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Abstract

We define a quantum operation as a special type of endomorphism
between spaces of matrices. Representations of endomorphisms are
considered and an isomorphism between higher dimensional matrices
and endomorphisms is derived. We then employ this isomorphism
to prove various results for endomorphisms and quantum operations.
For example, an endomorphism is completely positive if and only if
its corresponding matrix is positive. Although a few new results are
proved, this is primarily a survey article that simplifies and unifies
previous work on the subject.
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1 Introduction

Quantum operations play a very important role in quantum computation,
quantum information and quantum measurement theory [2, 3, 5, 8, 11, 14,
15, 16]. They describe discrete quantum dynamics, quantum measurements,
noisy quantum channels, interactions with the environment and error correct-
ing codes. Mathematically, a quantum operation is described by a completely



positive map which, in finite dimensions, is a special type of endomorphism
between spaces of matrices. In this survey article we derive representations
of endomorphisms and an isomorphism between higher dimensional matrices
and endomorphisms. We then employ this isomorphism to prove various re-
sults concerning endomorphisms and quantum operations. For example, an
endomorphism is hermitian-preserving or completely positive if and only if
the corresponding matrix is hermitian or positive, respectively.

This isomorphism was first suggested by Jamiolkowski [12], later exploited
by Choi [4] and most recently used by Arrighi and Patricot [1]. However, we
believe that our methods are simpler and more direct than previous ones and
we also obtain a new type of isomorphism. Moreover, we shall derive some
results that were not considered in [1]. Although most of our results are not
new, we believe that the study of these endomorphisms provides a unifying
theme for an important physical theory.

2 Matrix Spaces

Although there is a well developed theory of endomorphisms and quantum
operations on infinite dimensional Hilbert spaces, our main concern here is
with quantum computation and information theory which takes place in a
finite dimensional setting. We shall use the notation M, for the set of all
d x d hermitian matrices and Herm, for the set of all d X d hermitian matrices
and Herm; for the set of all d x d positive matrices. If Vi,V are complex
linear spaces an endomorphism €): V; — V5 is a linear map from V; to
Va. The set of endomorphisms from V; to V4 is denoted End (V3,V3) and is a
linear space in its own right. The spaces My are linear in the usual way and
in this work, we are primarily interested in End (M,,, M,,).

Let C" be the complex n-dimensional linear space of n-tuples of complex
numbers with the usual inner product (z | y). We assume that (z | y) is linear
in the second argument and employ Dirac notation |x) for “kets” and (x| for
“bras.” Throughout the discussion we use a fixed canonical orthonormal
basis |i) for C", i = 1,... ,n. In quantum computation and information
theory, {|7)} is called the computational basis. Any ket a € C" has a
unique representation @ = > a;|i) and the corresponding bra a' is given
by a' = 3" a(i| where a} is the complex conjugate of a; € C. We denote
the n-dimensional identity matrix in M,, by I,,. The space End(C", C™) is
identified with the space of complex m x n matrices in the usual way using the



computational bases. If {|7)} is the orthonormal basis for C™ and {|k)} the
orthonormal basis for C", then any m xn matrix has the form A = >~ a;;]7) (J|
and its adjoint is given by AT = >~ a;|j)(i|. We identify C™" with the tensor
product C™ ® C™ and write the canonical basis |i) ® |7) for C™ as |i)|7),
t1=1,... m, j=1,....n

It is well known that the linear space End(C™,C™) is an inner product
space under the Hilbert-Schmidt inner product (A | B) = tr(ATB). For A =
Y- ai;]i)|j) € C™ define A € End(C*,C™) by A = > aili) (.

Theorem 2.1. The map ": C™ — End(C",C™) is a unitary transforma-
tion.

Proof. 1t is clear that " is a linear bijection. To show that " preserves inner
products we have

(A]B) = w(A'B = X (GIATBlj) = Y ajby = (A| B) 0

Notice that (]i)]7))" = |4){j| so that * maps the canonical basis for C™"
to the canonical basis for End(C", C™). It is important to emphasize that
the isomorphism " is basis dependent. However, this is not a big disadvan-
tage because in quantum computation and quantum information theory one
usually sticks with the computational basis. Letting |5) = > [j)|j) be the
canonical maximally entangled “state” of C" @ C", the next lemma gives
useful relationships between A and A.

Lemma 2.2. For A €¢ C™ we have that
A= (I, ® (8]) (4) (2.1)

and

-~

A=(As L) (2.2)

Proof. To prove (2.1) we have

(L ® (81) (|1 —(m®2krk|)
iy @ (kI(k | 5) = [0 = (18)13)"



and the result follows by linearity. To prove (2.2) we have
(913D @ 1) 18) = (1)1 © L) D 1K1Y
=D DG [ R)Ik) = [0)]5)

k

and the result follows by linearity. O

The next result will be useful in Section 4. If A, € C? notice that
S AA € My

Lemma 2.3. [15] Let A, B; € C%* i = 1,...,r. Then Y. A,;Al = 3" BB}
if and only if there exists a unitary matriz [u;;] such that By = > ujpA;,
L k=1,...,r

Proof. If By =) u;,A; for a unitary matrix [u;i], we have that

SOBB! = widjuAl = Y AAL = Y AA]

Conversely, suppose that S = 3" A;Al = ST B;B!. Then S € M, is a positive
matrix so by the spectral theorem we can write S = > Ag|k)(k| where |k)

is an orthonormal system and A\, > 0. Letting ‘E> = |\/)\k k:> we have that
S=> )%> <E‘ where ‘E> are mutually orthogonal vectors. Letting |¢) be a

vector that is orthogonal to all the k )’s we have that
0= (WISly) =D 1w | A

Ll
Hence, (¢ | A;) = 0,4 = 1,...,r, so that A; € {‘k:>} . It follows that
A Zczk

> for some c¢;;, € C. Hence,

IDICE SERES 30 P51

Since the ‘E> are mutually orthogonal, we conclude that ZZ CikCly = O
Hence, ¢ = [cy] is a unitary matrix. Similarly, we can find a unitary matrix
d = [dix] such that B; = > dy; 7§:> Thus, B; = > uj;A; where u = dc' is
unitary. n




Let |7), |k) be elements of the canonical basis for C™ and |j), |¢) be
elements of the canonical basis for C". Then |i)|7)(¢|(k| € Mpmn, |7){¢| € M,
and |i) (k| € M,,,. We define the partial traces tr; and try by

try (|} 15) (€KL = 1) (€10
try ([2)17) CCICRT) = [2) (K105

and extend by linearity to obtain tr; € End(M,,,, M,,) and try € End(M,,,, M,,).
In general, if A € M,,, with

A= Zaijke\iﬂjﬂf\(k\
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we have that

try(A) = Z aijie|J) (£

and

try(A) = Z Qijij|i) (k|

Notice that for B € M,,, C € M, we have that tr;(B®C) = tr(B)C. Indeed,
if B =3 bili)(kl, C' =3 cjelj) (€] then

B@C =Y bycli)lj) (k| (|
and we have that
tr(B®C) =Y _ bicelj){{| = tr(B)C

In fact, try is the unique element of End(M,,,, M,,) satisfying tri(B ® C') =
tr(B)C. In a similar way try(B @ C) = tr(C)B.

When we speak of a state we are actually referring to an unnormalized
state which is an element of Herm}. A state of the form |a){a| for |a) € CY,
|a) # 0 is called a pure state. The isomorphism Theorem 2.1 provides some
interesting characterizations for various types of pure states in C" @ C". We
call |3) = > |i)|i) the canonical maximally entangled state. A state
la) € C"®@C" is maximally entangled if tr; (|a){a|) = I, or trs (Ja){a) =
I,,. A state |a) € C"®@C" is totally entangled if try (Jo)(«|) or try (Ja){a|)
is invertible.



Theorem 2.4. Let |o) € C" ® C™ be a state. (i) |a) is the canonical mazi-
mally entangled state if and only if |0)" = I,. (i) |a) is mazimally entangled
if and only if |a)" is unitary. (iil) |a) is totally entangled if and only if |a)”"
15 wnwvertible.

Proof. (i) |a)" = I, = 3" ]i)(i| if and only if |a) = S [i)]i) = |B).
(i) Suppose that |a) =" a;;]9)|j) so that

la)(al = aiaili)|j) (¢l (k]
We then have that

try (Ja){al) Za” al,|7) (¢ (2.3)
Thus, tr; (|a){a|) = I, if and only if

D agaidi){tl =) li)

This latter condition is equivalent to |a)" = 3 ay]i)(j| being unitary. A
similar result holds if try (Ja)(«@|) = 1,,. (iii) As in (i) we have Eqn. (2.3).

Moreover,
Y=Y agli)(il Y anlk) (]
= aadal i) (€l =Y ajjail )¢

Thus, try (|a)(a|) is invertible if and only if |a)f|a) is invertible. But |a)|a)
if and only if |a)” is invertible. O

We close this section with a result that will be useful in the sequel.
Lemma 2.5. If A, B € C™, then tri(AB') = (BTA)" and tr5(AB') = AB'.
Proof. Let A=) a;j|i)|j) and B =) be|k)|¢). Then

ABT =Y " ayby i) ]7) (€| (k|

and we have that

tra(AB") = 3 agbili) (b = (D asglid (i) (3 biel ) (k1)
= (D el (1) (X btk £|) — AB'



Moreover,

[try (ABT)]" = [Zam b 5) ﬁ@ =" aybyle)
= (D viadoy (k1) (war)
= (Zhma)) (S el 1)
= BA
Hence, tri(AB) = (BfA). O

3 Endomorphisms

This section establishes two isomorphism theorems between M,,,, and End(M,,, M,,).

As in Section 2, we consider M,,, to be a complex linear space with inner
product (S | T) = tr(STT), we let |i), |k) be elements of the canonical basis
for C™ and |[j), |¢) be elements of the canonical basis for C". Then

{Sljkél7k:1aama j7€:17"‘7n}

where S; ke = |i)|7) (k| (€| becomes an orthonormal basis for M,,, and {Ej,: j,¢ =1,...,

where E;; = |j)(¢| becomes an orthonormal basis for M,,. Moreover, we de-
fine S;jre € End(M,,, M,,) by

Sijre(p) = 1i) (i |pl€) (K|
Finally, for S, 7 € End(M,, M,,) we define

(S| T) Ztr T(E.))

Lemma 3.1. End(M,,, M,,) is an m?n? dimensional inner product space
with orthonormal basis S;jxe.

Proof. Clearly End(M,,, M,,) is a linear space with dimension m?n?. Tt is
also evident that (S |7) is sesquilinear and (S| S) > 0. Suppose that
(§|S8)=0. Then

Ztr (S(ET‘S)TS(ETS)) =0

n}



so that tr (S(E,s)'S(Ey)) =0, r,s = 1,... ,n. Hence S(E,) =0, r,s =
1,...,n, so by linearity S = 0. Therefore, (S| 7) is an inner product. To
show that {S;jx¢} forms a basis we have

(Sijie | Sirjrwrer) = Z tr (Sijue(Brs) ' Sirjrre (Ers))

= Z tr (00D 1) () 6508050180

= (5jj/(5ez’tf ((1&) (i) (1) (K'D))
= (5 /5@5/511 5kk’

Hence, {Sijkc} is an orthonormal system and since there are m?n® of these
elements, {S;;x} forms a basis. O

Define *: M,,,, — End(M,,, M,,,) by §z‘jk€ = Si;jie and extend by linearity.

Corollary 3.2. The map ": M., — End(M,, M,,) is a unitary transfor-
mation.

Proof. Since " maps the orthonormal basis {S;;x/} onto the orthonormal basis
{Sijke}, it must be unitary. O

We denote the inverse of the unitary transformation * by v: End(M,,, M,,)
— M,,,. We now present our two main isomorphism theorems.

Theorem 3.3. (i) If S € M,,, has the form S = AB' for A, B € C™, then
S( ) = ApB' for every p € M,,. (i) S € End(M,, M,,) if and only if S has
the form

5(p) =3 A,pB! (3.1)

for A,, B, € C™,

Proof. (i) Suppose S = AB' for A, B € C™. Then for every p € M, we
have that

5(6) = (B (6) = | sl (Z bu|k>|f>)T]A (0

= Zam ’] k‘ £| Z al]bkfslﬂff
= Z az’jbke‘sz’jké = Z aijbk£| (7 1pl€) (K]

= (D el (1) o (3 bk 5|) — ApBt



(ii) It is clear that if S has the form (3.1) then § € End(M,, M,,). Con-
versely, if S € End(M,,, M,,) then by Corollary 3.2 S = S for some S € M,,,.
Now S has the form S = 3" ¢,,D, B! so by (i) and linearity we have that

=S DopBl = 3 A Bl

where Ay =) ¢sD,. O

Theorem 3.4. () If S € M, has the form S = A® B for A € M,
B € M,, then S(p) = tr(B'p)A for all p € M,,. (i) S € End(M,, M,,) if
and only if S has the form

=Y (B4, (32)

for B, € M,,, A, € M,,.

Proof. (i) Suppose S = A® B for A € M,,, B € M,. Then for every p € M,
we have that

5(0) = (A@ B (p) = (aulid(kl© X buelidel) " (o)
—Zazkbﬂ A" (p) = 3 aubseli) Gl16) k]

= (D buepie) 3 aulid(kl = tr(B'p) A

(i) It is clear that if S has the form (3.2), then S € End(M,, M,,). Con-
versely, if S € End(M,,, M,,) then by Corollary 3.2 § = S for some S € M.
Now S has the form S = > ¢,sA, ® Dy for A, € M,,, Ds € M, so by (i)
linearity we have that

= S(p) Z crstr(Dip) A, = Ztr(Brp)A

where B, =Y ¢sDL. O

Corollary 3.5. § € End(M,, M,,) if and only if S has the form S(p) =
try (D(I,, @ p)) for some D € M,y,,.



Proof. 1t is clear that if S has the given form, then & € End(M,, M,,).
Conversely, if S € End(M,,, M,,) then letting D = > A, ® B, and applying
(3.2) gives

tro (D(I,, ® p)) = try ((ZA ® B, ) ) Ztl’g » ® B.p)
= tx(Bip)Ar = S(p) O

The next result gives a different version of Corollary 3.5. We denote the
identity endomorphism from M,, to M,, by Z,.

Lemma 3.6. For S € M,,, we have that
S(p) = tra (S(Inn @ p)) (3.3)
and
S=(SeL,)(8)(8) = S(E,) ® E; (34)

Proof. Notice that (3.3) holds for S = S;;x.. Hence, (3.3) holds in general by
linearity. To verify (3.4), let S = siinB]T for A;B; € C™ and apply (2.2)
to obtain

(S®TL) (18)(8) =Y siy(di® 1) w )(8I(B] @ 1)
= Z siinB; =
The last equality follows from |5) (6| = > Ei; ® Ej;. O
For S € End(M,, M,,) define S € End(M,, M,,) by S(p) = S(p")1.
Lemma 3.7. The map S — S is anti-linear, anti-unitary and cé;jkg = Sheij-

Proof. Clearly § — S is additive and to show it is anti-linear, we have for

all A e C
AS)¥(p) = [AS)(PD]" = X*S(ph)T = X*S(p)

Hence, (AS)™ = A*S. To verify anti-unitary we have

<§‘ i—> B Ztr (§<ETS)T§:(ETS)> - Ztl‘ (S(EST')T(EST‘)T)
=Y tr (T(E)S(B) = (T |S) = (S| T)"

10



The last statement follows from

Sine(p) = (1)G1eM 10 (K] = (1ot (e k)il
= (lplg) (kI{i] = Skeis(p) O

~ T
Lemma 3.8. (i) For S € M,,, we have (S)\(E,s) = [S(EST)} . (ii) For
S € My, we have (ST = (5)~.
Proof. (i) For S =" aijkeli)|s)(¢|(k| we have

St =3 a0 Gl

Hence,

(S (Ers) = ) afjuel k) Erl )il
—Z%Mlk (el () {sl) 17)

= Yt il = (X it (#])’
= (Z sl 515}y 1)41)
= (X i) 1B ) (k)
_ [?(Esr)]T
(i) Let p= 3 ¢rsEys € M, and apply (i) to obtain
(SH" (Z Cr rs) D (SN (Er)
:Zcrs[ £ =Y e[S }T
= [ aswE] =[5 (X e.k)]
= [361] = G
Hence, (S = (5)~. -

We say that S € End(M,,, M,,) is hermitian-preserving if S(p) is her-
mitian whenever p is hermitian.

11



Lemma 3.9. S is hermitian-preserving if and only if S(E;;)T = S(E;) for
all 1, .

Proof. Suppose that S is hermitian-preserving. Since E;; + Fj; is hermitian
we have that

S(Ei)t +S(E;)' = [S(Ei; + Ex))' = S(Ey + Eyy)

~ S(By) + (B 39
Since i(Ey; — Ej;) is hermitian we have that
—iS(Ey) +iS(E;;) = [S(iEy; —iE}))' = SGE;; — iE;)
= iS(Ey) —iS(Ej)
Thus,
S(E,) — S(B;) = —S(E;;) + S(E;) (3.6)

Adding (3.5) and (3.6) gives S(E;;)" = S(Ej;).
Conversely, suppose that S(E;;)T = S(Ej;) for every 4,5. If p=>" a;; E;
is hermitian, we have that

]
S(p)t = [Z az‘jS(Ez'j)} =Y aS(Ey) = a;S(Ej)
=3S(p)
Hence, S(p) is hermitian so S is hermitian-preserving. O

Theorem 3.10. For S € End(M,,, M,,) the following statements are equiv-
alent. (i) S is hermitian-preserving. (ii) S(p)' = S(p') for every p = M,,.
(i) S=38. (iv) S =5 where S € Hermy,,.

Proof. (i) = (ii) Suppose S is hermitian-preserving and p = > ¢;; E;;. Then
by Lemma 3.9

=Y S(E) = ¢ [S(Ey)) = [Z CijS(Eij)T
= S(p)t

(ii) = (iii) If (ii) holds, then for every p € M, we have that

S(p) =S =[S = S(p)

12



(iii) = (iv) By Corollary 3.2 S = S for some S € My, 1f (iii) holds then by
Lemma 3.8(ii) we have that

(S =)y =8§=8=5

Since ” is injective, S = ST so S is hermitian.
(iv) = (i) Suppose (iv) holds and p € Herm,,. Then by Lemma 3.8(ii) we
have that

S(p)t = S(p)t = S(p"' = ()~ (p) = (SH)(p) = S(p) = S(p)
Hence, S(p) is hermitian so that S is hermitian-preserving. O

Corollary 3.11. (i) Any S € End(M,, M,,) has a unique representation
S = S§1+iS, where §1, Sy € End(M,,, M,,,) are hermitian-preserving. (i) Any
S € End(M,,, M,,) has a unique representation S = S + T where S,T €
Herm,,,,.

Proof. (i) If § = & + iSy where 81,82 € End(M,, M,,) are hermitian-
preserving, then by Lemma 3.7 and Theorem 3.10 we have that

gzgl—z'gQ:Sl—z’Sg

We conclude that §; = (S + S§)/2 and S; = (S — §)/2i. Since the right
sides of these equations are hermitian-preserving, this proves existence and
uniqueness. (ii) This follows from (i) and Theorem 3.10. O

We denote by £(C?) the set of all S € M with S < I; and call £(C?)
the set of quantum effects [3, 5, 6, 7, 9, 10, 14]. We have seen in Theo-
rem 3.10(iv) that S is hermitian-preserving if and only if SV € Herm,,,,. The
next result characterizes other properties of S in terms of properties of SV.

Theorem 3.12. Let S € End(M,, M,,). (i) S(p) = 3. AipAl with tr(AfA;)
0,1 j, if and only if SV € Herm?,,. (i) S(p) = 3. AipAl with tr(AJA;) =
0i; if and only if SY is an orthogonal projection. (i) S(p) = S A;pAl
with tr(AJA;) = 0, i # j and tr(A]A;) < 1 if and only if S¥ € E(C™).
(iv) S(p) = tr(p)Ly if and only if SY = L.

Proof. (i) By the spectral theorem S € Herm,  if and only if S¥ = 3 A;A!
where A; € C"™ and A; L A, for i # j. Applying Theorem 3.3(i) this is

13



equivalent to S(p) = Z/Alipzzl\;r with tr(ﬁjzzl\j) =0, ¢ # j. (ii) By the
spectral theorem SV € M,,, is an orthogonal projection if and only if SY =
S A;Al where A; € C™ and (A, | A;) = 6;;. Applying Theorem 3.3(i) this
is equivalent to S(p) = > ﬁipgj where tr(ﬁjﬁj) = ¢;;. (iii) This is similar
to the proof of (i). (iv) S(p) = tr(p)l,, if and only if

S(p) =Y _ ) {leli)il = Y Siii(p)

Since Ly, = Y 19)]7) (2] (j| we have that

Hence, SV = I,,,,,. O

If S € End(M,,, M,,), T € End(M,, M) we define S®7T € End(M,,., M)
by

ST(po)=3S8(p) ®@S(0)
p € M,, o € M, and extend by linearity.

Lemma 3.13. (i) (S®T)” = S®7T. (ii) If S and T are hermitian-
preserving, then so is S® T .

Proof. (i) For p € M,,, 0 € M, we have that
(ST (p@o)=(ST)(p o) = [S(p) @ T(p")]'
=S @ T(e") =S(p) ® T(0)
=(SeT)(p®o)

The result follows by linearity. (ii) Since S and 7 are hermitian-preserving,
by Theorem 3.10, S =& and 7 = 7. Applying (i) we obtain

SRT) =80T =80T
and the result follows from Theorem 3.10. O

Corollary 3.14. If S € End(M,, M,,) is hermitian-preserving then so is
S®I, € End(M,y, M,,.).

14



4 Positive-Preserving Endomorphisms

We say that S € End(M,, M,,) is positive-preserving if S(p) € Herm
for every p € Herm;!. Positive-preserving endomorphisms are important
because they map states into state. However, they are not as important in
applications as quantum operations which have the property that S ® Z, is
positive-preserving for every r € N. We shall consider quantum operations
in Section 5. A positive-preserving endomorphism § is hermitian-preserving.

Indeed, any p € Herm,, has the form p; — p, where p;, po € Herm,". Hence,

S(p) = S(p1 — p2) = S(p1) — S(p2) € Herm,,

so that § is hermitian-preserving.

In contrast to Corollary 3.14, if S € End(M,,, M,,) is positive-preserving,
then S®Z, € End(M,,., M,,,) need not be positive-preserving. The standard
example for this is S € End(M,, My) given by S(p) = p'. It is clear that S
is positive-preserving. To show that S ® Z, € End(My, My) is not positive-
preserving, let |0), |1) be the canonical basis for C? and let |zy) = |z)|y) for
z,y € {0,1}. Define the entangled states |a), |3) € C* by |a) = [01) — |10),
|3) = |00) + [11). Then |3)(3| € Herm, and we have that

S© I (|6)(6]) = S @I (|00){00] + [00)(11] + [11){00[ + [11){11])
=S @ L (|0)(0[ @[0)(0] + |0) (1] @ [0) (1|
+H1){0] @ [1)(0] + [1){1] @ [1)(1])
= 10)(0 © [0){0[ + [1)(0] ® [0)(1]
+10) {1} @ [1){0] + [1){1] @ [1)(1]
= |00)(00] + [10){01] 4- [01) (10| + [11)(11]

But then
(a|lS® Ly (I8)(Bl) o)
1

= (a | 00)(00 | &) + (| 10)(01 | @) + (| 01)(10 | ) + (v | 11)(11 | o)
1 0=

=0+ (-1)+(-1)+0=-2

Hence, S ® , (|8)(3]) ¢ Herm}.
We shall need the following two technical results. The first result shows
that tr; and * commute in a certain sense.

15



Lemma 4.1. If S € M,,,, then [tri(S)]" = tr, o S, where try is the partial
trace over the r-dimensional system.

Proof. Let |i), |k) € C™, |j5), |¢) € C*, |p),|q) € C" be elements of the corre-
sponding canonical bases. Letting p € M,, we have that

= S Sisnapal) i) G101 (Il € My
Then
(tr1 o S ZS'ijpr j‘p‘€>| ><k‘ € Mm
On the other hand
(8) = 3 Synepplid ) (01K
so that
[tr1(S)]" (p) = Y Sisnepli) (il pl€) (k| = (tr1 0 5)(p) O
Lemma 4.2. For S € M,,,, p,o € M, u,v € M, we have that
puS(po)v = trs [(n® p")S(v ® o)]
Proof. We can write
pep = Zﬂijp€k|i><j| ® |k){(]
veo = Z virroew i) (5] @ 1K) (0]
Letting S = > Systu|r)|$) (t|(u|, we obtain
(p®@p)S(vwo') = Z i PekSiewiViryr oo | 1) | k) (51 (€]
Hence,
tra [(1 @ p")S(v @ 0")] = 3 pij poSiuweirvieyonae i) |
On the other hand, we have that
§ (Z pgkO'kk/w k? |> Z Srék’upﬂkgkk’|r>< |
Hence,
S(poyw =" uisli) (i1S(po) > v’}

= Z Mijpéksjek'i' Vit 51 O et |l> <j/| O
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Corollary 4.3. For S € M,,,, p € M,,, n € M, we have that
tr (u%ﬁ) =tr ((n® p")S)

Proof. In Lemma 4.2 let v = I,,,, 0 = I,, and take the total trace to obtain
tr (ug(p)) = tr [tra(n ® p') 5] O

A state p € Herm," = is separable if it has the form p = > \;p; ® o; for
i >0, p; € Herm! | 0; € Herm' .
Theorem 4.4. A map S € End(M,,, M,,,) is positive-preserving if and only
if SY € Herm,,,, and tr(pSY) > 0 for every separable state p.

Proof. By Theorem 3.12, §¥ € Herm,,,,. Now S is positive-preserving if and
only if tr (uS(p)) > 0 for every p € Herm, p € Herm,. By Corollary 4.3,
this is equivalent to tr ((1 ® p')SY) > 0. But this last inequality is equivalent
to tr(pSY) > 0 for every separable state p. O

A map S € End(M,,, M,,) is trace-preserving if tr [S(p)] = tr(p) for all
p € M, and S is unital if S(I,,) = I,,,.

Theorem 4.5. (i) S is trace-preserving if and only if tr1(SY) = I,. (ii)) S
is unital if and only if tro(SY) = I,.

Proof. (i) Suppose S = ZsiinB; for A;, B; € C™. Then for every p €
M,, we have that

tr (S(p)) = tr (Z sijﬁipég) =tr (Z sijB\;Aip)

Hence, tr (S(p)) = tr(p) for every p € M, if and only if ZSMEJA\I = I,.
Applying Lemma 2.5 this latter condition is equivalent to

In = (Z SijB\;AA\i)t = Z SZ](BJTA\Z)t = Z sijtrl(AiB;)
= tI'l (Z SZ]AZB;L> = tr1 (Sv)

(ii) Again, suppose that SV = ZsiinB;r for A;,B; € C™. Then by
Lemma 2.5, §(I,,) = I, if and only if

Im = Z Sl]A\IEJ = Z Sith'Q(AZ'BJT) = tl"g (Z SszzBJT)

= tI'g(SV) [
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5 Quantum Operations

A map § € End(M,, M,,) is completely positive if for every » € N and
every p € Herm = we have S®Z,(p) € Herm,!, . Thus, S is completely posi-
tive if and only if § ® Z,. is positive-preserving for every r € N. It follows by
definition that S is positive-preserving if S is completely positive. However,
we have seen in Section 4 that the converse does not hold. A completely pos-
itive endomorphism is also called a quantum operation |2, 3, 5, 14, 15, 16].
We have already mentioned that quantum operations are important in quan-
tum computation, quantum information and quantum measurement theory.
Quantum operations are sometimes assumed to be trace-preserving or unital,
but for generality we shall not make these assumptions here.

Theorem 5.1. If §: M,, — M,,, then the following statements are equiva-
lent. (i) S is a quantum operation (i) SY € Herm . (iii) S(p) = 3 A;pAl,
A; e Cm.

Proof. (i) = (ii) Suppose S is a quantum operation. Since |3)(3] € Herm ' ,,
applying Lemma 3.6 we have

S" = (S® 1) (I8)(A]) € Hermy,

(ii) = (iii) Since 8Y € Herm, by Theorem 3.12(i) there exist 4, € C™
such that S(p) = 3 AypAl.
(iii) = (i) If (iii) holds then clearly S € End(M,, M,,). If p € Herm = we

can write
p=Y_ageli)]j) (k| (|

where |i), |k) are elements of the basis of C" and |j), |¢) are elements of the
basis of C". We then have that

p= aieli)(kl @ i)l = (Z aijk@\i></€!> ® |73
i\ ik
= ZTJ‘Z ® [7)(¢
I
where Ty, = >, aijreli) (k| € M,. Hence,

(S® L) ZS (Tye) @ |5)(¢] = ZZAt Tje Al @ [5)(¢]
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Now by the Schmidt decomposition theorem [15, 16] any |¢)) € C™" has the
form |¢) =Y |us)|vs) for Jus) € C™, |vs) € C". We then have that

(S@L)(P)W) =D AT AN | vs)us) (]
Defining |¢;) = 32, Allu;) ® |v;) we obtain

(WIS @ L)) = 3 (sl AT Al e | 00) (i | )
=Y~ (Alus @ o] Y- T 0 [)0)| Afu 00, )
Jl

2,8,

= Z (Velpltpe) >0

Hence, (S ® Z,)(p) is positive so that S is a quantum operation. O

Theorem 5.1 shows that any quantum operation S: M,, — M,, has the
form

S(p) = 3 AipAl (5.1)

where A; € End(C",C™). We call (5.1) an operator-sum representa-
tion of & and we call A; the operation elements for the representation
[13, 14]. We now show that the operation-sum representation (5.1) is not
unique. That is, the operation elements for a quantum operation are not
unique. Let §,7: My — M5 be the quantum operations with the operator-
sum representations

S(p) = A1pAl + AypAj

T(p) = BipB] + BypB}
where A; = 27Y2diag(1,1) Ay = 27 Y2diag(1, 1), B; = diag(1,0), By =
diag(0, 1). Although S and 7 appear to be quite different, they are actually

the same quantum operation. To see this , note that B; = 27Y/2(A; + Aj)
and By = 27Y/2(A; — A,). Thus,

T(p) = (A1 + Az)p(Ay + As) ‘*2' (A — Az)p(Ar — Ay)

= AlpAl + AQPAQ = S(p)
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Notice that in this example we could write B; = > u;;A; where [u;;] is the
unitary matrix

Ao

V2 |1 -1
In this sense, the two sets of operation elements are related by a unitary
matrix. The next theorem shows that this is a general result.

Theorem 5.2. Suppose {E\, ... ,E,} and {Fy,...,F,} are operation ele-
ments giving rise to quantum operations S and T , respectively. By appending
zero operators to the shorter list of operation elements we may assume that
m =n. Then & =T if and only if there exist complex numbers w;; such that
Fy =), ui By wherelug;] is an m x m unitary matriz.

Proof. By Theorem 2.1 we may assume that £; = A; and F, = B and by
Lemma 4.1, § = 5,7 = TWhereS—Z:AAT ade—Z:BBT Then
S=Tif and only if § =T. Applying Lemma 2.3, S = T if and only if there
exists a unitary matrix [u;;] such that B; = > u;;A;. The last condition is
equivalent to

Let S have operation elements {A;,... ,A,}. We say that {4;,... ,A,}
is orthogonal if (A, | A;) = tr(AfA;) = 0 for i # j, and is orthonormal if
(A; | Aj) =6ij, 4,5 =1,...,r. We use the notation || A4;]| = (4; | ANV,

Theorem 5.3. (i) Any quantum operation has an orthogonal set of oper-
ation elements. (i) If {Ay,..., A} is an orthogonal set of operation ele-
ments with ||A;|| = ||A;|| #0, i, =1,...,7, and {By,... ,Bs} is another
set of operation elements for the same quantum operation with s < r, then
{Bi1,...,Bs} is orthogonal, s = r and ||B;|| = ||Ail|, ¢ = 1,...,r. (iii) If
{Ay,..., A} is an orthonormal set of operation elements and {B, ... ,B,}

is a set of operation elements for the same quantum operation, then {By, ... , B}
s orthonormal.

Proof. (i) This follows from Theorem 3.12(i). (ii) By Theorem 5.2 there
exists a unitary matrix [u,;;] such that B; = > u;;A;. We then have that

(Ay | B;) = tr(ALB;) = uirtr(Al A) = u]| Ag)?
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Hence, u;x = (Ay | B;i)/||Agl|*. Since [uy;] is unitary, for i # j we obtain

B . (Ap | Bi) (Bj | Ag)
0= i =2 AT AT

]' / /
AT Z (Bj | A)(Ak | Bi)
k

where A) is the unit norm operator A/||Ag||. It follows from Parseval’s
equality that (B; | B;) = 0 for i # j. Moreover,

1 1B:]1*

=) upuj, = ) (Bi| A4, | B) =

2wty = g 2 (B | A N

so that ||B;]|*> = ||A1||>. Notice that s = r because {B;} and {4;} form a
basis for the same space. (iii) This follows from (ii). O

Examples. The bit flip channel is described by the trace-preserving
quantum operation with operation elements {p1/2]2, (1-— p)l/ZX} where 0 <
p < 1 and X is the Pauli matrix

0 1
=)
Notice that if p = 1/2 the operation elements are orthonormal and if p # 1/2

they are orthogonal.
The quantum operation with operation elements

{plz, Vol —p) X,V/p(1—p) Z,(1 —p)Y}
where Y, Z are the Pauli matrices
0 —i 1 0
S R

is trace-preserving. The operation elements are orthogonal and if p = 1/2
they all have norm 1/v/2.

Theorem 5.4. Let §: M,, — M,, be a quantum operation with operation
elements {Aq,... ,A.}. (a) The following statements are equivalent. (i) S
is trace-preserving. (i) try(SY) = I,. (iii) S, AlA; = I,,. (b) The following
statements are equivalent. (i) S is unital. (i) try(S) = I,. (i) 3. A;Al =
I,.
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Proof. (a)(i)and (ii) are equivalent by Theorem 4.5. If S is trace-preserving
then for every p € M,, we have that

r(p) = tr (Z AmAI) =tr (Z AIAZ-p>

which implies that ZAZAZ- = I,. Conversely, suppose that ZAIAi = 1I,.
Then for every p € M,, we have that

tr (S(p)) = tr (Z AipAD =tr (Z AIAm) = tr(p)

(b) Again (i) and (ii) are equivalent by Theorem 4.5. Now & is unital if and

only if
I, =8(I,) = 3 AA! O

The next result shows the interesting fact that traces and partial traces
are completely positive.

Lemma 5.5. (i) The map tr: M, — M is a trace-preserving quantum op-
eration. (ii) The map try: M,,, — M, is a trace-preserving quantum opera-
tion.

Proof. (i) We understand M to be the set of matrices on a one-dimensional
Hilbert space spanned by a unit vector |0). Thus, M; = {A|0)(0|: A € C}.
Then

P)I0)(0] = Z 0 illi)
so tr(p) is a quantum operation with operation elements |0)(i|. Since

> (oD (o)l = Iyl =

tr is trace-preserving.

(ii) Define A;: C™ — C" by

A (D enlile)) = S ety = Gl > caelle)

14
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In a sense, A; = (i|. Define S: M,,, — M, by S(p) = 3 A;pAl. We then
have for every p € M, that

Sy’ @p) = A; (li)(i'| @ p) Al
= Givp = t11 (!2><i'| ® p)

By linearity of & and tr; it follows that & = tr;. Hence, tr; is a quantum
operation with operation elements A;. To show that S is trace-preserving we

have that
S AA; = S [i)(i] = Lnn 0

In the theory of quantum information, quantum noise is frequently de-
scribed by a trace-preserving quantum operation S: M,, — M, and quantum
error correction is described by another trace-preserving quantum operation
T: M, — M, that satisfies 7T o S = ¢Z,, for ¢ > 0. It is thus important
to find conditions under which § is invertible up to a multiplicative positive
constant. These are called quantum error correction conditions.

Theorem 5.6. Let S: M,, — M, be a quantum operation with operation

elements A; € M,,, 1 = 1,... ,r. Then there exists a trace-preserving quan-
tum operation T : M,, — M, such that T oS = ¢Z,, ¢ > 0, if and only if
AZAj =0, 4,5=1,...,r, for some a;; € C.

Proof. Suppose there exists a trace-preserving quantum operation 7 such

that 7 oS = ¢Z,,. Then 7 has the form 7 (p) =) Bj,oB]T- and we have that

> BjApAlBl =T (S(p)) = ep

for all p € M,. By Theorem 5.2 there exist constants c¢;; € C such that
BjAZ' = Cl/QCjiIn. HGHCG,

AEB;BjAk = cCjiCixln
Since B;Bj = [,,, summing over j gives
AlAp = > cepd, = agd,

J
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Conversely, suppose that AIAj =«a;il,, 1,5 =1,...,r. Then
Oé,?jfn = A;AZ = Oéjifn

so that aj; = aj;. Hence, a = [a;;] is a hermitian matrix. By the spectral
theorem there exists a unitary matrix u = [u;;] and a diagonal matrix d = [d;]
with real entries such that d = ufau. Define By, = > uiA;. By Theorem 5.2,

S(p) = 3. B;ipB! and since S is trace-preserving 3 B/ B; = I,,. Now
BIB, =Y upuieAlA; = upeiugd, = dil,
= Okedyrtn

Hence,

I,=) BIBi=) dl,

so that S d;; = 1. Since B! B; = dy;1,, it follows that B;B! = dj;I,,. Hence,

> BBl =Y dul, =1,

Define 7 (p) = > B;ij we conclude that 7 is trace-preserving. Finally,
T (S(p) =X BIBipBIB; = Y. BB;jpBIB; = (L) p - O

We say that p € Herm,; is pure if p = AAT for some A € C?. A quantum
operation S: M, — M,, is factorizable if S(p) = ApA' for some A € C™,
Notice that S is factorizable if and only if 8V is pure. The first part of the
next theorem gives the usual characterization of pure states.

Theorem 5.7. (i) p € Herm} is pure if and only if tr(p)* = tr(p?).
(i) A quantum operation S: M, — M, is factorizable if and only if ||S|| =
w (S(1).

Proof. (i) If p is pure, then p has at most one nonzero eigenvalue so tr(p)? =
tr(p?). Conversely, suppose that tr(p)? = tr(p?) and p has eigenvalues {\;}.
The purity condition gives (3" A;)> = 3 A2 which implies that 3, 2 NiAj = 0.
Since A\; > 0 there is at most one value of 7 such that \; # 0. It follows that
p has the form p = AAT,
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(ii) Let S = S for S € Herm,. Then S is factorizable if and only if S is
pure which by (i) is equivalent to

tr(LnnS)? = tr(S?) (5.2)

Now I, = > |kl)|kl) so that fmn(p) = 3 EwpEl,. Hence, fmn(EZj) =
[
dijlm. By Corollary 3.2, (5.2) is equivalent to
, /- 2
ISI* = 5(5°) = (T’ = (o | = (T | 5)

:[Ztr(fm(% j) [Z r (6 1 S(Eyp))

2¥)
2

2

= tr(S(I,))? O

= [Z tr (S(E

The next result shows that any p € Herm;, is the partial trace of a pure
state and is called a purification.

Lemma 5.8. If p € Herm;, then there is an A € C™ for some r € N such
that p = tri(AAT).

Proof. By the spectral theorem, p ="', A;AT for A; € C7. Let
A=) "lhy®AecC
=1

where {|7)} is the basis for C". Then
AAT =" [i)(j] @ AAl
and we have that

try(AAT) =G i) A AT =" Al =p O

Our next result gives another important characterization of quantum op-
erations
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Theorem 5.9. A map S: M,, — M, is a quantum operation if and only
if S can be written as S(p) = tri(ApAT) where A € End(C*,C™) and tr,
traces out the first r-dimensional system. Moreover, if the operation elements

of S are {A\Z}, then we have that ATA = ZA\I@

Proof. If § is a quantum operation, then by Theorem 5.1, § = Sfor S e
Herm, . By Lemma 5.8, S = tr;(AAT) for A € C™n. Applymg Lemma 4.1
we have that

S =258 =[tr(A4AN)]" = tr; o (AAT)"

Hence, for every p € M, we obtain S(p) = try(ApAt). Since S = S and the
operation elements of S are {A\Z}, we have that S = 37 4;A!. Letting tr,

be the trace over the second m-dimensional system, by Lemma 2.5 we have

that
Z(gj;{z)t = Z tI'Q(AZA tl"g (Z A; AT) tI‘g )

= trytr; (AAT) = (AT A)!

Hence, ATA =Y 1@@
Conversely, suppose that S(p) = tr;(ApAT). By Lemma 5.5, tr; is com-
pletely positive. If the operation elements of tr; are {A;} we have that

= A ApATAl =Y A Ap(A;A)
Hence, § is completely positive with operation elements {AZ;{} l

In Theorem 5.9, notice that if S is trace-preserving, then AtA = I,, so
that A is isometric. Moreover, notice that the last part of Theorem 5.9 also
follows from the fact that the composition of two completely positive maps
is completely positive as can be seen from the operator-sum representation.

We close with a characterization of a special type of quantum opera-
tion that has recently appeared in the literature [17]. A quantum operation
S: M,, — M,, is called entanglement breaking if S can be written in the

form
= tx(B,p)A, (5.3)
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for B, € Herm, and A, € Herm;. We will assume without loss of generality
that tr(A,) = 1 for all r. Indeed, just replace A, by A,/tr(A,) and B, by
B,tr(A,) in (5.3). It then follows that S is trace-preserving if and only if
> B, = I; that is, {B,} is a positive operator-valued measure. Recall that
S € Herm, is separable if S = ¢, A, ® B, for C,; > 0, A, € Herm!,
B, € Herm'.

Theorem 5.10. A map S € End(M,, M,,) is an entanglement breaking

quantum operation if and only if SV € Herm s separable.

Proof. Suppose that SY € Herm! is separable. Then SY has the form

mn

SV =3 ¢sA, ® D, for ¢,y > 0, A, € Herm | B, € Herm;. By linearity and

Theorem 3.4(i) we have that

S(p) = Z Crstr(Dyp) A, = Ztr(Brp)Ar

where B, = > ¢,sD%. Conversely, suppose S € End(M,, M,,) is an entan-
glement breaking quantum operation. Then by (5.2) and Theorem 3.4(i) we
have that

8(0) =3 (A0 B) () = (Y a-eB) ()

for all p € M,,. Hence, S¥ =Y A, ® B! is separable. O
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