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Abstract

We consider the minimum permanents and minimising matrices on the faces
of the polytope of doubly stochastic matrices whose nonzero entries coincide
with those of, respectively,

In Jn,m:|

Um,n - |:<]m,n O

Jm,n Jm,m

We conjecture that V;, ,, is cohesive but not barycentric for 1 < n < m+ /m
and that it is not cohesive for n > m + y/m. We prove that it is cohesive for
1 < n < m+ /m and not cohesive for n > 2m and confirm the conjecture
computationally for n < 2m < 200. We also show that U,, , is barycentric.
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AMS Subject Classification: 15A15.

1 Introduction and preliminaries

Let €2, be the polytope of n x n doubly stochastic matrices, that is, the n x n
nonnegative matrices whose row and column sums are all equal to 1. The permanent
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of an n X n matrix A = [a;;] is defined by
perA = Z A1o(1) " * " Ano(n)

where o runs over all permutations of {1,2,...,n}.

Let D = [d;;] be an n x n nonnegative matrix with per D > 0, and let
Q(D) = {[xm] S Qn | Ty = 0 whenever dij = O}
Then Q(D) is a face of 2, and since it is non-empty and compact, (D) contains at

least one minimising matriz Y such that perY < per X for all X € Q(D).

Let J, s denote the r x s matrix all of whose entries are 1, I,, the identity matrix of
order n and 0,, the m X m zero matrix. In this paper, we study minimising matrices

on the faces Q(U,,,) and Q(V,,,,), where

In Jn,m:|

Unn = [Jm,n 0. and Vi = [

If per D > 0 then the barycenter b(D) of Q(D) is given by

b(D) = peiD yr

P<D

where the summation extends over the set of all permutation matrices P with P < D.
Brualdi [1] defined an n-square (0,1) matrix D to be cohesive if there is a matrix Z
in the interior of Q(D) for which per Z = min{ per X | X € Q(D)}. He defined an
n-square (0,1) matrix D to be barycentric if per b(D) = min{ per X | X € Q(D)}.

Since b(D) always falls in the interior of Q(D), being barycentric is a stronger
property than being cohesive. We will consider the question of which values of pa-
rameters m,n make U, , and V,,,, barycentric, cohesive, or neither. In §2 we prove
that V,,., is cohesive for 1 < n < m + y/m and not cohesive for n > 2m. In §3 we
show that U,,, is barycentric.

Our results contribute towards solution of two problems from Minc’s well-known
catalogue of unsolved problems on permanents (see [2] for the most recent update).
Problems 14 and 15 in Minc’s list ask for a characterisation of cohesive and barycentric
matrices respectively. These problems were originally posed by Brualdi [1], who
determined the minimising matrix on (V4 ,,). Minc had resolved the face Q(V,,2) in
[4]. Song determined the minimum permanent on Q(V,,3) in [5, 7], while the faces
Q(Va,,) and Q(V3,,) were resolved by Song in [6] and Song et al in [8, 9], respectively.
Taken together, the prior literature determines the minimising matrices of Q(V},.,,)
for m <4 orn < 4.

Recall that an n x n nonnegative matrix is said to be fully indecomposable if it
contains no k x (n — k) zero submatrix for 1 < k < n. We will use the following
well-known Lemma from [3].



Lemma 1.1 Let D = [d;;| be an nxn fully indecomposable (0, 1) matriz, and suppose
Y = [yi;] is a minimising matriz on Q(D). Then'Y is fully indecomposable and

perY(i | ]) = perY Zfdlj =1 and Yij > 07
perY (i | j) = perY ifd;; =1 and y;; = 0.

As usual, for any matrix M and lists L; and Lo of row and column indices
respectively, M (L, | Ly) denotes the submatrix formed by omitting the rows L; and
columns Ly from M.

Terms of the form 0° occurring in our calculations should always be interpreted
as 1.

2 The Minimising Matrices of Q(V, )

In this section, we consider the minimum permanents and minimising matrices on the
faces Q(V},,,). Throughout this section, we assume that m,n > 2.

Let Y be a minimising matrix on €(V,,,). Since the last m rows and last m
columns of V,,,,, are the same, we can use the averaging method on those rows and
columns of Y (by Theorem 1 in Minc [4]). Without loss of generality, we may therefore
assume Y = [y;;] is a minimising matrix of the form:

0 ifi<nandj<nandi=j,
Yyij = a; ifi<nandj>n, (1)

a; ifi>nandj<n,

(v iti>mnandj>n.

Note that Y is doubly stochastic so x; = 1 —ma; for 1 < i < n. Since V,, , is fully
indecomposable, it follows from Lemma 1.1 that Y is also fully indecomposable. In
particular a; > 0 for all 7, although it is plausible that x; = 0 for some ¢ or that x = 0.

We next consider the possible choices of {a;} in (1), i.e. those that minimise per Y.
Theorem 2.1 The minimising matrix Y has ay = as = -+ = a,.

Proof. Without loss of generality we assume that a; < ay < -+ < a, and hence
Ty = To = -+ = r,. Aiming for a contradiction, assume that a, > a;. Let

po=perY(l,n|1,n),
pr=vperY(Ln,n+1]|1,nn+1)
pe=perY(L,nn+1n+2|1,nn+1,n+2)

If z, > 0 then by Lemma 1.1, we have that
x1po +mPaip = perY(n | n) =perY =perY (1| 1) = 2,po + m?a’p;
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and hence 2( ) 2)
m*(a, —a
po = ——"——p1 = m(a1 + a,)p1. (2)
1 — ITp

Also, as a; > 0,
perY =perY(1|n+1)
=mayperY(l,n+1|1,n+1)
= may (z,p1 + (m — 1)%aZps).
and similarly perY = ma, (z1p; + (m — 1)%a}ps), which leads to

2 ApL1 — A1 Ty P1
(m—1)"py = p1 = .
alan(an - al) a1Gy

However, expanding perY along the first and n-th rows we find

perY = w1z,py + mPagzipy +mPatz,py +m*(m — 1)%ata;p) (3)

= (1 — may)(1 — ma,)m(a; + a,)pr + m?*aZ(1 — may)p;
+m2a}(1 — ma,)py + mPaya,p

= mp1(ay + a, — mayay). (4)

Note that although (2) is only valid for z, > 0 we are free to substitute it in (3) in
the case x,, = 0 as well, since in that case py is being multiplied by 0. Examining (4)
we see that by varying aq, a,, while preserving a, + a,, we could decrease per Y unless
a1 = a,. By assumption, Y is a minimising matrix so a; = a,,, from which the result
follows. ]

In light of Theorem 2.1, for any given values of m and n, we are left with a
one variable optimisation to find the minimising matrix in Q(V},,) since Y is now
determined by the value of x in (1). Let A, = [a;;] be the (n 4+ m) X (n + m) matrix
defined by

s(n—m+m’r) ifi=j<n,

0 ifi<mandj<nandi#j, (5)
Q;5 = . .
J T ifi >nand j > n,

%(1 — mx) otherwise.

Note that A, is doubly stochastic provided z € [0, L] when m < n, or z € [, L]
in the case m > n. We next consider the problem of finding = in the stated range

that minimises per A, (and hence satisfies per A, = perY).

Theorem 2.2 For n > 2m and x > 0 we have per A, > per Ag and thus Ay is the
unique minimising matriz in Q(V,,,). In contrast, for n < m + /m it is never the
case that Ay is a minimising matric in Q(Vp,,).



Proof. If m > n then Ag is not even doubly stochastic, and if m = n then Ag is
not fully indecomposable. So by Lemma 1.1 we may assume that n > m. From (5)
we have

per A, = in: (m)2wxz<%(l _ mx>>2m2z<%(n . QO))nmﬂ'

—\i/) (n—m+i)
m m nlm! i o2 o mmi
:z-0(z‘)<n—m+z~>!nn+m—ix<l—m> (n = m-+m*a) =" (6)

In particular,

n!m!(n —m)"—™

per Ag = (= m) i (7)
and hence
per A, _ — (m\ n'(n—m)! 2m—2i m2x \"" 2_Ni
peer‘;(i)mx“—m@ Lt ——— )  (n—m+m)

> <1 + m ) <m) (1 = ma)*™ > (nz — mx + m2x2)i

()T

> (14 ma)™(1 — mx + 2m*z?)™
— (1 4 m2x2 4 2m3373)m

) (1 —mz)?* + nz — mz + m°z*)"

whenever n > 2m. The first statement of the theorem follows.

Next, consider z — 0 in (6), where

nlm!(1—mz)*™ (n—m+m?z)"™™  m?n!(m—1)!(n—m)"~ "
A, = O(z*
per (n—m)!nn+m (n —m + 1)lpn+m=1 7+ 0(z7)
nlm!(n —m)""" 9 mn(n —m) 9
= 1— —_— O(z”).
(n— )l mx—i—(n_m_l_l)x +O(x%)

It follows that when n(n —m) < (n —m + 1)m (or in other words, n < m + /m),
per A, < per Ag for small positive x. This proves the second statement in the Theo-
rem. |

For m < n we know x € [0,1/m]. Having examined the situation at the lower
end of that interval, we now turn our attention to the upper end.

Theorem 2.3 Ay, is not a minimising matriz of Q(Vy,,) for m < n.

Proof. From (6) there is a polynomial ¢(x) such that
per A, = m!n"z™(n —m+m?z)" + (1 — mz)* ().

Thus the derivative of per A, at x = 1/m is 2m! m?>~™. Not only is per A, increasing
at = 1/m, but in fact the rate of increase depends only on m. [ ]

Next we consider similar questions for the case m > n.
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Theorem 2.4 V,, ,, is cohesive for m = n.

Proof. From (5), we have

per A, = m—'z i " —ni (n —m 4+ m2z) (1 — ma) @20 gm-—nti (8)
o opn —~ \i) (m—n+1)

for z € [, L], In particular, we have

12 _ m—n |
m!*(m — n) and per Ay, = m

mm

Per Am—ny/m# = =0

Therefore,
per Ay m™(m —n)!

= > 1
per Apn_ny/m2  ml(m —n)mn

for 0 <n <m, and A, cannot be a minimising matrix.

Now consider that

m| <(1 - mx)2nxmfn 712(1 . mx)anmefnJrl
per =

T op2n (m —n)! (m—n+1)! (n—m—l—mx))

+ (n —m+m’z)*r(x),

for some polynomial r(x). Therefore the derivative of per A, at x = (m —n)/m? is

m! m—n, 2—2m
——(m—n m .
(m—n+1)! ( )
In particular, it is negative so A, —pn)/m2 is not a minimising matrix either. [

Combining Theorems 2.2, 2.3 and 2.4, we have:
Corollary 2.5 V,,,, is cohesive for n < m + +/m but not for n > 2m.

For the cases not covered by this corollary, i.e. m + /m < n < 2m, we have
demonstrated that per A, is increasing at both end points of the interval [=", %] but
it remains to be determined whether the minimum actually occurs at z = (m—n)/m?.

As reported below, we have investigated this question computationally for m < 100.

For n > m, the barycenter of V,, ,, is located at Az where
S () (1) G = DMm =2 Y7 (0 = m+ ) (m — i)tit) ™
S () (M= D m =2 m2 Y ((n—m+ ) (m — i)lil)

The value of perb(V}, ) can then be calculated from (6). For n < m, the barycenter
is located at Az where

8=

1-

m-n S i((m—n i) (n—ii)

m? 23 (m—n i) (n—i)il) "

B =

1



and the value of per b(V;,,,,) can then be calculated from (8).

In order to investigate small cases not covered by the preceding theory, two of the
authors independently wrote programs for the computer algebra systems Maple and
Mathematica. The results of their computations agreed and are as follows.

Let P(z) = per A, and let P’'(z) denote its derivative. For 2 < n < m < 100,
we found that P’(z) has no rational roots in the interval [(m — n)/m?, oo) and that
P(z) is increasing at the barycenter. Either of these facts shows that V,,, is not
barycentric in these cases although we know from Corollary 2.5 that it is cohesive.

For 2 < m < n < 2m < 200, we found that P(z) is increasing at the barycenter
and that P’(z) has no non-negative rational roots when n # m++/m. Ilf n = m++/m
the only non-negative rational root is x = 0. Again, either fact shows that V/,, is
not barycentric.

For 2 < m+ y/m < n < 2m < 200, P(x) is monotone increasing throughout the
interval [0, 1/m]. Once again, the only case in which P’(x) has a root in this interval
is for n = m + y/m and this root occurs at x = 0.

Taken together with Corollary 2.5, this data suggests the following conjecture.
Conjecture 2.1 V,,, is cohesive but not barycentric for 1 < n < m++/m, while for

n = m+/m, Vi, is not cohesive and Ay is a minimising matriz.

3 The face Q(U,,,)

We finish by determining the minimum permanent and minimising matrix on the face
Q(Upn). Note that for Q(U,,,,) to be non-empty we require n > m.

Relying on Brualdi [1] for the case m = 1 and using a proof identical to that of
Theorem 2.1 for m > 2 we get:

Theorem 3.1 For any n > m the unique minimising matric in Q(Up,.) is Ao.
By symmetry it is obvious that b(U,,,) = Ay and thus we also have:
Corollary 3.2 U,,, is barycentric for any n > m.
The minimum permanent is given by (7).

Corollary 3.3 For any n = m the minimum permanent in Uy, ,, s

n—m

nlm!(n—m
per Ay = per b(U,, ) = o _(m)| nn)+m

For example, the minimum permanent on Q(Uy,,) is

(n—1)(n—2)(n—3)(n— 4"

perb(Uy,) = 4! - e

Y

which is also the minimum permanent on Q(V,,,) for n > 6.
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