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Abstract

We discuss the relationship between various weak distributive laws and games in Boolean algebras. In the first part we give
some game characterizations for certain forms of Prikry’s “hyper-weak distributive laws”, and in the second part we construct Suslin
algebras in which neither player wins a certain hyper-weak distributivity game. We conclude that in the constructible universe L,
all the distributivity games considered in this paper may be undetermined.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

We recall that if B is a Boolean algebra then it satisfies the weak (k, A)-distributive law if for each family
(bapla<e,p<i such that N\, \/g_; bop exists, and A\, V ge p(o) bap exists forall f : x — [A]=, then

VAV bu
fre— 130 a<i pe f (@)

also exists and

AVbaw= \ N\ V b

a<k B<h [ik—[A]=@ a<k Be f(a)
Notice that

(1) We are not insisting that B be complete.
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(2) In general this law can hold in a Boolean algebra without holding in its completion.

(3) When B is complete this distributive law has a natural statement in terms of forcing. Namely it asserts that for every
B-name ¢ for a function from « to A, I “there is a function f € V from « to [A]=® such that Vo g(«) € f ().

(4) We are following the conventions of Koppelberg’s handbook [1]. Other definitions of the term “weak (x, A)-
distributive law” appear in the literature, for example Namba [2] uses this term for a version where A appears in
place of w.

The hyper-weak (w, w)-distributive law (defined in the next section) was formulated by Prikry as a generalization
of the weak (w, w)-distributive law. His motivation was a problem of von Neumann, whether it is consistent with ZFC
that the countable chain condition and the weak (w, w)-distributive law completely characterize measurable Boolean
algebras among Boolean o -algebras [3]. Consistent counter-examples to von Neumann’s proposed characterization of
measurable algebras were obtained by Maharam [4], Jensen [5], Gléwczynski [6], and Velickovié [7]. For example a
Suslin algebra is c.c.c. and (w, 0o)-distributive, whereas a measurable algebra adds new reals.

Maharam [4] identified a class of Boolean algebras (the Maharam algebras) such that every measurable algebra is
a Maharam algebra and every Maharam algebra is c.c.c. and weakly (w, w)-distributive. The notable Control Measure
Problem asked whether every Maharam algebra is measurable; Talagrand [8] recently showed that this is false in ZFC.
It is also known that consistently every c.c.c. and weakly (w, w)-distributive algebra is Maharam [9,10].

Prikry’s idea was to try to find in ZFC a complete, non-measurable Boolean algebra satisfying the countable chain
condition (c.c.c.) in which some weaker form of the weak (w, w)-distributive law holds. This would give a type of
lower bound on von Neumann’s problem within ZFC. Specifically, Prikry asked the following question.

Open Problem 1 (Prikry). Can one find in ZFC a complete c.c.c. Boolean algebra in which the hyper-weak (@, w)-
distributive law holds, but the weak (w, w)-distributive law fails everywhere?

We shall call such a Boolean algebra a P-algebra. Finding a P-algebra in ZFC turns out to be harder than it might
seem at first glance. A forcing poset P whose conditions can be coded as reals is said to be Suslin if P and the ordering
and incompatibility relations on P are all 21] (in the codes); most of the well known forcing posets for adding new
reals are of this type. No Boolean algebra in which a c.c.c. Suslin forcing embeds as a dense subset can be a P-algebra,
for Shelah has shown that for each c.c.c. Suslin forcing P, the weak (w, w)-distributive law holds in r.o.(IP) iff IP does
not add a Cohen real [11].

Since the hyper-weak (w, w)-distributive law is weaker than the weak (w, w)-distributive law and implies that no
Cohen reals are added, Shelah’s result implies every c.c.c. Suslin forcing which is hyper-weakly (w, w)-distributive
is also weakly (w, w)-distributive. In [12], Dobrinen investigated two families of Suslin c.c.c. and one family of non-
Suslin c.c.c. forcings which give rise to non-measurable Boolean algebras, and found that each of these algebras
adds a Cohen real. Further, Btaszczyk and Shelah have shown that the Cohen algebra embeds into each o-centered
complete Boolean algebra if and only if there are no nowhere dense ultrafilters over w [13]. Since Shelah has shown
that the existence of nowhere dense ultrafilters is independent of ZFC [14], such Boolean algebras cannot be shown
to be P-algebras in ZFC. At least the existence of a P-algebra is consistent with ZFC. Recall the version of Mathias
forcing where the conditions are pairs (s, A) with s € [w]=” and A € U for a fixed Ramsey ultrafilter U. Simpson
[15] pointed out that the regular open algebra of this forcing poset is a c.c.c., hyper-weakly (w, w)-distributive algebra
in which the weak (w, w)-distributive law fails everywhere.

Although the problem of finding a P-algebra in ZFC remains open, the hyper-weak (w, w)-distributive law and its
generalizations for larger cardinals have proved useful in the realm of games. Let us give a bit of background into the
connections between distributive laws and games in Boolean algebras.

Jech investigated various distributive laws and related games [16]. Among other things, he gave a game-theoretic
characterization of the (w, A)-distributive law. Dobrinen extended this to more general distributive laws in [17].
Kamburelis solved an open problem from [16] giving a best possible result connecting the weak (w, A)-distributive
law and its related game [18]. This was more recently generalized by Dobrinen in [19]. In Section 3 of this paper,
we give connections between the hyper-weak («, A)-distributive law and a related game, obtaining a game-theoretic
characterization of the hyper-weak (k, A)-distributive law for many pairs of cardinals «, A, under GCH.

When we associate games with distributive laws, the property “II has a winning strategy” implies that the related
distributive law holds. In [16], Jech used ¢ to construct a Suslin algebra in which the game related to the (w, 2)-
distributive law is undetermined. Dobrinen generalized that result to «*-Suslin algebras for « regular uncountable
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[17,20]. In Section 4, we improve on this result in several ways. For every infinite cardinal « and each infinite regular
cardinal v < cf(x), we use (., O+ (S) for all stationary subsets S C cof(v), and k<" =  to construct a ¥ "-Suslin
algebra which contains a < v-closed dense subset and in which II does not have a winning strategy for the game related
to the hyper-weak (v, «)-distributive law. As we shall show, it follows that in L, for any distributive law mentioned in
this paper, there is a cardinal « and a ¥ "-Suslin algebra on which the related game is undetermined.

Notation 1. We use the following notation from [1]: Given cardinals «, A, i, Fn(k, A, ) denotes the set of partial
functions from k to A of cardinality < u. Given a separative partial ordering P, let r.0.(P) denote the Boolean
completion of P; that is, the complete Boolean algebra containing P as a dense subset. e : P — 1.0.(P) denotes the
canonical embedding of P into r.0.(P), the “regular open algebra” on IP.

2. Generalized distributive laws: Definitions and basic facts

We start by reviewing the three-parameter distributive law, which subsumes all the conventional generalized
distributive laws. Throughout this paper, we let B denote a Boolean algebra and BT denote B \ {0}. The following is
a generalization of the standard definition of the (k, 1)-distributive law in [1] to three parameters.

Definition 2. If «, A, u are cardinals with 2 < u < A, a Boolean algebra B satisfies the («, A, < w)-distributive law if
for each family (byg)a <k, p<2 such that A, _,. \/ﬂ<k bap exists, and A\, _, \/ﬂef(a) bap exists for all f @k — [A]<H,

then \/ r 5y<r Aa<ic Ve f(a) bap exists and

AVes= N NV ba (1

a<K B<i fie—>[A]<H a<k Bef(a)

B satisfies the («, 0o, < w)-distributive law if the («x, A, < p)-distributive law holds in B for all . We say
that the («, A, < w)-distributive law fails everywhere in B if there exists a family (bgg)a<c,p<x S B such that

/\0(<K \/}3<)L b()[ﬂ =1and /\Ol<l( vﬁGf(Ol) ba’fj = 0 for all f LK — [)\.]<M.

Remark 3. The («, A, < 2)-distributive law is the familiar («, A)-distributive law, and the (x, A, < w)-distributive
law is the weak (k, A)-distributive law discussed in Section 1. Saying that “the (k, A, < w)-distributive law fails
everywhere in B” is equivalent to saying that “B is («, A, < w)-nowhere distributive” in Koppelberg’s terminology [1].

Prikry formulated the following weakening of the («k, A, < p)-distributive law.

Definition 4 (Prikry [21]). For «, A cardinals with A > w, a Boolean algebra B satisfies the hyper-weak («, X)-
distributive law if for each family (bag)a<«,p<i of elements of B, if A, _, \//3<A bag existsand A, _, \/ﬁek\{f(a)} bag
exists forall f:x — A, then \/ 5 Ayov Vper\(r(a)) bap exists and

AVeas= N NV ba 2

a<k f<i fic—na<k Ber\(f (@)

B satisfies the hyper-weak (k, 00)-distributive law if the hyper-weak («, A)-distributive law holds in B for all A > w.
We say that the hyper-weak («, A)-distributive law fails everywhere in B if there exists (byg)a<c,s<1. S B such that

JAVED \/ﬂ<A bep =1and A\, _, \/ﬂe/\\{f(a)} beg =0forall f:k — A.

The next fact follows naturally from the definitions.

Fact 5. For each Boolean algebra B, the following hold.

(1) For all cardinals kg < k1, 2 < o < u1, and Ay < Ay, if B satisfies the (k1, A, < wo)-distributive law, then B
satisfies the (ko, Lo, < (1)-distributive law.

(2) For all cardinals ko < k1 and w < Ay < A1, if B satisfies the hyper-weak (x1, Lo)-distributive law, then B
satisfies the hyper-weak (ko, A1)-distributive law. Hence, the hyper-weak («, 00)-distributive law is equivalent to
the hyper-weak (k, w)-distributive law.

(3) For all cardinals «, A, ), v with2 < u < A and v > max(w, i), if B satisfies the (k, ., < )-distributive law,
then B satisfies the hyper-weak (k, v)-distributive law.
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Examples 6. (1) If «, A are cardinals with A > o, the hyper-weak (x, A)-distributive law holds in each Boolean
algebra satisfying the A-chain condition.

(2) Let «, A, i be cardinals with «, u regular and w < p < k, and let v = max(A, u). R.o.(Fn(«, A, n)) satisfies the
(p, oo)-distributive law for each p < w, but the hyper-weak (i, v)-distributive law fails everywhere. In particular,
when u = k, for each p < «k, the (p, co)-distributive law holds in r.0.(Fn(«, A, x)), but the hyper-weak (x, v)-
distributive law fails everywhere in r.0.(Fn(x, A, k)).

(3) In each free Boolean algebra on infinitely many generators, for each cardinal k > w, the hyper-weak (x, w)-
distributive law fails everywhere, but the hyper-weak (k, w1)-distributive law holds.

(4) In Laver, Mathias, and Miller forcings, the hyper-weak (w, w)-distributive law holds, but the weak (w, w)-
distributive law fails everywhere.

Definition 7 (/1]). For any cardinal ¥ and b € B¥, a collection {b, : @ < «} C B is a quasi-partition of b if each
by < b, {by : @ < k} is pairwise disjoint, and \/ by = b. {by : @ < k} C B is a partition of b if it is a
quasi-partition of » where each b, > 0.

a<K

In a A-complete Boolean algebra B, whether the hyper-weak («, A)-distributive law holds in B can be determined
by looking only at quasi-partitions or partitions of unity.

Fact 8. For all cardinals k, . with . > w, for each A-complete Boolean algebra B, the following are equivalent.

(1) The hyper-weak (x, A)-distributive law holds in B.
(2) Forall b € BT, Eq. (2) of Definition 4 holds for all families {bog : B < A}, a < k, of (quasi-)partitions of b in B.
(3) Eq. (2) of Definition 4 holds for all families {byg : B < A}, @ < &, of (quasi-)partitions of unity in B.

Remark 9. Tt is well known that if the hyper-weak («, A)-distributive law fails then there is b € B such that it fails
everywhere in B [ b.

To see this suppose that there is a family {byg : B < A}, @ < «, of quasi-partitions of unity for which the hyper-
weak («, A)-distributive law fails. Then there is a ¢ < 1 such that for each f : k — 4, ¢ = /\q« \/ﬁek\{f(a)} bap.
Leta = 1\ c and let ayg = a A bag. Then each {agg : B < A}, @ < «k, is a quasi-partition of a, and
V e Na<e Vgerif@)dep = 0. We can make these into partitions of a as follows: Given o < «, let
By = {8 < X : aa,g' > 0}. If |[By| < A, then {agg : B < A} does not contribute to the failure of the hyper-
weak(k, A)-distributive law. Let K = {a < « : |[By| = A}. Foreacha € K, {aqg : B € By} is a partition of a, and
V pik—i Naek Vpeni ) dep = 0-

The following is a characterization of the hyper-weak («, 1)-distributive law for a partial ordering (P, <) via its
Boolean completion r.o.(P). It holds whether or not IP is separative.

Fact 10. Given a partial ordering (P, <), the following are equivalent.

(1) The hyper-weak (x, A)-distributive law holds in r.o0.(P).
(2) f Wy ={Pyp : B < A}, a < k, is a family such that for each a < «k,
(@ B #B —> Poup N Pop =0,
(b) U/S<A Py is a maximal antichain in P,
then there exists a maximal antichain @ C IP such that Vg € O, Ya < k, 3B < A such thatVp € Pyg, p and q
are incompatible.

Remark 11. Prikry observed that taking suprema over all but one element of A on the right hand side of (2) in
Definition 4 of the hyper-weak (k, A)-distributive law is equivalent to taking suprema over subsets of A whose
complements have cardinality A; that is, replacing the right hand side of (2) with \/ S No<c V pe f(a) bap, Where
S={X CAr:x\X|=2x}. (See[22].)

Let B be complete. We let «, 8 denote ordinals in V and «, A denote cardinals in V. For x € V X denotes the
canonical B-name for x. We use X to denote general B-names. The following is an easy forcing equivalent of general
distributive laws.

Fact 12 (folklore). Let B be complete. The (k, &, < p)-distributive law holds in B iff for each B-name g for a function
fromk to A, |k “thereis f € V suchthat f : k — [A]“* andVa < k g(a) € f(a)”.
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In particular, a complete Boolean algebra B satisfies the («, A)-distributive law iff forcing with B adds no new
functions from « to A. The following is the analog for the hyper-weak («, A)-distributive law, and is proved in the
same way.

Fact 13. Let B be complete. The hyper-weak (k, A)-distributive law holds in B iff for each B-name g for a function
fromk to A, Ik “thereis f € V suchthat f : k — L and Vo <k g(a) # f(a)”.

3. A game related to the hyper-weak distributive law

We begin by reviewing the following game investigated in [17], which generalizes a game of Jech in [16]. This
game is related to the («x, A, < w)-distributive law. (See Theorem 16(1) below.)

Definition 14 (/17]). Given cardinals «, A, u with 2 < o < A, the game G% (1) is played between two players in a
max(x T, u)-complete Boolean algebra B as follows: At the beginning of the game, player I fixes some a € BT. For
o < K, the a-th round is played as follows: player I chooses a partition W,, of a such that |W,| < X; then player II
chooses some E, € [W,]<*. In this manner, the two players construct a sequence of length «

(a, Wo, Eg, Wi, Eq, ..., Wy, Eq,... 1 <k) 3)

called a play of the game. 1 wins the play (3) if

A VE =0 )

a<kK

and II wins otherwise.
g%, (%) is usually denoted as G (1). G% (00) is the game played just as G% (1), except now player I can choose
partitions of any size.

Remark 15. If B has a < v-closed dense subset, then for each p < v, player II has a winning strategy for g{’ (00);
moreover, II even has a winning strategy for the harder game G;Jr invented by Foreman (see [23]).

The following was proved by Dobrinen [17,20].

Theorem 16 (Dobrinen [17,20]). (1) For a max(x ™, u)-complete Boolean algebra B, the (i, A, < )-distributive
law fails in B = I has a winning strategy for G< () in B = the (A=")~%, A, < p)-distributive law fails in B.

(2) k<% = k and O+ (cof(k)) == there is a k ™-Suslin algebra which has a < «-closed dense subset and in which
neither player has a winning strategy for G () for all A, u with2 < p < min(4, «).

The following game corresponds in a natural way to the hyper-weak (k, A)-distributive law. (See Fact 18 and
Theorems 28 and 29 below.)

Definition 17 (Dobrinen—Prikry [22]). Given cardinals «, A with A > o, the game G}_, is played between two
players in a x*-complete Boolean algebra B as follows: At the beginning of the game, player I fixes some a € B*.
For o« < «k, the a-th round is played as follows: player I chooses a quasi-partition W, of a such that |W,| = A; then
player II chooses one b, € W, to “leave out” and “plays” \/(Wy \ {ba}), equivalently a \ by. In this manner, the two
players construct a sequence of length «

(a’WOsb()vW17b1’~-'7W0l9bOta"' :a<K> (5)
called a play of the game. 1 wins the play (5) if

N\ a\by =0, (6)

a<K

which happens if and only if \/,_, by = a, otherwise II wins. This game is named Gf_,, because II plays “all but
one” piece, or “A minus 1-many” pieces, from each quasi-partition.

Fact 18. For each max(k ™, L)-complete Boolean algebra B, if Il has a winning strategy for G_, inB, then B satisfies
the hyper-weak («, A)-distributive law.
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Remark 19. Note that in the game G} _,, player I is required to choose quasi-partitions of size exactly A. If not, then
I would always choose partitions of size w, since this maximizes I's chances of winning.

The following fact relates the various games.

Fact 20. Forall kg < k1,2 < o < 1 < o < A1 < Ay, and w < Ay, the following diagram shows the implications
for the existence of a winning strategy for the two players.

I
g</40 ()‘l) gk] 1 @)

i

g<p,1 (20) gkz 1

For example, gilﬂo (A1) LU g;}_l means that for each Boolean algebra B in which both games are defined, if 11

has a winning strategy for QQMO (A1) in B, then Il also has a winning strategy for g{;_l in B.

Examples 21. (1) For cardinals «, A with A > w, if B satisfies the A-chain condition, then IT wins gg_l in B.

(2) Let k, A, u be cardinals with «, p regular and w < u < k, and let v = max(A, u). Fn(k, A, n) is < u-closed;
so for every p < u, Il has a winning strategy for gf (00) in r.o.(Fn(x, A, n)). However, I has a winning strategy
for G5 _, in r.o.(Fn(k, A, w)). In particular, when = «, for every p < «, II wins g{’ (00), but I wins Gf | in
r.o.(Fn(x, A, k)).

(3) In each free Boolean algebra on infinitely many generators, for every cardinal k > w, I wins G5, but II wins
K
w;—1°

(4) In Laver Mathias, and Miller forcings, Il wins G2, but I wins G¢ (w).

Laver, Mathias, and Miller forcings are specific cases of a more general class of forcings P in which II has a
winning strategy for G, inr.0.(IP). We review the following definitions.

Definition 22 (/24]). A partial ordering (P, <) satisfies Axiom A if there exists a sequence of partial orderings <,,
n < w, on P satisfying the following:

(1) <pis<,andforalln < w,q <p41 p — q <u P;

(2) For each sequence (p,)n<e in P satisfying p,4+1 <, p, for all n < w, there is some ¢ € P such that g <, p, for
alln < w;

(3) For each p € P, for each pairwise incompatible set A € P, for each n < w there is some ¢ <, p such that g is
compatible with at most countably many elements of A.

The following property Py generalizes the Axiom A version of the Laver property, called L s in [24]. Bartoszyniski
and Judah proved that the property Py implies that no Cohen reals are added, and moreover, that the countable support
iteration of partial orderings satisfying Py does not add Cohen reals. (See [24].)

Definition 23 (/24]). Let (P, <) be a partial ordering satisfying Axiom A and let f : @ — w. P satisfies Property
PrifVp € P,Vn,k < w, VA € [w]f‘“, if plF (B € Aand |B| < k), then3C C A such that |C| < k- f(n) and
Ve & C,3q <, psuchthatq - c & B.

The following fact can be proved by an argument analogous to an argument given by Prikry [21] giving a Boolean
algebraic equivalent of the property L y. Recall from that for a given separative partial ordering PP, we lete : P —
r.o.(P) denote the canonical embedding of P as a dense subset into its Boolean completion.

Fact 24. Let P be a separative partial ordering satisfying Axiom A, and let f : w — w. Then Property Py holds in
P« Vp eP Vnk < w VA € [0]7%, ifB is an r.0.(P)-name of the form {di, ..., d), e(p)), where the d; are
r.0.(P)-names for integers, and e(p) < ||B C Al|, then 3C C A such that |C| < k- f(n) andVc & C, g <, p such
that e(q) < N\ i< lle # dill.
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Note: if Py holds, then f must actually have its range in w \ {0}.
The following proof is similar to one given by Prikry [21] that L  implies the hyper-weak (w, w)-distributive law

Proposition 25. For each separative partial ordering (P, <) which satisfies Py for some f : @ — w \ {0}, player 1
has a winning strategy for G| inr.0.(P).

Proof. Suppose P holds in P for some function f : @ — w \ {0}. Suppose I fixes a € r.o.(P)*. Let py € P be such
that e(pg) < a. We show how II can choose at each round of the game to ensure a win.

Suppose we have I and II’s choices up to stage n: For each round i < n, L has played {;; : j < w}, a quasi-partition
of a, and we have chosen p;;1 € P and g(i) € w such that e(p;+1) < \/jew\{g(i)} bjj and po >0 p1 =1 -+ =n—1 DPn-

Round n: Suppose I plays {b,; : j < w}, a quasi-partition of a. Let A, = {0,..., f(n)}. For j < f(n), let
cnj = e(pn) Abnj, andlet cn, fn) = €(P) AV f(n)<j<e bnj)-Letan = {{j, cnj) : j < f(n)} and B, = ({an}, e(pn)).
(k = 1 here.) Then \/jgf(n) cpj = e(py) < By € Apll, s0 by Py and Fact 24, 3C,, € A, such that [C,| < 1 f(n)
andVc & Cp,, g <, pn suchthate(q) < |lc # a,||. Let g(n) be the least element of A, \ C;, and choose a p,+1 <, pn
such that e(p, 1) < [lg(n) # au|l. Then

e(puy)) < lgm) #anll < \/  buj =a\ ba g ®)
jew\{g(m)}

Let II choose to leave out by ¢(n).

In this manner, we obtain a sequence (p;,)n<, and a function g : w — w such that Vn < o, pp+1 <n pn and
e(pn+1) < a\ by gm)- By (2) of Axiom A, dg € P such that Vn < w, g <, p,. By (1) of Axiom A, Vi < w, g < py.
Therefore, 0 < e(q) < A\, -, @ \ bn,gm)» by (8). Hence, Il has a winning strategy for G, inr.0.(P). O

Remark 26. In the above proof, property (3) of Axiom A was never used.

Examples 27. The following partial orderings satisfy Axiom A and Py for some function f : @ — w \ {0}: Laver,
Mathias, Miller, and Random real forcings. (See [24].) Hence, by Proposition 25, II has a winning strategy for G,
in the Boolean completions of these forcings.

Next, we relate the hyper-weak («, A)-distributive law to the existence of a winning strategy for each of the two
players.

Theorem 28. For each max(k ™, A)-complete Boolean algebra, if the hyper-weak («, \)-distributive law fails, then I
has a winning strategy for G5 _,.

Proof. Suppose the hyper-weak («, A)-distributive law fails in B. Then by Remark 9 there is a » > 0 and a family
{bap : B < A}, @ < «, of quasi-partitions of b such that \/ ¢, ,, Ay V gei\(£(@)) Pap = 0. T's winning strategy is
to play {byp : B < A} onround a. [

It is not known whether the full converse of Theorem 28 holds in ZFC. Indeed, we conjecture that it does not.
However, we do have the following partial converse.

Theorem 29. For B a «*-complete Boolean algebra, if I has a winning strategy in Gi_,, then the hyper-weak
(A=K, M)-distributive law fails.

Proof. Suppose o is a winning strategy for I. Let a be the non-zero element which I fixes according to o, and let
Wy = o(()), the quasi-partition of a of size A which I plays on round 0 according to o. Index the elements of W as
{bis(0y) : 5(0) < A}. For each s(0) < A, let Ws0)y = o ({b(s(0)))), the quasi-partition of a which I chooses according
to o if II has just chosen to leave out b (). In general, given o < «, s € (L), and Wy a quasi-partition of a of size
A, index the elements of Wy as {bs~s(«) : s(a) < A}. For each s(a) < A, let

Ws~s@) = o ({bsjg+1) : B < @), &)

the quasi-partition of a which I chooses according to o if II has just chosen to leave out by~ (). For limit ordinals
uw < kands € (AM)H, let

W5 = o ({bsja+1) @ < 1)). (10
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Note that {W; : s € (1)<*} lists all the possible choices for I under o.
Claim 30. The hyper-weak (A<", 1)-distributive law fails for W, s € (L)=¥.

Let f : (A\)=“ — X be given. Recursively define a sequence r € (A)“ byt [ (@ +1) =1 [ o f(¢t | @) for each
a < k. Then (Wi 4, byp1) : @ < k) is a play of G§_, in which I follows the winning strategy o. Thus,

N\ a\bs~re) < N\ @\ bijasn =0. (11)

se(A)=K a<K

Since f was arbitrary,

\/ /\ a\bsf5 =0 < a = /\ \/ bs~j. O (12)

FiO)<K—A se(r)<K sEM)<K j<a

For some pairs of cardinals, Theorems 28 and 29 combine to yield a game-theoretic characterization of the hyper-
weak (x, A)-distributive law.

Corollary 31. If B is kT -complete and A=X = «, then the hyper-weak (i, A)-distributive law holds in B iff I does not
have a winning strategy for G5 _, played in B.

In particular, this yields a game-theoretic characterization of the hyper-weak (w, w)-distributive law for Boolean
o -algebras.

Corollary 32 (GCH). Suppose B is k™t -complete and either (a) . < k, or (b) A = k and « is regular. Then the
hyper-weak (i, A)-distributive law holds in B iff I does not have a winning strategy for G5 _, played in B.

4. Constructions of «*-Suslin algebras in which many games are undetermined

In this section, we show that it is consistent with ZFC that every game of the sort considered in this paper can
be undetermined (see Corollary 36). For each infinite cardinal « and each infinite regular cardinal v < cf(x), we
will construct a «*-Suslin tree T such that for all p with v < p < &, all games of length p are undetermined.
We start by recalling some basic notation. For t € T, ht(¢) denotes o.t.({s € T : s <7 t}). Fora < «™, let
Lev(e) = {t € T : ht(¢) = a}, the a-th level of T, and T, = {t € T : ht(t) < a}. Let T* denote T under the reverse
partial ordering >7, and let e : T* — r.0.(T*) denote the canonical embedding of 7* into its Boolean completion.
We will construct T' so that each strategy for II for the game G, in r.0.(7*) will fail to be winning when I plays
some particular sequence of partitions of unity in r.o.(7*).

Theorem 33. Let k be any infinite cardinal, and let v be any regular cardinal such that w < v < cf(k) and k=¥ = k.
Suppose that O holds, and for every stationary S C k™ N cof(v), O+ (S) holds. Then there is a k™ -Suslin algebra
which contains a < v-closed dense subset and in which II does not have a winning strategy for G _ .

Proof. Let cof(v) denote {o& < x+ : cf(a) = v}. For any set of ordinals X, let lim(X) denote the set of ordinals
a € X such that « is the limit of an infinite, strictly increasing sequence of elements of X. Using a [J,-sequence, we
construct in the usual manner (see for example Devlin’s book on L [25]) another [J,-sequence (D, : a € lim(x ™))
and a non-reflecting stationary set S C cof(v) such that for all « € lim(x ™)

(1) Dy C aisclubin «;

(2) cf(a) < k —> 0.t.(Dy) < k;

(3) y €lim(Dy) — D, = Dy Ny;
(4) im(Dy) NS = 0.

We fix some definitions and notation. Fix a {,+(S)-sequence (Ay : @ € S); that is, a sequence such that A, C «,
and { € § : Ay, = AN} is stationary for all A C «T. We say that (P(a,y) : y < k) is a partition of
Lev(a) into k-many pieces if Vy < v’ < k, P(a,y) C Lev(a), P(a,y) # @, P(a,y) N P(a,y’) = @, and
Uy</< P(x,y) = Lev(a).

As we build the tree, for each successor o < x+ we will construct a partition P, = (P(a, ) : ¥ < k) of Lev(a)
into k-many pieces. To each such partition P, we may associate a partition of unity {\/{e(t) : t € P(«, )} : y < «}
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inr.0.(T*). In the discussion that follows we abuse notation and say “I plays P,”” when formally we mean that I plays
the corresponding partition of unity in r.o.(7™).

After we have built the tree 7', we will show that player IT has no winning strategy in for G/ in the following way.
Given a strategy for player II we will show how player I can play some sequence (P, : i < v) for (o; : i < v) astrictly
increasing sequence of successor ordinals in ¥, and win against II’s strategy. Fix a bijection ¢ : (kT)<" x k¥ — «™T.
¢ will code all the possible partial strategies for II when I is restricted to playing partitions from among the collection

{Pus1 : @ < KT} as subsets of k.

Construction of (T, <7) and {Pyy1 : a < T}

We will construct the tree T to be normal: that is to say

(1) T has a unique point on level 0.
(2) T has unique limits, that is for every limit & and every ¢t € Lev(x), ¢ is determined by {s € T : s <7 t}.
(3) Forall , B witha < B < k™, for every s € Lev(x) there is at least one ¢ € Lev(B) with s <7 t.

Let Lev(0) = {0}. Let Lev(1l) = (x -2)\ {0}, and let P; = (P(1, y) : ¥ < k) be some partition of Lev(1) into x-many
pieces. Suppose « > 1 and Lev(x) has been constructed. Put k-many immediate successors above each element of
Lev(e) in such a way that Lev(a+1) = {8 < kT : k-(a+1) < B < k-(a+2)}. Let Pyy1 = (P(a+1,y) : ¥ <k)bea
partition of Lev(«+1) into x-many pieces such that for each node 7 in Lev(«) and each y < «, Lev(e+1)NP (x+1, y)
contains exactly one immediate successor of 7.

Now suppose o < k™ is a limit ordinal and T, has been constructed. Important to the construction of Lev(e) is the
following notion:

Before building level o we will associate to each ¢ € T, the canonical a-branch for t in Ty, this is a branch of T,
passing through ¢ which we denote by B*'. To do this we will define for each y € Dy \ (ht(r) + 1) an element ,3;‘”
on level y so that

{yU{By" 1y € Do \ (ht(t) + D)}

is linearly ordered in T'.
The construction is simple: we just choose ﬂj‘j‘” to be the least (in the ordering of the ordinals) element on level y
which is above all elements of

tUBS" 1L € (Dg Ny) \ (ki (@) + 1}

There is no problem when y is successor in D, because the tree is normal. The construction will be able to proceed
at limits because at every limit ¢ S we will make sure that a point on level 7 is put over B""; now if y is limit in
Dy we know that D, = D, N y, the uniform construction of the canonical branches ensures that B?" is an initial
segment of B%!, so the point which was over BY at stage y gives us the unique choice for ,3;‘" . The key point is that
limit points of D, are not in S, and it is only at stages in § where we take steps to kill antichains and are obliged not
to complete certain branches.

Case 1. cf(a) < v. Then extend every a-branch of 7;, to level o with exactly one extension in such a way that
Lev(e) = {B <« :k-a < B < k- (¢ + 1)}. In particular, for each ¢ € T, the canonical branch B is extended
to Lev(a). By our cardinal arithmetic assumption «</(® = i, so there are only at most x branches and we are not
obliged to create too many points on level «.

Case 2. cf(x) > vand o & S. Foreach t € Ty, extend the canonical a-branch Bf to Lev(«) with exactly one extension
sothatLev(a) = {8 <k ik -a <pB <k-(a+ 1D}

Case 3. a € S. Let (C) be the statement, “T, = a and ¢”((@)<" x k) = a.” Let (M) be the statement, “A,, is a
maximal antichain in 7,.” Let (F) be the statement, “(p‘l(Ao,) is a function, and dom((p_l(Ao,)) = ()<Y If either
(C) fails, or both (M) and (F) fail, then extend all the canonical a-branches of T, to Lev(w). If (C) and (M) hold and
(F) fails, then for each ¢ € Ty, choose one r in T, such that r >7 ¢t and r >7 u for some u € A,. Extend the canonical
a-branch B to Lev(w).

Now suppose (C) and (F) both hold. Let f = (p_l(Aa). Then f : (@)=Y — « can be interpreted as a partial
strategy which tells II what to do whenever I plays a sequence of partitions from among {Pg1 : B < a}. Fix a strictly
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increasing sequence (o; : i < v) such that each o; is a successor ordinal and sup; _, o; = «. This is possible since
a € S implies cf(o) = v. We letI play (P, : i < v) and II play according to f. For eachi < v, let

vi = fUaj i j <i)). (13)

Then when I plays the sequence (P, : i < v) and II plays by f, II chooses to leave out P(¢;, y;) on round i.

Lett € Ty. If (M) holds, let » € T, be such that r >7 ¢t and r >7 u for some u € A,. Otherwise, let r = t.
Let i(f) < v be the least ordinal such that o) > ht(r). We will construct a chain (x; : i(tf) < i < v)in T, such
that x;;) > r;foreachi(r) <i < j <v,x; <r xj;and foreachi(t) <i < v, x; € P(o, y;). Let p;) be the
least ordinal in Lev(c;(;y — 1) such that p;;) >7 r. Let x;(;) be the immediate successor of p;) in P(ai(), ¥ir))-
Fori(t) <i = j+ 1 < v,let p; be the least ordinal in Lev(ce; — 1) such that p; >7 x;. Let x; be the immediate
successor of p; in P(«;, y;). For i a limit ordinal with i(¢) < i < v, let A; = sup; _; ;. Then A; is a limit ordinal
with cf(1;) < v, so every branch in T}, has an extension in Lev(};), by Case 1. Let p; be the least ordinal in Lev(4;)
such that p; > xj foralli(t) < j < i.q; is a successor ordinal greater than A;, so let p; be the least ordinal in
Lev(e; — 1) such that p; >7 pl/.. Let x; be the immediate successor of p; in P(o;, y;). Let bf = {s € T, : for some
iwithi(t) <i <v, s <r x;}. bY is an a-branch in 7;, which passes through the pieces of the partitions which II
chooses to leave out on each level «; according to f. For each t € Ty, extend by to Lev(w).

For each of the subcases of Case 3, for each t € T,, we have chosen one «-branch containing ¢ to extend to Lev(x).
Extend each of these branches uniquely to Lev(c) in such a way that Lev(a) = {8 <7 1k -a < B <« - (a + 1)}.

LetT = Ua</< Lev(e). This concludes the construction of (7, <7). By the usual argument, (T, <7) is a x *-Suslin
tree. Let Cr = {o <kt : Ty = a}and Cp = {a < k1 ¢"((@)=" x k) = a}. Cr is a club subset of k+. Cy, is
unbounded in ¥+ and closed under increasing sequences of length v.

Claim 34. I does not have a winning strategy for G._, played onr.o0.(T™).

Leth : (k)<Y — « represent a strategy for Il in G’_, when I plays partitions from among {Py41 : @ <k} {B €
S : Ag = ¢"(h) N B} is a stationary subset of cof(v). Hence, there existsana € {8 € S : Ag = ¢"(h)NB}NC,NCr.
Let f=¢ '(A4q).Then f =h [ (@)<".a € {B e S: Ag = ¢"(h)N B} N Cy, N Cr implies Lev(er) was constructed
according to Case 3 with statements (C) and (F) holding for f. Let (o; : i < v) be the strictly increasing sequence
we picked such that each «; is a successor ordinal and sup; _, &; = «. Let I play the sequence (P, : i < v). Let
g € Lev(a). Then there is some ¢t € T, such that g is the unique extension of the a-branch b¢. By our construction,
the unique element x;;) € Lev(ei)) N bf is in P(ci(), Vi(r)), the piece of the partition Py, which f chooses to
leave out on round i () when I has played the sequence (Py =i (t)). Since g was an arbitrary member of Lev(a),
there is no (« + 1)-branch in 7 which misses all of the pieces of the partitions (P, : i < v) which f chose to leave
out. Hence, if II plays according to the strategy /, II loses when I plays the sequence (Py,; : i < v). Thus, & is not a
winning strategy for II. Since 4 was arbitrary, II does not have a winning strategy for G/_, inr.0.(T*). O

Remark 35. (1) In Case 3 when (C) and (F) hold for «, for each t € T, we only needed to extend some «-branch
containing the element x; € P(«;(s), Yi(;)) to ensure that II does not have a winning strategy for QZ_I inr.o.(T*).
Our construction shows that II does not have a winning strategy in r.0.(7*) in the following game, which is even
weaker than G!_,: Players I and II play the game G/ | constructing a sequence (a, Wy, by : @ < v). After the
play is over, II gets to choose some set X C v of cardinality v. I wins the play iff A,y \V/ (W \ {bs}) = 0.

(2) In the case when « =¥ = k, the previous construction can be slightly modified so that using only ¢+ (cof(x))
we can construct a k -Suslin algebra B which contains a < k-closed dense subset, and in which the game G |
is undetermined for each w < A < k. Hence, also for each A, u with 2 < u < min(k, A), the game ggu(x) is
undetermined in B.

(3) The referee has pointed out that the principle LI} could be used in place of [,

Corollary 36. Let « be any infinite cardinal, and let v be any regular cardinal such that v < v < cf(k) and k=" = k.
Suppose that O, holds and {,+(S) holds for every stationary set S C {a < kT : cf(a) = v). Then there is a
kt-Suslin algebra which contains a < v-closed dense subset, and in which for each p, . withv < p < cf(x) and
w < A <k the game fol is undetermined. Hence, for every p, ., u withv < p < cf(k) and 2 < u < min(k, 1), the
game G~ w(X) is undetermined.



24 J. Cummings, N. Dobrinen / Annals of Pure and Applied Logic 149 (2007) 14-24

Proof. Let B denote r.0.(T*), where T is the « T-Suslin tree constructed in Theorem 33. Since the (k, 0o)-distributive
law holds in every « T-Suslin algebra, I does not have a winning strategy for G{ (c0) in B, by Corollary 1.6 of [17].
Hence, by Fact 20, for each infinite cardinal p < «, for every A, u with 2 < < A, I does not have a winning strategy
for G2 » () in B; and for every A > w, I does not have a winning strategy for gf_l in B. Since II does not have a
winning strategy for g;_l, Fact 20 implies that for each v < p < k, for every w < A < «, II does not have a winning

strategy for gffl in B. Hence, for every A, u with 2 < u < min(}, k), II also does not have a winning strategy for
G~ «(A) in B. Moreover, since B contains a dense < v-closed subset, II wins gf (o00) for all & < v, and II even wins
Foreman’s game G;+ forall & < v (see [23]). U
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