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Abstract

In this paper we use a renorming technique to lift module maps be-
tween x-invariant submodules of domain algebras recently introduced by
Popescu.

1 Introduction

In [8], Popescu studied noncommutative domains Dy(H) C B(H)™ generated by
positive regular free holomorphic functions f. He proved that each such domain
has a universal model (W7, Wa, ..., W,,) of weighted orthogonal shifts acting on
the full Fock space with n generators. In this paper, we will look at a unitarily
equivalent version of the weighted Fock spaces used by Popescu, which we will
denote F2(f). We will use a Hilbert module language similar to that of Douglas
and Paulsen [5] and Muhly and Solel [6].

As stated in [8], a commutant lifting theorem for F2(f) follows directly from
[1], which was adapted from a paper of Clancy and McCullough [4]. Assume
M and N are both *-submodules of F2(f) and X : M — N is a non-zero
module map. This commutant lifting theorem states that there exists a module

map X : F2(f) — F2(f) with | X]|| = H)?H such that the following diagram
commutes:
P
FHf) ——>» M 0
3}? lx
P
P ——N 0

Notice here that both N and M are *-submodules of the same Hilbert
module F2(f). In this paper we ask a more general question. What if M and
N are instead *-submodules of F2(f) and F2(g) respectively? This gives the
following diagram:



Pnm

F2(f) M 0
JX
Fg) —2 s N 0

In this case, there is certainly no reason why we should be able to lift X to
a module map between F2(f) and F2(g) in general. Indeed, there are examples
of spaces F2(f) and F2(g) such that there does not exist a non-zero module
map X : F2(f) — F2(g) of any kind. But if non-zero module maps do exist
between F2(f) and F2(g), under what cases can a lifting theorem be proved?

Assuming that the “formal identity map” ¢ : F2(f) — F2(g) is a contraction,
the commutant lifting theorems of [1] and [4] can be adjusted with some care to

prove that there exists an X with || X|| = HX’ H such that the following diagram

commutes:
P~ M 0
al X JX
Fg) —2 s N 0

We follow the standard argument of lifting element by element, then iterating
using Parrott’s lemma [7]. However, this technique breaks down if the “formal
identity map” e : F2(f) — F2(g) is not a contraction.

In the case where F2(g) is the full Fock space and € : F2(f) — F2(g) is
bounded, it immediately follows that € is a contraction, and thus any module
map X : M — N can be lifted to an X : F2(f) — F2(g) with || X| = H)?H
This suggests that X : M — AN can be lifted (with some penalty in the norm)
in general, as long as there exists a non-zero module map between F2(f) and
F2(g)-

To prove that this is indeed the case, we apply a renorming technique to
F2(f) to create the situation where we can apply our lifting theorem. It turns
out that if the “formal identity map” ¢ : F2(f) — F2(g) has norm |e]| = C,
then there exists a module map X : F2(f) — F2(g) with H)?H < C'||X]| such

that the following diagram commutes:

Ff) —2 s M 0
Hjif JX
Fg) — s N 0



In section 2 we will give a brief overview overview of the Hilbert module
language. Section 3 will provide a unitarily equivalent description of the Fock
spaces given in [1] and [8] which will allow some aspects of weighted Fock spaces
to be addressed with greater transparency. Finally, a lifting theorem for a
specific class of weighted Fock spaces will be given in section 4. For convenience,
we will assume that our functions f and g are finite.

2 Hilbert Modules

Let H be a Hilbert space, and L; : H — H be bounded linear operators for 1 <
i <n. Then (H;Lq,Lo,...,L,) is called a Hilbert module over the free algebra
generated by n-noncommutative variables. In this paper, we will primarily
consider Hilbert modules of the form (F2(f)®@H; L1 @13, La®I3, ..., Ly ®@13),
where F2(f) is a weighted Fock space, defined in the next section, and H is an
arbitrary Hilbert space. If N C F2(f) ® H is invariant under L; ® I3, for
1 <4 <mn, wesay that (N; Ly ® Iy, Lo ® I3y, ..., L, ® Iy) is a submodule of
F2(f) ® H. Similarly, if M C F?(f) ® H is invariant under (L; ® I3)" for 1 <
i <nandV; = Py(L; @ Iy)|pm for 1 < i < mn, we say that (M;Vq,Va,..., V)
is a *-submodule of F2(f) ® H.

Let NV C F%(f) ® H and an algebra A C B(F?(f) ® H) be given. Then
N is said to be semi-invariant under A if for every a,b € A it follows that
PnaPnbPy = PyabPy. In [9] Sarason proved that A is semi-invariant if and
only if there exist two submodules A7 and Ny with N7 @ N = N,. Now if N C
F2(f) ® H is semi-invariant under L; ® Iy, for i <n and W; = Py (L; ® Iy)|n
for i < n, then (N; Wy, Wa, ..., W,) is called a subquotient of F2(f) ® H. It is
easy to see that every submodule and every x-submodule is a subquotient, but
not every subquotient is a submodule or a x-submodule.

Let X : H — K be a bounded linear operator between the Hilbert modules
(H; Ly, La, ..., Ly) and (K; V1, Va, ..., V,,). If X(L;h) = V;(Xh) for every h € H
and 1 < ¢ < n, we say that X is a module map. For our purposes, it is important
to determine when the orthogonal projection and the inclusion map are module
maps. It is well known and easy to verify that Py : F2(f)®@H — N is a module
map if and only if N' C F?(f) ® H is a *-submodule of F2(f) ® H. Similarly,
the inclusion map ¢ : N' — F2(f) ® H is a module map if and only if N is a
submodule of F2(f) @ H.

3 Non-commutative domains as module maps -
Weighted Fock Spaces

In this section we give a unitarily equivalent description of the non-commutative
domain algebras of Popescu. One representation of the full Fock space is given
using the free semigroup on n generators. Let F;" be the unital free semigroup
on n generators, gi, gs, - - -, gn, together with the identity go. Define the length
of an element a € F;! as |a| := 0 if a = gy and |of := k if @ = ¢;,9i, - Gis,



where 1 < iy,i9, - i < n. For each a € F}, define

€o = €y D g, @ Deg,  if O=Gi g, Gy
: 1 if @ = go

It is clear that the set {e, : @ € F;'} is an orthonormal basis for the full Fock
space Iz (7).

For each i = 1,2,...,n, the left creation operators L; : ls (F;7) — I3 (F;")
are defined by Lieq = eg,q for every a € F. Similarly, for each i = 1,2,...,n,
the right creation operators R; : s (F,') — Iy (F,}) are defined by Rie, =
€ag, for every a € F;'. The left and right creation operators are isometries

with orthogonal ranges. Furthermore, they are row contractions: > L;L¥ < I,
i=1
SRR <.
i=1
For a Hilbert space H, let B(#) be the algebra of all bounded linear operators
over H. If (Th, Ty, ..., T,) € B(H)" and o = i, gi, - - - i, € F;7, define T, to be
the product T3, T5, ... T5, .

Definition 1 (Popescu, [8]) Look at the formal power series over n free vari-

ables (X1, Xa,...,X,) given by f = Y. alX, for scalar af. Then f is a
aE]FjL—

positive regular free holomorphic function on B(H)™ if the following properties

on al are satisfied:

)
ag, = 0
al, > 0 1<i<n
al > 0 aeFr, |af>1
2%
lim sup Z}aéf <

k—o0 la|=k

In [8], Popescu proved that the a,’s given above induce a family of positive
real numbers (ba),,cp+ With the following properties:

1
bo > Oforal acF,
> apbo if |y > 1

Ba=y
[8]>1

b, = Z agbgy if |y >1
aB=y
|B1=1

bag for any o, 8 € F
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Theorem 2 (G. Popescu, [8]) Let f = Y. al X, be a positive regular free

acFy
holomorphic function. If we define Wif s F2(f) = FA(f) by Wif (ef) = /el

bgia 9ic?
then:

S alwiwlr<1
ae]Ff[
Furthermore, if (T1,Ts,...,Ty) is an n-tuple of operators acting on a Hilbert
space H, then Y a({TaTa* < I if and only if there exists a unique unital com-
acFt

pletely contractive morphism ® from the algebra generated by {Wlf, sz, cee WT{}
into B(H) such that Wif — T for 1 <i<n.

If we consider the Fock space I3 (F;}') together with the weighted shifts
Wlf , W2f e W,{ defined in the previous theorem, we get the Hilbert module
(l2 (Fz)vwljcvWJvan)

It is more useful for us to work with a unitarily equivalent version of the
weighted Fock space, which we will call F2(f). For a positive regular free
holomorphic function f, set F2(f) to be the Hilbert space with a complete
orthogonal basis {07 : & € F;f }, where the norm is given by ||6Z| = ﬁ For

each i < n, define the left creation operators L; : F2(f) — F2(f) by Libs =
840 Similarly, for each i < n, define the right creation operators R; : F2(f) —
F2(f) by Rido = 6ag,- We obtain this unitarily equivalent version via the
unitary operator U : Iy (F}) — F2(f) defined as Ue, = v/by0,. Furthermore,
U*6, = ﬁea. Verifying that this unitary satisfies the conditions is easy.

The correspondence with Popescu’s version is as follows, with Popescu’s
version on the left and our version on the right:

lo (FF) — F2(f)
€q — O
Qg <~ (e
leall =1 = 1dall = /5=
— [ ba _
Wgea = D €Ba < Lﬁ§a = (Sﬁa
Wl = /2 = ILoll = /2
Agea = ﬁ/b%;eaﬁ <~ R55a = 5a5
- /L - /L1
sl = /2 = 1Rsll = /2

If we consider the weighted Fock space F2(f) together with the weighted
shifts LI, L], ..., LI, we get the Hilbert module (F2(f); LY, LS, ... L{). If the

n?



underlying positive regular free holomorphic function is understood, we will
refer to LY and 67 simply as L, and J,, respectively.

It turns out that not only is U a unitary operator, but it is also a module
map, as shown in the following lemma whose proof we omit.

Lemma 3 Let (I3 (F}); Wlf, WQf, W) and (F?(f); L1, La, ..., Ly,) be given,
and let Uey = \/bado as above. Then U : ls (F}) — F2(f) is an isometric
module map.

Notice that the b,’s end up being identical between spaces, as they are
solely determined by the a,’s. Let oo = ¢4, i, - - - g, be given. Denote by & the
reverse of «, & = ¢;, ... Gi,Gi,- It is clear to see that if f(X1,Xs,...,X,) =

> anX, is a positive regular free holomorphic function on B(#H)™, then so is
a€l;;

f(X1, Xo,...,X,) = > azX,. We will now state a result we will need for
acFt
this work:

Proposition 4 (G. Popescu, [8]) Let (L1, La,...,Ly,), (R1,Ra,...,Ry), and

f= 3 aunX, be given. Then:
lee|>1

(1) > aplply <1I
1B1>1

(ZZ) Z G'ERBRZ’ S I
[B]>1

3.1 Module maps between F?(f) and F?(g)

Let (F2(f); L1, La, ..., Ly) and (F*(g); L1, La, . . ., L,,) be two Hilbert modules.
Define the “formal identity map” (f,g) : F2(f) — F2(g) to be the linear
map £(0f) = 69. When f and g are clear, we will just refer to e(f,g) as .
By this definition, ¢, if bounded, acts like the “formal identity map.” However,
it is important to note that £ does not have to be isometric, needs not be
bounded, and isn’t necessarily well-defined. Now an element z € F2(f) looks
like z = > 404, 50 we can think of an element in F2(f) as the sequence
acFt
v = {z, : @ € Ff}. This allows us to define F2(f) C F2?(g) as sequence
inclusion.
The main result of this section is

Theorem 5 Let (F?(f); L1, La,...,Ly) and (F?(g); L1, La, . .., Ly,) be two Hilbert
modules. Then the following are equivalent:

(i) F2(f) € F*(g).
(ii) € : F2(f) — F2(g) is well defined.



(iii) € : F2(f) — F2(g) is bounded.
(iv) e : F2(f) — F%(g) is a module map.

bf
(v) sup 5 < o0
a€Ft ba

Furthermore, if f has finitely many terms, then:

(vi) There exists a non-zero module map X : F2(f) — F2(g).
We start with a Lemma.

Lemma 6 Let f = > anX., where f has only finitely many terms. Then
lo|>1

there exists C > 0 such that for all « € F} and i < n,

ba

. > bg,a = bg,ba

b
g Z bagi Z babgi

K3
Proof. We will only prove the first inequality. The other one has a similar
proof. The right inequality was proven by Popescu in [8]. Thus, it remains to
prove the left inequality. Now

bgia = Z agby

By=gi
|B81=1

Since f is finite, there exists a k& € N such that for all a with |a| > k, aq = 0.
Thus:

bgia = Z agby < max {ag} Z by
B

V=g

e 1<|p]<k e
Let A= max {ag}. Then:
e, as}
o < A Y h=4 Y Frca ¥
. — — b — — by
oy=a oy=a oy=a
0<|ol<k—1 0<|o]<k—1 0<|o]<k—1
b 1
- A 2o Ab -
DO S D D
Y=« oy=a
0<|o]<k-1 0<|o|<k-1
< Cb,

where C = A‘ ‘Z i Thus, % > by, as desired. =
o|<k—1
It is important to note that this result does not extend to arbitrary f’s, as
shown in the following example:



Example 7 Define f = > anXa by:
acl;;
1 aif Jaj=1
ao =4 28 if a=12%1
0 else

Let o = 281 and i = 1. Let’s calculate 2=

Dg;n
> agby
y=2%1 k
bo  baer  |BI>1 _ (a2)” a1 1

boa  bior > agby g (a2)" ay + ayan S 142k
By=12%1
[B1>1

->C

This converges to 0 as k — oo, and therefore, no C' > 0 exists such that By

and therefore no C' exists such that %“ > bg,a-

We are now ready to complete the proof of Theorem 5.
Proof. The following implications are clear: (iv) = (iii) = (i) = (i). We
will now complete the loop by showing that (i) = (iv):

Assume that @, — z in F2(f) and that e(x,,) — y in F2(g). Now we
know that z,,, = ). ¢m gdg. A quick calculation reveals that z = ) c¢gdg,

BEF BeFt
where ¢z = lim ¢, g for every § € F}!:
m—r o0

<mh—r>n<>oxm76a>f - 7r%g>noo< Z Cm7g(55,6a> - 7r%E>noo Cm <6a76 >
/@EF:Z f

On the other hand:
<x55a>f = < Z 066576a> = Cq <5a75a>f
BEFY ¥

Notice that the above calculations will look exactly the same in F2(g). Since
e(61) = 69, it is clear to see that (z) = y. Thus, by the closed graph theorem,
€ is bounded. Now it is trivial to show that ¢ is a module map:

Isf — -5f — — — f
eLy0}, = eby,, = 05, = L3085 = Ljed],

As desired. Thus, (i) < (ii) < (iii) < (iv).
Now we will show that (v) <= (iii): Notice the following:
sup

e V|
o€l
= sup /oLl = s V2 f

acl;f acl;;

llell = sup

(,zEIE‘Jr




Thus, ¢ is bounded if and only if sup Z—é < 00, as desired. Thus, (i) <
aE]FI “
(il) <= (i) <= (iv) <= (v).

Now assume that f has finitely many terms. Since (iv) = (vi) always
holds, we need only prove (vi) = (v): Assume X : F2(f) — F?(g) is a
non-zero module map. Then X is completely determined by what it does to dq:
Xdp= > cpds. Then in general, we have:

BEF]

X0a = XLalo=LaX0=La » css= Y csLads= Y cslag
BEF BEFS BEFS

Let By be such that 8y # 0, but for all other 8 € F,}} such that |3] < |Bo| it
follows that g = 0. Then:

Xa = cgybapy + Y Cs0as
[8]21Bol
5780

Now 4,4, is orthogonal to d,p for every 8 # By. Thus:

]

1Xaly = |leabam+ 3 codas| > eodagll, = leso| Wasoll, = =22
182180l bes,
B#Bo

g

By applying lemma 6 iteratively, we can peel off the 5y on the bottom of the
fraction. This gives us:

¢80l K
Xbo|, > =2
[ X6all, = N
i 1 < < = 1
Therefore, it follows that 7 S ClXdal, < ClX[Hdall, = ClX] I
Thus,
bf
2 <C|x
N X
Since o was arbitrary, it follows that
bf
sup — < 00
QGH% bg‘

as desired. m
This leads immediately to the following theorem, which gives a simple method
to calculate the norm of the £ map:

Corollary 8 Let (F2(f); L1, La,...,Ly) and (F?(g); L1, Lo, . .., Ly) be two Hilbert
modules. Assume that f has finitely many terms. Then if € : F2(f) — F2(g)
18 a module map, its norm is given by:

Vbl

lell = sup

aE]FI \% bgv



3.2 Examples

In order to get some intuition about the b,’s, we will look at some examples.
These examples will show some nice combinatorial connections between the a’s
and the b’s for certain classes of functions f:

Example 9 Let f = > anXa, where a, € {0,1} for all o € F}. Then
la[>1

ba = |{a1a2 o= atag, =11 <5< z}| In other words, b, counts the

number of ways you can decompose o into subwords a = ajas - - -« ; such that

aal :aa2 :...:aai :1'

Proof. Let f = Y anX,, with a, € {0,1} for all @ € F;} be given. The proof
o >1
will be by strong induction.
Base: Let o = g;. Now since a,, > 0 for all ¢ < n and a, € {0,1} for all
a € F, it follows that a,, = 1. Also recall that by = 1. Now

n?
by, = Z agby = ag,bo =1

BY=gi
[8]>1

But there is clearly only one way to decompose o = g;, so we're done.
Induction: Assume the claim is true for all « with |a] < m. Let « be given
such that || = m + 1. Then

ba = Y agb,

By=a
[8]>1

By the induction hypothesis, b, counts the number of ways y can be decomposed
into subwords v = 7142 ---7; such that a,, = a,, = --- = a,, = 1. Now if
ag = 1, then any of the decompositions of v will lead to proper decompositions
of 8y = a, and so we should count them. This will lead to agb, = b, new
decompositions. However, if ag = 0, then none of the decompositions of v will
lead to proper decompositions of 8y = «, and so we should not count them.
This will lead to agb, = 0 new decompositions. Finally, summing over all
By = a with |B] > 1 gives us the final result. Since we’ve counted all possible
decompositions and only those possible decompositions, it follows that b, counts
the number of ways you can decompose « into subwords o = ajas - - - ; such
that an, = Gay =+ = aq, =1, as desired. ®

n
Example 10 Let f = )
i=1
mth Fibonacci number.

(Xi + > Xij>. Then by = Fo 41, where Fy, is the

Jj=1

Proof. Clearly by = 1 = F; and by, = 1 = F» for all ¢ < n. Assume b, =
Figj41for all |a] < m. Let a be given such that |af = m. It then follows that

10



ba =Y gy=a agby = a,b, + a;bg, where po = a = 7¢ with [p| =1 and |7| = 2.
|B1=1
Thus, by = ayby + azby = Flgj41 + Firj11 = Fla| + Flaj—1 = Flaj+1 as desired.

]
While the finite case is quite pleasant, an example illustrates the potential
difficulties encountered when transitioning to the infinite case:

Example 11 Look at f and g such that

1 if  aj=1

1 if Jal=1 k
= ¥ } = k g _— k . a = 12%11
al =< 28 if a=12%1 ad =< 4F qf o — 12519
0 else
0 else
Look at & : F2(f) — F2(g). Is this bounded?
> aﬁbg
f yB=12%1
el = sup bl by izt
acrt Uo Doy > axbg
T
f f k f f -
aj (ag) a1 + 439k 14 ok

k
aj (a3)" af !

So ¢ is unbounded. Now look atY : F2(f) — F2(g) by Yo = 61. Is this
bounded? Let o be given. We can decompose o as o = ayQg -« -y such that
a; € {17 2, 12’“1}. This may yield several decompositions. However, it is easy to
show that there exists a minimal decomposition in the sense that for every other
decomposition o = ooy -+ - al,, m > n. Next, note that for every i, if |o;| = 1,
then b£1a2"'ai—1aiai+1"'an = b£1a2~~-ai71ai+1-~am and b as-ai_taiaiiyan 2
bglaz..‘aiﬂam...an, Thus, we only need look at the case when o = aya -+ -y

with a;; = 1251, Thus:

> afb)
b _ e
bdg, > axbs
T
L+ (af, +---+al, )+ (a),af, +---al, _al )+ +(af,al, -af)
T 1+ (b, -+ al) + (ad,ad, + abiad, + - -ab, ,al.) + -+ (ah,al, ---ad,)
L+ (2 4o 2Fn) 4 (2M2k2 o DRn—10kn ) g (2R12R2 L 9k
1+(4k1+...+4kn)+(4k14k3 +4k14k4+...4kn,724kn)+...+(4k14k3...4kn)

It isn’t difficult to motice that the bottom is always greater than or equal to the
top. This is because if the top has n factors, the bottom can have at most [%W

11



factors. Thus, it follows that

ol bl 1
SUp 7 = 7 = - =1
b b1
Thus, Y 1is bounded. This produces an example where f has infinitely many
terms, € is unbounded, but a nontrivial map is bounded.

4 Lifting Module Maps

If f is a positive regular free holomorphic function, it induces {b,, : @ € F;' } with
the property that b, > 0 for every o € F,}. We will now generalize this concept
by looking at functions f : F;f — (0,00) with f(a) = b/, and a Hilbert space
F2(f) with orthonormal basis ||d,] = i It is easy to see that f induces a

set {af, : o € F}} satisfying:

o= Y alplif |y > 1

Bo=y
181=1

ol = > alblif |y =1

af=y
[B1=1

However, unlike positive regular free holomorphic functions, af need not be
non-negative. In addition, the left and right creation operators may no longer
be bounded, since the norm of the left and right creation operators will be given
by:

8g.all’ bf

1P = sup Pl — gy Lo

acFi [10all aeFy bgia

2 ||604ng2 _ bge
IR:|I" = T2 = SuP g
a€cFt ”604” €k bagz'

This leads immediately to the following definition:

Definition 12 A function f : F} — (0,00) is called L-bounded if || L;|| < oo
for every i < n. Similarly, A function f :F} — (0,00) is called R-bounded if
|IR:|| < oo for everyi < n.

We will look at the weighted Fock spaces generated by L-bounded and R-
bounded functions. As with positive regular free holomorphic functions, the
weighted Fock space generated by a L-bounded or R-bounded function f will

12



be denoted F2(f). Due to the two different definitions we now have for F2(f),
we will assume that f is a positive regular free holomorphic function unless
explicitly stated.

Using this more general idea of L-bounded and R-bounded maps, we are
now in the position to modify the proof of the commutant lifting theorem for
module maps from [8], which was based on [1] and [4]:

Theorem 13 Let f : F,} — (0,00) be an L-bounded map and g = > a?X,
be a positive regular free holomorphic function with ||e(f,g)|] < 1. IlLa‘aZc;dition,
let (M VI VSO V) and (NS VE V... V) be s-submodules of (F2(f) @
Ha; Ly®@1,, Lo®In, . . ., Ly®Iy, ) and (F?(9)@Ha; L1®@I,, La®Iy, . . ., Ly®
Iy,), respectively. If X : M — N is a module map, then there exists a module
map X : F2(f) @ H1 — F2(g9) @ Ha such that | X || = H)A(H and XPp = Py X,
i.e., the following diagram commutes:

F2f) @ Hy — M 0
s I
F2(g) ® Hy —2 N 0

Proof. Let (M;Vlf,sz, ..., V1) be a *-L-submodule of (F2(f) ® Hi;L; ®
Iy, Lo @ Iy s oo, Ly @ Iyy) and (N; VP, VY ... V9) be a *submodule of
(F2(g) @ Ha; L1 @ Iy, Lo @ I3y, ...y Ly @ I3y,). Assume X @ M — N s
a module map with | X| = 1. Let Y = XPy. Then Y : F2(f) @ H; — N is
also a module map with ||Y|| = || X| = 1. Now look at 6o @ Ha. If o @Ha € N,
let N7 = 8g ® Ho+N. If 6o @ Ho C N, find o € F;} such that §, @ Ho ¢ N
but if @ = v with |8] > 1 then d, ® Ho C N. Then let N7 = d, @ Ho + N.
Note that in either case,

(Lo ® I1,))" N1 C N for every |af > 1 (1)

Let TY = Py, (LY ® Iy,) Py, for i < n. Then (Ny;TY,T5,...,TY) is a x
L-submodule of (F2(g) ® Ha; L1 ® I3, Lo ® Iy, ..., Ly ® I3,), and N is a
*-L-submodule of 7. Now if |a| > 1, it follows that:

T4 Pryon =0 (2)

Using this identity, a quick computation will reveal that for |a| > 1
TO‘%PN = TgVé’PN (3)
Now we need to find a module map Y : FAf)@H1 — Ny with H}A/H = || X||

and PyY =Y. For every a € F, define Yy, : Hy — N by Yo (2) = Y (00 ® z).

13



Similarly, define ?a : Hi — Ny by f’a(m) =Y (0q ® ). Now if Y is to be a
module map, each Y,, and thus Y, will be determined by Yj:

Vo(@) =Y Gawz) =Y (LL @ In,) (5o @ 2)) = TIY (6 @ x) = TI¥(x)
However, if |a| > 1, then:
Yo(w) = TIVo(x) = TIPxienYo(z) + T PYo(w) = TP Yo(x) = TYYo(x)

We can decompose F2(f) @ Hy as F2(f) @ Hi = [0 @ H1] @ [6 @ Hy]" and
N1 as N1 = [N ©N] @ N and write Y as a block matrix with respect to this
decomposition:

7-[t iimemlement S wionow @

Now Y = PN}A/ = [c d}, so the second row of Y is already determined, and
H [c d] || < 1. Similarly, the second column of Y is already determined, since

[Zr _ (f/|[50®7{1“>* N — EB 50 @ Hy

la|>1

is given by the following equation for x € Ni:

(Plgnorat) @)= 3 blda @ Vi)

la|>1

Next we need H [2} H <1.

I

© = o) =, (Flnr) o ()«

l2l=1\|q1>1 181>1
= sup Z bf (0as Oar < >
llll= 1|a\21
= sup ( =z, Z béY
[lz||=1 la|>1
Thus it suffices to show that Z|a|>1 o < I. Notice that

5wy | < | 5 v <1
YEFE yEFE

14



. . . " . . . bf
since Y is a contraction. In addition, since ¢(f, g) is a contraction, sup 35 <1

aEFi
by Corollary 8. Therefore, b5 < bJ for every a € F;t. Thus:

STV = Y TIVeY T < Y b TV Y TS

lo] =1 la|>1 lo| =1

ST alvy | TS TS

la|>1 | By=a
181=1

— 91979 * gk
- Z Z agby T, Yoo T,
[8]>1 VEFi

LYY ey
[B1>1 yeF;t

_ gmg * * g*
= > a3T§ | D WVIYoY VY| T
[B81>1 'yG]Ff{

< Z a%Tng* < Z aj (L% ®I’H2) (L% ®IH2>* <I

[B]=1 [B1=1
b
d

and H [c d] H < 1. As in most commutant lifting theorems, we now apply

As desired. The last inequality follows from Proposition 4. Thus, <1

Parrott’s Lemma [7] to find a such that H)A/H = ‘ [i Z] = 1. Thus, Y :
F2(f) ® Hi — Nj is a module map with H)A/H = || X|| and PyY =Y, as
desired. By iterating this process, it follows that we can find a module map
X : F2(f) © H1 — F2(g) ® Hy such that || X]|| = H)A(H and XPy = Py X,

completing the proof. m
We can also prove a similar result for the right creation operators R;, as
shown in the following theorem:

Theorem 14 Let f: F;f — (0,00) be an R-bounded map and g = > a?X,
la|=1

be a positive regular free holomorphic function with ||e(f,g)|| < 1. In ad-

dition, let (M; VI V... VI) and (N;VE, VY, ..., V9) be *-submodules of

(FA(f)@H1; Ri®@ Iy, Ro@ Iy, ..., Ry @Iy, ) and (F?(g) @ Ha; R1 @ Iny,, R2 @

Iy, ... Ry ® Iyy,), respectively. If X : M — N is a module map, then there

exists a module map X : F2(f) © H1 — F2(g) ® Hy such that | X|| = H)?H

and X Py = PN)?, i.e., the following diagram commutes:
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F2A(f) ® Ha M 0
Hl)? J{X
F2(g) ® Hoy —2 N 0

Proof. The proof of this theorem is very similar to the proof of the previous the-
orem. Thus, we will only provide a sketch of the proof. Let (M; Vlf, ng, LV
be a x-R-submodule of (F2(f) ® Hi; R ® Iy, Re @ Iy, ..., Ry ® Iy,) and
(NG VP VY. .. V9) be ax-submodule of (F2(g)@Ha; R1®I3,, Ro®I34y, . .., Ry®
Iy,). Assume X : M — N is a module map with || X| = 1. Let Y = X Ppy.
For every a € F}, define Y, : H1 — N by Y,(z) = Y (0, ® ). Similarly,
define Y, : Hy — Ni by Ya(z) =Y (6, @ ).

If 6o @ Ho € N, let Ny =0 @ Ho + N. If §p @ Ha C N, find « € F;} such
that 6, ® Ho € N but if @ = By with [8] > 1 then §, ® Hy C N. Then let
N =64 @ Ha + N. Tt follows that (1), (2), and (3) of theorem 13 hold.

Now we need to find a module map Y : F2(f) ® H, — N with H?H =

IX]|| and PN? =Y. As before, }Afa, and thus }A/, will be determined by
Yo, but this time we get that Y, (z) = Tg?o(x). Furthermore, if |a| > 1,
it follows that Y, (z) = T¢Yo(x). Let T? = Py, (R ® Iy,) Py, for i < n.
Then (N1;T7,T5,...,T7) is a *-R-submodule of (F2(g) @ Ha; R1 @ I3,, R @
Iy, ... Ry ® I3y,), and N is a x-R-submodule of A;. We now decompose Y
into the same 2 x 2 matrix given by in theorem 13.

As in theorem 13, ||[c d]| <1, and to prove that

‘ [g} H < 1, it suffices to

prove that 3, >, bV, Y = Plalz1 béffaffg < I
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Z bLYY: = Z VLTIV Y TS < Z VTSV Yy TS

la[>1 la[>1 la[>1

= Y Za%bg TIY,Y§ TS

[8]>1 ’yE]F:[

- Y Y vy
[BI>1 ~eF;;

- S| X wvigvy| v

BI>1 -
g mgmg* g g g *
< Y amTe <y ol (Rﬁ ®1H2) (RB ®IH2> <7
11 B1=1

As desired. The last inequality follows from the second part of Proposition 4.
Finally, iterating finishes the proof. m

We can actually say quite a bit more when F2(g) is the full Fock space. In
this case, any module map between F2(f) and F2(g) ends up being a contrac-
tion, as shown in the following proposition:

Proposition 15 Let f = Y. alX,, where f has only finitely many terms,
ler|>1
and g be the full Fock space. Let (M; Vlf, VQf7 VY and (NG VEL VS V)

be x-submodules of (F2(f)@H1; L1 @1y, La®@ I3y, ..., Ly ®@1y,) and (F3(9) ®
Ho; L1 ® I3, Lo @ Iy, ..., Ly @ Iny,), respectively. If (f, g) is bounded, then

e(f,g) is a contraction, and therefore X can be lifted to X such that H)?H = || X]|
and X Py = Py X.

Proof. Popescu proved in [8] that for all a € F! byo > bob, = b%. Thus,
if b/ > 1 for any a, klim b(’;k < klim (bf)F = oo.  Therefore, if e(f,g) is
—00 —00

bounded, sup %t = sup bg < oo and so b, < 1 for all @ € F;. It follows

acFt N aEFt
s ~
that ||e]| = sup 2—‘; < 1 and thus we can apply theorem 13 to obtain our X, as
aEFi “
desired. m

Now if M is a submodule of (F2(f)®@H1; L1 ® I, La @ I3,y Ly @ I3y,)
and ¢ : F2(f) — F?(g) is bounded, then £(M) is a submodule of F2(g).
This follows immediately due to the nice property that L;0, = d4,o. However,

17



it is important to note that the L}’s do not behave nearly so nicely. It is
easy to verify that L}dg,q = bl;—f“aéa. In particular, if (M; Vlf,VQf, Vi) s
a x-submodule of (F2(f) ® Hi; L1 ® I3, Lo ® Iy, ..., Ly @ Iyy,) and e(f, g)
is bounded, (e(M);V{,Vy,...,V9) need not be a *submodule of (F2(f) @
His Ly @ Iy, Lo @ Iygy s oo, Ly @ Iyy).

However, when F2(f) = F2(g), there is a nice correspondence between x-
submodules of (F2(f) ® Hi; L1 ® Iy, Lo @ Iy, ..., L, ® I3,) and those of
(F2(9)®@H1; Li®@Iy,, La® Iy, ..., Ly® I, ), as shown in the following lemma:

Lemma 16 Let f and g be positive regular free holomorphic functions with
F2(f) = F2(g). Then if (M; VI VS, Vi) is a x-submodule of F2(f), there
exists a x-submodule (N; V7, V5 ..., V.9) of F?(g) such that M =2 N. Further-
more, there exists a module map EM,N) : M — N with ]| < ||e|| such that
gPM = PN&.

Proof. Let the x-submodule (M; Vlf7 VQf, ..., V.I) be given. We can decompose
F2(f) as F2(f) = M @ L. This means that M = F?(f)/L, where L is a sub-
module of F2(f). Now since F2(f) = F2(g), we can look at N' = F2(g)/e(L).
Define VY : N'— N by VI (z + (L)) = Liz + £(L). Tt is easy to see that V7
is well defined. By proposition 5.9 of Douglas and Paulsen [5], this induces a
unique € with ||€]] < ||e]| such that the following diagram commutes:

0 LC F2(f) @ Ha M 0
Jdg J{a Jg
0 e(L)C F2(g) @ Ha » N 0

It immediately follows that (N; V7, VY ..., V9) is a x-submodule as desired.
]

Now Theorems 13 and 14 only apply to cases where € is a contraction.
However, it turns out that as long as € is bounded, we can lift all module maps
with only a small penalty, as shown in the main theorem of this paper:

Theorem 17 Let f and g be positive reqular free holomorphic functions with
le(f,9)|| < C. Let (M; V!, V... Vi) and (N VE,VE, ... V,9) be x-submodules
of (F2(f)@H1; Li®@I3,, La® I3y, s .., Ln®1s,) and (F2(9)@Ho; L1 @134, Lo ®
Iy, ... Ly ® Iyy,), respectively. If X : M — N is a module map, then there

exists a module map X : F2(f) © H1 — F2(g) ® Hy such that H)?H < C|X]

and X Py = PN)?, i.e., the following diagram commutes:

0 Lm© F2(f) @ Ha M 0
HJ)?MM 3}2 JX
0 LaC F2(g) @ Ho — N 0




Proof. Assume without loss of generality that ||(f,g)|| = C > 1. Define an
L-bounded function h : F;f — (0,00) as follows:

o= 1
h bl
b, = C% for every a € F,i', Ja| > 1

Since f is a positive regular free holomorphic function, it follows immediately
that h is indeed L-bounded. This gives us the weighted Fock space F2(h). In
addition, F2(f) = F2(h). This is because for |a| > 1:

1 C?
1580 = == =7 = el

Note th.at since Hé{}” = ﬁ =1= ﬁ = H(S(J;H, F2(g) and F?(h) are not
1sometric.

Now let e(h, f) : F2(h) @ Ho — F2(f) @ Ha be defined in the typical way.
It follows that ||e(h, f)|| =1 and He(h, /)7 = C. Let M be the *-submodule
isomorphic to M given by Lemma 16.

We get the following diagram:

F2(f) @ Ha P M
\ Py <+
N .7:2(}1) QHI ————*» M X
N |
~ | Xo&(h,f) /
<, g . /
F o) @Hy ——»N

P
Fi(h) @ Hy —— M
\
\ lXof(hJ)
o
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A brief calculation gives us

ba
le(h,9)|? = sup -2 = sup —p

We are thus in a position to apply Theorem 13. This gives us Y Fi(h)®
Hi — F2(g) ® Ha such that H?H < |IX| and (X 0 &(h, f))Pig = PxY. The
inequality is verified by a quick calculation:

7] = 1xezmni
< IXIE®R, D
< IXI ek, D
~ x|

Finally, define X := Y o e(h, f)~t. Then

X1 = [Foetn

< ¥
< ClX]|

All that is left is to verify that X Py = Py X:

XPym = XPue(h, fle(h, )7
= X&(h, f)Pgze(h, /)~
= PyYe(h )™
= PN)?

as desired. m

Theorem 18 Let f and g be positive reqular free holomorphic functions with
le(f,9)ll < C. Let (M; VI VS Vi) and (N VE,VE, ..., VI9) be x-submodules
of (F2(f)@H1; Ri®Iy,, Ro®In,, . . ., Ru®@1In,) and (F?(9)@Ha; R @Iy, Ry®
Iy, ..., Ry, ® Iyy,), respectively. If X : M — N is a module map, then there

exists a module map X : F2(f) @ H1 — F2(g) ® Hy such that H)?H < CX|
and X Py = PN)?, i.e., the following diagram commutes:
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F2A(f) ® Ha M 0
Hlf JX
F2(g) ® Hoy —2 N 0

Proof. Identical to the previous proof. m

Using theorems 17 and 18, we can build projective resolutions. To build such
resolutions, we must first recall, with a slight reformulation, the construction of
Poisson kernels developed by Popescu in [8] based on [3]:

Lemma 19 (G. Popescu, [8]) Let f be a positive regular free holomorphic func-
tion, and let N' C F2(f) @ H be semi-invariant under the maps L; ® Iy, for
i <n, and let W; = Pn(L; ® Iy)|n fori <mn. Then:

(i) The sequence Ay = > a W W is non-negative and non-increasing
la|<N

(i) lim Y | X baag| WoWE =0
N*}OOl,Y|>N O‘B:’Y
|| <N

(iii) A = A}im Ap exists, 0 < A < I, and A is not equal to zero, and
—00

(iv) > ba W AWE = Iyr.

acF;f
Theorem 20 (G. Popescu, [8] - Poisson kernels) Let f be a positive reqular free
holomorphic function and let N C F?(f) @ H be semi-invariant under L; ® Iy
for i < m, and let W; = Py (L; ® Iy)|n for i < n. Define D = Az, where A
is the mon-negative operator given by the previous lemma. Define K : N —

FHH QN by

K(z)= ) bala ® DW;z.
ozEF,fr
Then K is an isometry and K* is a module map. Moreover, N is isomorphic
to K(N) and K(N) is a *-invariant submodule of F2(f) ® H. We call K the
Poisson Kernel of N.

‘We use the Poisson kernel to construct resolutions.

Proposition 21 Let f be a positive reqular free holomorphic function and let
M C FXf) @ H be semi-invariant under L; @ Iy, for i < n. Then there
exists Hilbert spaces Hi,Ha, ..., partial isometric module maps ®; : F2(f) ®
Hivn — F2f) @ Hi, i = 1,2,..., and a partial isometric module map ®q :
F2(f) @ Hy — M such that the following sequence is exact:
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L P2 @ Hy —2 FAS) @ Ho — F2(f) @ Hi —2s M —— 0

Proof. Since M is a semi-invariant subspace of F2(f) ® H, it has a Poisson
kernel Koy : M — F2%(f) ® H1, for some Hilbert space Hi. Set &y = K.
Notice that ker @ is a submodule of F2(f) ® Hi, and hence it has a Poisson
kernel K; : ker ®y — F2(f) ® Ha, for some Hilbert space Hz. Define ®; :
FAf) @ Ho — F2(f) ® H1 by ®1 = 1o K}, as illustrated in the following

diagram:
) ® Ha

ker @,

/

0
The other maps are constructed similarly: ker ®; is a submodule of F2(f) ® Ha,
and hence it has a Poisson kernel K, : ker ®; — F2(f) ® Hs, for some Hilbert
space H3, Po =10 K5. m

]:

) @M, 4%/\/1

This Proposition together with 17 and 18 give the following result:

Theorem 22 Let f and g be positive reqular free holomorphic functions. Let
MV VS V) and (N VEL VL. V) be subquotients of (F2(f)QH; L1®
I, Lo® Iy, ..., Ly®@Iy) and (F2(9)@H; L@ Ly, La®@1g, ..., Ly® 1), respec-
tiely. Assume there exist a module map T : M — N. Then if ||e(f,g9)|| = C
there exists module maps Ty, Ts, Ts . .. with || T;|| < C*||T||, such that the follow-
ing diagram commutes:

L P2 @ Hy —2 FAS) @ Ha — F2(f) @ Hi —2s M —— 0

5|1 [ | JT

\I»’g ~ \IIQ -~ \1/1 - \IIO
e F2g) @ Hy —— FHg) @ Hy —— F2g) @ Hy —— N ——0

Proof. Clearly we have that T} exists via theorems 17 and 18. ®; = oK} where
Kyt ker ®g — F2(f) ® Hz is the Poisson kernel of ker @, and U1 = 1o K}

where K, : ker Wy — F2(f) ® Hs is the Poisson kernel of ker ¥, as shown
below:
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5]

T

F2f) @ Ha — ker b F2(f) @ H1 —2s M —— 0

Gk k

- 1 L -~ \IJO
F2(g) @ He ker W FHg)@H1 —— N ——0

~

Since K7 and K 1 are isometries, by theorem 20, the Poisson kernels induce
a module map fl : Ky (ker &) — I?l (ker Wy) with H]AHH = ||T1||. Therefore,

theorems 17 and 18 give us T with ||T3|| < C'||T1]| such that the following
diagram commutes:

F2(f) @ Hy ——— K (ker )

HJ(Tz J{fl
F2(g) © Hy ——— K (ker Uy)

Iterating this process gives us

B FUf) @ Hy —2 FAf) @ Hy — F2(f) @ Hy —s M ——0

| [ | JT

\I’g ~ \IIQ -~ \111 - \IJO
o P @My — 2 P9 @Hy — 2 FAg) @ H1 — N ——0

with [|T;]| < C*||T|, as desired. m
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