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Abstract

The full anhomomorphic logic of coevents A* is introduced. Atoms
of A* and embeddings of the event set A into A* are discussed. The
quantum integral over an event A with respect to a coevent ¢ is de-
fined and its properties are treated. Integrals with respect to various
coevents are computed. Reality filters such as preclusivity and regu-
larity of coevents are considered. A quantum measure p that can be
represented as a quantum integral with respect to a coevent ¢ is said
to 1-generate ¢. This gives a stronger reality filter that may produce a
unique coevent called the “actual reality” for a physical system. What
we believe to be a more general filter is defined in terms of a double
quantum integral and is called 2-generation. It is shown that ordi-
nary measures do not 1 or 2-generate coevents except in a few simple
cases. Examples are given which show that there are quantum mea-
sures that 2-generate but do not 1-generate coevents. Examples also
show that there are coevents that are 2-generated but not 1-generated.
For simplicity only finite systems are considered.

1 Introduction

Quantum measure theory and anhomomorphic logics have been studied for
the past 16 years [1, 2, 3, 5, 6, 7, 8, 9, 10]. The main motivations for these



studies have been investigations into the histories approach to quantum me-
chanics and quantum gravity and cosmology. The author has recently intro-
duced a quantum integration theory [4] and the present article presents some
connections between this theory in a slightly different setting and anhomo-
morphic logics. It turns out that classical logic, in which truth functions are
given by homomorphisms, is not adequate for quantum mechanical studies.
instead, one must employ truth functions that are not homomorphism and
this is the origin of the term anhomomorphic logic. These more general truth
functions are Boolean-valued functions on the set A of quantum events (or
propositions) and are called coevents. We denote the set of coevents with
reasonable properties by A* and call A4* the full anhomomorphic logic. The
elements of A* correspond to potential realities for a quantum system. For
Aec A ¢ e A", ¢(A) = 1if and only if the event A occurs (or the proposition
A is true) in the reality described by ¢. The main goal of the theory is to
find the “actual reality” ¢, for the system.

Even for a system with a small finite sample space €2 of cardinality n, the
cardinality of A* is 2"~ which is huge. Thus, finding ¢, in this huge space
may not be an easy task. It is thus important to develop filters or criteria for
reducing this number of potential realities to make the selection of ¢, more
manageable. One of the main filters used in the past has been preclusivity.
Nature has provided us with an underlying quantum measure p on A. The
measure (A) is sometimes interpreted as the propensity of occurrence for
the event A. If pu(A) = 0, then A does not occur and we say that A is
precluded. If (A) = 0 for every precluded event A, then A is preclusive. It
is postulated that ¢, must be preclusive [1, 7, 8]. Unfortunately, there may
still be many preclusive coevents so this criteria does not specify ¢, uniquely.
In this article we propose a stronger filter that may uniquely determine ¢,.

Motivated by previous work on quantum integration [4], we define an
integral [, fdp over A € A of a real-valued function on Q with respect to
a coevent ¢. If y1 is a quantum measure on A and if p(A) = [, fd¢ for all
A € A where f is a strictly positive function, we say that u 1-generates ¢.
If i 1-generates ¢, then ¢ is automatically preclusive (relative to p). We do
not know whether a 1-generated coevent ¢ is unique but we have a partial
result in that direction. In any case, 1-generated coevents provide a much
stronger filter than preclusivity. Unfortunately, as we discuss in more detail
later, one cannot expect an arbitrary quantum measure p to 1-generate a
coevent and we shall show that this only holds for a very restricted set of
quantum measures. For this reason we introduce what we believer is a more



general method that holds for a much larger set of (but not all) quantum
measures. We say that p 2-generates ¢ if

) = [ | [ soraote)] aotw

for all A € A where f is a symmetric, strictly positive function on Q x €.
Again, if u 2-generates ¢, then ¢ is preclusive (relative to p). A result which
we find interesting is that except for a few simple cases, no ordinary measure
1- or 2-generates a coevent. Thus, the concept of generating coevents is
essentially purely quantum mechanical. This article includes many examples
that illustrate various concepts. For simplicity, we only consider finite sample
spaces.

We now briefly summarize the contents of the paper. In Section 2, we
define the full anhomomorphic logic A*. We briefly discuss the additive,
multiplicative and quadratic sublogics of A*. These sublogics have been
considered in the past and it has not yet been settled which is the most
suitable or whether some other sublogic is preferable. For this reason and for
generality, we do not commit to a particular sublogic here. We point out that
A* is a Boolean algebra and we discuss the atoms of A*. Two embeddings
of A into A* denoted by A — A, and A — A* are treated.

Section 3 introduces the quantum integral [ fd¢ with respect to the co-
event ¢. Properties of this integral and the more general integral [ 4 fdo
are discussed. Integrals with respect to various coevents such as A, and A*
are computed. Reality filters are considered in Section 4. Preclusive and
regular coevents are discussed. Most of the section is devoted to the study
of 1- and 2-generated coevents. Section 5 presents some general theorems.
A uniqueness result shows that if ¢,1 € A* are regular and p 1-generates
both ¢ and v, then ¢ = 1. Expansions of quantum measures and coevents
are defined. It is shown that u 1- or 2-generates ¢ if and only if expansions
of pu 1- or 2-generate corresponding expansions of ¢. It is shown that if ¢ is
1-generated by pu and ¢(A) # 0 whenever p(A) = 0, then ¢ is 2-generated by
p. Sections 6 and 7 are devoted to examples of 1- and 2-generated coevents.
For instance, it is shown that there are quantum measures that 2-generate
coevents but do not 1-generate coevents. Examples of coevents that are 2-
generated but not 1-generated are given. Also, examples of coevents that are
not 1- or 2-generated are presented.



2 Full Anhomomorphic Logics

Let ©Q be a finite nonempty set with cardinality |Q2| < co. We call Q a sample
space. The elements of {2 correspond to outcomes or trajectories of an exper-
iment or physical system and the collection of subsets 2 of Q) correspond to
possible events. We can also think of the sets in 2% as propositions concerning
the system. Contact with reality is given by a truth function ¢: 29 — {0,1}.
The function ¢ specifies what actually happens where we interpret ¢(A) = 1
to mean that A is true or occurs and ¢(A) = 0 means that A is false or does
not occur. It is convenient to view {0, 1} as the two element Boolean algebra
Z with the usual multiplication and addition given by 00 =1&1 =0
and0p1=1640=1.
For w €  we define the evaluation map w*: 2% — Z, by

1 if A
w(d) =4 0
0 ifwgA

For classical systems, it is assumed that a truth function ¢ is a homomor-
phism; that is, ¢ satisfies:

(H1) ¢(Q2) =1 (unital)
(H2) ¢(AUB) = ¢(A) ® ¢(B) whenever AN B = () (additive)
(H3) ¢(AN B) = ¢(A)p(B) (multiplicative)

In (H2) AU B denotes AU B whenever AN B = (). It is well-known that ¢
is a homomorphism if and only if ¢ = w* for some w € ). Thus, there are
2| truth functions for classical systems.

As discussed in [7, 8, 9], for a quantum system a truth function need
not be a homomorphism. However, a quantum truth function should satisfy
some requirements or else there would be no theory at all. Various proposals
have been presented concerning what these requirements should be [1, 7,
8, 9]. In [7] it is assumed that quantum truth functions satisfy (H2) and
these are called additive truth functions, while in [1, 9] it is assumed that
quantum truth functions satisfy (H3) and these are called multiplicative truth
functions. In [5] it is argued that quantum truth functions need not satisfy
(H1), (H2) or (H3) but should be quadratic or grade-2 additive in the sense
that



(H4) ¢(AUBUC) = p(AUB) @ d(AUC) B d(BUC) B d(A) @ d(B) & ¢(C)

If ¢, 1): 2% — Zj are truth functions, we define ¢ by (¢10)(A)=p(A)p(A)
and ¢ @ Y by (¢ ® ¥)(A) = ¢(A) ® Y(A) for all A € 22, We make the
standing assumption that ¢(f)) = 0 for any truth function and we do admit
the constant 0 function as a truth function and denote it by 0. We also define
1 as the truth function given by 1(A) = 1 for all A # ). It can be shown
[1, 5, 9] that ¢ is additive if and only if ¢ is 0 or a degree-1 polynomial

p=wi @B

and that ¢ is multiplicative if and only if ¢ is a monomial

*

6= wivy - w;

Moreover, one can show [1, 5] that ¢ is quadratic if and only if ¢ is a degree-1
polynomial or ¢ is a degree-2 polynomial of the form

p=wi D Bw, Dwjw; D Ow,w,

Notice that we do not allow a constant term in our polynomials.

Since it is not completely clear what conditions a quantum truth function
should satisfy and for the sake of generality, we shall not commit to any par-
ticular type of truth function here. We use the notation €2, = {w1,...,w,},
A, = 22 for an n-element sample space. Leaving out the truth functions
satisfying ¢()) = 1 we have 22"~V admissible truth functions. We denote
this set of truth functions by A¥ or A* when no confusion arises. Similarly,
we sometimes denote the set of events A,, by A. We call A* the full anho-
momorphic logic and the elements of A* are called coevents. In A* there are
n classical, 2" additive, 2* multiplicative and 2*"*1)/2 quadratic coevents.
All nonzero multiplicative coevents are unital and half of the additive and
quadratic coevents are unital, namely those with an odd number of sum-
mands. It can be shown that any nonzero coevent ¢ can be uniquely written
as a polynomial in the evaluation maps. We call this the evaluation map
representation of ¢. Notice that A7 consists of the 0 coevent and the single
classical coevent wj. The following examples discuss Aj; and Aj.

Example 1. The full anhomomorphic logic A3 contain 2% = 8 elements.
We list them according to types. The 0 coevent is type (0) and the two
classical coevents wi, wj are type (1). The additive coevent wi @ wj is type
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(1,2). The multiplicative coevent wjw; is type (12). The two quadratic
coevents wj Bwiws, wiBwiw; are type (1,12). Finally, the quadratic coevent
1 = w] ® wj & wjws is type (1,2, 12). O

Example 2. The full anhomomorphic logic Aj contains 27 = 128 elements.
There are too many to list so we shall just consider some of them. The
coevent w; is one of the three classical type (1) coevents and w} @ w3 is one
of the three type (1,2) coevents. The coevent wijw; is one of the three type
(12) coevents and w; @ wj @ wj is the only type (1,2,3) coevent. There is
one type (123) coevent wiwjw; and there are six type (1,12) coevents, one
being wi @ wjws. There are three type (1,23) coevents, one being wi & wiw;
and three type (1,2,12) coevents, one being wi @ wi ® wiw;s. The coevent
w; Bw; dwiws is one of the six type (1,2, 13) coevents and w] Bw; Bwi Bwiws
is one of the three type (1,2,3,12) coevents. Our last example is the type
(1,2,3,12,13,23,123) coevent

1 =w] ®w; ®w; @ wiw; G wjw; @ wiw; G wjwsws [

It is of interest to note that the coevent 1 in A has the form

1=Puwe P ww o duwiw; - w, (2.1)
=1

i<j=1

To show this, let A € A, and assume without loss of generality that A =
{wi,...,wn}. Denoting the right side of (2.1) by ¢, the number of terms of
¢ that are 1 on A becomes

3+ () (D)

Since 2™ — 1 is odd, we conclude that ¢(A) = 1.

For ¢,1 € A* we define ¢ < ¢ if ¢(A) < P(A) for all A € A. It is clear
that < is a partial order on A* and that 0 < ¢ < 1 for all ¢ € A*. For
¢ € A* we define the complement ¢’ of ¢ by ¢ = 1@ ¢. It is easy to check
that (A*,0,1,<,’) is a Boolean algebra in which the meet and join are given
by

=
>
£

(4) = min (¢(A), ¥(A)) = ¢(A)(A)
(0 V9)(A) = max (p(A), ¢ (A)) = ¢(A) © ¢ (A) © ¢(A)(A)



Examples of meets and joins are:
* * * * * *
Wy ANwg N+ Aw,, = Wiy -+ W,
* ® %k * ® K
Wy Vwy = wy; B wy P wiw,
(W B wiwy) V (wy @ wiwy) = wi B w)
(W} @ wiw B wiws @ wiwhw) V (w5 ® wiw) ® whw B wiwiws)

ok * % * ok
= w; Dwy; Dwiwg O wyws

The atoms of A* are the minimal nonzero elements of A* and every nonzero
coevent ¢ is the unique join of the atoms below ¢. Thus, every atom has
the form ¢4 for ) # A € A where ¢4(B) = 1 if and only if B = A. The
atoms of A5 are ¢y,} = wi @ WiwWs, G, = ws D wiw;, and ¢ = wiw;. We
then have w = ¢} V ¢q, W5 = P V P, W @ wy = O} V G,y and
1 = @} V by V 0. The seven atoms of Aj are the type (123), the three
type (1,12,13,123) and the three type (12,123) coevents.

We now describe the atoms of A’ in terms of their evaluation map rep-
resentations. Without loss of generality suppose A € A, has the form
A={wy,...,wn} and let ¢ = wjw; ---w,. We claim that

ba=00 P owje @ v B, b (2.2)

i=m+1 1<j=m+1

To show this, let ¢ be the right side of (2.2). It is clear that ¥(A) =
»(A) = 1. Now suppose that B € A, with ) # B # A. If A € B, then
Y(B) = 0. If A C B, then we can assume without loss of generality that
B =A{wi,. .., Wn,Wmit,---,Wmirt. The number of terms on the right side
of (2.2) that are 1 on B is

()G ()

Since 2" is even, we conclude that ¢(B) = 0 and this proves (2.2).

We next give a natural embedding of the Boolean algebra A into A*. For
A e A, we define A, € Aby A, (B) =1if and only if ) # B C A. Notice
that 0, = 0 and Q, = 1. Also, {w}, = ¢} so {w}, has the form (2.2)
with m =1 and ¢ = w* = w]. The evaluation map representation of A, is a
generalization of (2.2) that we shall discuss later. We denote the complement

of a set A by A’.



Theorem 2.1. (a) A C B if and only if Ax < B,. (b) (ANB), = A, A\B,.

Proof. (a) Suppose that A C B. If A,(C) = 1, then () # C C A. Hence,
C C B so B.(C) = 1. It follows that A, < B,. Conversely, suppose that
A, < B, IfAZ B, then ANB’ # () and ANB’ C A. Hence, A,(ANB') =1
so B.(AN B’) = 1. We conclude that AN B’ C B which is a contradiction.
Therefore, A C B. (b) If A, A B.(C) = 1, then min (A.(C), B.(C)) = 1.
Hence, A.(C) = B.(C) =1s0 C C AN B. It follows that (AN B).(C) = 1.
Conversely, if (AN B).(C) =1, then C C ANB. Hence, A,(C) = B,(C) =1
so (A« A B,)(C) = 1. Therefore, (AN B), = A, A B,. O

In general, A — A, is not a Boolean homomorphism. One reason is that
(A, # (A.). Indeed, if BN A # () and BN A" # (), then (A),(B) =
A.(B) = 0. Another reason is that (AU B). # A,V B.. To see this,
suppose that C € A, C € B and C C AU B. Then (AU B).(C) = 1 while
A.(C) = B,(C) = 0. To describe the evaluation map representation of A,
we can assume without loss of generality that A C ,, and A = {w1,...,wn},
m < n. We claim that A, is the sum of all monomials that contain at least
one of the elements w;, i = 1,...,m as a factor. For instance, in 23 we have

ko ko ok

* * * * * * * *
{wi,wa}, = wi B wj; G wijw; G wiw; G wiws O wiwsws

as is easy to check. Instead of giving the general proof of this claim, which
is tedious, we present some other examples.

Example 3. In Q4 with A = {w;,ws} our claim states that

A = Wi ® ws D wiw; D wiw; ® wiw; ® wiws © wiwy (2.3)
k % * * * * * * * * * * k k * *

D Wjwsws B Wjwswy D Wjwswy B wowswy D wWiwswswy

Let 1) be the right side of (2.3). Clearly )(B) =1 for every ) # B C A and
(B) =0 for every B C A’. Next we have

Y ({wr,ws}) = ¥ {wi,wa}) =¥ ({we,ws}) = ¥ ({wa,ws}) =0
Also, 1(€24) = 0 and
W ({wr, we, ws}) = ¥ ({wr,we,wy}) =0

It follows that ¢ = A,. As another example, let B = {w;,wq,w3}. Our claim
states that

8



and this is easily verified. O

We now present another embedding of A into A*. For A = {wy,...,wn},
let A* be the sum of all monomials that contain only elements wj,...,w; as
factors. Thus,

A=Puwo P ww o dwiws - w), (2.4)
i=1 i<j=1
Notice that §* = 0, Q* = 1 and {w}" = w*.

Theorem 2.2. (a) A*(B) =1 if and only if BNA#0. (b) AC B if and
only if A* < B*. (¢) (AUB)* = A*V B*.

Proof. (a) If BN A = (), then clearly A*(B) = 0. Suppose BN A # () and
|BN A| =r. Representing A* as in (2.4) we have

A*(B) =Puwi(B)® @ wjw;(B) @ ©wiw - w),(B) (2.5)
i=1 i<j=1

The number of terms on the right side of (2.5) that equal 1 are

() (o) ()=

Since 2" — 1 is odd, A*(B) = 1. (b) Suppose that A C B. If A*(C) =1,
then by (a), C' N A # (. Hence, C N B # () so by (a) B*(C) = 1. Therefore,
A* < B*. Conversely, suppose that A* < B*. If A € B, then AN B’ # ().
Since AN B" C A, by (a) A*(AN B’) = 1. Hence, B (AN B’) = 1so by (a)
(AN B') N B # () which is a contradiction. Hence, AN B =0 so A C B.
(c) It (AUB)*(C) =1, then CN(AUB) # (. Hence, CNA # @ or CNB # )
so A*(C') =1 or B*(C) = 1. Hence,

(A" Vv B*)(C) =max (A*(C),B*(C)) =1
Conversely, if (A* v B*)(C) = 1 then A*(C) = 1 or B*(C) = Hence,

1.
CNA#PorCNB #0. It follows that CN(AUB) # ( so (AUB)*(C) = 1.
We conclude that (AU B)* = A* VvV B*. O



As before A — A* is not a Boolean homomorphism because (A")* # (A*)’
and (AN B)* # A* A B* in general. For the first case, let B satisfy BN A # ()
and BN A’ # (). Then

A*(B) = (A)"(B) =1
Hence, (A')* # (A*)". For the second case, let C satisfy CNA, CNB #0
but C N (AN B)=0. Then (AN B)*(C) =0 but

(A* A BY)(C) = min (A*(C), B*(C)) = 1

Hence, (AN B)* # A* A B*. It is interesting to note that A, < A*.

We close this section by mentioning that the coevent 14(B) = 1 if and
only if A C B is much simpler than A, or A*. If A = {wy,...,wn}, then
Y4 = wiw; - - - wy, which is multiplicative.

3 Quantum Integrals

As in Section 2,  is a finite set, A = 2 and A* is the full anhomomorphic
logic. Following [4], for f: Q@ — R and ¢ € A*, we define the quantum
integral (g-integral, for short)

[rao= [ ot s> ar- [Cotw: fo)<-apix @)

where d\ denotes Lebesgue measure on R. Any f: Q — R has a unique
representation f = f; — fo where fi, fo > 0 and f;fo = 0. It follows from

(3.1) that
[ o= [ fido~ [ o

We conclude that g-integrals are determined by g-integrals of nonnegative
functions. In fact, all the g-integrals that we consider will be for nonnegative
functions.

Denoting the characteristic function of a set A by x4, any nonnegative
function f: Q — R* has the canonical representation

F=> aixa, (3-2)
=1
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where 0 < oy < -+ < ay and A;,NA; =0,i#j=1,...,n. Thus, a; are
the nonzero values of f and A; = f~'(a;),i=1,...,n. Since f > 0 we can
write (3.1) as

/ fdo = / b ({w: f(w) > A})dA (3.3)
d (

and it follows from (3.2) and (3.3) that

/fdgb = 041¢<U Ai>+(042 — ) (U az>+ —an_1)0(A,) (3.4)

1=2

S (4) (4]

In (3.5) we use the convention that U, A, = 0.

It is clear from (3.4) that [ fd¢ > 0 and f axadd = ag(A) for all a > 0.
In particular, ¢(A) = [xad¢ so the g-integral generalizes the coevent ¢.
Also it is easy to check that [afdp =« [ fd¢ and that

[ta+ o= [ado [ o= aota)+ [ a0

for all @« > 0. The g¢-integral is nonlinear, in general. For example, suppose
that A, B € A are disjoint nonempty sets, 0 < a < # and ¢ € A" satisfies
d(AUB) # ¢(A) + ¢(B). Then by (3.5) we have

S

/ (aoxa + Bxs) db = a [$(AW B) — §(B)] + B(B)
£ ad(A) + Bo(B) = / coxadd + / By pdo

Also, we do not have [ fd(¢ @) = [ fdp+ [ fdip. For example, suppose
that wy,ws € A. Then

/ xad(w} © w3) = (W B wi)(A) = 0 £ wi(A) + wi(A)

:/XAdw}HL/XAdw;‘

It is frequently convenient to write (3.4) and (3.5) in a different form.
For f: Q@ — R, let wy,...,w, be the points of Q such that f(w;) > 0,

11



i=1,...,r, with f(w;) <--- < f(w,). It easily follows from (3.4) that

/fd¢ = flw)o ({wr, ... wr}) + [f(w2) = flw)] @ ({we, ... wr })
+oet [f(wr) - f(wrfl)] ¢(wr) (36>

= Zf wi) [0 Qwis - . wr}) — ¢ ({wirr, - wr })] (3.7)

In (3.6) we have used the shorthand notation ¢(w,) = ¢ ({w,}).

We now compute g-integrals relative to some of the common coevents.
These formulas follow easily from (3.4) or (3.6) and their verification is left
to the reader. First, it is not surprising that | fdw* = f(w). If 0 < f(w1) <

- < f(w,) then

/?d% = f(@) = flor) £t (D) (38)
For example, if f: Q@ — RT is arbitrary then

/Mwmwazmwﬁwmﬂwn—mﬂﬂm%NM)

For f: Q — R* we have

[ far ) =min (f). . f(w0) (39)
/fdA* =max{f(w): we A} (3.10)
For f: Q — R* letting @« = max {f(w): w € O}, f =min{f(w): w € A} we
have
Ja-p if fHa)C A
/fdA* _ {0 e (3.11)

Example 4. We illustrate (3.8)—(3.11) by computing these g-integrals for
specific examples. On €25 suppose 0 < f(wy) < --- < f(ws). Applying (3.6)
gives

/ﬁmé@%®wb=f@ﬁ+U@ﬁ—ﬂmﬂ+wa—ﬂwﬂ0

+ [f(wa) = f(ws)] + [fws) — flwa)] - O
= f(ws) — f(ws3) + flwa)

12



/fd wywzwy) = flwr) + [fw2) = flw)] + [f(ws) — flw2)] - 0

+ [f(wa) = fwa)] - 0+ [f(ws) = f(wa)] - 0
= flwz) = min (f(wz), f(ws), f(ws))

which are (3.8) and (3.9), respectively. Letting A = {ws, w3, w4} we have

/#wr:fwn+wwg—ﬂmn+wwg—ﬂwn+vw0—ﬂmn
[ (ws) — F@)] -0 = Flus) = max {f(w): w € A}

/fdA*Zf(W1)'0+[f(w2)—f(w1)]'0+[f(w?>)—f(wz)]'0
+ [f(wa) = f(ws)] - 0+ [f(ws) — flw—4)]-0=0

which are (3.10) and (3.11), respectively. This last example is more interest-
ing if we let B = {ws, w4, ws} in which case we have

/fﬂﬂ=ﬂm%0+Uwﬁ—ﬂmﬂ0+UW@—ﬂMH+U@D—ﬂmH
T [f(ws) = Flwn)] = F(ws) — Flwn)
which are (3.11). O

Let f have the representation (3.2) and let ¢4 be an atomic coevent for
A e A. A straightforward application of (3.4) shows that

(

Oy, — Q1 1L A= UAi for some m > 1
/fdm T o it A=A (3.12)
0 otherwise

\

We mentioned previously that any ¢ € A* has a unique representation ¢ =
o1V -V, where ¢q, ..., ¢, are the distinct atoms below ¢. The next result
shows that the g-integral with respect to ¢ is just the sum of the g-integrals
with respect to the ¢;, 1 =1,...,m

13



Theorem 3.1. If ¢1,..., ¢, are distinct atoms in A* and f: Q — RT, then

[ td@ivvon = [ faoises [ a0,

Proof. We give the proof for m = 2 and the general case is similar. Letting
f have the representation (3.2) and ¢; = ¢4, @2 = ¢p for A # B, then (3.4)

gives

/fd(¢AV¢B):a1(¢A\/¢B) (UJ‘L) (a2 —o)(paV ¢p) (UA)
+ o (an — an-1)(9a V é5)(4A) (3.13)

If the right side of (3.13) is zero, then it is clear that

[ #dos= [ saon—0

and we are finished. Otherwise, at most two of the terms on the right side
of (3.13) are nonzero. Suppose the jth term is the only nonzero term. We
can assume without loss of generality that

Ga (QA> =1 and ¢p <LJA>

Then [ fdgp =0 and we have

/ fd(aV ¢5) = a; — a1 = / fdé+ / fdos

Next suppose the jth term and the kth term are nonzero. There are three
cases one of which being

9 (U Ai> =1, ¢p (U Ai) =0 and ¢p (U Ai) =1, ¢a (U Ai> =
i=j i=j i=k i=k

In this case we have
/ Fd(6aV 65) = 0 — a1 + 0 — gy = / fda+ / Fdos
The other cases are similar. ]
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As usual in integration theory, for A € A and ¢ € A* we define

Aﬁwz/ﬁum

Simple integrals of this type are f{w} fdp = f(w)p(w) and [, 1de = ¢(A).
Other examples are

/Afdl — max {f(w): w € A}
/Ade* =max{f(w): we AN B}
Moreover, if 0 < f(w;) < f(w2), then

[ o= oo (funnh) + ) = S )

Example 5. This example shows that the ¢g-integral is not additive, even
if ¢ is additive, in the sense that in general

Awﬂw¢ﬂﬁw+éﬁw

Let ANB =0, w; € A, wy € Band f: Q —» R" with 0 < f(w;) < f(w2).
We then have

Fl(w; @ wh) = / Fasd(w! © w3) = f(w2) — flwn)

AUB

£ Flwn) + flwn) = / fd(wh ® wf) + / fdwiowy) O

Example 6. This example shows that the ¢g-integral is not grade-2 additive,
even if ¢ is additive, in the sense that in general

/Aumfd(b# et Aucfd¢+/3wfd¢—/Afdgb—/ded)—/Cfm

Let A, B,C € A be mutually disjoint, w; € A, wy € B, w3 € C' and f: Q) —
R* with 0 < f(wy) < f(ws) < f(w3). For ¢ = w} ® w} & wi we have

/ fdo = Flws) — F(ws) + f(wr)
AuBuUC
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However,

[ rao+ Aucfd¢+/]3UCfd¢—Afd¢—[de¢—/Cfdsb
= f(ws) — f(wa2) — 3f(w1) O

4 Reality Filters

We interpret A* as the set of coevents that correspond to possible realities of
our physical system. Presumably, there is only one “actual reality” ¢,. But
how do we find ¢,? We need methods for filtering out the unwanted potential
realities until we are left only with ¢,. We have seen that |A*| = 22"~V
which can be an inconceivably large number. Thus, finding ¢, is like finding
a needle in a double exponential haystack. For example, for a small system
with n = || = 6 sample points, we have

|A*| = 293 = 9,223,372, 036, 854, 775, 808

If this were a classical system, we only have to sort through 6 potential
realities and this could be achieved by a simple observation or measurement.
Filters that have been used in the past have been to assume that the potential
realities must be additive or that they must be multiplicative. In these two
cases there are 2° = 64 potential realities which is quite manageable. Another
filter that has been considered is the assumption that the potential realities
must be quadratic in which case we have 22! = 1,097, 152 potential realities.
Although large, this is a lot better than 2%3.

We now discuss another method for eliminating unwanted coevents. Sup-
pose there is an experimental or theoretical reason for assuming that A € A
does not occur (or that A is false). We then say that A is precluded 7,8, 9]. A
trivial example is the empty set () which by definition is precluded. Denoting
the set of precluded events by Ay we call A, = A\ A, the set of permitted
events. A coevent ¢ is preclusive if p(A) =0 for all A € A, [7, 8, 9] and the
set of preclusive coevents

Ay ={pe A": $(A) =0 for all A € Ao}

is the preclusive anhomomorphic logic. Although A, is not a Boolean algebra,
A3 is a Boolean algebra and its atoms are the preclusive atoms of .A*. Hence,
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A
A

= 2M[ For example, in Qy if Ag = {{w1}}, then A, = {{w,}, s} and
= 22 = 4. We then have

.A; - {O,W;,WTW;,CU; S wfwik}
If Ag = {Q}, then A, = {{w;},{w.}} and ‘.A;‘ = 4. We then have
A = {0,w] © wjw;,w; & wiwy,w] S ws}

If Ag = {{w1}, {w2}}, then A, = {Q}, |43 =2 and A} = {0,w]ws}.

A coevent ¢ is reqular if
(R1) ¢(A) =0 implies p(AUB) = ¢(B) for all Be A
(R2) ¢(A U B) =0 implies ¢(A) = ¢(B)

Condition (R1) is a reasonable condition and although (R2) is not as clear, it
may have merit. (We will mention later that quantum measures are usually
assumed to be regular.) In any case, there may be fundamental reasons for
assuming that the actual reality is regular which gives another method for
filtering out unwanted potential realities. For example the regular coevents
on () are 0,1, w],w; and wi ® w3.

The filter F' that we now discuss is much stronger than the previous ones.
In fact, it is so strong that it may filter out all of A} in which case we say it is
not successful. In all the examples we have considered, when F' is successful
then F' admits a unique reality. We believe that if F' does not produce a
unique coevent, then the number of coevents it does produce is very small.
To describe F' we shall need the concept of a quantum measure (g-measure,
for short) [2, 3, 7, 8]. A g-measure is a set function p: A — R that satisfies
the grade-2 additivity condition

H(AUBUC) = n(AUB) +pu(AUC) +p(BUC) — u(A) — p(B) — u(C) (4.1)

Because of quantum interference, p may not satisty the grade-1 additivity
condition (A Y B) = p(A) 4+ u(B) that holds for ordinary measures. Of
course, grade-1 additivity implies grade-2 additivity but the converse does
not hold [1, 2, 6]. A g-measure pu is regular if p satisfies (R1) and (R2)
(with ¢ replaced by u) and it is usually assumed that g-measures are regular.
For generality, we do not make that assumption here. Since an ordinary
measure is grade-1 additive, it is determined by its values on singleton sets.

17



In a similar way, a g-measure is determined by its values on singleton and
doubleton sets. In fact, by (4.1) we have

2 ({W17W27W3})
= p({wr,w2}) + p ({wr,ws}) + p ({we, ws}) — plwi) — plws) — p(ws)

and continuing by induction we obtain

m m

plfonein) = 30 nl{unsd) = (m=2) 3 utw) (42

7j=1 =1

There are reasons to believe that a (finite) quantum system can be de-
scribed by a g-measure space (£2, A, i) where |Q] < 0o, A =22 and p: A —
R is a fixed g-measure that is specified by nature [1, 2, 7, 8]. A g-measure
on A 1-generates a coevent ¢ € A* if there exists a strictly positive function
f:Q — R such that p(A) = [, fdu for all A € A. We call f a ¢-density
forp. In a sense, p is an “average” of the density f with respect to the po-
tential reality ¢. Put another way, p is an “average” of the truth values of
¢. There are some immediate questions that one might ask.

(Q1) Does every g-measure 1-generate at least one coevent?
Q2

)

) Is every coevent 1-generated by at least one g-measure?
Q3) If p 1-generates ¢, is ¢ unique?

)

)

Q4
Q5

We shall show that the answers to (Q1), (Q2), (Q4) and (Q5) are no. We do
not know the answer to (Q3) although we have a partial result.

The definition of u 1-generating a coevent ¢ is quite simple and if ¢ is
unique that’s great, but we shall give examples of g-measures that do not 1-
generate any coevent. One reason for this is that a function f: 2, — R gives
at most n pieces of information while a g-measure is determined by its values
on singleton and doubleton sets so n(n + 1)/2 pieces of information may be
needed. For this reason, we introduce a more complicated (and presumably
more general) definition. A function f: QxQ — R is symmetric if f(w,w') =
f(W, w) for all w,w" € Q. Notice that a symmetric function on €2, x 2,, has

If ¢ is 1-generated by p, is p unique?

(
(
(
(

If f is a ¢-density for u, is f unique?
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n(n+1)/2 possible values. A g-measure p on A 2-generates a coevent ¢ € A*
if there exists a strictly positive symmetric function f: 2 x 2 — R such that

) = [ | [ sty do)

for every A € A. We again call f a ¢-density for u. It is interesting to note
that a ¢-density f determines a symmetric matrix [f(w;,w;)] with positive
entries which reminds us of a density matrix or state but we have not found
this observation useful. The 2-generation of coevents is what we referred to
previously as the strong reality filter F'. In Section 5 we shall present some
general results involving 1 and 2-generation of coevents and in Sections 6
and 7 we discuss specific examples. We also consider questions (Q1)—(Q5)
for 2-generation of coevents.

The reason we require the density f to be strictly positive is that if f
is allowed to be zero, then ¢ may be generated by a ¢g-measure in a trivial
way. For example, suppose that ¢(wy) = 1 and let f = x{.,}. Then for every
A € A we have [, fdp = 0,,(A). Thus, the Dirac measure d,, 1-generates
¢ in a trivial manner. In this sense, ¢, “generates” any ¢ € A* satisfying
¢(wo) = 1 so ¢ is highly nonunique. However, suppose that f is strictly
positive and d,,(A) = [, fdo for every A € A. We then have

- /{ RN

so that f(wy) = ¢(wo) = 1. Let A = {wy,...,w,} with 0 < f(w) < -+ <

flwy). If wy ¢ A then by (3.6) we have f(w;)p(A) = 0 so ¢(A) = 0. If
wo € A, then wy = w; for some i € {1,...,r}. Hence, by (3.6) we have

1= /Afd¢= flw)o(A) + [f(w2) = f(wi)] @ ({wa, ..., wr})
+ ot [fwi) = flwic)] ¢ Quis - wr )
If $(A) =0, then

1< flwa) = flwr) + flws) = fwa) + -+ + flwo) — flwiz1)
= flwo) = f(w1) =1 = flw) <1

which is a contradiction. Hence, ¢(A) = 1. It follows that ¢ = wg is the
unique coevent 1-generated by d,,.
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We now show that if ¢ is 1-generated by pu and ¢(A) # 0 whenever
1(A) # 0, then ¢ is 2-generated by p. Indeed, suppose that u(A) = [, fdo
for a strictly positive function f: @ — R. Then g(w,w’) = 5 [f(w) + f(w')]
is a strictly positive symmetric function on €2 x {2 and we have

J | atwwno] ao =5 [ | [ )+ s o] aote

_ % /A [1(A) + f(w)p(A)] dp(w)
= pu(A)o(A) = n(A)

Hence, ¢ is 2-generated by pu. We do not know if ¢ 1-generated implies ¢
2-generated, in general.

5 General Results

If 41 is a g-measure on A and ¢ € A* we say that ¢ is p-preclusive if $(A) =0
whenever p(A) = 0. The following result shows that generation is stronger
than preclusivity.

Theorem 5.1. If ¢ is 1-generated or 2-generated by pu, then ¢ is p-preclusive.

Proof. Suppose that ¢ is 1-generated by p and pu(A) = [, fd¢ for all A € A.
If A={wy,...,w,} with u(A) =0, then by (3.6) we have

f)p(A)+[f(w2) = flwi)] ¢ ({wa, - we D)+ 4 [f(wr) = flwra)] plwr) =0

Since f(w;) > 0 we conclude that ¢(A) = 0. Next suppose that ¢ is 2-
generated by p and

) = [ | [ sty do)

for all A € A. Assume that pu(A) =0 but ¢(A) = 1. Let

g(o') = / F(w, ) dg(w)
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If m(Ww) = min{f(w,w): we A}, then m(w') > 0 and by (3.6) g(w')
m(w') for all " € A. Letting m = min {m(w’): " € A} we have that g(w’)
m > 0 for all " € A. But then

vV IV

H(A) = / 9(&)dp() > 0

This is a contradiction so ¢(A) = 0. O

The next theorem is a partial uniqueness result which shows that within
the set of regular coevents 1-generated coevents are unique.

Theorem 5.2. If ¢, € A* are reqular and p 1-generates both ¢ and 1,
then ¢ = 1.

Proof. We have that [, fdp = [, gdip for all A € A where f and g are
strictly positive. If ¢(w) = 0, then

fdp=0= / gy = g(w)p(w)
{w} {w}

so ¥(w) = 0. By symmetry ¢(w) = 0 if and only if ¢(w) = 0 so ¢ and ¥
agree on all singleton sets. If ¢p(w) =1 so ¥(w) = 1, then

f(w) = / fdo= [ gdo = g(w) (5.1)
{w} {w}

Suppose ¢ ({wiwse}) = 0. By regularity ¢(w1) = d(wa) = 1 or ¢(wy) =
¢(w2) = 0. In the second case ¥ (w;) = 1(ws2) = 0 so by regularity

Y ({wi,wa}) = ¢ ({wr,wa}) =0

Suppose ¢(wy) = ¢(ws) = 1. Then ¥(w;) = ¥(w2) = 1 and by (5.1) we have

flwr) = g(wy) and f(ws) = g(w2). Suppose that f(wi) < f(wz). Then if
Y ({w1,ws}) = 1 we have

/ fdo = flwa) — flwr) = / gdip = g(w1) + g(w2) — g(w1) = glwa) = f(w2)
{w1,wa} {wiwa}

which implies f(w;) = 0, a contradiction. Hence, ¢ and 1 agree on all
doubleton sets. Suppose ¢ ({wr,wa,w3}) = 0 and P ({wy,wq,w3}) = 1. If
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¢ ({wa, w3}) = d(w1) = 0, then ¥ ({w, w3}) = Y(wi) = 1. If p(w3) = 0 we
obtain by regularity that

0=0¢ ({wi,wr,w3}) = ¢ ({wz,ws3}) =1

which is a contradiction. Hence, ¢(ws) = 1. Suppose that f(w;) < f(ws) <
f(ws). Then

flws) = f(wr) = — fw1) + flws) — f(w2)
fdo = gdy
{w1,w2,w3} {w1,w2,w3}

= g(w1) + g(wa) — g(w1) + g(ws) — glwo)
= g(ws) = f(w3)

Hence, f(w;) = 0 which is a contradiction. We conclude that ¢ and v agree
on all tripleton sets. Continue this process by induction. O

For a set function v: A,, — R* we define the expansion v: A, — RT,
n = m, of v by v(A) = v(ANQy). As a special case, if ¢: A, — Zs, the
expansion ¢ Ay — Zs of ¢ is given by H(A) = (AN Q). Tt is clear that if
¢ € A, then gb € Ar. Also, if ¢ has the evaluation map representation

=D Pw P, D Dwiwiws B -

on A, then (E has the same representation on A,. It is also clear that
v =1 | A where U | A, is the restriction of ¥ to A,,. The proof of the next
lemma is straightforward.

Lemma 5.3. (a) p is a g-measure on A, if and only if it is a g-measure
on A,. (b) p is a regular g-measure on A, if and only if i is a regular
g-measure on A,.

We call the next result the expansion theorem.

Theorem 5.4. (a) pu 1-generates ¢ if and only if i 1-generates gg (b) u
2-generates ¢ if and only if ;1 2-generates ¢.

Proof. (a) Suppose ju(A) = [, d¢ for all A € A, where f: Q,, — R is strictly
positive. For n > m, define f: Q, — R by

e flwy) ifw; € Qy
flw) = {M if wi € QN Qy,
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where M = max {f(wi): w; € Q). Then f: Q, — R is strictly positive.

Let A={wi,...,wr,wWri1,...,ws} where wy,...,w, € Q, and wy41,...,ws €
QN Q. We can assume without loss of generality that
flw) < flwe) <o < flwr) <M = flwr) = -+ = fws)

Then by (3.6) we have

[Fn) = Fler)] 3 ()
) - f(wl)] Qb ({w% s 7(")7“})
|

Hence, i 1-generates Zs The converse is straightforward.
(b) Suppose

u) = [ | [ oot aotw

for all A € A,, where f: Q,, X Q,, — R is strictly positive and symmetric.
For n > m define f: Q, x Q,, — R by

o) = 1) ) s
where M = max(M;, M) and
My = max {f(w;,w;): (wi,wj) € Ly X U}
M, = max {/Af(w,wi)cw(w): wi € A, A€ Am}
Then f is strictly positive and symmetric on €2, x Q,. Again, let A =

{wi, . o, Wey Wrg1, -, wsp Where wy, ... wp € Qand wyi 1, ..., ws € Dy \Qyy.
Assume for simplicity that

-~ ~ ~ ~ ~

flw,wr) <o < flw,we) < flwg,ws) <o < flwg,wy) <o < fwy, wy)
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and the other cases will be similar. Letting
o) = [ Flenw)i(o)
we have as before that
o) = [ flowdse)

1=1,...,r, and

g(wri1) = -+ = glws) = Mp(AN Q)

As in (a) we obtain

/A { /A f(ww’)dd?(w)} (') = /A 9(w)d(w') = /A N g(w")de(w)
[ o) o) = wtan ) = i)

Hence, i 2-generates Zs Again, the converse is straightforward. O

Notice that in the proof of Theorem 5.4 we could replace M by any larger
number and the result would be the same. This is one of many examples
which show that the density function need not be unique. The expansion
theorem can be quite useful. For example, in Section 7 we shall show that
¢ = Wi D wl D wj B wjws is 2-generated by a g-measure on Ajz. It follows
from the expansion theorem that on A, for n > 3, ¢ is 2-generated by .
Moreover, the restriction of ¢ to As, namely w} @& w; @ wjw; is 2-generated.

We now present a useful lemma that determines values of a density func-
tion when ¢(w) # 0.

Lemma 5.5. (a) Suppose pu 1-generates ¢ with ¢-density f. Then ¢(w) =0

if and only if p(w) = 0 and ¢(w) # 0 if and only if f(w) = p(w). (b) Suppose
w 2-generates ¢ with ¢-density f. Then ¢(w) = 0 if and only if p(w) = 0

and ¢(w) # 0 if and only if f(w,w) = p(w).

Proof. (a) Since p 1-generates ¢, we have

p(w) = { }fdcb = f(w)o(w)
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Hence, p(w) = 0 if and only if ¢(w) = 0. Moreover, if ¢(w) # 0, then
f(w) = p(w). Conversely, if f(w) = p(w), then

Since f(w) # 0, ¢(w) = 1.
(b) Since u 2-generates ¢, we have
n) = [ [ wwto)] dotw = [ e wotendo)
{wo} L/{wo} {wo}
= f(wo, wo)¢(wo)
Hence p(wo) = 0 if and only if ¢(wg) = 0. Moreover, if ¢(wy) # 0, then
f(wo,wo) = p(wo). Conversely, if f(wo,wy) = p(wp) then

fwo,wo) = /{wo} { {wo}f(wmwl)dcb(w)] dp(w') = f(wo,wo)(wo)

Since f(wo,wo) # 0, ¢(wo) = 1. [

The next two results show that 1 and 2-generation are strictly quantum
phenomena except for a few simple cases.

Theorem 5.6. If 11 is a (grade-1) measure on A that is not a Dirac measure
cd., then p is not 1-generating.

Proof. Since p is not a Dirac measure, there exist wi,wy € €2 such that
pwr), pi(wz) > 0. Suppose p 1-generates ¢ € A* so that u(A) = [, fdg¢ for
all A € A where f: ) — R is strictly positive. It follows from Lemma 5.5
that f(w;) = p(w;) and ¢(w;) = 1, i = 1,2. We can assume without loss of
generality that f(w;) < f(ws). Since u is a measure, we have

p(wr) + p(ws) = p ({wr, w2 })
= f}dqs = f(w1)¢ ({wi,wa}) + [f(w2) — flw1)] (w2)

= p(w1)o ({wr,wa}) + p(wa) — pr(wr)

Hence, ¢ ({w1,ws}) = 2 which is a contradiction. O
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In the sequel, we shall use the notation

%wv:waMwaw

Of course, g4 depends on f and ¢ but these will be known by context.

Theorem 5.7. (a) Any measure of the form u = a1d,, + a20y,, a1,as > 0,
2-generates the coevent ¢ = wi @ w; G wiws. In particular, any measure on
Ay 2-generates w* € A or 1 € A5, (b) If p is a measure on A that is not
of the form ayd,, + a2d.,, then p is not 2-generating.

Proof. (a) Define the strictly positive, symmetric function f on € x Q by
f(wuwz) = a,, 1= 1a 27

flwi,wa) = flwa, wr) = a1 + ag

and f(w;,w;j) = M otherwise, where M > ay +ay. For A € A, if wy,wy ¢ A,
then ga(w') = M¢(A) = 0. Hence,

w(A) = [ gl)in(e) =0
Ifwi € A, wy ¢ A, then

sa(n) = [ Floo)io(e) = a
and for o' # w;, we have

0a(e!) = [ Jlowote) =0

Hence,
AW@IA%WWWﬂ:%

Similarly, if wy € A, wy ¢ A, then p/(A) = as. If wy,wy € A, then
sa(en) = [ flwo)dofe) = o+ ay
A
aa(en) = [ flon)dow) = az +a
A
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If W' # wy,wsq, then

0a(o!) = [ Jlo)ot) = M
Hence,
P = [ gadole) =an +
A
We conclude that

() = () = [ [ / f<w,w'>d¢<w>] 46()

SO [t 2-generates ¢.

(b) Since p is not of the form ay4,,, + asd,,, there exists wy,wq, w3 € Q such
that pu(wy), p(ws), u(ws) > 0. We can assume without loss of generality that
wwr) < p(ws) < p(ws). Suppose p 2-generates ¢ € A* with density f. It
follows from Lemma 5.5 that f(w;,w;) = p(w;) and that ¢(w;) = 1,7 =1,2,3.
We now have three cases.

Case 1. u(wy) < wq) < f(wy,wq). Letting A = {w,wa}, ¢ ({w1,wa}) = a
we have that

ga(wr) = / F (@, w1)dd(w) = plwn)a+ (w1, ws) — pwn)
ga(ws) = / F(@,02)dd(w) = plws)a + Flwr,wn) — plw2)

Since p is a measure, we have

(1) +p(ws) = p(A) = / ga()d()

= [pw2)(a = 1) + flwr,w)] a + [p(wr) — plw2)] a + pws) — plwr)
If a =0, then
p(wr) + plwz) = plws) — p(wr)
which is a contradiction. If a = 1, then f(wy,ws) = pu(wy) + p(ws).

Case 2. f(wy,wa) < p(wy) < p(wz). With the same terminology as in
Case 1, we have

galwr) = / F (@, w1)do(w) = fwr,w)a+ plwr) — f(wr,wn)
ga(ws) = / F(@rwn)db(w) = F(wr,wa)a+ plwn) — f(wr,wn)
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Since p is a measure, we have

p(wi) + plwz) = p(A) = [ ga(w)dp(w)

)a—1) + plw)]a+ pwz) — plwr)
= plw2) + (@ — 1)p(wr)

If a = 0, then u
a =1, then pu(w,

wi) + p(wa) = p(wa) — p(wr) which is a contradiction. If
+ p(wq) = p(ws) which is a contradiction.

~— —

Case 3. u(wy) < f(wi,w2) < p(wz). Again, with the same notation as
before, we have

ga(wr) = plwi)a + f(wr,w2) — p(wr)
ga(wa) = flwi,wa)a + p(w2) — f(wri, ws)

If a =1, since p is a measure we have
o) + ) = n(A) = [ ga)do(e)

= flwi,ws) + pwa) — flwr,ws) = p(ws)

which is a contradiction. If a = 0, we have two subcases. If
flwr,we) — plwr) < p(ws) — fwr,we)
then
p(wr) + pws) = p(A) = /AQA(W/Wﬁé(W/) = p(wa) — flwr,ws)
which is a contradiction. If
pwa) — flwi,w2) < flwr,wz) — plwr)
then
p(wr) + plws) = p(A) = /AgA(w’)dqb(w’) = f(wi,w2) — p(wr)
< pi(wa) — pi(wr)

which is a contradiction.
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Since Case 1 with a = 1 is the only noncontradiction, we conclude that

P(wi) = 1, flwi,wi) = p(wi), i = 1,2,3, ¢ ({wi,wj}) = 1, flwi,wy) = pwi) +
M(wj>7 Z < j - 17273' Lettlng A = {w17w27w3} and a = ¢<{W1,WQ,W3}) we
obtain

() / F(w,wn)db(w) = plwn)a+ p(ws)
() / F(w,w2)dd(w) = plws)a + u(ws)
() / F(@,w3)d6(w) = plws)a + u(ws)

If a = 0, since p is a measure we have

M(W1)+M(W2)+M(w3):M(A):/ a(W)do(w') = p(ws) — pi(ws)

which is a contradiction. If @ = 1, we obtain

M(W1)+N(W2)+M(W3):/ a(W)dp(W') = p(ws) + p(ws)

which is again a contradiction. Since every case leads to a contradiction, pu
is not 2-generating. O

6 1-Generation

This section mainly considers g-measures and their 1-generated coevents in
As and A3. We begin by showing that only a very restricted set of g-measures
1-generate coevents.

Lemma 6.1. Let p be a g-measure on A that 1-generates a coevent ¢ € A*.
If wi,wy € Q with 0 < p(wy) < pwe), then p({wr,wa}) = p(wa) — p(wr) or
p({wr,we}) = p(ws). Moreover, p({wr,w2}) = p(we) — p(wr) if and only if
¢ ({wr,wse}) =0 and p ({wr,ws}) = p(we) if and only if ¢ ({wr,wa}) = 1.

Proof. Let f be a ¢-density for p. Since 0 < p(w;) < p(wsz), by Lemma 5.5
we have that

flwi) = p(wr) < p(ws) = flwe)
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and ¢(wy) = 1. Hence,

p({wr,wa}) = / fdo = flw)o ({wr,wa}) + [f(w2) = flwi)] ¢ ({wa})

{wi,wa}

= p(w1)¢ ({wr,wa}) + plwz) — p(wn)

It follows that p ({w,wa}) = p(ws) — p(wy) if and only if ¢ ({wiwe}) = 0 and
i ({wr,we}) = p(we) if and only if ¢ ({w,wq}) = 1. O

Example 7. This example considers ¢g-measures and 1-generated coevents
on 2y = {wy,ws}. The zero measure 1-generates 0 € A} and Dirac measures
cd,, 1-generate w}, i = 1,2. For the type (1,2) coevent ¢ = wi @ w3, let
[ Qs — R be strictly positive and define i(A) = [, fd¢, A € A;. Assuming
that f(wi1) < f(wz) we have that p(w1) = f(w1), p(wz) = f(w2) and p() =
f(w2) — f(w1). Hence, any g-measure on A, that satisfies 0 < p(wy) < p(wq),
() = p(wz) — p(wr) 1-generates the coevent wi @ wj. The density is given
by f(wi) = p(wr), f(w2) = p(wz) and is unique.

For the type (12) coevent ¢ = wiws, let f: Qy — R, u(4) = [, fdo
as before. Assuming f(w;) < f(w2), we have that p(w;) = p(we) = 0 and
1(Q2) = f(wy). Notice that u is not regular. Hence, any g-measure p on Aj
that satisfies p(w;) = p(ws) = 0 1-generates the coevent wiws. The density
is given by f(w2) > f(w1) = p(£22) but otherwise is arbitrary. In this case,
the density is not unique.

For the type (1,12) coevent ¢ = w} @ wiwj, let f: Oy — R, u(A) = [, do
as before. Assuming f(wy) < f(wq) we have that p(wy) = f(w1), p(we) =0
and () = p(wy) — f(wa). Notice that p is not regular. Hence, any
g-measure on Ay that satisfies p(wi) > 0, p(ws) = 0, pu(22) < plw) 1-
generates the coevent w} @ wjw;. The density is given by f(w;) = p(wy),
f(w2) = p(wr) — 1(€22) and is unique.

For the type (1,2,12) coevent

* _ * * * *
Q2 =1=w] ®w; B wjw,

let f:Qy — R, u(A) = [, fdp as before. Assuming f(wi) < f(wsz) we
have that p(wy) = f(w1), w(we) = f(we) and u(2s) = f(wz). Hence, any
g-measure i on A, that satisfies

0 < pwr) < plwa) = p(€)
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1-generates the coevent 1 and the unique density is f(w;) = p(wy), f(ws) =
p(wa). u

Examining all the cases in Example 7 shows that every coevent ¢ € A}
is 1-generated and when a g-measure on A 1-generates a coevent ¢, then ¢
is unique.

Example 8. There are too many coevents in A} to consider them all
so we give some examples in A} that are 1-generated and some that are
not l-generated. It follows from Theorem 5.4 that w}, ¢+ = 1,2,3, w; © w;
and w; ® wi ®wiw;, i < j = 1,2,3, are l-generated. We now describe a
set of 1-generated coevents in A} that include these nine coevents. Since
p(A) = [,do, if ¢: A — {0,1} happens to be g-measure, then ¢ 1-generates
itself with density f = 1. In general, ¢ may not be regular. We now describe
the 34 g-measures in Aj. List the nonempty subsets of 23 in the order A;,

1=1,...,7 as follows

{wi} {we} {ws}t, {wi,wa}, {wr, wa} {wa, wa},

We can represent a coevent by ¢, ..., where a; € {0, 1} are not all zero and
a; = 1 if and only if ¢(A4;) = 1. Now ¢g,...q, is & g-measure if and only if
a7 = a4 + as + ag — a; — as — ag. If we count these according to the number
of ones in {ay,as, a3} we obtain 3-4+ 36+ 4 = 34 g-measures. Examples
are

Wi = dro01101, Wi QWi = drioonno,  (Wiwsws)' = Prinnnio

wy @ wiwy O wiws = Po100111
For instance, ¢ = (wjwiwj)" is l-generated by itself. Moreover, ¢ is 1-
generated by any g-measure p satisfying p(w;) > 0,7 =1,2,3, p {wi,w;}) =
max (p(w;), p(w;)), @ < j =1,2,3. The density is f(w;) = p(w;).

We now give examples of coevents in 43 that are not 1-generated. First
¢ = wiwjws is not 1-generated. Suppose p is a g-measure on Az and p(A) =
1) 4 fdo where f: €3 — R is strictly positive. We can assume without loss
of generality that 0 < f(w;) < f(ws) < f(ws). By Lemma 5.5 we have that
w(w;) =0,4=1,2,3. Moreover, for i < j = 1,2,3 we obtain

nonw)) = [ fdo=o

{wiw;}
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and

1(S23) = g fdp = f(wi) >0

Since p is a g-measure we conclude that

p(S23) = p({wi,wa}) + p ({wr, wa}) + p ({wa, wa}) — p(wr) — plwa) — p(ws)
=0

which is a contradiction.

We next show that ¢ = w] @& wj @ wj is not 1-generated. Suppose p is a
g-measure on Az and pu(A) = [, fdp where f: Q3 — R is strictly positive.
We can assume that 0 < f(w;) < f(ws) < f(w3). By Lemma 5.5 we have
fwi) = p(wi), i =1,2,3. Now

u&m»w»=A‘ 0= 1) = fn) = ple2) — pie)

and similarly, p({wi,ws}) = plws) — plwr), p({wz,ws}) = plws) — p(ws).
We also have that

(O0) = [ o = fon) + Flen) = flon) = plon) = plen) + (o)
Since p is a g-measure, we obtain

p(ws) — plwz) + plwr) = p($2s)
= p({wr,we}) + p ({wr ws}) + o ({wz, wa}) — p(wr) — plws) — p(ws)
= pws) — plwz) — 3p(wr)
Since this gives a contradiction, ¢ is not 1-generated.
Finally, we show that ¢ = wj ®w; Bw; Bwiw; is not 1-generated. Suppose

pis a g-measure Az and p(A) = [, fdu where f: Q3 — R is strictly positive.
By Lemma 5.5, f(w;) = p(w;), i = 1,2,3. We now have three cases.
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Case 1. 0 < f(w) < f(w2) < f(ws3). We obtain

p({wi,wa}) = / fdo = p(ws)

{w1,wa}

i ({wnws}) = / fdo = plws) — plwn)

{wr,ws}
wa, Ws = do = w3 ) — W9
i (fum, s }) /{W}f 6 = nlws) — ulwn)
1($23) = g fdo = p(ws) — p(wa)

Since p is a g-measure, we have

ws) — pw2) = p(Q23) = p(ws) — plws) — 2u(ws)

which is a contradiction.
Case 2. 0 < f(w3) < f(w1) < f(w2). We obtain

i ({wrwa}) = / Fdb = u(ws)

{w1,wa}

i ({wn,ws}) = / fdo = plwn) — plws)

{wz,w3}

i ({wnws}) = / fdb = u(ws) — plws)

{w2,ws}

(@) = [ o= plen) ~ )
Q3
Since pu is a g-measure, we have

p(w2) — p(ws) = p(23) = plws) — 3p(ws)

which is a contradiction.
Case 3. 0 < f(w1) < f(ws) < f(we). In a similar way as before, we obtain

p{wr,wa}) = plwa), p({wr,ws}) = plws) — plwr), p({wz, ws}) = plws) —
p(ws) and pu(€23) = p(ws) — p(ws). Since p is a g-measure, we have

p(wz) — plws) = p(Qs) = p(wz) — 2p(wr) — p(ws)

which is a contradiction. O
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7 2-Generation

This section illustrates by examples that more g-measures are 2-generating
than 1-generating and more coevents are 2-generated than are 1-generated.

Example 9. We have seen in Example 7 that only g-measures on A, that
satisfy pu(wq), p(we) > 0 and

p(€22) = max (p(wn), plwz)) — min (p(ws), p(ws))

1-generate ¢ = wi ® w;. We now show that if a g-measure p on A, satisfies
(wr), p(w2) > 0 and

11(22) < max (pu(wy), p(wz)) — min (p(ws), p(ws))

then p 2-generates ¢ = wi @ w3. First assume without loss of generality that
0 < p(wr) < p(wz) and p(Qs) < p(we) — p(wr). Let f: Qy x Q9 — R be the
strictly positive, symmetric function defined by f(w;,w;) = u(w;), i = 1,2

and
_ _ (822) + plwr) + plws)
flwr,w) = f(wa,wr) = 5

We then have

plwr) + plwa) _ pl(Q2) + p(wr) + plws)
2 = 2

fi(wy) < < p(ws)

Hence, f(wi,w1) < f(wi,ws) < f(ws,ws). Define the set function p': Ay —
R* by

W)= [ ][ st dow)
Then

' (wr) = . }f(wl,w’)dqb(w’) = fwi,w1) = p(wr)

and similarly, //(ws) = p(ws). Defining g(w') = [ f(w,w’)dé(w) we have

glwn) = / F (@, w0)dd(w) = F(wr,w2) — Flwr,wn) = Flan,ws) — plen)
g(w2) = /f(w7w2)d¢(w) = f(wa,w2) — f(wi,ws) = p(wz) — f(wr,wa)
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Since

flwr,we) —pi(wr) = p(wa) + f (w1, w2) = 2f (wr, wa) —plwr) —p(w2) = p(§22) >0
we have that
() = [ ge)dol) = )

Hence, pu(A) = (/' (A) for all A € Ay so p 2-generates ¢. O

Just as every coevent in Aj is 1-generated, it is not hard to show that
every coevent in Aj is 2-generated. For the same reason that wjwjw; is not
1-generated in A3 we have that wjwjiwj is not 2-generated in A;z. In fact, for
m >3, ¢ =wi---w) isnot 1 or 2-generated in A,,, n > m. This is because
¢(A) =0 for all A € A, such that {wy,...,w,} € A. Hence, if a g-measure

i 1 or 2-generates ¢, then

wi) = p({wi,wj}) =0

for all 7,7 < n. However, u({w1,...,wy}) > 0 and this contradicts (4.2).
The same reasoning shows that any coevent whose evaluation map represen-
tation has all terms of degree larger than 2 is not 1 or 2-generated.

Example 10. We have seen in Example 8, that
¢ =w Ow; Dwy Gwiw,

is not 1-generated in A3. We now show that ¢ is 2-generated in A3. Place
a g-measure p on Ajz satisfying 0 < p(wy) < p(ws), plws) = plwr) + p(ws),
% ({wlv wQ}) > /j,((,d3)7 1% ({wlv (.dg}) = M(w2)7 2 ({Wg,(,dg}) - :u(wl) and M<Q3) -

i ({wr,ws}) — p(ws). To show that u is indeed a g-measure we have

Z 2 ({Wiawj}) - Zu(wz’) = p({wr, wa}) — plws) = p(823)

Let f: Q3 x 23 — R be the strictly positive, symmetric function satisfying
f(wiawi) = :U(wl)a L= 17273 and

flwr,wa) = f(wi,w3) = f(wz,w3) = p ({wr,wa})

Letting p/(A) = [, [[4 f(w,w')dp(w)] dp(w') for all A € Az we have p'(w;) =
w(wi), i = 1 2 3. Moreover,

Gy (@1) = /{ | o) = f(onwn) = p(fer,ea)
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Similarly, g, w.} (w2) = i ({w1, w2 }) and for the other doubleton sets we have

Gionws}(w1) = p ({wr, wa}) — plwr)
Gjonws) (w3) = p ({wr, wa}) — p(ws)
Giwsws}(w2) = p ({wr, wa}) — plwa)
Jiwnway(ws) = p ({wr, wa}) — pu(ws)

Hence,

i ({un,w2}) = / Gonnp @)dS(W) = 1 ({wr, w2}

{w1,wa}

and similarly, ¢/ ({wi,ws}) = p({wr,ws}), # ({we,ws}) = p({wz,ws}).
Finally,

galwr) = / F(w, 1) d0(w) = F(wr,ws) — F(wr,ws) = 0

and similarly, go(ws) = 0, ga(ws) = 1(23). We conclude that

W () = / go (W) dd() = p(Qs)

Hence, pu(A) = (/' (A) for all A € A3 so p 2-generates ¢. O

We do not know whether wj @ w3 @ wj is 2-generated in Aj;.
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