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Abstract

We continue from Part 1. We will illustrate the general theory of
Hamiltonian mechanics in the Lie group formalism. We then obtain the
Hamiltonian formalism in the Hilbert spaces of square integrable functions
on the symplectic spaces. We illustrate this general theory with several
concrete examples, two of which are the representations of the Lorentz
group and the Poincaré group with interactions.

1 Introduction

Keeping the notation, we continue from Part 1. Having considered the his-
torical Hamiltonian formalism, defined a general symplectic (phase) space, and
made a connection between a symplectic space and the orbit of G/H, where
G is the group of symmetries and H is a certain subgroup of G, then in the
Section 2 of this part, we will illustrate all of this with several examples. In
Section 3, we look at the connection of G/H with that of L?(G/H) (or the
orbit of such) and its irreducible components. In Section 4, we will consider
the action of the Hamiltonian dynamics on H goopman and the Fock space on
H K oopman- In Section 5, we will return to the examples and illustrate the pro-
cedure in (the Fock space of) Hxoopman With specific Hamiltonians and some of
the groups already considered. One important group is that of Poincaré relativ-
ity with interactions(!), in apparent contradiction to a common interpretation
of a result of Currie, Jordan, et al. [1],[2],[3],[4],[5]




2 Some Examples

2.1 Example 1: Heisenberg Motions

The motions in the p and ¢ directions constitute the Heisenberg group, G. If G
has corresponding self-adjoint generators P; and @, j = 1,- - -,n, then by

[Pj, Qr] = id;x1r

it also has a generator 1p. All other commutation relations among the basis
elements vanish. Thus the basis of self-adjoint generators is {i1p,iP;,iQ; | j =
1,--+,n}. (Equivalently, you may write the Lie algebra for the generators which
is an algebra over R.) From this (or for this), you obtain the Heisenberg group,
G:
expli(el +p-P+q- Q)] = (a,p,q)
such that o € R; p,q € R",
(o, p' ") o (e, p,q) =
(@ +a+lgd p=—q-pl/2.,0 +pd +4q)

G:

The inverse is thus
(avpa q)71 = (_Oé, —D, _q)
If we choose I' = R*" and z = (0,0) € T, then

(0,p,9) - (0,0) = expli(p- P+ ¢- Q)] - (0,0) (1)

may be defined as (p,q). Notice that we have a variety of choices in defining
(p, q) since we have

expli(p- P+q-Q)] = expli(g-p/2)1r]oexplip- P]oexplig- Q]
= exp[—i(q-p/2)1r] o explig - Q] o explip - P,
and we may define (p,q) as one of the three expli(p- P + ¢ - @)](0,0), (explip -
P]oexplig - Q]) - (0,0), or (expliq - Q] o exp[ip - P]) - (0,0) as they differ by a
constant phase. We will choose the first.
Now, if we use the left operation, then

(' p,d) (pg) = (&,p,q)-1(0,p,q)-(0,0)]

= [(&,p',q) 2 (0,p,9)]-(0,0)
(' +1g" -p—q-p1/2,p+Pq+4q)-(0,0)
expli(e +[¢"-p—q-p/2)1r}p+1" 9 +4). (2)

We have that H = {exp(iA\lr) | A € R} commutes with the action of the
group, as H is the center of the group. Thus

(.0, q)*(pg) = (0,p,q)oHo(c,p,q)"
= (,p,q)*(p,q) =[(0,p,q) 0 (¢/,p',¢) "] o H,



providing us with the fact that we may use either form (a) or (b) as the action
from the right based on the Heisenberg group. (This is the problem with using
this example of the Heisenberg group and led to the many misstatements in the
literature.) Hence, operating from the right, we obtain

(.0, q)*(p.q) = [0,p,q)0(,p',q)""]%(0,0)
= (=o' —=[¢-p—q-p1/2,p-1",qa—q)*(0,0)
= exp{i(—a' (¢ -p—q-P1/2)1r}(p-1,q—4). (3)
Either way, we obtain the same vector except for a different phase and a different

interpretation of the action of (/,p’,¢’) on the base vectors.
We may place this closer to the setting developed in Part 1 by setting

H = {exp(—iAlr) | A € R}, (4)

where we have that H is a closed subgroup of the Heisenberg group. Then we
might identify T as G/H. In particular, defining the equivalence classes in G/H
by

[lp,q]l = (0.p,q) o H, (5)
we have
[0,0]] = H
and
[[p,q]]l = (0,p.q) o [[0,0]]. (6)
Consequently, for this group, we have one of two choices:
(. p.d)-[lpd] = (.p'.q")-{(0,p,9)<[[0,0]]}

= {(e/,p',q') 0 (0,p,9)} 0 [[0,0]]
(& +1¢d p=q-91/2,p+p,q+4q)]0,0]
= {0, +p,d +q)o(a' +[¢"-p—q-p1/2,0,0)} 0 [[0,0]]
{00,0" +p,d' +q)o (¢ +[¢"-p—q-11/2,0,0)} o H
= (0,p"+p,q +q)oH

0" +p, 4" +dll, (7)

corresponding to the action on the left; or

(0, q¢)*[p,dll = [(0,p,q)o(,p',¢")""]+[0,0]]

(= =¢-p—q-P1/2,p—p",qa—q)*[[0,0]]

{(=a' = [¢"-p—q-91/2,0,0)0(0,p—p',q —¢')} * [[0,0]]
= (0,p—p,q—q)*[[0,0]]

[lp =704

corresponding to the action on the right. In the second case, it may be preferable
to define

H 7QH = (07 -bp, 7Q) oH = (07 —-bp, 7q) o [[Oa OH (8)



and obtain
(@, p,d) *[[p.dll = [[p" +p.d" +ql] (9)

so that both expressions (7) and (9) agree. Henceforth, we will adopt the nota-
tion (8) for the right actions.

We may obtain H by the Lie group theoretical method we have described.
From [6, pp. 391-392] we obtain, for the Heisenberg group,

Z*(g")
= 0> (nPf NP+ B Q5 NP 7 6Q5 AQR | ks B Vi ER

3.k

If we choose
=X an
J
then we have (22) of Part 1 satisfied, and for J = —i1r in any space T,
bo = {iA] [ A € R},
from which we obtain the closed subgroup
H, = {exp[i\J] | A € R}.

Hence, our phase space is

G/H, = A{exp[—i(p-P+q-Q)oH,|pjq €R}
~ R Ox R fig» ™ the number of particles,

which is isomorphic with the space with which we have started. We also have
that the invariant measure is

m/2 m/2

p= > QAP
=1

which is the correct historical form, and so (G/H,,u) = (I',Q). Furthermore,
we may choose canonical coordinates to be any set {Q;, P;} such that w =

> Q5 APy

2.2 Example 2: Rotations

The rotation group in R3 about one point, say 0, is a non-commutative Lie
group, G. We may take it as SO(3) and derive the phase space on which it
works by using the "G/H,," form of the phase space and Lie algebra, g, with a
basis of generators {Ji, Ja, J3} satisfying

[J1, J2] = Js, (10)



or by dealing with the Lie algebra, g, with a basis of generators in self-adjoint
form Ji, Jo, J3 satisfying
[J1, J2] = iJ3 (11)

and cyclically in 1,2,3. The first has the advantage of being "more mathemati-
cal" and latter has the advantage of being "more physical." We shall treat both
cases, as they both have something to say.
2.2.1 Casel
Taking the first form, and after some work we obtain in [6]
Z*(g) = Bg")
= {aJi AT+ BI5 NI +yJ5 NIy | o, B,y € R}

Now, if we choose
w=J7ANJ3,

then we have (22) of Part 1 satisfied and
ho = {aJs | @ € R}.
Thus, with Rz(v) = exp(yJ3), v € R, we have
H, ={Rs5(7) |7 €R}

which is a closed subgroup of G. Hence G/H,, is a phase space with the left in-
variant measure J;* AJ5 or in other notation dQ(Jy, J3) where d€Q is the invariant
measure on the sphere. Now h € H,, has the form

cosf) —sinf 0
h= | sinf cosf@ O
0 0 1

in the standard basis. Thus, for an element g o H,, € G/H,,, we may take g to
be in the form

Yir Y2 Y13 cos —sinf 0
g = Y21 Y22 Yoz | o | sinf cosf O
| Y31 Y32 Y33 0 0 1
[ v s cosf —sinf 0
= vy w13 | o | sinf@ cosf® O
| V3 Y13 0 0 1
[ vy - (cos,sinf) vy -(—sind, cosd) yi3
= vy - (cosf,sinf) vy - (—sinb, cosh) ya3 |,
| v3-(cosf,sinf) wv3-(—sinb,cosf) ys3



where v; = (yj1,yj2). We may choose 6 such that v; - (—sin#,cosf) = 0 and
vy - (cosf,sind) = || vy || > 0. We now treat the case ">0." Then the form is

a 0 y3
g = T21 T22 Y13
31 T32 Y13

Using the properties of SO(3), we may reduce this, after four pages of work
orthogonalizing the rows and columns and setting the determinant equal to
zero, to

1— (y13)? 0 Y13
—Y13Y23 1—(y13)%2—(y23)? Yo
9= V1-(y13)? V1-(y13)? 2
—y13y/1=(¥13)% —(y23)> _
- \/1_(;313)2 = 1_12;?3)2 \/1 - (y13)2 - (923)2

From here, we may take the partial derivatives at (y13,¥23) = (0,0) to obtain

0 01
J1 = %ghymayzf‘):(o’o) - —01 8 8

and
0 0 0
Joy = %g|(yl37923):(0’0) - 8 —01 (1)

Then using the commutator, we obtain

0 1 0
Js=| -1 0 0
0 0 0

which is in . Consequently, we may label the points of G/H,, by

H(y13a yQJ)H =go H,

with g as above and then we have [J1, Jo] = J3 € [[(0,0)]] = {aJs3]a € R} = b,
in G/H,. Thus we have (40) of Part 1 satisfied by "[Ji, Jo] = 0" at the origin
in G.

Finally, we have to treat the case || v1 ||= 0, but then we must have y;3 = +1;
so by the normalization of the third column, y93 = y33 = 0. The problem then
reduces to a triviality.

Next consider the right action of k € G on go H,:

kx(goH,) = gonokj_l
= (gok Y)o(koH,ok™").



Now ko H,, o k™! is another closed subgroup of G generated from
W = riw;

ie., from ' (X,Y) = rjw(X,Y) = w((rk)«X, (x)+Y). This subgroup is isomor-
phic to H,,. On ko H,, 0k™"', we may perform a similar operation to that which
we have just performed on H,,, and obtain forms for the matrices based on the
vectors in R3 that are rre; rather than the e;, with < ryej,rre; > = 6;,. We
obtain

[(T%)«J1,s (1) J2] = (r1)sJ3 € [[0]]k = {a(rg)«d5 | @ € R} = ), in G/Hpror

In summary, we have obtained the condition "[(rg)«J1, (rk)«J2] = 0" on each
G/Hz,, for k € G. We may paste these together to get g,7'(g), and T'(g*). We
also have canonical (i.e., commuting) coordinates in the (ry).J1 and (rg)«Jo
defined on each k o H,, o k~! in the above way.

2.2.2 Case 2

Alternatively, treating the Lie algebra, g, with a basis of generators in self-
adjoint form Jy, Jo, J3 and [J1, J3] = iJ3, then a rotation of § degrees about the
kth axis is given by

Ry (0) = exp(—ifJy), 0 € R, (12)
and a general element g of G is of the form
g = exp(—ir-J), r € R (13)
where
r-J=r1J1 +roJo +r3Js. (14)

We list several crucial facts about the rotations:
Fact 1: The operator
J2=J¢ + T3+ J3

commutes with all the .J;, individually. Therefore, J? is a constant in any irre-
ducible representation, m, of the rotation group. We will drop the notation 7.
Consequently, in any irreducible representation space, there are only two of the
Jis which are independent. We will choose to focus on J5 and J3. Furthermore,
we may take J3 to have (at least) one eigenvector in this representation:

J31 = ma), some ) # 0. (15)

Thus (40) of Part 1 is satisfied.

Fact 2: The group is compact, which has as a consequence that every irre-
ducible representation is finite dimensional and any representation is a union of
irreducible representations.

Fact 3: By considering

J:t = Jl :l: iJQ,



one finds algebraically that the values of J? equal {j(j +1) | j € {0} UN/2},
and m € {—j,- -+, j}. Explicitely:

[J3aJ+] = J+7 [J3aJ*] = J*, [JJraJ*] = 2J37 (]-6)
=T T3+ JyJ=J3+ Iy +J_Jy, (17)
and
JL=Jx.
Now
Jsdpp = Jpdsp+ [Tz, Jiy
= mJyp+ Jpip

Hence, if J; 1 # 0, then m + 1 is also an eigenvalue of Js. If so, then J3Ji¢ =
(m + 2)Ji¢, etc. Because the representation is finite dimensional, this must
stop somewhere, say when J3J5 ¢ = (m+s)J51, Ji1 # 0, and Jfrlw =0. Let
m+s =j, Ji = ¢ #0. Then J3p = jp. Consider the sequence ¢, J_¢,- - -.
By similar reasoning, you obtain J3J%¢ = (j — s)J%¢, which must also stop
somewhere, say when s = N, JVp # 0, JiVHcp = 0. Now

T2 = (J5 + Js + J_J)e = (52 + j)e.
Consequently, J2 = (j2 + j)1 in this representation. Hence,
0 = JyJ JNo=(J2=J2+J3)J g
= [P+ —{G-N’ = (G- NNy
= N[2j—N+1JYp,

or2j=N—-1, N > 1.

The other alternative is Jyi¢ = 0, J_© = 0, and J3yp = 0. Hence, the
representation is 25 4+ 1 dimensional, j € {0,1/2,1,3/2,---} and there is a basis
{@;.m} such that

LG = GG+ 1)Bjm
J3¢j,m = m¢j,ma
Jidim = G +1)—mm+1)]"28; 4.

We also have
< ¢j,m/7 ¢]7m > = Oa m/ 7é m,

as @; v, ¢; , are eigenvectors of J3 belonging to different eigenvalues.
Fact 4: Every rotation may be written in terms of the Euler angles as

exp(—ir - J) = Rg(a) Ra(5)R3(7)



by rotating exp(—ir - J) through the "line of nodes". [7, pp. 107-108]
Fact 5: In the jth irreducible space, the group of rotations acts as

Ra(@)Ro(B)Rs(1) 0 = S [D7 (0t B,7)]" 65

m/’

where

and ,
[d] (B)}m = < ¢j,m’aexp(_iﬁj2)¢j,m >

Thus, the space G/H,, decomposes into subspaces of various dimensions.

Example 0: The spherically symmetric case: j =0. J; = J, = J3 = 0

Example 1/2: The "spin 1/2" case: For j = 1/2, we obtain J; = O’k, Ok
the Pauli spin matrices:

0? =1, 0109 = io3 and cyclically, U;rC = 0. (18)
Thus
exp(—ir - J) = exp(—i(r/2) - o) = cos(|r|/2)1 —isin(|r|/2)7 - o

In particular, for the standard basis

()= (2 )= (L 5) o

cos[r/2] —sin[r/2]
exp(=lr/2on) = (o) Tl ).

We next use these five facts to obtain the various symplectic manifolds for
the rotation group. Now

G/Hy ={Rs(a) o Ry(B) o Hy = [, B]] | o, B € R}

Hence, there are (again) just two canonical variables for the rotations.
As is well known, we have that the representation on the left will give the
commutation relations on g. However, the representation on the right with

([, B]] = R3(—a) © Ro(—p3) 0 Ho, (20)

we have

will give

[R3() o Ra(B') o Ry(v")] * [[ax, B]]
= [R3(a’) o Ra(8') o R3(v")] * {R3(—«) o Ro(—f3) o H,,}
= [R3(') 0 Ry(f') o R3(7)] % {Rs(—) o Ry(—f) o R3(7') o Hu}
= R3(—a) o Ry(—f) o R3(v") ORS(_'Y/)ORZ( —f') o R3(—a) o Hoy
= R3(—a)oRy(—[B+ )0
= Ry(f)o Ra(g)o Ry (h)o Hy
= Ry (f)oRa(g)o He,



where f, g, and h are complicated functions of o, 5 + ' and k = a function
of o, and 4/, and W' = (T(ar,p,41y) w. It is not easy to see, but valid, that
the Commutation relations all vanish for the canonical variables o and 8 as you
have for the WS

Before we leave this example as well as the one before, we should make the
following general remark:

The representations from the left obey the commutation relations of g, while
the commutation relations from the right for the canonical variables all effec-
tively vanish on G /Hr;w. This is the difference between having a "quantum
representation” versus a "classical representation."

2.3 Example 3: Galilei Motions
From the group
G={(t,z,v,R) |t € R,z and v € R} R € SO(3))}

where t represents time shift,  represents translations in position, v represents
boosts in velocity, and R represents rotation, with multiplication

(t', 2’ ', R (t,z,v, R)
= (t'+t, 2+ Rx+t',v' + Rv, R'R)
one derives the Lie algebra g with basis {7, k;,u;, M; | j € {1,2,3}} and

[Mian] = Zezﬂkav M’Lvu] Zezﬂcuka
(M, k] = Zeijkkk; [ui, 7] = ks,
k

and the other commutators are all zero, where 7 is the generator of time shifts,
k = (k1, k2, k3) are the generators of translations, v = (u1,us,us) are the gen-
erators of boosts, and M = (M7, My, M3) are the generators of rotations. We
shall use the alternate notation k = (k*, k¥, k%), etc. in Section 5.1. From this,
the computation of Z2(g) follows easily. [6] One element of Z2(g) is

w:mZuz‘/\k;‘+M1*/\M2*

from which we obtain
b = {aM3 + b7 | a,b € R}.
From this,
H, ={(t,0,0,R3) | t € R and Rj is any rotation about the 3-axis}.

We obtain that G/H,, is topologically isomorphic to (R* @ R3) x S2. We may
take any representation 7 of G on G/H,, in which 7(us) = A(ug)1 and 7(ks) =
A(ks)1, where A(ug) and A(k3) € R. Then w{Mi, Ma,u1,uz, (us), k1, ka2, (k3)}
are canonical variables. We have placed us and k3 in parenthesis as they are,
strictly speaking, not canonical variables since they are not variable at all.

10



2.4 Example 4: Lorentz Motions

We will treat just the case of the Lorentz group for spinning particles. Other
cases are treated similarly. We will also treat only the case of time running
forward. We will also use the Einstein convention that when a letter is used
twice to denote a variable from {0,1,2,3) we mean that we sum over this variable.
The (homogeneous) Lorentz group is the group SO(1, 3). (See [8, pp.38-44].)
Here, we take z = {z,,} € R* in which R* is equipped with the metric {g} =
diag(1,—1,—-1,-1); i.e., with a#z, = 23 — 23 — 23 — 2. Then 4 € SO(1,3)

has the matrix form {A# | (/)" = Atz } with the A* real and
AL GupAG = Guo- (21)

o

(We take AJ > 1 for the time running forward.) Hence, every A has the form
A=RoL1 Ry,

where Ry and R; are rotations of the form ( (1) 2 where R is a rotation

matrix, and L is a pure Lorentz transformation (boost) in the 0 — 1 plane:

coshu —sinhu 0 O

—sinhuw  coshu 0 O

Ly (u) = 0 0 10
0 0 0 1

Call the generators of the Lorentz group in matrix form {M}}. Accordingly,
we have

A =exp{a, M}'}, o/ = —a¥
where p
MF = Ala—ia, M, = —M,,.
v daz |A* d H K

(The condition M, = —M,,, is to obtain equation (21).) Then we have
[M;uu Mpo] = gMpMVO' + guaMup - guaMua - ngMMO"

We may extend these relations to a general representation.
For example, in the representation R* we have

0100
1 00 0
My = Mo, = 000 0|
000 0
0 0 00
0 0 10
Mao=119 -1 0 0
0 0 00

—_
—_



We may take
M = (M3y, M3, May) = (M, My, Ms),

and
N = (Mo1, Moz, Moz) = (N1, N2, N3)
to obtain
[Mj, My] = ejuaMi,
[Nj, Np] = —ejuMi,
[Mj,Nk] = g

The €, = 1if (4,k,1) is a cyclic permutation of (1,2,3); = -1 if it is a cyclic
permutation of (1,3,2); and = 0 otherwise. Likewise for &z
We next define the self-adjoint form of the rotation operators by

My = —iJy,

to obtain
[Jj, Jk] = i&‘jlil

in accordance with the commutation relations for the rotation group. With
these conventions, we define
1 1. 1 1 .
S = E(Jk —|—N]g) = §(ZMk + Nk), T, = i(Jk — Nk) = §(ZMk — Nk) (22)
to obtain
[Sj, Skl = igjnS, [T, Tk = iejmTy,
[S;,Tw] = 0 (23)

from which all the irreducible representations of the Lorentz group may be
found just as we found the irreducible representations of the rotation group, but
now there are two sets of parameters like that of the rotations. The operators
M, M" = M? — N? and 2e"P°M,,,M,, = —M - N commute with all the
M; and N, and hence are invariants of the Lorentz group. They are multiples
of the identity in any irreducible representation.

We obtain that Z2(g*) = B?(g*); so that every w € Z%(g*) is of the form
w =080, 0 c Al(g"); ie.,

w(X,Y)=-0(X,Y]), X,Y €g.
We may take, for example,
wy=—0N; —0J5 =—JF AN+ J5 AN —JF AN TS
and note that (22) of Part 1 is again satisfied. We obtain
bo, = {aMos+ Mz |, 8 € R}
= {alN3z +iBJ3|a,B € R},

12



and
Hy,, = {exp{aN; +iJ3} | o, B € R},

which is a closed subgroup of G, and so then G/H,, is what it is. We obtain
from wi that
dp = dMoyrdMoadMazd M3
dN1dNodMydMy
= dSldSQd’Z—ldB,

(up to a sign) in whatever coordinates you wish to work. This choice of G/H,,,
makes G/H,,, behave like the vectors in the representation S x 7 where each
of the vectors in S resp. 7 are as in the case of the symplectic space for the
rotation group.

Physically, the choice of w; corresponds to what we have in the Stern-Gerlach
experiment in which the classical magnetic moment when averaged over the pre-
cession, or the spin, is only in the direction of the three axis and is independent
of any boost along the three axis.

Alternatively we may take

wo = *5J3 = *Jik A JQ*
from which we obtain equation (22) of Part 1 satisfied,

f)w2 = {OéMlg | (VRS R}
{iaJ3 | @ € R},

and
H,, = {exp{iads} | a € R},

which is a closed subgroup of G, and from which we obtain G/H,, with du = dws.
Warning: In analogy with fact 4 of the rotation group,

G/H, ={goH. | g€ G},
and we have an arbitrary g € G of the form
g = R1A3Rs3,

where the R; are rotations with axis in the jth direction of some angles and
Az is a pure Lorentz transformation in the z3 direction. (This holds for any
w € Z?(g*).) This seems to say that

G/H, = {R1H, | Ry a rotation in the 1 direction},

which is one dimensional. But then when we act on this with group elements
from the right, once again we will obtain a parameterization of more dimensions,
in this case a four dimensional space.

13



2.5 Example 5: Poincaré Motions

The Poincaré group (the inhomogeneous Lorentz group), P, is taken as
P =R*x SO(1,3),

in which R* is equipped with the metric diag(1,—1,—1,—1). It is viewed as
the group of translations on the four dimensional affine space R?* in semidirect
product with SO(1,3). Elements of the space R* will be denoted {qx}. P has
the basis for its Lie algebra, p, the elements { Py, Pj, N; = Mo;, M; = €My |
j =1,2,3}, where for all u,v,p,0 € {0,1,2,3}

[Pl“ PV] = 07
(Myw, Pp) = gupPu — gupPo,
(Myuvs Mps] = GupMuo + guoMpup — guo Moy — gupMyos

ie., for all j,k,1 € {1,2,3},

[Po, Po] = 05 [Py, Po] =0; [Ny, ] = —Py; [My, Po] = 0;
[P, Pl = 05 [Nj, P =6;1Po; [Mj, Pi] = —¢j 1P
[N;,Ni| = —¢€jpi My [Mj, Ni] = ¢€j6,Ni; [Mj, My] = e, M;.  (24)

(The {M,,, } are the generators of the Lorentz group.) We interpret the operator
Py as the generator of time translations, the operations Pj as the generators
of space translations (in gi), the operations N as the generator of boosts in
the ¢ direction, and the operations M} as the generator of rotations about the
direction gr. We will treat only the case of the time going forward, the mass
being positive, and spin also positive.

Just as in the case of the pure Lorentz group, we may write

1 1
Skzi(iMk+Nk) and Tkzi(iMk*Nk)' (25)

Then we obtain the relations

[Po, Py] = 0; [Py, Py) =0; [P, P] =0;

1
[Sk, Po] = —§Pk = — [Tk, Pol;

7 .
[S;, Pe] = —563',1@71131 = [T}, Py for j # Fk;

1

[Sk, Pr] = §P0:*[Tkvpk];
(S;,Tx] = 0
[Sj Sk} = ’L'Ej’k’lsl; [Tj,Tk] = ’L'Ej’kJTl. (26)

Now from [6, pp. 445-447], we have Z2(p*) = B?(p*); so that every w €
Z2%(p*) is of the form w = §0, © € Al(p*); i.e.,

w(X,Y)=-06(X,Y]), X,Y €p. (27)
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Then from the relations (24), we derive

0P = Ny AP+ N;AP;+N;APy,

0Py = —N{ANPj—M;ANP;+M;ANP;—NyAN;,
0Py = —N3 APy —M3 AP+ MNPy —N; ANy,
0Py = —N3ANP;—M{ANPy+M;ANP—NAN3,
SNy = M3 ANN;— M; AN3,

dN; = Mi; ANy — M AN,

ON; = M NNy — M5 AN,

OMT = M3 AM;,

My = M3 AM7,

M5 = M7 ADM;.

From this we choose the infinity of elements of Z2(p*).

2.5.1 Example 1:

We choose
wy = —0M3; = —-M; ANM;,

obtaining that (22) of Part 1 is Satisﬁed, [’)wl =< Py, P, P, P3, Ny, Ny, N3, M3 >
and obtaining G/H,,, parameterized by M;, My with dy = dw;. Here < X, --- >
denotes the sub-Lie algebra with a basis of generators given by the Xs. Here
My, M are the canonical coordinates, just as in the rotation or Lorentz groups.

2.5.2 Example 2:
We choose
wg = —O0N3; — 0M3 = —M; ANN3 + My ANy — My A M,

obtaining that (22) of Part 1 is satisfied, b, = < Py, P1, P», P35, N3, M3 > and
obtaining G/ H,,, parameterized by N1, No, My, My or alternatively by Sy, T4, S2, To
with dp = dwa A dws = N7 A N3 AMPAMs = £S7 NS5 ANTT ATy, Here the
canonical coordinates are the S1,77,.55,T5 as in the treatment of the Lorentz
group.

2.5.3 Example 3:
We may choose
ws = 0(mP§ + s3(—i)[S5 +15]) = §(mPy + ssM3)
= m(N{ AP+ N5 APy + NjAPy)+ ss(M]ANDM3).

This corresponds to a particle with non-zero mass m and a non-zero spin S with
S2 = —s2. We have for p = (m,0,0,0) and s = (0,0,0, s3), then p\p* = m?2,
sast = —s2 = 52 and pys* = 0.
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A physical justification of w3 should be made here: The equation pys* = 0 is
precisely the condition of the momentum being perpendicular to the orbit of the
classical magnetic moment when averaged over the precession as in the classical
interpretation of the Stern-Gerlach experiment. [It also is consistent with (the
mass zero case with arbitrary helicity of the particles and in particular) the
photon which has the momentum perpendicular to the direction of the F— and
B—fields.]

We again have (22) of Part 1 satisfied, and we compute

Buws = {aPo+ BMs | o, € R}

to obtain
Hyy = {exp(aPy + M3) | a, 8 € R}.

H,,, is again a closed subspace of P. Also
w=—N7 NP ANN3 NPy ANN3 NPy ANMANM

is an invariant measure of the space P/H,,,. Hence, (P/H,,, 1) is a phase space
of dimension 8. In other notation,

P/H,, = {(p,q,5) | pxp* =m?, sxs* = —s3 =52, and pys* =0}  (28)

and
= d’pd’qdQ(s), (29)

where d€)(s) is the invariant measure on the sphere.

We add here a commentary that we may also take w = m(6F; + 6Py5) +
s30 M3 = mdé(Pf+P§)+s3dM; and find that b, = {a(Po+P3)+8Ms | a, B € R}
and p =N AP ANS APy AN A(Py — P§) A My A M. The difficulty or
ease is the same as for ws. But w = md(F; + P;) + s30 M3 is much different for
j=1,2.

One may check for canonical variables corresponding to linear combinations
of the {Py, Py, N, M} } which have some of the P,s in them, some of the N;s
and Mjs in them, and that have Lie brackets "equal to zero" in the sense that
they are in 7(h,,,) + R1. That is, we search for canonical variables on P/H,,,.
For example, we may start with M; and M, which have Lie bracket in b,
and then expand that to a basis of canonical variables on P/H,,,. Then we may
write any Hamiltonian in terms of the canonical variables with an interaction
in terms of the M7 and Ms.

Alternatively, we may start with ws and derive P/H,,,. The "Lie algebra"
for P/Hy,, p/Dws, has a (local) basis that is orthogonal at the identity of P.
We will take this basis as being orthogonal in the sense of having commutation
relations satisfying

[7T<p - hws)vﬂ-(p - hwg)} - W(hw3) + R1.

(This guarantees that we will have canonical variables on P/H,,.) We may
take this basis and translate it to the point g € P, and then it will be a basis for
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the "Lie algebra" for P/H, o, = go (P/Hu,) o g~ with two-form r}ws. Next,
consider z € P/H,,. We may write this as x = k o H,, for some k € P. Then
we have, for g € P,
r = koH,,
— (koH,,)o g !

(kog™")o(goHy,0g™")
= (kog™')o Hyu,

(ko g™") oy,
which is in g o (P/Hy,)0og™ ! = P/H;+.,. We may also check that this is

independent of which k£ we choose in kH,,, to obtain . In this way, we again
illustrate the results in Section 4 of Part 1.

2.5.4 Example 4:
We may choose, for m,s3 = s, and b € R, where m and s3 # 0,
wys = mIP; +mdIP; 4+ sdM35 + bON3
m(NT AP+ N3 APy + N3 APy — N3 ANF§
+M{ NPy + My AP — N{ ANN3)
+sM; A Mg+ b(M; AN§ — Mg AN7).

This is not in the form of equation (22) of Part 1 but may be placed in that
form by the induction procedure in the proof. We obtain

1
wy = —(sMj+bNy —mP;) A (sMy + bN5 +mP5)
s
S ms + b2 mb
Ny — —P; P A
ms+62( s Lo m 2)
ms + b? mb

(_

m2(m_8) * * * * *
——— P APy +mNj A (P; — Fy).

ms—+b

From this, it is easy to count the dimesion of the space ., = 2. We obtain
f)w4 = {OéMg—‘rﬁ(Pg-i—Po) | a76€R}.

We will leave the problem of obtaining the canonical coordinates to the reader.

Note: We may make a transition from R* to the 2 x 2 complex matrices
via the Cayley-Klein representation (or spinor representation). Then SO(1,3)
becomes SL(2,C), referred to as the double cover of SO(1,3). Therefore, we
may write

P =R*x SL(2,C).

We shall not delve further into this in this paper, as it gives us just another
example for this general procedure.
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2.6 Summary from the Examples:

We take the Lie group G and derive the Lie algebra g from it. Then we form
Z%*(g*). In many, but not all cases, we have Z2(g*) = B?(g*); so, we have
an easier time choosing an arbitrary w € Z2(g*). Putting w in the canonical
form allows one to easily count the dimension of b, simplifying the deriva-
tion of it, and thus obtaining H,. Next we check whether or not the H, is
a closed subgroup of G. If it is, then G/H, is a symplectic vector (phase)
space. We search for canonical variables on it (if they exist). The commu-
tation relations of the canonical variables on it of relevance to us are of the
form [r(g—b,),m(g — bo)] € 7(ho) + R1, insuring that the canonical vari-
ables have vanishing commutation relations on 7(G/H,,). (This last step is
not always easy!) If we must view the phase space as a symplectic mani-
fold LJ;eG(g(G/Hw)g’l,g*w)7 then we may take an orthogonal basis {X;} for
T(G/H,) (presumably corresponding to the canonical variables) and transform
it to {(ry)«X;} which will be a basis for T'(¢(G/H,)g™').

3 Connection of UlgegG/Hr;w with U'geGLQ(G/HT;w, du)
and Its Irreducible Components

We wish to show that there is a map from states on one space to states on the
other, and another map from classical functions on the first to operators on the
second such that the expectation values of both agree. We will show that by a
series of steps.

Now that we have the phase space,

T =UyeoG/Hyso, (30)

and have given many examples of it, we may next form the space of complex val-
ued functions that are square integrable on G/ Hy-, with respect to the invariant
measure . We shall call this LQ(G/HT;w,d/L), and it is equal to the Hilbert
space H i oopman 111 the case that Koopman considered, namely the Heisenberg
case. It is necessarily separable. Then form the disjoint union

LQ(F,V) = UgGGLQ(G/HT;w,N’)a

< 0> :/dy(g) <D, >, (31)

where the inner product in the integral is taken in LZ(G/HT;W,;L) and &4, ¥,
are the representatives of ®, ¥ in L? (G/Hpsw, pt). dv(g) is a Borel measure over
the sets G/ Hr;w. This is an example of a G-Hilbert bundle, the basic properties
of which have been treated in the literature. [9] (There, the disjoint union is
symbolized, alternatively, as the direct integral of the Hilbert spaces, and we
may take V' as the "basic unitary," V' defined by (33) below.) It is also a
Hilbert space with all the continuity properties necessary for this discussion.
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Because we have the disjoint union, it suffices to specify the action of G on
L*(G/H,s,dp) for each g € G. Let V be the representation of G on L*(T',v),
and W the action on G/ Hr;w from the right for classical mechanics and from
the left for quantum mechanics. We will ignore the fact that W is properly W,
defined as a function of the g in rjw for the part of = in G/Hr;w- Then the
action is built up from [V1(g)¥](z) = ¥(W (g~ 1)z):

Let h be a cocycle of the group; i.e., for x € G/H,,;w, we have

o: G/Hr;w — G

as a Borel cross-section of the group. We again ignore in the notation that o is
defined separately for each g € G. Let [6, pp. 302-303] h: Gx G/Hys0o — Hyxw,
h(g1,x) € Hys,, for all g € G, satisfy ' '

g1 00(x)oh(g,x) = o(g1);

ie.,
h(g,x) = a(x) " o gy 0 o (gr2).
Consequently, h(g;, z) satisfies
h(g1 © g2,2) = h(g2,x) © h(g1, g22). (32)

Now let
a:Hpyy —{2€C||z| =1}
g

be a unitary representation of Hyso. Then V¢ is a unitary representation of G
on L?(T,v) defined by

[V(g)V)(z) = a(h(g~", )T (W(g)~" - ) (33)

for all g € G, where the action - may be either from the left or from the right
as exemplified in (37) and (38) of Part 1. We may prove that V* is a bona
fide representation by using (32). The representation from the right takes you
from one of the spaces to another in the phase space I' = U;IeGG / Hpsy. [The
representation from the left is well known to give the usual Lie algebra relations,
and is the form from which the quantum realizations of G all derive. See [6] for
this.]

The factors a(h(g~!,z)) give projective representations of G. For a = 1 we
have the ordinary left-regular or right-regular representations. These projective
representations are related to the Casimir invariants in irreducible representa-
tions.

Let f be a classical observable on the phase space I' = U;eGG/HT;w; ie.,
a real, measurable function. This may be done in the following manner: First
define the value of a classical function f(x) for x = goH,, € G/H,. Then obtain
f(z) for @ = go 0 gHys € G/Hys., by defining it as the same value. Thus, f
is defined as a class function on the right G-orbits. Next, define an operator,
A(f), on each of the spaces L2(G/Hr;w, du) by

[A(F))(x) = f(2)y (), ¥ € L*(G/Hryw, dp). (34)
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In this way, we obtain the "classical observables on the space U;]eGL2 (G/Hpsw, dp)"

from the classical observables on U;EGG/HT*UJ, (or on G/H,). We have that
9
these A(f)’s commute pairwise.

In general, we define the states on any separable Hilbert space H, including
UgeGLQ(G/HT;w, du), as a trace class positive operator, p, of trace one. This is
in keeping with the definition of state in quantum mechanics. We next define
the expectation value of an operator A on the Hilbert space H in state p as

Exp(4, p) = Tr(pA), (35)

presuming that the trace exists. We say that the set of self-adjoint opera-
tors {A, | @ € I} is "informationally complete" if for p and p’ any states,
Tr(pAy) = Tr(p'Ay) for all a € I implies p = p’. A theorem states that every
set of commuting operators in a Hilbert space is necessarily informationally
incomplete. [10]

In the setting of U;]EGLQ (G/Hpsw, dp), we have that the set {A(f)} is infor-
mationally incomplete. We define the "classically physically equivalent classes
of states" by defining classical physical equivalence of two states, p and p’, by p
and p’ are equivalent if Tr(pA(f)) = Tr(p'A(f)) for all (bounded, real-valued)
measurable functions f. We write this as p ~ p’. We may be more explicit by
first noting a theorem of J. von Neumann [11, p. 296]: We have for any state p,

p=>_p;Pu,, (36)

for some orthonormal basis {¥;} of H where Py, is the projection onto the
vector U;: Py, ® = < ¥;,® > ¥; V& € H, and the p; are real numbers
satisfying p; > 0, X;p; = 1. Then we have

Tr(pA(f)) = > pTr(Pu,A(f))
= ) p; <UL AT >,

presuming that this exists. In particular,

CULANY, > = / du(g) /G f(@) | U5() P du().

/Hrgo
From this, we may see what is the classical physical equivalence in terms of the

>ipi | Ui(x) P for almost all x € G/H,»y, all g € G. Alternatively, it says
that if we write p in terms of its kernel, p(z,y),

p®)(z) = / du(g) /G . PEDE))

then p ~ p' iff p(z,z) = p'(z,2) for almost all x € G/H,:, all g € G. It says
nothing about the off-diagonal elements of the form p(x,y), © # y.
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For the action of the group on the states, we have

po= D pPu =Y 0 Pregg,
= > pV*(9)Pu,V(9)"
= V(9)pV(9)" (37)
Thus we have the action of the generators X € g being
p—~ Xp—pX =[X,p]. (38)

Therefore, we obtain the action of the generators given by the commutator,
and all subsequent calculations will be in terms of commutators. We also have
that we may use the V*(g) to shift the a’s around obtaining p(g.z,g.27) =~
Ve(9)pV(g9) Y(x,z) = [V1(g)pV(g9)"'](z,x). Thus, the existance of the
projective representations plays no role in the theory of classical mechanics in
Hilbert space.

We may decompose UgeGLQ(G/HT;w,du) into the irreducible components
‘H;rr, with irreducible representation given by U; i.e., we take an n € H;,,, and
define, for x € U;GGG/HT;W, and for all ¥ € H;pr,

Wt Hipy = Uye L (G/Hypo, dps),
WD) = <Ulo(z)n ¢ > . (39)

When operating from the left for quantum mechanics, again we may use just one
of the factors, say L?(G/H,,,du). Then there are some technical conditions on
n; namely that it is "a-admissible". See [6] for this. In this way we obtain every
quantum mechanical representation by reducing L?(G/H,,,du) for the various
ws. We expect that we obtain every irreducible representation from the right
with a similar calculation. Now we have

U;]EGLQ(G/HT;W7 d:“) = @;:irreij (40)

where the irreducible representations H; occur as often as their dimension. Let
U be the irreducible representation on one such space, H;. Let o : G/ HT;W — G
be the choice function as before. Define

Wel(x) = < Ulo(z))n, ¢ > (41)
for any ¢ € H;. Then W" is a map from H; to U;GGL2(G/HT;w,d,u) subject
to some conditions on 7. [6, p. 321] Furthermore, W" is a closed operator,
intertwines U on H; with V* on Uy L*(G/Hyso, dp)

Ve (g)WT =W"U(g) for all g € G, (42)
and is independent of the section o chosen if &« = 1. As above, we may assume

that o = 1.
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Let P : U;GGLQ(G/HT;M dp) — W' (H;) be the canonical projection. Let
AT(f) = V) TIPTA(HWT, AN(F) g — H;. (43)

Then [6, pg. 380]

() = [ @ a)duta).
Tz) = U(o(z))P,U(c(z)~ . (44)
Now define, for any state p; on H;,

rj() = Tr(p;T"(x)). (45)

Then we have that r; defines a Kolmogorov probability density on G/H,,. This
is a classical state! (However, this formulation does not allow any interpretation
of r being a delta function at some point in G/H,,, as there is no way we may
generate such an r since p is a density operator on H,;.) Now a simple calculation
shows that

Tr(pA" (1) = [ Fla)ria)duta); (40)

G/H.,

i.e., the Hilbert space expectation and the expectation in the phase space agree.
(Also we have the interpretation of p in terms of its expectation values only;
this opens the way to discuss the informational completeness of the set of the
An(f)s.)

Furthermore, we generally obtain a positive operator, A"(f), if f is positive
(like the Hamiltonian); etc. There are no negative energy states, no ultraviolate
or infrared catastrophies. Moreover, defining the ath part of the current by
choosing f(z) = pa, we obtain a conserved current (py is positive implies A" (pg)
is positive), not a quasi-current in which the zeroth element is just real-valued.
There are many ramifications, but we will stop here.

We state that these results hold no matter if the representation of G on G/H,,
is from the left (quantum mechanical) [6] or on the right (classical mechanical),
as was done here.

4 Hamiltonian Action on L*(T',v) and F(L*(T',v))

It is the representation from the right which has the classical mechanics inherent
in it; there the Lie algebra relations all give zero or Al; i.e., the X; corresponding
to the canonical variables are all "reduced" and commute when acting on G/H,,
from the right. (We will speak as though we have a symplectic vector space
here. The generalization to the symplectic manifold, I, is quite straightforward.)
Therefore, when acting on a vector in L?(G/H,,, 1), they also commute. Thus,
we may write the X; in terms of partial derivatives. Consequently, we may
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write [p, q] for x € G/H,, and then, when G acts on ¥ € L*(G/H,,, i),

n2., 0O n/2. O
[V (9)¥](p.q) = O‘(h(g‘l,[p,q]))exp{Ejfﬁlﬁjf+2j/2wj—}‘1/(p,q),
Op;j 0q;
B, € R

It is this representation with which we shall be concerned here.

To make the connection with the Hamiltonian formalism and classical me-
chanics, take any state p on L?(T, ). Recall that by "state" we mean a positive,
trace class operator of trace 1. By an old theorem of J. von Neumann [11, p.

296], we have
p= ijpq’w

for some orthonormal basis {¥;} of L?(T, u) where Py, is the projection onto
the vector ¥;: Py @ = < U;,® > U; VO € L?(T, 1), and the p; are real
numbers satisfying p; > 0, ¥;p; = 1.

Now, the action of G on p is given by

Vi (9)p =V (9)pV(9)' =D pjPracew,-
Hence, the action of g on p is given by
X]p = [vap]v Xj €g.

When we choose I' = G/H,, and we take the action on G/H, from the
right, the action of A; on the states in L3(T', u) is commutative, thanks to the
commutative nature of the X; on L?(G/H,, p):

XjXep = [X;, [ Xk, pl]

= XijP — ijXk - kaXj + pXka

= XpXjp— XppX; — XjpXp + pX; Xy

= XAXjp;
i.e., they also commute on p. (Therefore, once again, they may be represented
by partial derivatives.)

Next, we may introduce a Hamiltonian Hy + V as a C°°-function of the

canonical variables in G/H,,, and then use the Hamiltonian flow, Xp, 1y, to

obtain
U(t) = exp{—itXH0+V}, teR.

Then with a = 1, we have
U®)¥]([p,q) = [V'(-p,—)U(t)¥](H.,)
= [expli{-p - Vp—q-Vq—tB -V, —ty Vg}] V|(H,)
= U([p+1tB,q+17]).

(From this, we may compute the expectation values of the ps to be displaced by
tf and the gs by tv.) In this way we may introduce the Hamiltonian formalism
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into L2(G/H,,, ). Furthermore, it doesn’t matter what group G we take; this is
particularly important when we consider the Poincaré group for which there is a
folk theorem that there are no interactions in the context of Poincaré relativity.
There are interactions when considering the action from the right on G/H,,,.

Next, place all of this in I' = U;eGG/Hr;w and H = U;EGLQ(G/HT;w,d,u)
in the usual fashion.

To make a Fock space interaction, we take any one of the H = L?(T,v)
and then compute H®", for n = 0,1,2,3,- - - and where ®n denotes the n-
th tensor product. Accordingly, we have the Fock space F(H) = Y.~  H®".
Then we may simply take the canonical variables to have the form of partial
derivatives on the various components of the H®". This is necessary when we
treat interactions of a particle in ‘H with another particle or particles of the same
symmetry. Now given any n-body interaction, H, we may form the operator
Q(H,n) acting on F(H). [12][13] The details of Q(H,n) are left to the reader.
We may also consider the Fock space of symmetric or anti-symmetric (or more
general) particles which may be handled in a very general manner; but this goes
too far away from the purposes of this article.

5 Examples of Classical Mechanics in Hilbert
Space

We will just illustrate examples with Galilei and Poincaré invariance. We shall
use the notation from previous sections.

5.1 Example of Interacting, Massive, Spinning, Galilean
Particles

Let us consider two point particles of mass m interacting by means of an elastic
force. From Section 2.3, we have w = m ), uj A kj + M{ A M; so that the
phase space is 8 dimensional for each particle. For each particle, we have three
position coordinates ¢7, ¢/, ¢?, i = 1,2, three momentum coordinates p¥,pY, p?,
i = 1,2 and two spin coordinates s}, s?, i = 1,2. Moreover, ¢{ corresponds to
the generator k* ® 1, g5 to the generator 1 ® £k, p{ to the generator u” ® 1,
p% to the generator 1 ® u” and so on. Finally, s] corresponds to the generator
M; ® 1 while sé corresponds to the generator 1 ® M;.

Now, suppose that the two particles are constrained to move on the axis x
without friction. The Hamiltonian of the system will be taken to be H = Hq+V

where,
(P1)? | (13)?
Hy= —— + —=~—
0 2m + 2m

1
V= Shkias — ai)*
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The corresponding vector field is,

2 x
Xp = k(QQ - %)[prf + Xp%] - E]Xq;”-
j=1

Then, by using the notation [p,q,s] = [p%,p?,p7, 4,4, 47,51, 87], i = 1,2, we
obtain:

[U@)¥]([p: g, 5])
= lexp(=it Xm)¥]([p, ¢, 5])
[VH(=p1, —q1, —51) © V! (=p2, —q2, —s2)eap(—it X ) V)(Ho, ® H,)

; x x : T x Py
_ [e(‘l{ 3= (05 Xy qu)})e(‘”{’“(%‘%”—pr+Xpsl—E?:1 Tt Xag

}) erestw} (H, ® H,)

. (*i{(pf*tk(%*qf))vaf +(p5 +tk(a5 —at ) Xpg + 371 (df *t%)Xqu }) ere“"f\y} (H, ® H.)
3

px
= U([p} — th(g5 — q), qf — tal, ps +th(gs — ai), a3 — -2, b, pi af' 4, s, s7)).

We have used the notation "rest" equals whatever is needed to obtain the correct
pgvpfa q?v Qizv szlv 812

We should add a remark here. Indeed, it is worth noticing that it is not
possible to find an example of a classical system involving an angular momentum
which is of the form rAwv, i.e., which is a classical angular momentum. Then, the
presence of M7 and My as canonical variables for the Galilean particles seems
to suggest that the formalism of classical mechanics in Hilbert space which we
introduce in this paper, gives us the possibility of describing intrinsic spin. This
suggestion will be analyzed in a future work.

5.2 Example of Interacting Poincaré Particles

Here we will treat the case of the Poincaré group with the choice w; of 2.5.1,
F(H) = f(UgeGLQ(G/HT;M,p)), and with the fictitious two-body interaction
corresponding to the action on H®? being given on [L?(G/H.,, 1)]®? by

[HY)(p". ", p%,¢%) = [Ho+(0'p")]2(".q" p% ¢%),
v € R,
where p! = the value of M; ® 1, ¢! = the value of My ® 1, p?> = the value

of 1 ® My, and ¢* = the value of 1 ® My on ¥(p' ¢',p? ¢?) aepn. Hy =
g[(pl)2 + (¢")? + (p*)? + (¢?)?] is taken to be the "free Hamiltonian." This
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results in

2
0H 0 0H 0
" ;(aqﬁ api  opi aqﬂ)

2

9 D
= ; (ﬁqj@ — By +7p]ﬂ]8—qj)
2
= > (BI Xy + 8P + X)) -
j=1

Then transform it to LQ(G/HT;W1 , 1), etc. We obtain, for ¥ € H®?2 | in simplified
notation,

U®)Y)([p',q",p* ¢*])

= [exp(—=itXmy+v)¥]([p', ¢", % ¢])
= [{Vl(—pl, —¢") @ V(—p',—¢")}U(t)¥](H, @ H,)

(e .
_ o (QZ {ijl(ij”j § qu"j,)}) - (Ho,® H.,)
| *P (_Zt {ijl (Be’ X + [Bp” + VPJﬂ]Xp")} \II)
i 2
= |exp [ —i Z([pj + 18y +typ? X + (¢ + B¢ Xy ¢ | V| (Ho ® Hy)
. J:1

= U([p' +tBp" +ty°, ¢" +tBq",p* +tBp* + typ', ¢ + tB¢7)).

From here we simply take Q2(H,n) acting on ® € F(H), as defined in [12].
We may also check directly if (25) of Part 1 holds for this choice of H, as it
must. You obtain

[txp](Y) = wi(Xu,Y)

2
= S 0By + e Mz (V) = 3 Ba Mi(Y)
=1

j=1
2 2
= Z[ﬁpj + il Xp, (V) + Zﬁqu; (Y)
j=1 Jj=1
— GH)Y).

Similarly for 7 operating on everything. Thus H is a Hamiltonian on [UIQGGG / HT;W]Q@2
and then on [UyL*(G/H,;.,)]®*. Hence, we have demonstrated a phase space
with a non-trivial Hamiltonian in the Poincaré group setting.

We should comment on what allows us to obtain a non-zero interaction in
view of the results of Currie, Jordan, et al. Here we only require (40’) of Part 1.
Furthermore, we only require (40’) of Part 1 for the canonical variables occuring
in the interaction; for the remaining variables we do not care whether they are
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canonical or not. Moreover, in our simple example, we chose our canonical
variables to be the first two components of the spin. These are subjects which
have not been considered by Currie, Jordan, et al.

We have done all this in the Poincaré group; but notice that we might
have done it in the Lorentz group as well. So, we also have an example of an
interacting system in the Lorentz group.

6 Summary

We have shown that any Lie group (including the Poincaré and Lorentz groups)
has classical interactions, H, on the classical variables defined on the appro-
priate G/H,, by goH,, — goH,e " = goe ®HH . Then, on g(G/H,)g~! =
G/ Hr;w we have the corresponding form of the Hamiltonian given by gOHr;w —
gOHT;we_”(TQ)*H = goe_it(rg)*HHT;w. Note the dependence on g € G. With
this, we then represent the Hamiltonian as an operator on a Hilbert space with
the relevant group as a symmetry group.
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