COMMUTATIVE AUTOMORPHIC LOOPS OF ORDER p*
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ABSTRACT. A loop is said to be automorphic if its inner mappings are automorphisms.
For a prime p, denote by A, the class of all 2-generated commutative automorphic loops
(@) possessing a central subloop Z = Z, such that Q/Z = Z, x Z,. Upon describing
the free 2-generated nilpotent class two commutative automorphic loop and the free
2-generated nilpotent class two commutative automorphic p-loop F), in the variety of
loops whose elements have order dividing p? and whose associators have order dividing
p, we show that every loop of A, is a quotient of F, by a central subloop of order p>.
The automorphism group of F), induces an action of GL2(p) on the three-dimensional
subspaces of Z(F},) = (Z,)*. The orbits of this action are in one-to-one correspondence
with the isomorphism classes of loops from .4,. We describe the orbits, and hence we
classify the loops of A, up to isomorphism.

It is known that every commutative automorphic p-loop is nilpotent when p is odd,
and that there is a unique commutative automorphic loop of order 8 with trivial cen-
ter. Knowing 4, up to isomorphism, we easily obtain a classification of commutative
automorphic loops of order p3. There are precisely 7 commutative automorphic loops
of order p? for every prime p, including the 3 abelian groups of order p3.

1. INTRODUCTION

A loop is a set () with a binary operation - and a neutral element 1 € () such that
for every a, b € () the equations ax = b and ya = b have unique solutions z, y € @,
respectively. The element z satisfying ax = b will be denoted by a\b. See [1] for an
introduction to the theory of loops.

Let @ be a loop. For x € Q, the left translation L, : Q — @Q is defined by L,(y) = xy,
and the right translation R, : Q — Q by R.(y) = yz. The inner mapping group Inn Q
of @ is the permutation group (L,,, Ry, Tu; =, y € @), where L,, = L;;Lny,
Rey = Ry R R;, and T, = L' R,. Let Aut Q be the automorphism group of Q.

Denote by Z(Q), N(Q), N\(Q) and N,(Q) the center, nucleus, left nucleus and
middle nucleus of @, respectively. For x, y, z € @, define the associator (z,y, z) of x, y,
z by (zy)z = (z(y2))(x,y, 2). The associator subloop A(Q) of @ is the smallest normal
subloop H of @) such that Q/H is a group. Thus A(Q) is the smallest normal subloop
of () containing all associators (x, vy, 2).

A loop @ is nilpotent if the series Q, Q/Z(Q), (Q/Z(Q))/Z(Q/Z(Q)), ... terminates
in 1 in finitely many steps. In particular, @ is of nilpotency class two if Q/Z(Q) # 1 is
an abelian group.
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A loop @ is said to be an automorphic loop (or A-loop) if Inn Q) < Aut (). Note that
a commutative loop is automorphic if and only if L, , € Aut Q) for every z, y € (). This
latter condition can be rewritten as

(A) (y2)\(y(x(ad))) = [(y2)\(y(za))][(yx)\(y(xD))],

so a commutative loop is automorphic if and only if it satisfies the identity (A). Groups
are certainly automorphic loops, but there are many other examples.

The study of automorphic loops began with the paper [2] of Bruck and Paige.
Among other results and constructions, they showed that automorphic loops are power-
associative (that is, every element generates a group) and satisfy the antiautomorphic
inverse property (zy)~! = y~'z~!. The implicit goal of [2] was to show that diasso-
ciative (that is, every two elements generate a group) automorphic loops are Moufang,.
This was eventually proved by Osborn [8] in the commutative case, and by Kinyon,
Kunen and Phillips [7] in general.

Foundational results in the theory of commutative automorphic loops were obtained
by Jedlicka, Kinyon and Vojtéchovsky in [4], for instance the Odd Order Theorem,
the Cauchy Theorem, and the Lagrange Theorem. In the companion paper [5], the
same authors noted that commutative automorphic loops of order p, 2p, 4p, p?, 2p* and
4p? are abelian groups for every odd prime p, and they also constructed examples of
nonassociative commutative automorphic loops of order p3.

For a prime p, denote by A, the class of all 2-generated commutative automorphic
loops @ possessing a central subloop Z = Z,, such that Q/Z = Z, x Z,. In this paper
we classify the loops of A, (cf. Theorem 6.1), and also commutative automorphic loops
of order p? (cf. Theorem 6.3) up to isomorphism. It turns out that all loops of Theorem
6.3 were constructed already in [5], but the authors of [5] did not know whether their
list was complete, and whether the constructed loops were pairwise nonisomorphic.

The classification of commutative automorphic loops of order p* is made possible by
the fact that, when p is odd, commutative automorphic p-loops are nilpotent, cf. [6].
There is a unique commutative automorphic loop of order 8 that is not nilpotent, as
can be seen quickly with a finite model builder (see [5, Section 3] for details and for a
near-complete human classification of commutative automorphic loops of order 8).

In Section 2 we construct the free nilpotent class two commutative automorphic loop
F on two generators. In Section 2 we find a normal subloop K, of F' so that F, = '/ K,
is the free nilpotent class two commutative automorphic p-loop on two generators in
the variety of loops whose elements have order dividing p? and whose associators have
order dividing p.

In Section 4 we show that every loop of A, is a quotient of F, by a central subloop
of order p?, and we show that Aut F,, induces an action of GLy(p) on Z(F,) = (Z,)*.
Moreover, by Theorem 4.2, the orbits of this action on the Grassmanian of the three-
dimensional subspaces of Z(F},) correspond to the isomorphism classes of loops from A,,.
The orbits are described in detail in Section 5 (cf. Propositions 5.3 and 5.4), yielding
the main results in Section 6.

2. THE FREE 2-GENERATED COMMUTATIVE AUTOMORPHIC LOOP OF NILPOTENCY
CLASS TWO

Let Z be an abelian group and L a loop. Then a loop @) is a central extension of Z
by Lif Z < Z(Q) and Q/Z is isomorphic to L. It is well known that @) is a central
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extension of Z by L if and only if @) is isomorphic to a loop Q(Z, L, ) defined on L x Z
with multiplication

(2.1) (21, 21) (T2, 22) = (1172, 21220(1, 72)),

where 0 : LxL — Zisa (loop) cocycle, that is, a mapping satisfying 0(x,1) = 0(1,z) = 1
for every x € L.

Straightforward calculation with (2.1) shows that the associator in Q(Z, L, #) is ob-
tained by the formula

(22) (.lel, T9Z9, Ing) = ‘9(.731, .TQ)G(ILIQ’ x3)6(x2, .Tg)—l@(l’l, $2.I3)_1.

Lemma 2.1. Let Q) be a commutative loop of nilpotency class two. Then:
(i) AQ) < Z(Q).
(i) (a,b,a) =1, (a,b,¢) = (¢,b,a)™t, and (a,b,c)(b,c,a)(c,a,b) = 1 for every a, b,

cE€ Q.
(iii) @ is an automorphic loop if and only if (ab,c,d) = (a,c,d)(b,c,d) for every a,
b, c,deqQ.

Proof. (i) The inclusion A(Q) < Z(Q) holds since Q/Z(Q) is a group.

(ii) The identity (a,b,a) = 1 is equivalent to (ab)a = a(ba), which obviously holds
in any commutative loop. Using the fact that all associators are central, we can
write (cb)a(c,b,a)™ = c(ba) = (ab)e = a(bc)(a,b,c) = (cb)ala,b,c), and (a,b,c) =
(¢,b,a)7" follows. Finally, (ab)c = a(bc)(a, b, c) = (bc)a(a, b, c) = b(ca)(a,b, c)(b,c,a) =
(ca)b(a, b, c)(b,c,a) = c(ab)(a,b,c)(b,c,a)(c,a,b) = (ab)c(a,b,c)(b,c,a)(c,a,b), hence
(a,b,c)(b,c,a)(c,a,b) = 1.

(iii) Note that (ab)\(a(bc)) = c(a,b,c)~t. The identity (A) is therefore equivalent to
ab(d, c,ab)™' = a(d, c,a)"'b(d, c,b)~t, which is equivalent to (ab,c,d) = (a,c,d)(b, c,d),
by (ii). d
Lemma 2.2. Let () be a commutative automorphic loop of nilpotency class two. Then:

(i) For everya, b, ¢, d € Q,

(ab,c,d) = (a,c,d)(b,c,d),
(a,b,cd) = (a,b,c)(a,b,d),
(a,bc,d) = (a,d,b)(a,d, c)(b,a,d)(c,a,d).

(ii) For everya, b, ¢, d € Q,
(ab)(cd) = (ac)(bd)(ac, b, d) (b, a, ) (d, ¢, ab).
iii) For every a, b€ Q and i, j, k € Z,
iii) Fe beQ and kel
(a', 07, V%) = (a,b,b)7*, (b, a?,0*) =1, (b',07,a") = (b,b,a)"".
(iv) For every a, b € Q and iy, is, j1, Jo, k1, ko € Z,
(a™b2, a? b2, a*b*2) = (a, a, b)r(k2izk) (g p p)i2(itka=izky)

Proof. (i) The first equality is from Lemma 2.1(iii). Then (a,b,cd) = (a,b,c)(a,b,d)
follows by (a,b,c) = (¢,b,a)™' of Lemma 2.1(ii). Finally, by Lemma 2.1(ii), we have
(a,be,d) = (be,d,a)"Y(d,a,bc)™t = (a,d,b)(a,d,c)(b,a,d)(c,a,d).
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(ii) We have
(ab)(cd) = ((ab)e)d(ab, ¢, d)™" = ((ab)c)d(d, ¢, ab) = (c(ab))d(d, c, ab)

= ((ca)b)d(d, ¢, ab)(c,a,b)™" = ((ca)b)d(d, c, ab)(b, a, c)
= ((ac)b)d(d, ¢, ab)(b, a, ) (ac)(bd)(d, ¢, ab)(b, a,c)(ac,b,d).
(iii) We have (b, a’,0%) = (b, a’, b)* by (i)

(i) and Lemma 2.1(ii). Using this fact
and Lemma 2.1(ii) again, we get (a”,bj bk) (a,t7,0)’
‘7 7a_i = ) 7a_ij = \a, gl al Za , @ =
b,0 K b,b K b,b)* and (b°, V7, a*
(b, b, a)V*.
(iv) Using parts (i), (i) and (iii), we have
a'1 iQ,a'I 42,(11 2) — ail,a'l '2,a1 ail’a'l ‘2’ 2 (2 ,al b iz,&'l '2’ 2
RN AN ny2, o Y202 (02, a0, M) (2, a7 b2 b
= (a™, b, b)) (b, a b, a"")
— (ah’bkz a]i)(au bk‘z b”)(a”,a ,ka)(bD,ail bkz)
L (B2 Q@ 1 (P 2 alt 12 1 2 %2
(b, a", al)(b2, a" b2) (@™, 02, a™) (b, b2, a™)
:( i1 bk2 b]2)(a]1 i1 ka)(b ak a]l)(b] bZQ,CL )
= (a,b,b)172*(q, a,b)"71*2(b, a, a)?7*1 (b, b, a)272M
)

((1, a, b) 1(i1ka—izk1) (CL b.b Jo(irka— szl
» Uy

k= (b7,b,a)"*(b,a,b/)"* =
(a®, b7, b))~ = (a,b,b)" % =

g

Theorem 2.3. Let F be the free commutative automorphic loop of nilpotency class two
with free generators xy, xa, and let z; = (:L’l,:z:l,xg) 2o = (x1,%9,22). Then every
element of F' can be written uniquely as x{*x5*z1*25* for some ay, as, as, ag € Z, and
the multiplication in F' is given by

al .az a3 b1 _ba bz _by a1+b1 _.as+bs az+bz— albl(a2+b2) a4+b4+(l2b2(a1+bl)
(2.3) (27 2y?21% 25 ) (o7 )’ 2)° 2" ) = ] Ly 21 29

Furthermore, Z(F) = N\(F) = N,(F) = N(F) = A(F) = (21, 22) = Z*. The loop F is
the central extension of the free abelian group (z1, z2) by the free abelian group with free
generators xy1, To via the cocycle

a1 .az b1 _bay __ _—aibi(az+b2) _azba(ai+b1)
(2.4) O(x{'25?, 27w, ) 21 29 .
Finally, the associator in F is given b
)
al .a2 a3 .04 b1 _bo b3z _bs c] €2 .C3..C4\ __ bl(alcQ 04201) b2(a132 QQCl)
(2-5) (Il Lo 21 R s Xy Ty R 2y , X Xy 21" %9 ) = % )

Proof. Consider the mapping 0 : Z2 x Z2 — 72 defined by
0((a1,az), (b1, b2)) = (—aiby(ag + b)), asba(as + by)),
and let ' = Q(Z2,72,0). By (2.1), F is defined on Z* by
(a1, az, az,aq4)(by,ba, b3, by) = (a14b1, ag+be, a3+bs—arby(az+by), ag+bs+asbs(a;+by)).

It follows that Z(F ) > {(0,0,a3,a4); a; € Z} and F is a commutative loop of nilpotency
class at most two. R

With a = (ay, a2, a3,a4), b = (b1,ba,b3,bs), ¢ = (c1,¢a,¢3,¢4) € F, a straightforward
evaluation of (2.2) yields

(a,b,¢) = (0,0,b1(aico — ascy), ba(aico — ascy)).
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~

Hence Z(F) = {(0,0,as,a4); a; € Z}. Another routine calculation gives the identity
(ab,c,d) = (a,c,d)(b,c,d) in 13, so, by Lemma 2.1(iii), Fis an automorphic loop. With
er = (1,0,0,0), e; = (0,1,0,0), e3 = (0,0,1,0), e4 = (0,0,0,1), note that (e, ey, es) =
es, (e1,e9,62) = eq, and ef*e3?es’e)* = (aq, az, as, ay).

Let now F' be as in the statement of the theorem. By Lemmas 2.1 and 2.2, any word
in z1, x5 can be written as x{'x5*2{%25*, for some a; € Z. Consider the homomorphism
~ . F — F determined by 7 = ey, T3 = e5. Since z; = e3 and Z; = e4, we see thaAt
~ maps x7'x5?2{% 25" onto el'ez’es’eyt = (ay,ag,as,as). This means that = : FF — F
is in fact an isomorphism, and that every element of F' can be written uniquely as
x{targ? 21 25",

We have now established all claims of the theorem except for Z(F) = Ny(F) =
N,(F) = N(F). By Lemma 2.2, (z1,2]' 25, 22) = 27252, so N,(F) < Z(F). Since
Z(Q) < N(Q) = NA(Q) N N,(Q) < N,(Q) holds in any automorphic loop @ by [2,
Corollary to Lemma 2.8], we are done. O

3. THE LooPS K, AND F, = F/K,

Let K, be the smallest normal subloop of F' containing {a”’; a € FYU{a?; a € A(F)}.
Lemma 3.1. K, = {(p*c1,p*ca, pcs, pcs); ¢; € L}

Proof. Let ¢ € F and z € Z(F). Since (cz)* = *2*, K, is generated by elements of the
form (01,02,0,0)1”2 and (0,0, c3,¢4)P. By (2.3), (0,0,¢3,¢4)? = (0,0, pcs, pcy). An easy
induction on k£ > 1 shows that

k-1 k-1

(c1,¢2,0,0)% = (key, key, —cicy Z(z +14%), c3e1 Z(z +14%)).

i=1 i=1

Since

p-1

Y i+ =@ =P’ /2+ (@ - )P (2p* - 1)/6

i=1
is divisible by p, it follows that K, is the smallest normal subloop containing S =
{(p*c1,p?ca, pes, pea); ¢ € 1.

We claim that S = K. A short calculation with (2.3) shows that S is closed under
multiplication and division. Recall that (ab)\(a(bc)) = c(a,b,c)"'. Hence to prove
that S is a normal subloop it suffices to show that (a,b,c) € S for every a, b € F
and ¢ € S. By (2.5), the associator ((a1, as,as, as), (b1, bz, bs, by), (p*c1, p*ca, pes, pes)) is
equal to (0,0, by (p?aicy — pPascy), ba(p?aicy — pPascer)), which is an element of S. O

As in [5], for integers 0 < a, b < p, define the modular overflow indicator by

[ 0,ifa+b<p,
(a,0)p = { 1, otherwise.

Let F, = F/K,.
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Lemma 3.2. F, is isomorphic to the loop defined on (Z,)°® with multiplication
(ala ag, a3, a4, as, aﬁ)(b17 b27 b37 b47 b57 b6)
= (CLl -+ bl, (05} + bg,

az + b3 + (a1, b1)p, as + by + (az, ba),,

as -+ b5 — albl(ag + bz), ag + bﬁ + agbg(al —+ bl))
Moreover, Z(F,) = N(F,) = N\(F,) = N,(F,) =0 x 0 x (Z,)*.
Proof. Note that (ay,as,as,as)K, = (b1, b, b3, bs) K, if and only if a; = by (mod p?),
as = by (mod p?), az = by (mod p) and a4 = by (mod p). Thus F}, is isomorphic to
Lz X L X Ly X 7, with multiplication
(a1, a2, as, a4)(b1, b, b3, by) = (a1+by, ag+ba, az+bs—aibi(az+0b2), as+by+azby(ar+by)).

For n € Z,2, write n = n' + pn”, where 0 < n/, n” < p. Then the addition in Z,> can
be expressed on Z, x Z, by n+m = (n',n") +(m/,m") = (' +m/, n" +m" + (n',m’),).

If we split aq, as, by, by in this way in the above multiplication formula, we obtain
the multiplication formula

(@}, a3, af, ay, as, aq) (b, by, b, by, bs, by)
= (a} + b, ajy + by,
ai + by + (ay, 0h)p, ag + by + (a5, b))y,
as + by — ayby(ay + b5), as + by + azbh(ay + b))
on (Z,)%, since we can calculate modulo p in the last two coordinates.
We clearly have 0 x 0 x (Z,)* < Z(F,). Consider (a1, as,0,0,0,0) # 1. Then
((1,0,0,0,0,0)(ay,as,0,0,0,0))(0,1,0,0,0,0)
=(1+ai,1+4aq, (a1,1),, (az, 1)y, —aras, az(l + ay)),

while

(1,0,0,0,0,0)((as, as,0,0,0,0)(0,1,0,0,0,0))
= (1 + ay, 1+ az, (ala 1)p7 (a27 1)p> _a1<a2 + 1)7 a2a1)-
Hence (a1, a9,0,0,0,0) &€ N,(F,), and Z(F,) = Nx(F,) = N,(F,) = N(F,) =0x0x
(Z,)* follows. 0

Arguing similarly to the proof of Theorem 2.3, we see that F), is the free nilpotent
class two p-loop on two generators

(3.1) z=(1,0,0,0,0,0), y=(0,1,0,0,0,0)

in the variety of commutative automorphic loops satisfying the identities a?* = 1 and
(a,b,c)P = 1.

The following symbols will be useful in expressing powers of elements in F,. For
0<a<pandk>1let

[k, al, = (a,a), + (a, (2a) mod p), + - - - + (a, ((k — 1)a) mod p),.

In particular, [1,a], = 0.
We now show why the case p = 3 must be treated separately.
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Lemma 3.3. For (ay,as, a3, a4,as,as) € F, and k > 1, (a1, as, a3, ay, as, ag)* is equal to

k—1 k—1

(kay, kag, kaz + [k, a1],, kas + [k, as),p, kas — a’ay Z(z +4%), kag + a1a3 Z(z +14%)).

i=1 i=1
In particular,

(Oa07a17a27070)a pr%?%

p_
(ah a2, a3, A4, A5, aﬁ) { (O’ O7 ai, s, a%az, —alag), pr = 3.

Proof. The general formula follows by a simple induction on k, using the multiplication
of Lemma 3.2. Suppose that k = p. For 0 < a < p we have

3
L

[p, aly = (a,a), + (a, (2a) mod p), + - -- + (a, ((p — 1)a) mod p), = ) (a,i)p.

Since (a,i), = 1 if and only if a + ¢ > p, we conclude that [p, a], = a. Finally, let

p—1

= i+ —1)p/2+ (p—1)p(2p — 1)/6.

i=1
If p > 3, we obviously have ¢, = 0 (mod p). Also, t, =1+ 1> =2 =0 (mod 2) and
t3:1+12+2+22——1 (mod 3). 0

Lemma 3.4. Let x, y € F, be the free generators of F, from (3.1). Then aP =
(0,0,1,0,0,0), y» = (0,0,0,1,0,0), (z,z,y) = (0,0,0,0,1,0), (x,y,y) = (0,0,0,0,0,1).
Moreover, Z(F,) = 0x0x (x?) x(y?) x((x, z,y)) x{(z,y,v)), A(F},) = O><0><()><O><( )
and

(3-2) (a1, 2, a3, A4, A5, &6) = g"y* (ﬁp)ag(yp)m(ﬁ IL",?J)% (% ?J,y)%

for every (ay, as, as, as, as, ag) € F.

Proof. We have ¥ = (0,0, 1,0,0,0), y» = (0,0,0,1,0,0) by Lemma 3.3. A quick calcu-
lation yields (zx)y = (2,1,(1,1),,0,0,0), z(zy) = (2,1,(1,1),,0,—1,0), so (z,z,y) =
(0,0,0,0,1,0). The equality (z,y,y) = (O 0,0,0,0,1) follows by a similar argument.
The structure of Z(F,) and A(F,) is now clear.

For every 1 <k < p, [k, 1], = (1,1),+---+(1,k—1), = 0. Therefore for every 0 < k,
¢ < p we have 2* = (k,0,0,0,0,0), y* = (0,£,0,0,0,0), and z*y* = (k,,0,0,0,0).

Equation (3.2) follows. O
Lemma 3.5. If H < F}, contains xz, yz' for some z, 2’ € Z(F,) then H = F,.

Proof. Since (zz)? = aPzP = aP, (y2')P = P, (vz,22,y2") = (z,z,y) and (xz,y2,y2') =
(,v,y), Lemma 3.4 implies Z(F,) < H. But then also z, y € H and H = F),. O

4. THE INDUCED ACTION
Lemma 4.1. Let p = (O“ 0‘2) € GLa(p). Then p induces an automorphism p of F, by

(4.1) p(x) = (aq,09,0,0,0,0) = z*y*?,  ply) = (B1,52,0,0,0,0) = zPryP2,

where x, y are the free generators (3.1) of F,. Moreover, if A € Aut F,, then there are
p € GLy(p) and o € Aut F, such that A = po and o(z) = z for every z € Z(F},).
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Proof. Let p € GLy(p). Since z, y are free generators of F),, the formula (4.1) correctly
defines p as an endomorphism of F,,. We claim that p is an automorphism of F,,. Indeed,
by Lemma 3.3 we have

p(@)2ply) 2 Z(F,) = (™ P2y2) (x=o2y~02) Z(F,) = 2P Z(F,),
pa) " p(y) Z(F,) = (= Py~ o) 2Py ) Z(F,) = y** P Z(F,).

Thus xz, yz' € (p(z), p(y)) for some z, 2’ € Z(F},), and p is onto F,, by Lemma 3.5.
Now let A € Aut F,,, where \(z) = 2®1y*22,, \(y) = 2%1y?2z, for some 0 < a1, ag, B1,
By < pand z, z, € Z(F,). Then A induces an automorphism of F,/Z(F,) = Z, x Z,

by ©Z(F,) — (a1, a2) and yZ(F,) — (p1, f2), which means that p = (%i gj) belongs to
GLs(p), and we can consider the induced automorphism p € Aut F,.
Let 7 = A7!'p € Aut F,. Then 7(x) = A~ 'p(x) = X1 (p(x) 2,2, ) =21 \(2)zh) =

xT

xz, where z = A7 (z;1) € Z(F,). Similarly, 7(y) = yz’ for some 2’ € Z(F,). Then

x

T(@?) = 7(z)" = (z2)’ = 2P, 7(y") = ¢, and 7((z,2,9)) = (7(2),7(2),7(y)) =
(xz,22,y2") = (x,z,y), 7((x,y,y)) = (x,y,y). By Lemma 3.4, 7 is identical on
Z(F,). O

Recall that A, is the class of all 2-generated commutative automorphic loops
possessing a central subloop Z = Z, such that QQ/Z = Z, x Z,. Note that among the
three abelian groups (Z,)*, Z, X Z,> and Z,s of order p* only Z, x Z,> belongs to A,.

Theorem 4.2. Let p be a prime.
(i) Let Q € A,. Then there is an epimorphism ¢ : F,, — Q with ker p < Z(F,).
(i) Let Q1, Q2 € Ap, and let ¢; : F, — Q; be the induced epimorphisms with
ker(p;) < Z(F,). Then Q1 = Qo if and only if there is p € GLa(p) such that
ker py = p(ker ¢1).

Proof. (i) Let a, b € @ be such that (a,b) = Q. Since @ is 2-generated and of nilpotency
class at most two, there is an epimorphism ¢ : F' — @ such that ¢ (z1) = a, ¥(x2) = b,
using the notation of Theorem 2.3.

We have & = 1 for every ¢ € Q (else @ is cyclic), and ¢? = 1 for every ¢ € A(Q)
(because Q/Z is a group and so A(Q) < Z = Z,). We have just shown that ¢(c) =
for every generator ¢ of K, and thus K, < ker(¢). Let ¢ : F, — @ be the epimorphism
induced by 1, that is, p(cK),) = ¥(c).

Suppose, for a contradiction, that ker ¢ is not contained in Z(F,). Then there is
t'yz € kerp \ Z(F,) for some 0 < 4, j < p and z € Z(F},), where we can assume
without loss of generality that i > 0. Let H = (z'y’z,y). Then 2’2’ € H for some
2 € Z(F,), and so xz" € H for some 2" € Z(F},). By Lemma 3.5, H = F,. But then
Q = ¢o(F,) = o({(z'y2,y)) = p({y)) is cyclic, a contradiction.

(ii) Suppose that k : Q1 — Q9 is an isomorphism and consider the diagram (4.2),
where N; = ker ¢;.

1 - Ny, - FE B Q — 1
(4.2) T TA Tk
1 - N - FE 2 Q — 1

Since ¢y is onto @9, there are z’, y' € F), such that po(2') = kei(z) and ¢o(y') =
kp1(y). As F), has free generators z, y, an endomorphism A : F}, — F, is determined by
the values A\(x) = 2/, A(y) = ¢/, and we have g\ = kp;. Moreover, (2/,y') intersects
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every coset of Ny in F),, else po\ = K¢y is not onto ()3. Then (z/,y’) also intersects
every coset of Z(F,) > Ny in F),, in particular the cosets ©Z(F,), yZ(F,). By Lemma
3.5, \ € Aut £},

Let p be the restriction of A to N;. Then for n € Ny we have poA(n) = kp1(n) =
k(1) = 1. Thus u(n) = A\(n) € ker(pz) = Ny, and p is a monomorphism Ny — Nj. Since
|F,/Ni| = |Qi], Q1 = Q2, and F, is finite, it follows that |N;| = |No| and g : Ny — N
is an isomorphism. By Lemma 4.1, we can write A\ = po for some p € GLz(p) and
o € Aut F), such that o(z) = z for every z € Z(F},). Since Ny < Z(F,) by (i), it follows
that Ny = u(N1) = A(N1) = po(N1) = p(N).

Conversely, suppose there is p € GLa(p) such that p(IN;) = Ny. Define k : Q1 — Q2
by k(p1(u)) = pap(u). This correctly defines x because p; is onto @1, and if p;(u) =
¢1(v) then uN; = vNy, p(u)Ny = p(v)Ny, and pap(u) = pap(v). Moreover, K is a
homomorphism (since @1, @2, p are homomorphisms), it is onto @y (since p, @o are
onto), and it is one-to-one (since x(p1(u)) = 1 implies pop(u) = 1, p(u) € Ny, u € Ny,
e1(u) =1). O

Note that |ker¢| = |F,|/|Q| = p°/p* = p* in Theorem 4.2.

5. THE ORBITS

By Theorem 4.2, in order to classify the loops of A, up to isomorphism, it suffices to
describe the orbits of the action of GLy(p) from Lemma 4.1 on 3-dimensional subspaces
of Z(F,) = (Z,)".

From now on, we will write Z(F,) = () & (v*) & ((z,z,y)) @ ((x,y,y)) additively,
and we will not distinguish between p € GLs(p) and the induced automorphism p of
F,. Moreover, we will write p(x, z,y) instead of the formally correct p((x,x,v)).

For the rest of this section, let G = GLa(p), V = (2P) @ (y*), and W = ((z, z,y)) @

((z,y,9)).

Lemma 5.1. The action of G on Z(F},) from Lemma 4.1 is given by

(I‘D) _ O[ll‘p + a?ypa pr 7é 37
P a2 + agyf + ofan(r, 2, y) — arad(z,y,y), ifp=3,
(yp { ﬁlxp + BQypv pr 7é 37

ﬁlxp + B2yp + 61252('17 oy y) - 61522(1.7 Y, y)> pr = 37

)=
p(z,z,y) = andet p (z,2,y) + azdet p (2,9, ),
p(z,y,y) = Bidet p (z,2,y) + B det p (z,y,y),

where p = (aﬁi 322) € GLy(p).

In particular, W is always an invariant subspace, and V is an invariant subspace if
p#3.

Proof. We have p(zP) = p(x)? = (a1,02,0,0,0,0)? by definition. By Lemma 3.3,
(o, @9,0,0,0,0)? equals (0,0, ay,as,0,0) when p # 3, and (0,0, oy, ag, a3y, —aia3)
when p = 3. Similarly for p(y*). Calculating in F,, we have

pla,z,y) = (p(x), p(x), p(y)) = (a'y**, 2%y, 27y ™)
— (ZL’, x, y)al(alﬂQ_a2Bl)($, x, y)a2(a152—01251)

by Lemma 2.2(iv), and so p(z,z,y) = ay det p (z,x,y) + s det p (x,y,y) in the additive
notation of Z(F},). Similarly for p(x,y,y). O
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Given a subspace N of Z(F}), denote by G(NN) the orbit of N under the action of G.

Lemma 5.2. Let N be a 3-dimensional subspace of Z(F),), and assume that p # 3.

(i) If W & N then N € G({v1,v9 + ws, (z,x,y))) for some vy, vg €V and wy € W.
(ii) If V€ N then N € G({(aP, vy + wa, w3)) for some vy € V' and wy, ws € W.

Proof. (i) Since dim N = 3 and dim W = 2, there is w € W such that NNW = (w).
The subspace W is invariant by Lemma 5.1, so there is p € G such that p(w) = (z, z,y).
Since dim(NNV) > 1 and G(V) =V, there is vy € VN p(N). Any element of Z(F),)
can be written as vg 4+ wy for some vy € V', we € W. Part (ii) is similar. O

Proposition 5.3. Assume that p # 3. Let

O1 = G({z") & W),

Oy = G(V @ ((z,7,9))),

O3 = G((2",y" + (z,9,y), (z,2,y))),
Oy = G((y", 2" + (z,9,y), (z,2,y))),
O5 = G({y", \a? + (2,9, y), (z,2,y))),

where X is not a square in Z,. (When p = 2, every element of Z, is a square, and we let
Os =10.) Then O1UO,UO3UO0,UOs5 is a disjoint union of all 3-dimensional subspaces
of Z(F,).

Proof. Let N be a 3-dimensional subspace of Z(F},). Throughout the proof, assume
that all elements v; belong to V', and all elements w; belong to W.

First suppose that W C N. Then V' ¢ N (else Z(F,) = V@&W C N, a contradiction),
so Lemma 5.2 implies that N € G((2P, vy + wo,ws)). Since G(W) =W C N, we have
W C (2P, vg + wa, w3), 80 (P, vy + wy, w3) = (2P, v9) & W. Thus vy € (2P) and N € O;.

Now suppose that V' C N. Then W € N and Lemma 5.2 implies that N € G((v1, vo+
wy, (x,2,y))). Since VC N and G(V) =V, we deduce N € G(V & ((z,z,y))) = Os.
Conversely, any element of Oy contains V.

Finally suppose that V- ¢ N and W ¢ N. By Lemma 5.2, N € G({v,vs +
wy, (z,2,y))). Note that (vi,v9) = V, else (v1,ve + wo, (z,2,y)) = (v1,we, (x,x,Y)),
and either this subspace contains W (when wy ¢ ((z,x,y))), a contradiction, or it has
dimension 2 (when wy € ((x,z,y))), a contradiction again. Also, (ws, (z,z,y)) = W,
else (v, v + wo, (x,2,y)) = (v1,09, (x,2,y)), V C N, a contradiction. We can there-
fore assume that N € G((v1,v2 + v(x,y,y), (z,x,y))), where v # 0, (v1,v9) = V and
vy = TP + myP for some 1, 7.

Suppose first that 7, = 0. Then N € G((2?,y* + v(z,y,y), (z,z,y))) for some v # 0.

Consider p = (g‘lﬂg) € G, where 8 = (ayy)™'. Then p(zP) = ayz?, p(y?) = Bay?,

p(x,x,y) = aifa(x,z,y) and p(yP+7(x, 2, y)) = BayP+ycn B3(2, 4, y) = Ba(yP+(,9,y))-
Hence N € Os.
Now suppose that 75 # 0. Consider p = (;11602) € G, where f; = —maq /7.

Then p(z,z,y) = offo(x, z,y), p(z,y,y) = froafalz, 2,y) + a1 B3 (z, z,y), and p(vy) =
TP + 7’2(519619 + 52yp) = To3py?. Hence we have N € G(<yp7$p + ’Y(ﬂ?a y,y), (%37, y)})

for some v # 0. Consider again p = (g‘lﬂg) € G. Then p((y?, 2P +v(z,y,y), (z,z,y))) =

(P, ana? +you B3 (x,y,y), (x,2,9)) = (y*, 2 +v05(2,y,¥), (x,2,y)), and we conclude
that either N € O4 or N € Os, depending on whether v is a square in Z,,.
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It remains to show that Oy, ..., O5 are pairwise disjoint. If N € O, we have W C N,
and thus Oy NO; =0 for i > 1. If N € Oy, we have V C N, and thus O, N O; = ) for
1> 2.

Suppose that N € O3 N O4. Then there is p = (C/;i a2) € G such that, without

2
loss of generality, N = (4%, 2" + (z,y,y), (z,2,y)) = p(<£p,yp + (2,9,9), (z,2,9))) =
{on2? + aoy?, Pra? + Boy? + wq,ws). Since y? € N, we conclude that agz? € N. Should
a; # 0, we would have V' C N, a contradiction. Hence oy = 0 and p(z,z,y) =
azdetp (z,y,y) € N. As ay # 0, we see that (z,y,y) € N, 22 € N, V C N, a
contradiction again. Therefore O3 N O, = (). Similarly, O3 N O5 = 0.

Suppose that N € O, N Os. We can assume that N = (y?, \a? + (z,v,y), (z,z,y)) =
p((yP, P + (z,y,y), (x,z,y))) = (512P + PoyyP, v1 + wy, ws), where A is not a square. If
By # 0, we conclude that 2 € N, V C N, a contradiction. Thus §; = 0, det p = 15,
and oy 2? + any? + a1 B85 (x,y,y) € N, ana? + oy B2 (x,y,y) € N, A\aP + A\B3(x,y,y) € N,
and since also A\z? + (z,y,y) € N, we have (A\35 — 1)(z,y,y) € N. As ) is not a square,
AB33 is not a square, but 1 is a square, thus \35 — 1 # 0, (z,y,y) € N, W C N, a
contradiction. U

Proposition 5.4. Suppose that p = 3, and let

Oy = G((=z") @ W),
Oy =

|
)
<
S
®
8
&

(
= G((=" + (z,9,9), ¥, (x,2,9))),
Oy = G({2" — (2,9, 9). ¥, (x, 7, Y))),
= G((2" = (2, 9,9).¥" + (2,9,9), (z,2,9))).
Then O, UO2UO03U04UO5 is a disjoint union of all 3-dimensional subspaces of Z(F},).

Proof. We leave the proof to the reader, who will need Lemma 5.1 and an argument
similar to the proof of Proposition 5.3. Alternatively, the proof can be accomplished
by a direct computer calculation, for instance in GAP. (The calculation will in addition
show that the cardinalities of Oy, ..., Os are 12, 4, 12, 4 and 8, respectively, for the
correct total of 40 = (3% —1)(3* — 3)(3* — 3%)/((3* — 1)(3® — 3)(3® — 3?)) subspaces.) [

6. MAIN RESULT

Theorem 6.1. Let p be a prime, and let A, be the class of all 2-generated commutative
automorphic loops @ possessing a central subloop Z = Z, such that Q/Z = 7, X Z,.
If p =2, let Oy, ..., O4 be as in Proposition 5.3. If p = 3, let Oy, ..., O5 be as in
Proposition 5.4. If p > 3, let Oy, ..., Os be as in Proposition 5.3. For every i, let
N; € O; and Q; = F,/N;. Then Q € A, is isomorphic to precisely one Q;. Moreover,
Qi is a group if and only if i = 1.

Proof. Combine Theorem 4.2 and Propositions 5.3, 5.4. It remains to show that @); is
a group if and only if i = 1. Now, Q; = F,/N; is a group if and only if A(F,) < N,. By
Lemma 3.4, A(F,) = W. A quick inspection of the orbits shows that only N; contains
w. O

We conclude the paper with a classification of commmutative automorphic loops of
order p.
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Lemma 6.2. Let p be a prime and let () be a nilpotent commutative automorphic loop
of order p*. If Q is not a group then Q € A,.

Proof. The center of @) is a nontrivial normal associative subloop of @), hence of order
dividing p®. Let Z be a central subloop of @ of order p, so Z = Z,. Then Q/Z is
a commutative automorphic loop of order p?, necessarily a group by [5]. Since Q is
power-associative, ()/Z cannot be cyclic, else @) is associative. Hence Q/Z = Z, x 7Z,.

Assume for a while that @) is not 2-generated. Then any two elements of () generate
a proper subloop of @, hence a group of order at most p?>. Thus Q is diassociative. By
the already-mentioned result of Osborn [8], @) is a commutative Moufang loop. But
commutative Moufang loops of order p* are associative by [1], a contradiction. Hence
@ is 2-generated. Il

The only commutative automorphic loop of order 8 with trivial center has been de-
scribed in [5, Section 3]. Its multiplication table is

123456738
111 2 3456 7 8
2121 436587
3134127856
(6.1) 414 3 2 1 8 7 6 5.
5/5 6 78 1 4 2 3
6(6 > 8 7 41 3 2
7|7 856 2 314
88 7 6 5 3 2 41
Theorem 6.3 (Commutative automorphic loops of order p®). Let p be a prime. If
p = 2, let Oy, ..., O4 be as in Proposition 5.3. If p = 3, let Oo, ..., Os be as in
Proposition 5.4. If p > 3, let Oy, ..., Og be as in Proposition 5.3. For every i, let

N; € O; and Qz = F’p/.]\/vZ

There are precisely 7 commutative automorphic loops of order p* up to isomorphism,
including the three abelian groups (Z,)3, Z, X L2, Lyps. If p is odd, the nonassociative
commutative automorphic loops of order p® are precisely the loops Qs, ..., Qs. Ifp =2,
the nonassociative commutative automorphic loops of order p* are precisely the loops Qo,
., Qq, and the loop with multiplication table (6.1).

Proof. The three abelian groups of order p? are certainly automorphic.

By a result of [6], every commutative automorphic loop of odd order p* is nilpotent.
Hence every nonassociative automorphic loop of odd order p? is in \A,, by Lemma 6.2.
The loops of A, are classified up to isomorphism in Theorem 6.1, and they include the
abelian group Q1 (= Z, X Z,2).

When p = 2 we can proceed similarly, except that we have to account for the unique
commutative automorphic loop (6.1) of order 8 with trivial center. O

Theorem 6.3 proves [5, Conjecture 5.12] and answers [5, Problem 5.13].
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