¥, let C be a P-name for a club
subset of 2, (k"). There is a function f : [kT]<® — [k']<* such that C; C C.
where C; = {x € Z(x") : Vy € [x]*” f(y) € x}. Since P is k-c.c.. there
is a function A : [kT]<? — [kT]<F in W such that Vx € [1]<?, f(x) € h(x).
Let )V = {x € (Zu(x")" : Vy € [x]7*. h(y) C x}. Then C)” is club in
(Z.(k%))" . and C)V C C;.
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From % we define a useful function g : [x1]<® — [sxT]<F in W by induction
on |x|. Let g({a}) € C)” such that g({a}) 2 h({a}) U{a}. If |x| = n + 1, let
g(x) € Cf suchthatg(x) D U{g(y) : y € [x]"}UA(x). In W .let T C k" beatree
isomorphic to 2<®! satisfying Lemma 3.4 for g. Note: for any branch » through T
in WF, g"[p]< is a directed subset (in WT) of C)¥', hence | Jg"[b]< € C.

Let r : w; — 2 be a function in WF \ W. We use r to define a new branch
through 7 as follows: Let 7 : 2<“* — T be a tree isomorphism. Let 5 | 0 = ().
bl a=n(|a)fora< w. Note that for limit ordinals @ < w,. b | a € W,
since P adds no new reals. Let b = U bla Letz= Ug”[E]“”. Then Z € C.
We will show that Z & W

a<m)

Claim. Suppose o = f#+1 < w;. There is a unique a-length branch ¢ in 7" such
that Z N ¢ = ¢. Moreover, b | a = C.

Leté=bhla ¢CH{g{¢}):Cec) Cg'e]® Czis0éNZ =¢ Now
let ¢ be a branch of length « such that ¢ # b | a. Let y < « be least such that

cy) # E(y) ThenéN (b | @) =¢ | y. Foralla <J < w, for any branch b in W
extending b [ J, for any branch ¢ in W extending ¢,

cnlJg"b 115 CenlJg" b Cenb=¢ 1y
Therefore, ¢ N 2 = s, (€N Ug"[b 1 6]<?) Cé |y C & Hence, ¢NZ = ¢ iff
¢ = b | a. Hence, with Z as an oracle we can decode r in W. -

Theorem 3.5 together with Theorem 1.6 of Magidor yield the following equicon-
sistency.

THEOREM 3.6. The following are equiconsistent:

1. There is an w1-Erdds cardinal.

2. If P is ¥y-Cohen forcing, then (P, (L))" is co-stationary in V¥ for all . > ;.

3. If P adds a new subset of Ny and is (N3, N3, Ny )-distributive, then (Px,(A))" is

co-stationary in V¥ for all 1 > ;.

Next we tackle Question 1.4. In preparation, we prove Lemma 3.7.

LEMMA 3.7. Suppose |2°] < X, < & and k is w1-Erdds. Let Q = Col(R,, < k)
and G be Q-generic. Let R be a Q-name for an R i-closed partial ordering in
V[G]. Let H be R-generic over V[G]. Then for each g : [Ras1]<? — [Rapi]<Ne
in VIGI[H], thereis atree T € V such that T = 2<“' and for all branches b,c in T,
bNUg"[c]=” C bNec;thatis. T satisfies Lemma 3.4 (1) for g.

PrOOF. Let G be Q-generic over V. k becomes N, in V[G]. In V[G], suppose
pIF (g Rar1]<” — [Nas1]<¥). where p € R and ¢ is an R-name over V[G].
Fix an enumeration (x; : { < ) of [k]<®? in V" such that for each cardinal p < &
in V., (x; : { < p) enumerates [p]<“. In V[G]., form a decreasing sequence
(pr 1 ¢ < Ngy1) of elements of R with py < p such that for each { < R,.1,
pe decides g(x¢). (pr 1 { < Nqy1) isin V[G], so it evaluates ¢ to be some function
in V[G]. call it ~. By Lemma 3.4, there is a tree T C N,y with T = 2<®! such
that for all branches b, ¢ in T, b N |Jh"[c]° C bNec. (T € V and has the same
branches in V', V[G]. and V[G][H] since Q and R are N,-closed.)

Let f = sup(7T). Then f < xin V. Let p = (|f|*)”. Then p < R, in
V[G), and p, IF (¢ | [p]%® = h | [p]=?). Hence, given branches b.c¢ in T,
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bNUh'[e]™ C bnein V[G], and p, IF (b NUA"[c]=* = bNUE"[c]™).
since ¢ C p. Thus. for each p € R there exist a ¢ < p and a tree T such that
g I (T satisfies Lemma 3.4 (1) for g). =

We are now ready to prove an analog of Gitik’s Theorem 1.2 for partial orderings
which add a new subset of N;.

THeEOREM 3.8 (Consistency of Global Gitik). The following are equiconsistent:

1. There is a proper class of w,-Erdds cardinals.

2. If P is Ny-Cohen forcing. then (2, (4))" is co-stationary in V'* for all regular
k>Noandall L > k.

3. If P adds a new subset of N and is Ry-c.c. (or just satisfies the (kT, kT, < K)-
distributive law for all successor cardinals k > RN, and is k-c.c. for the least
strongly inaccessible k). then (2,(1))" is co-stationary in V¥ for all regular
k> Noandall 2 > k.

ProOF. Con(3) = Con(2): Trivial.

Con(1) == Con(3): Suppose there is a proper class of w;-Erdds cardinals and
[22| < W,. We construct an iterated forcing as follows. For indexing reasons,
we let Qp. Q, and Q; be the trivial partial ordering. Let x3 be w;-Erdos and
Q3 = Col(Xy, < k3). k3 becomes N3 in V&, In V', let k4 > N3 be w;-Erdos.
Let 4 be a Q3-name for Col(R3, < k4) and Q4 = Q3 = P4. In general, in V@,
let ko1 > R, be wi-Erdds. Let Py, be a Qq-name for Col(Ry. < kqy1) in V@
and Qu41 = Qu * Py 1. We use reverse Easton support. Let Q denote the iterated
forcing. For each successor ordinal & > 2, k, becomes X,, in the extension.

Ifin 9 R, is regular, then Qg | took care of Py (R, 1): thatis, Lemma 3.4 (1)
holds for Py, (R,y1) in @+ Continuing the iteration still preserves this:
the remainder forcing is R, i-closed in V@1, so Lemma 3.7 guarantees that
Lemma 3.4 (1) still holds for P, (R,41) in VQ. Let W = V@ The remain-
der of this direction of the proof follows as that of Theorem 3.5.

Con(2) = Con(1): The necessity of a proper class of w;-Erdds cardinals follows
from a natural generalization of Magidor’s Theorem 1.6: Let « be an ordinal, and
assume there is no w;-Erdos cardinal greater than « in Kp;. Then for every ordinal
B > a one can define in Kp; a countable collection of functions 4" on f such that
every subset of f containing « as a subset which is closed under ¢ is a countable
union of setsin Kp;. -

§4. Equiconsistency for 2,.+(X,). In the previous section we showed that the
existence of an w;-Erdds cardinal is equiconsistent with IP forcing (%, (1)) to be
co-stationary in V¥ for all (or any) A > N3, where IP is X;-Cohen forcing. However,
the analog of this does not hold when x > N;. The next theorem implies that when
k > N, k measurable cardinals are necessary in order to even have a chance at
a positive answer to Quest(x, A) when A < X,.. This theorem is a strengthening and
generalization of Theorem 1.8 of Magidor.

THEOREM 4.1. Assume that there is no inner model with N, measurable cardinals.
Then there is a countable collection € of functions on R, such that every subset of
R, closed under & is the union of W, sets in Ky, Mitchell’s core model for sequences
of measures.
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ProOOF. We use ideas from [7] together with the modern approach to covering
(see [9]). Let k denote X, and suppose that X is the intersection of H (k)% with
an elementary submodel of H (k*). We argue that X is the union of N; setsin K.
As in the proof of the Covering Lemma for K. let K denote the transitive collapse
of X and z the isomorphism of K onto X.

Asin [9]. K does not move in the comparison of K, with K. Let N be the result
of this comparison on the K-side. Then N end-extends K. As in [7], let M be
the least initial segment of N where o decomposes (i.e., for some 7, o is included
in the n-hull in N of some ordinal less than o together with some countable set
of parameters). Then 7 lifts to an (appropriately elementarity) embedding of M
into M, an element of K.

We show by induction on o < Ord(K) that n[a] is the union of X, sets
in Kj;. If a has cofinality less than w, then the result is immediate by induction.
If o = wy = n(w,) then as w» is not a Jonsson cardinal, 7 is the identity on w,
so the result is trivial. So we may assume that n(«) is greater than w, and o has
cofinality greater than w;.

It will suffice to show that the part of the iteration of K s to N below « is bounded
in . For then, as in [7], z[«] is an initial segment of a hull in M of z[f] for some
f < a together with countably-many parameters, and therefore by induction is the
union of w; sets in K.

Suppose that the iteration of K, below « is unbounded in . Then some measure
is used at least e, times below a. generating a closed set C of critical points ;.
i < w; less than a.

First note that all sufficiently large 7(x;) have the same cardinality. Otherwise
choose i < w; of cofinality ; such that the cardinality of n(x;) for j < i has no
maximum. Then 7(k;) must be a cardinal of cofinality ;. as it is the least element
of X greater than the z(x;). j < i. But z(k;) is regular in K. and by [9] this yields
an inner model with a measurable cardinal of order w1, contrary to our hypothesis
that no inner model has w, measurables.

Let y be the cardinality of n(k;) for sufficiently large i < w,. We may assume
that y is at least w», as otherwise 7 is the identity on w; and o = 7(a) = w,. Now
apply the following Lemma.

LemMA 4.2. Suppose that f is greater than w,, is not a cardinal, is regular but not
measurable in Ky, and is not the limit of cardinals which are measurable in K y;. Then
the cofinality of f equals the cardinality of .

PrOOF. We have assumed that there is no inner model with w, measurables and
therefore the Covering Lemma (see [9]) holds relative to K,;. Suppose that 8 has
cofinality less than its cardinality. The proof of the Covering Lemma shows that
f is included in the hull inside an initial segment of K, of some ordinal less than
its cardinality together with a set of indiscernibles associated to measurable cardi-
nals < f. By hypothesis this set of indiscernibles is bounded in £, and therefore
is singular in K, contradiction. This proves the Lemma. =

It follows from Lemma 4.2 that all sufficiently large n(x;), i < w,. have the
same cofinality, and therefore by choice of X, all sufficiently large x; have the same
cofinality. But this is absurd, as for limit i, the cofinality of «; is that of i. This
proves the Theorem. -



1040 NATASHA DOBRINEN AND SY-DAVID FRIEDMAN

The previous argument generalizes to show the following.

THEOREM 4.3. Let k > X, be regular and assume that there is no inner model with
K measurable cardinals. Then there is a countable collection € of functions on X, such
that every subset of R closed under € is the union of < k sets in K.

It follows that if there is no inner model with k measurables, then in V', any P
which is (p, (X, )*)-distributive for all p < & (e.g., adds no new sequences of length
less than &) forces that (. (R,))" is not co-stationary in V'F; hence the answer
to Quest(x, R,) is negative in a strong sense. Moreover, if P adds no new < k-
sequences, then for all 4 > u > k" with u regular in V¥ and 2 > R, (2,(4))" is
not co-stationary in V'F.

On the other hand, it turns out that free subsets for structures with x many
functions solve Quest(x, 1) for (4,4, x)-distributive partial orderings. We now
review free sets and the equiconsistency results for when they exist.

DEFINITION 4.4. [11] Let 2( be a structure. For any set X' C ||, let A[X] denote
the substructure generated by X in 2. We say that X is free in 2 iff forany y € X,
v €AX \ {y}]. Let & A & be cardinals. Fr:(4, k) holds iff for any structure 2 for
a language of size < ¢ with || > 4, there is a free subset S C || with |S| > &.

PROPOSITION 4.5. Suppose in V that & > k and Fr.(1, k) holds. Suppose P adds
a new subset of k and is (1. 1. k)-distributive. Then (P,+(1))" is co-stationary.

Proor. Recall that the (4. 4, k)-d.1. implies preservation of all cardinals k+ <
0 < /. Let G be P-generic, r a new subset of k, and C C £, (1) be club in V[G].
Let f : k x [A]*” — A be such that C; C C, where

Cr={xe€ Pu(1):V(y) € k x[x]"”, fla.y) € x}.

By the (4, 4, k)-distributivity, there is a function g’ : & x [A]<®” — [A]=* in V such
that V(a, x) € &k x [A]=F¢, f(a.x) € g’(a. x). Hence, in V there is a sequence of
functions g, : [A]%® — A (@ < &) closed under composition such that Cy C C,
where
Cy ={x € P:(A) :Va<k,Vy € [x]*, ga(y) € x}.

Let A = (4, ga)a<s andlet I C Abe free for A of size k. Enumerate I = (1, : @ < k).
Then we can code r into a subset z of [ as follows: Put, € ziffa € r. Let Z = =],
which is exactly z U {ga(x) : @ < k. x € [z]?}. Then Z € Cg, but from Z we can
decode r, since [ is free for 2. .

Shelah showed that starting with xk-many measurable cardinals, one can obtain
a model of ZFC in which Fr,(X,. x) holds.

THEOREM 4.6 (Shelah [11]). If Con(ZFC + there are k-many measurable cardinals
and X, > k), then Con(ZFC + Fr.(R,. ) holds).

However, Shelah also showed in ZFC that X, is the least possible 4 such that
Fr. (4, k) can hold [11]. Hence, the free subset property cannot help us in the quest
for a model in which Quest(X3, X4) has a positive answer. In the other direction of
the equiconsistency of Fr, (4, k). Koepke showed that if & is a cardinal satisfying
w) < k < R, and if also Fr,, (X,. k) holds, then there is an inner model in which the
set of measurable cardinals below X, has order type > & [5].

Theorem 4.1, Proposition 4.5, and Theorem 4.6 yield the following equiconsis-
tency.
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THEOREM 4.7. The following are equiconsistent.

1. k is regular, Xx > k and there are k measurable cardinals.

2. k is regular, X, > k., and if P is the k-Cohen forcing, then (P (1))V is
co-stationary in V' for all ). > R,.

3. K is regular, N, > Kk, and if P adds a new subset of k and is (N, R, k)-
distributive, then (2,+(1))" is co-stationary in V¥ for all 1. > X,.

85. Open problems. We conclude this paper with a list of open problems.

In Theorem 3.8, we obtained the equiconsistency of a generalization of Gitik’s
Theorem 1.2 for X;-Cohen forcing in particular, and, in general, for all partial
orderings which add a new subset of N; and have certain distributivity properties,
e.g., Np-c.c. Was the distributivity necessary?

OPEN PrOBLEM 5.1. Find the equiconsistency of the following statement: Every
partial ordering P which adds a new subset of Y; but no new w-sequences forces
(2,.(1))" to be co-stationary for all regular k > Ny and all 2 > k¥ in V'F,

More generally, we would like to know the equiconsistency of Global Gitik for
partial orderings which add a new subset of some cardinal u.

OPEN PrOBLEM 5.2. Find the equiconsistency of the following statement: Every
partial ordering [P which adds a new subset of u but no new < pu-sequences forces
(2,.(1))" to be co-stationary for all regular £ > u* and all 1 > x* in V'F.

A variant of Open Problem 5.2 would be to find the equiconsistency for all partial
orderings which are (x*, kT, < k)-distributive for all successor cardinals k > u™,
and k-c.c. for the least strongly inaccessible x > u™. These conditions would imply
that P preserves all cardinals > k.

In Theorems 3.3, 3.6 and 4.7, we found the equiconsistency of forcing the ground
model to be co-stationary for partial orderings with a certain amount of distribu-
tivity.

OPEN PrOBLEM 5.3. Are the distributivity properties of P used in Theorems 3.3,
3.6 and 4.7 necessary?

The following are still open for k-Cohen forcing, or more generally, any forcing
which adds a new subset of k. Theorem 4.3 gives a lower bound of x measurable
cardinals, when P adds no new < k-sequences.

OPEN ProBLEM 5.4. Find the equiconsistency of Quest(x,4) for all k.1 with
N, < k* < 4 < N,. Of particular interest is when 1 = x**, especially Quest(R;, Xy4).

A related problem which we have briefly touched on, is when P does not add a new
real but does add a new w-sequence. Having not solved Question 1.3, nevertheless,
we dare to pose an even more general problem.

OPEN PROBLEM 5.5. Suppose u is a cardinal and v > 2 is least such that P adds
a new function r : 4 — v. (So P adds no new subsets of u; hence, v > 24.)
Is (#,(A))" necessarily co-stationary in V'F for all cardinals x < A in VF with &
regular, u* < k.and 2 > vin VF?
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The following is some progress toward an answer to Open Problem 5.5. The
proof of Theorem 5.6 is analogous to that of Theorem 3.5, using Lemma 3.4 (2)
in place of Lemma 3.4 (1). We do not know if the assumption of large cardinals
is necessary if a new w-sequence is added, as in that case, Magidor’s Theorem 1.6
does not apply.

THEOREM 5.6. Assume that in V, Xy < v, v?| < & < A, k is regular, and 1 is
v-Erdés. Let Q = Col(k,< 1), and let G be Q-generic over V and W = V|[G].
In W, let P be a partial ordering which adds a new function r : w| — v and satisfies
the (k*, k", < K)-distributive law if K is a successor cardinal, or the k-c.c. otherwise.
Then for all u > k*, (2. (u))" is co-stationary in WF.

Using the appropriate analog of Theorem 3.7 for Lemma 3.4 (2), and the proof
of Theorem 5.6, one can use reverse Easton iteration on Levy collapses to obtain
the following global result.

THEOREM 5.7. Suppose Xy < v and there is a proper class of v-Erdés cardinals
in V. Then there is a class generic extension W of V' in which the following holds:
Suppose &' > v is regular, and P adds a new functionr : w; — v and is k'-c.c. (or just
satisfies the (k™. k*, < k)-d.l. for all successor cardinals k > k', and is k-c.c. for the
least strongly inaccessible k > k'). Then (2.(A))V is co-stationary in WF for each
regular k > ' and all A > k™ in WF.

ExaMPLE 5.8 (Namba forcing). Suppose there is a class of w,-Erdds cardinals.
Let W be a model satisfying CH, |2¥| = X3, and Theorem 5.7 for v = X,. In W,
let N denote Namba forcing. Namba proved that, under CH, N adds no new subsets
of Wy and that X, is collapsed to X; [10]. By results of Bukovsky and Coplakova [3],
N collapses N3 to ;. [2%2| = N3 implies N is R4-c.c. Let H be N-generic over W.
Then R}/ = R and RV — RI7

Py, (4) \ W contains a cone for each cardinal 2 > Ny in W[H], by Fact 2.3. For
each regular k > NZW[H] in W[H], for each cardinal 2 > x in W[H]. (2.,(A)" is
co-stationary in W[H], by Theorem 5.7.

Remark. Similar results hold for Prikry forcing in a model obtained by collapsing
class many k-Erd0ds cardinals, where & is measurable.

REFERENCES

[1] JaMES E. BAUMGARTNER, On the size of closed unbounded sets, Annals of Pure and Applied Logic,
vol. 54 (1991), pp. 195-227.

[2] A. BELLER, R. JENSEN, and P. WELCH, Coding the universe, Cambridge University Press, 1982.

[3] Lev Bukovsky and Eva CoPLAKOVA, Minimal collapsing extensions of models of ZFC, Annals of
Pure and Applied Logic, vol. 46 (1990), pp. 265-298.

[4] MoT1 GITIK. Nonsplitting subsets of Py (k"). this JOURNAL, vol. 50 (1985). no. 4, pp. 881-894.

[5] PETER KOEPKE, Some applications of short cone models, Annals of Pure and Applied Logic, vol. 37
(1988), pp. 179-204.

[6] SABINE KOPPELBERG, Hanbook of Boolean algebra, vol. 1, North-Holland, 1989.

[7] MENACHEM MAGIDOR, Representing sets of ordinals as countable unions of sets in the core model.
Transactions of American Mathematical Society. vol. 317 (1990), no. 1, pp. 91-126.

[8] TeLis K. MENAS, On strong compactness and supercompactness, Annals of Mathematical Logic.
vol. 7 (1974/75), pp. 387-359.



CO-STATIONARITY OF THE GROUND MODEL 1043

[9] WiLLIAM MITCHELL, The covering lemma. Handbook of set theory (M. Foreman, A. Kanamori,
and M. Magidor, editors), Kluwer Academic Publishers, Dordrecht, to appear.

[10] KaNgT NAMBA, Independence proof of (w1, we)-distributive law in complete Boolean algebras.
C tarii Math tici Universitatis Sancti Pauli, vol. 19 (1971), pp. 1-12.

[11] SAHARON SHELAH, Independence of strong partition relation for small cardinals, and the free-subset
problem, this JOURNAL, vol. 45 (1980). no. 3. pp. 505-509.

[12] , Proper and improper forcing, second ed., Springer-Verlag, 1998.

KURT GODEL RESEARCH CENTER FOR MATHEMATICAL LOGIC
UNIVERSITAT WIEN

WAHRINGERSTRASSE 25
1090 WIEN, AUSTRIA
E-mail: dobrinen@logic.univie.ac.at
URL: http://www.logic.univie.ac.at/~dobrinen/
E-mail: sdf@logic.univie.ac.at
URL: http://www.logic.univie.ac.at/~sdf/



