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Abstract

The s-color degree Ramsey number of a graph G, denoted Ra (G} s), is min{A(H): H > G},
where H = G means that every s-edge-coloring of H contains a monochromatic copy of G. The
closed k-blowup of a graph is obtained by replacing every vertex with a clique of size k and
every edge with a complete bipartite graph where both partite sets have size k; we say that G
is a closed blowup of H if G is the closed k-blowup of H for some k. We prove that there is a
function f such that Ra(G;s) < f(A(G), s) when G is a closed blowup of a tree.

1 Introduction

When G is a graph, we use V(G) to denote the vertex set of G and E(G) to denote the edge set.
The degree of a vertex u in G is denoted by d(u). Given graphs H and G, we write H > G if every
s-edge-coloring of H contains a monochromatic copy of GG. For graphs, Ramsey’s Theorem implies
that for every graph G and each positive integer s, there is a graph H such that H = G. When
H 3 G, we call G the target graph and H a Ramsey host for G.

The main goal of graph-based Ramsey theory is to understand the relation H = G. Typically,
a target graph G is fixed and one seeks a Ramsey host for G that has a desired property or is
extremal with respect to a certain parameter. The Ramsey number of a graph G, denoted R(G; s),
is min{|V(H)|: H > G}. Chvatal, Rédl, Szemerédi, and Trotter [4] proved that for each k, there
is a constant c; such that R(G;2) < ¢x|V(G)| whenever G has maximum degree at most k. In
other words, the Ramsey numbers of bounded degree graphs grow only linearly with the number
of vertices, in marked contrast to the exponential growth that occurs when the bounded degree
condition is omitted. Several groups generalized this result to multicolored hypergraphs (see [5] and

[6])-

The size Ramsey number of G, denoted R'(G;s), is min{|E(H)|: H > G}. Beck [2] proved
that for each s, there exists a constant ¢, such that R'(P,;s) < csn, where P, is the path on n
vertices. Beck asked whether the size Ramsey numbers of bounded degree graphs also grow linearly
in the number of vertices. In addition to paths, Beck’s question was answered in the affirmative for
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trees [9] and cycles [10]. However, R6dl and Szemerédi [15] resolved Beck’s question in the negative
by constructing a family of 3-regular graphs whose size Ramsey numbers grow superlinearly.

We consider a variant of Beck’s question where we no longer require our Ramsey hosts to have few
edges but we do insist they have bounded degree. The degree Ramsey number, denoted Ra(G; s),
is min{A(H): H > G}, where A(H) denotes the maximum degree in H. The degree Ramsey
analogue of Beck’s question follows naturally.

Question 1. Is RA(G;s) bounded by a function of A(G) and s?

A family of graphs G is Ra-bounded if there is a function f(d, s) such that Ra(G;s) < f(A(G), s)
for every G € G. Question [1]is then whether or not the family of all graphs is Ra-bounded. Paths [1]
and cycles [10, [I1] are Ra-bounded. Extending the Alon et al. argument for paths, Jiang observed
that Ra(T;s) < 2s(A(T) — 1) when T is a tree, and this bound is nearly sharp when s and A(T)
are large [12]. While we are unable to resolve Question [I} we believe that the family of all graphs
is not Ra-bounded.

Our work was motivated by a concrete problem in the direction of Question [I} For a graph G,
let G* denote the graph on V(G) where distinct vertices are adjacent if and only if their distance in
G is at most k. Is the family of powers of paths Ra-bounded? Even the special case of determining
whether Ra(P2;s) is bounded by a function of s is not clear.

In this note, we resolve this problem. In fact, we prove more. The closed k-blowup of G, denoted
GJk], is the graph obtained from G by replacing each vertex in G with a clique of size k and each
edge in G with a complete bipartite graph whose partite sets each have size k. We show that the
family of closed blowups of trees is Ra-bounded. It follows that the family of powers of paths is
Ra-bounded since PF is a subgraph of Pry iy [k] and A(Ppy, i [k]) < SA(PF) when n is large in
terms of k.

One interesting test case for Question [I] is the family of grids P, OO P,, where G [0 H is the
graph on V(G) x V(H) with (uy,v1)(u2,v2) € E(G O H) if and only if u1 = us and vivy € E(H)
or v1 = v9 and ujug € E(G). It is not known whether the family of grids is Ra-bounded.

In addition to minimizing |V (H)|, |E(H)|, and A(H), several researchers have sought Ramsey
hosts H that are extremal with respect chromatic number [3] and clique number [8] [13] [14]. The
former reference also provides exact results on the degree Ramsey numbers of complete graphs and
stars; in particular, Ra(Ky;s) = R(Kp;s) — 1.

2 Construction

A graph is d-regular if every vertex has degree d, and the girth of a graph is the minimum number
of vertices in a cycle. Erdds and Sachs [7] proved that for every d and g, there is a d-regular graph
with girth g. Alon, Ding, Oporowski, and Vertigan [I] observed that if H has girth at least n and
average degree at least 2s, then H = P,, where P, is the path on n vertices. Jiang [11] noted that
their argument extends to the case that the target graph is a tree. We include the short proof for
completeness.



Lemma 2. IfT is a tree with |V (T')| > 3 and H is a graph with average degree at least 2s(A(T)—1)
and girth at least |V (T)|, then H > T.

Proof. Consider an s-edge-coloring of H and let n = |V (H)|. Since H has average degree at least
2s(A(T)—1), we have |E(H)| > ns(A(T) —1) and hence some color is used on at least n(A(T) —1)
edges. Let Hp be a monochromatic subgraph of H with at least ns(A(T) — 1) edges. It follows
that Hp contains a subgraph Hy with §(H;) > A(T). Indeed, if every subgraph of Hy had a
vertex u with d(u) < A(T) — 1, then iteratively deleting vertices of minimum degree would yield
|E(Hp)| < (n—1)(A(T) — 1) < n(A(T') — 1), a contradiction. Let H; be a subgraph of Hy with
d(Hy) > A(T). Since H; has minimum degree at least A(T') and girth at least |V (T")], a well known
greedy embedding strategy finds 7" as a subgraph of H;. Hence H > T. O

Hence, for each tree T with at least 3 vertices, Lemma [2implies that Ra (T s) < 2s(A(T) —1).
Our main theorem generalizes this bound to the case where the target graph is a closed blowup of
a tree. Let [n] = {1,...,n}, and, when S is a set, let (‘2) be the set of subsets of S of size k. We
will need the well known strengthening of the Erdds and Sachs result that for every d and g, there
is a bipartite d-regular graph with girth at least g.

Theorem 3. Let k and s be integers with k > 2 and s > 1, and let r = R(Kok;s). If T is a tree
r—1
with |V(T)| > 3, then Ra(T[k];s) < (r — 1) (2(2)(A(T) — 1)) 1),

Proof. Let t = (5,), t' = (2Tk:11)’ d = 2t(A(T) — 1), and let B be a d-regular (X,Y)-bigraph with
girth at least |V (T')|. To construct a Ramsey host for T'[k], we first use B to construct an r-uniform,

r-partite hypergraph F'. The partite sets of I are Z1, ..., Z,. The vertices in Z; are certain ¢-tuples
of elements in V(B) U E(B), indexed by ([2’2) When w is such a tuple and A € ([231), we use w4
to denote the A-value of w. For each A € ([272), let A~ be the k smallest integers in A and A" be
the k largest integers in A. The partite set Z; consists of all tuples w such that for each coordinate
A, the A-value of w belongs to X, Y, or E(B) according to whether j € A=, j € AT, or j & A,
respectively. It remains to specify the edges of F.

In the following, we use w; 4 to denote the A-value of a vertex w; € Z;. Whenu € X, v €Y,
and uv € E(B), we say that the edge uv satisfies the A-coordinate of w; € Z; if

u ifjeA”
wja=4qv ifjeAr
wv if j & A.

Consider wy, ..., w, with w; € Z; for each j. We let wy...w, € E(F) if and only if for each
coordinate A € ([272), there is some edge in B that simultaneously satisfies the A-coordinate of each
vertex in {wi,...,w,}. We obtain our host graph H from F' by replacing each edge in F' with an
r-clique in H. Consequently, w; € Z; and w; € Z; are adjacent in H if and only if for each A € ([QT]D,
there is an edge in B that satisfies the A-coordinates of w; and w;.

To motivate our construction, we note that H contains many copies of B[k], the closed k-blowup
of B. For each coordinate A € ([2711-) and each function h: (([272) - {A}) — E(B), we obtain a copy
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of Blk] in H. The copy of B[k] in H is specified by the function g4 5: V(B) — (V(]CH)), defined as
follows:

gan(u) ={w: wag =uand VA" € ([2’}1) if A" # A, then h(A’) satisfies the A’-coordinate of w}.

Note that at most one vertex in each partite set is a candidate for inclusion in g4 j(u). Moreover,
the condition w4 = wu requires that v € X and j € A~ or that w € Y and j € AT. Since
|A™| = |AT| = k, always |gan(u)| = k. Finally, if wv € F(B) with u € X and v € Y, it follows
from the definition of F' that ga 5(u) U ga x(v) is contained in the edge in F' where uv satisfies the
A-coordinate and the other coordinates are satisfied by the corresponding images of h.

Let m = |E(B)|. Since each edge in F is determined by selecting for each A € ([221) an edge in B
to satisfy the A-coordinate, we have that |E(F)| = m!. Tt remains to show that A(H) < (r — 1)d"’
and that H > T[k]. We claim that F is d’-regular. Consider a vertex w; € Z;. Indeed, if w;
belongs to an edge e € E(F'), then each coordinate is satisfied by some edge in B. If j ¢ A, then
wj A € E(B) and the A-value of all other vertices is forced. If j € A and wj 4 = u, then the A-value
of all other vertices is determined by selecting an edge in B to satisfy the A-coordinate, which must
be incident to u. Since w is incident to d edges in B and t’ of the coordinates in ([2’2) contain j, the
claim follows. Moreover, since F' is r-uniform, replacing each edge in F' with a clique increases the

degree at each vertex by at most a factor of 7 — 1, and therefore A(H) < (r — 1)d"'.

Finally, we show that H - T[k]. Consider an s-edge-coloring of H and let e be an edge in
F. Since e becomes an r-clique in H and r = R(Kyg;s), there is a monochromatic 2k-clique

contained in e. For each e € E(F), choose S, € ([27}1) so that {w € e: w € Z; for some j € S}

is a monochromatic 2k-clique in H. Hence, there exists a coordinate A € ([22) such that at least

m'/t edges e € E(F) have S. = A; in the following, fix such a coordinate A. The signature of

an edge e € E(F) with S = A is the function h: (([27}1) — A) — FE(B) that records, for every
t—1

other coordinate A’ besides A, the edge in B that satisfies A’. Since there are m!~! signatures,
some signature is common to at least mTt : # edges in F. Fix such a signature h. Let F’ be the
subhypergraph of F' consisting of all edges e € E(F') such that S. = A and the signature of e is h.
Note that F’ has at least m/t edges.

We use I’ to obtain a subgraph B* of B. For each edge e in F’, let e* be the edge in B that
satisfies the A-coordinate. Note that the map e — e* is injective since the signature of each edge
in F" is h. Let B* be the subgraph of B with edge set {e*: e € E(F’)}. We associate each vertex
win B with the k-clique g4 5(u) in H. Note that each edge in B* corresponds to a monochromatic
2k-clique in H. Since B is d-regular with m edges and B* has at least m/t edges, it follows that
the average degree of B* is at least d/t. Since d/t = 2(A(T") — 1), an application of Lemma [2{ with
s = 1 implies that T is a subgraph of B*. The copy of T in B* maps via ga; to a copy of T'[k] in
H in which each 2k-clique corresponding to an edge in 1" is monochromatic. Since k > 2 and T is
connected, it follows that the copy of T'[k] is monochromatic. O

We make no attempt to optimize the bound in Theorem[3] Note that the argument of Theorem
also applies in the hypergraph setting. The complete g-uniform n-vertex hypergraph is denoted by
K,(ﬂ). Let k£ and ¢ be integers with k > ¢, let s be a positive integer, and let r = R(Kéz); s). Let
G be the g-uniform k-blowup of a tree T on at least 3 vertices obtained by replacing each vertex



in T with a set S, of k vertices and replacing each edge wv in T" with a copy of Kéz) on Sy U Sy.
Repeating the construction above (except that each edge of F' is replaced with a copy of Kr(,q)) yields

o o bypergraph 1 with 775 G and A(H) < (7)) (205 (A1) = 1)) 6

Theorem [3] constructs a Ramsey host for the closed k-blowup of a tree T using a Ramsey host
for T'. It is natural to ask whether such a construction is possible in general. Is it true that the
family of closed blowups of F is Ra-bounded whenever F is Ra-bounded? The analogous statement
for open blowups, where vertices are replaced with independent sets and edges are replaced with
complete bipartite graphs, holds [11].

It is also of interest to find larger Ra-bounded graph families. For example, is the family of
planar graphs Ra-bounded? Since the grids P, 0 P, are planar, this question seems challenging.
However, Theorem [3| implies that the family of outerplanar graphs is Ra-bounded. Indeed, if G
is a 2-connected outerplanar graph with maximum degree d, then for every edge uwv on the outer
cycle of G, we have that G is a subgraph of a closed (2d)-blowup of a rooted tree T in which each
vertex has at most 2d — 3 children and the root of T" expands to contain the image of u, v, and
their neighbors. This is proved by induction on |V(G)|; the neighbors of v and v divide G —u — v
into (d(u) —2) + (d(v) — 2) + 1 pieces which may be treated inductively. The claim then follows
from the fact that every outerplanar graph with maximum degree d is a subgraph of a 2-connected
outerplanar graph with maximum degree at most d + 2.

References

[1] N. Alon, G. Ding, B. Oporowski, and D. Vertigan. Partitioning into graphs with only small
components. Journal of Combinatorial Theory, Series B, 87(2):231-243, 2003.

[2] J. Beck. On size Ramsey number of paths, trees, and circuits I. J. Graph Theory, 7(1):115-129,
1983.

[3] S. Burr, P. Erddgs, and L. Lovasz. On graphs of Ramsey type. Ars Combinatoria, 1(1):167-190,
1976.

[4] C. Chvatal, V. Rodl, E. Szemeredi, and W. Trotter, Jr. The Ramsey number of a graph with
bounded maximum degree. J. Combin. Theory Ser. B, 34(3):239-243, 1983.

[5] D. Conlon, J. Fox, and B. Sudakov. Ramsey numbers of sparse hypergraphs. Random Structures
& Algorithms, 35(1):1-14, 2009.

[6] O. Cooley, N. Fountoulakis, D. Kiihn, and D. Osthus. Embeddings and ramsey numbers of
sparse k-uniform hypergraphs. Combinatorica, 29(3):263-297, 2009.

[7] P. Erdgs and H. Sachs. Regulidre Graphen gegebener Taillenweite mit minimaler Knotenzahl.
Wiss. Z. Martin-Luther-Univ. Halle- Wittenberg Math.-Natur. Reihe, 12:251-257, 1963.

[8] J. Folkman. Graphs with monochromatic complete subgraphs in every edge coloring. SIAM
Journal on Applied Mathematics, 18(1):19-24, 1970.



[9] J. Friedman and N. Pippenger. Expanding graphs contain all small trees. Combinatorica,
7(1):71-76, 1987.

[10] P.Haxell, Y. Kohayakawa, and T. Luczak. The induced size-Ramsey number of cycles. Combin.
Probab. Comput., 4(3):217-239, 1995.

[11] T. Jiang, K. Milans, and D. West. Degree Ramsey numbers of cycles. In preparation.

[12] B. Kinnersley, K. Milans, and D. West. Degree Ramsey numbers of graphs. Combin. Probab.
and Comput. To appear in the Richard Schelp memorial edition.

[13] J. Nesetfil and V. Rodl. Type theory of partition properties of graphs. In Recent advances in
graph theory, Proc. Second Czechoslovak Sympos (Prague 1974), pages 405-412, 1975.

[14] J. Neset¥il and V. Rodl. Simple proof of the existence of restricted ramsey graphs by means of
a partite construction. Combinatorica, pages 199-202, 1981.

[15] V. R6dl and E. Szemerédi. On size Ramsey numbers of graphs with bounded degree. Combi-
natorica, 20(2):257-262, 2000.



	Introduction
	Construction

