COPIES OF ¢ (') IN C(K,X) SPACES

ELOI MEDINA GALEGO AND JAMES N. HAGLER

ABSTRACT. We extend some results of Rosenthal, Cembranos,
Freniche, E. Saab-P. Saab and Ryan to study the geometry of
copies and complemented copies of ¢o(I") in the classical Banach
spaces C'(K, X) in terms of the cardinality of the set T', of the den-
sity and caliber of K and of the geometry of X and its dual space
X*. Here are two sample consequences of our results:
(1) If C([0,1],X) contains a copy of ¢o(N1), then X contains a
copy of ¢o(N1).
(2) C(BN, X) contains a complemented copy of ¢y(Xy) if and only
if X contains a copy of ¢g(Ry).
Some of our results depend on set-theoretic assumptions. For ex-
ample, we prove that it is relatively consistent with ZFC that if
C(K) contains a copy of ¢o(Ry) and X has dimension Nj, then
C(K,X) contains a complemented copy of ¢p(®y).

1. INTRODUCTION

Let K be a compact Hausdorff space and X a Banach space. By
C(K, X) we denote the Banach space of all continuous X-valued func-
tions defined on K and equipped with the supremum norm. This space
will be denoted by C(K) in the case X = R. For a set I', ¢o(I') is the
Banach space of all scalar-valued maps f on I' with the property that
for every € > 0, the set {y € T" : |f(v)| > e} is finite, and equipped
with the supremum norm. We will often refer to ¢y(I') as ¢o(7) when
the cardinality of I' (denoted by |I'|) is equal to 7. As usual, this space
will be denoted by ¢y when 7 = N,.

Since C'(K, X) contains complemented copies of both C'(K) and X,
it is clear that if X or C'(K) contains a copy of ¢y(7), then so does
C(K,X). Of course, the same can be said about complemented copies
of ¢o(7). The goal of this paper is to study whether or not the converse
is true. To be specific, we consider first the following.
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Problem 1.1. Suppose that C'(K, X) contains a copy of co(T). Must
at least one of C(K) or X contain a copy of co(T)?

When 7 = Ny, the answer is well known and easily seen to be affir-
mative. For 7 > Ny, Theorem 3.1 provides a partial affirmative answer
to this question. But it turns out that, even for 7 = Ny, set-theoretic
axioms are needed to determine the answer. It is negative in the pres-
ence of the Continuum Hypothesis (CH) (see Proposition 3.2 ) and
affirmative when Martin’s Axiom (MA) and the negation of CH are
assumed (see Corollary 3.4).

A more satisfying answer to Problem 1.1 can be given if we know
more about the compact space K. In Theorem 3.3, which is the first
main result of this paper, we prove that if 7 > Ny is a caliber of
K and C(K, X) contains a copy of ¢y(7), then X contains a copy of
co(T). For example, either this result or Theorem 3.6, the second of our
main results, yields that if K is a compact metric space and C(K, X)
contains a copy of ¢y(Xy), then X must contain a copy of ¢o(Ry). In
Section 3, we give precise statements and proofs of these results, their
consequences and relevant definitons. The key combinatorial tools that
we use are some results of Haskell Rosenthal. Since these results are
so fundamental to our work, we state them in a very brief Section 2.

Section 4 is motivated by the following problem.

Problem 1.2. What assumptions on K and X yield a complemented
copy of co(T) in C(K,X)?

A central concept used here is the Josefson-Nissenzweig-a property
(in brief, the JN, property), which is a natural extension of the result
of the Josefson-Nissenzweig theorem to a nonseparable setting (see Def-
inition 4.3). The main result of Section 4, Theorem 4.5, is the third of
the main results of this paper. It yields a complemented copy of ¢y(R,,)
in the injective tensor product of two Banach spaces X and Y if X has
the JN, property and Y contains a copy of ¢y(RX,). As an application,
we prove in Corollary 4.7 that it is relatively consistent with ZFC that
for all compact K and Banach spaces X with dimension X, if C'(K)
contains a copy of ¢y(Ry), then C'(K, X) contains a complemented copy
of C()(Nl).

In Section 5, we use the results of Sections 3 and 4 to solve Problem
1.2 completely if K is the Cantor cube 2™ = {0,1}™ where m > ¥,
or if K is the Stone-Cech compactification 31 of a discrete set I with
|I| = 2™. More precisely, under these conditions, Corollary 5.4 states
that a Banach space X contains a copy of ¢o(2™) if and only if C'(K, X)
contains a complemented copy of ¢y(2™).
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For the most part, our notation and terminology are standard and
introduced as needed. (Undefined terms may be found in [10] and [12].)
Some that has already been used in this introduction or is needed
shortly is given now. We write X ~ Y when the Banach spaces X
and Y are isomorphic, ¥ — X when X contains a copy of Y, that
is, contains a subspace isomorphic to Y, Y <% X when X contains
a complemented copy of X, and X——Y when Y is isomorphic to a
quotient of X. The density character of a topological space S (denoted
by dens(S))is the smallest cardinality of a dense subset of S. Following
standard practice, we refer to the density character of a Banach space
X as its dimension, and denote it by dim(X).

2. SOME RESULTS OF HASKELL ROSENTHAL

Before turning to the study of copies of ¢y(7) in C(K, X) spaces we
state some important results of H. Rosenthal on ¢q(7) spaces, as they
play a central role in the sequel.

Let 7 > Ny. We recall that a compact Hausdorff space K satisfies
the 7-chain condition if every disjoint family of open subsets of K
has cardinality less than 7. As is customary, we refer to the N;-chain
condition as the countable chain condition or just the ccc [15, p. 226].

Theorem 2.1. ([15, p. 230]) Let K be a compact Hausdorff space and
7> Ny. Then C(K) contains no copy of co(7) if and only if K satisfies
the T-chain condition.

Theorem 2.2. ([15, p. 227]) Let S be a topological space satisfying
the T-chain condition with T > Wy and suppose that F is a family of
open subsets of S with |F| = 7. Then there exists an infinite sequence

Fi, Fy,--- of distinct members of F with N2, F, # ¢.

Let 7 > V. Let (e;);er be the usual unit-vector basis of ¢o(7). That
is, if 4,5 € 7, then ¢;(j) = 1 if i = j and ¢;(j) = 0 if ¢ # j. Given a
subset I" of 7, we identify ¢o(I") with the subspace of ¢y(7) consisting
of those elements g such that g(y) = 0 for every v ¢ I'.

Theorem 2.3. ([14, Remark following Theorem 3.4]) Let X be a Ba-
nach space and T > Ro. Suppose that there exists a operator T : co(T) —
X such that inf {||T(e;)|| : i € T} > 0. Then there exists a subset I of
7 with |I'| = 7 such that Tie,ry is an isomorphism onto ils image.

3. ON COPIES OF ¢y(7) IN C(K, X) SPACES

The results in this section follow from the following simple idea.
Suppose that (f;)ier € C(K, X) is equivalent to the usual unit vector
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basis of cy(7). That is, there are constants § > 0 and M < oo such
that, for all finite subsets F' of 7,

o max |t;] < | iEZthﬁH < M max|t;].
We seek a point ky € K with the property that, for a “large” subset o
of 7, the set (f;(ko))ico is equivalent to the usual unit vector basis of
co(o) in X. The results of Rosenthal quoted in Section 2 provide the
combinatorial mechanisms for achieving this.
Our first result is a vector-valued extension of Theorem 2.1.

Theorem 3.1. Let K be a compact Hausdorff space, X a Banach space
and T > Ng. Then

co(17) = C(K,X) = cy(1) = C(K) or cg— X.

Proof. Suppose that C (K, X) contains a copy of c¢o(7). Then there
exists an isomorphism 7" from ¢y(7) onto a subspace of C'(K, X). Let
d > 0 be such that |[|T'(z)|| > ¢ for all € ¢y(7) with ||z| = 1.

For each i € 7, let

Ui={k e K:(T(fi)(R)]l > 0/2}.

Now assume that C'(K) contains no copy of co(7). According to
Theorem 2.1, K satisfies the 7-chain condition. Since (U,) e, is an
T-family of open sets of K, there exists by Theorem 2.2 an infinite
sequence i, Yz, ... of distinct elements of 7 with N2, U, # ¢.

Pick ko € N2, U,,. Then, for all ¢ € N,

1T () (Ko)l[ > 6/2.

Let Py, be the operator from C'(K, X) to X defined by Py, (9) = g(ko)
for g € C(K,X). Put I = {v; : i € N}. Let us consider the operator
L = Py Ty : co(I) = X. Consequently

inf {||L(f,)] :i € N} > §/2.

So, according to Theorem 2.3, there exists an infinite subset J of [
such that L.,y is an isomorphism onto its image. This completes the
proof of the theorem. O

Theorem 3.1 is optimal. That is, even in the case 7 = N, we cannot
replace ¢o by ¢9(X1). Indeed, assuming CH, Laver and Galvin (see [7])
independently constructed a compact Hausdorff space K satisfying the
cce such that the topological product K; x K; does not satisfy the ccc.
Translating this result into the present context by using Theorem 2.1,
we conclude the following.
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Proposition 3.2. Assume CH. Then there is a compact Hausdorff
space K1 such that

Co(N1> — O(Kl X Kl) ~ C(Kl,C(K1>) but C()(Nl) ‘7L> C(Kl)

Proposition 3.2 suggests that stronger positive results require either
more assumptions on K or the Banach space X (in Proposition 3.2,
X = C(Ky)), or other models of set theory. Theorem 3.3, the first of
the main results of this paper, is exactly of this sort.

Recall that a cardinal 7 > R is said to be a caliber [3] of the topo-
logical space S if for any family {U; : i € 7} of non-empty open sets in
S, there exists a subset I' of 7 such that |I'| = 7 and Njer U; # ¢.

Theorem 3.3. Let K be a compact Hausdorff space, X a Banach space
and T > Wo. If 7 is a caliber of K, then

co(1) = C(K, X) = ¢o(1) — X.

Proof. Assume that C'(K, X) contains a copy of ¢o(7) and 7 is a caliber
of K. Let T' and (Uj;);e, be as in the proof of Theorem 3.1. Since (U;)ier
is a family of open sets of K, there exist a subset I" of 7 with |['| = 7
such that NyerUy # ¢. Fix ki in NyerU,. Then for all v € T

IT(f) (Ra) || > M /2.

Let Qy, be operator from C(K, X) to X defined by Qy, (g) = g(k;) for
g € C(K,X). Finally, consider the operator R = Q, Ti¢or) : co(I') —
X. Hence we have

inf {[|[R(f,)] - v € T} > M2,

Therefore by Theorem 2.3 there exists a subset I'; of I' with |I';| = |T|
such that R, r,) is an isomorphism onto its image. O

As mentioned above, the set-theoretic assumptions of Proposition
3.2 raise the question whether there are other models of set theory
for which its conclusions can be improved by replacing ¢y by co(Ry).
Of course, in such a model, the topological product of two compact
Hausdorff spaces satisfying ccc must also satisfy ccc. To this end,
we note (see [7, p. 34]) that Kunen, Rowbottom and Solovay proved
independently that ZFC has this property when MA and the negation
of CH are assumed. With this assumption and Theorem 3.3 in hand,
we have the following.

Corollary 3.4. Assume MA + — CH. Let K be a compact Hausdorff
space and X a Banach space. Then

co(Ry) = C(K, X) = co(Ny) = C(K) or ¢(Xy) — X.
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Proof. If K does not satisfiy the ccc, then by Theorem 2.1, C(K) con-
tains a copy of ¢o(X;). Otherwise, K satisfies the ccc and by [17, p.
16], Ny is a caliber of K. According to Theorem 3.3, X contains a copy
of Co<N1). O

Theorem 3.3 suggests the following more general problem.

Problem 3.5. Let K be a compact Hausdorff space. Characterize the
cardinals T such that for every Banach space X we have

Co(T) — C(K,X) — C()(T) — X.

Theorem 3.6, the second of our main results, begins to address this
problem. We recall that the cofinality cf(7) of 7 is the smallest cardinal
i such that exists a family of ordinals {a; : ¢ < p} with sup{e; : i <
u} = 7. We also note that this theorem applies to every compact
metric space K, since such a K has dens(K) < Ny.

Theorem 3.6. Let K be a compact Hausdorff space, X a Banach space
and 7 > Ny. If cf(7) > dens(K), then

CQ(T) — C(K,X) - C()(T) — X.

Proof. Suppose that C'(K, X) contains a copy of ¢y(7) and cf(7) >
dens(K). Let 7" and d be as in the proof of Theorem 3.1. Let D be a
dense set in K with |D| = dens(K). For each d € D, let

Ly=A{y e TH)D)] > 6/2}.

Therefore, 7 = Ugeply. Consequently there is a d; € D such that
|14, = 7. Let Py, : C(K,X) — X be the natural projection; that
is, Py, (9) = g(dy) for g € C(K, X). Next, consider the operator S =
PuTieos,) + co(lay) — X. Then inf {[[S(fi)|| : 7 € I} > 0. By
Theorem 2.3 there exists J C Iy, with |J| = 7 such that S, is an
isomorphism onto its image and the theorem is proved. U

4. ON COMPLEMENTED COPIES OF ¢o(7) IN C(K, X) SPACES

We now turn our attention to complemented copies of ¢y(7) in C(K, X)
spaces. We begin by recalling the following result, which was obtained
independently by Cembranos [2, Main Theorem| and Freniche [6, Corol-
lary 2.5].

Theorem 4.1. Let K be a compact Hausdorff space and let X be an
infinite dimensional Banach space. Then

co = O(K) = ¢g <> C(K, X).
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The next result shows that Theorem 4.1 does not extend in a natural
way to nonseparable ¢y(7) spaces.

Proposition 4.2. There exists a compact Hausdorff space K such that
co(Ry) = C(K) but co(Ry) & C(K, X),
for every separable Banach space X.

Proof. Let K5 be the compact Hausdorff spaces constructed recently by
Dow, Junnila and Pelant [5, Example 2.16]. Since the set of isolated
points of K5 is uncountable, it follows that K, does not satisfy the
N;-chain condition. Hence Theorem 2.1 implies that C'(K3) contains a
copy of co(Ry). Now let X be a separable Banach space and (z,),en @
dense sequence in X. We know that C'(Ks, X) is the closed linear span
of the family of functions of the form )" | f(.)z;, where fi,..., f, €
C(K3) [4, p. 225]. Furthermore, it is easy to see that for each x €
X,z # 0, the subspace of C(K,, X) given by E, = {f()z : f €
C(K3)} is isomorphic to C(K3). Therefore, since every operator T :
C(K3) — co(Ry) has separable range [5, Theorem 1.6}, it follows that
every operator T' : C(Ky, X) — ¢o(Ry) also has separable range. In
particular, C'(Ks, X') has no complemented copy of ¢y(N;). O

Before stating and proving Theorem 4.5, we introduce the following
concept, which is central to our results in this section.

Definition 4.3. Let o be an ordinal number. A Banach space X has
the Josefson-Nissenzweig-« property (in short, X has the JN, property
or just X has JN,) if there exists a family of elements () ex, in the
unit sphere of X* such that (27 (7)) ex, belongs to co(R,) for every
reX.

Remark 4.4. The classical Josefson-Nissenzweig theorem states that
every infinite dimensional Banach space has JNy [11], [13]. (See also
8] for another proof of this result.) Of course, the classical [,(R,)
spaces, with 1 < p < oo, have JN,. Indeed, it is enough to consider
(€4)yex,, the usual unit-vector basis of the dual of [,(R,). It is also
easy to check that if X has JN, and X is a quotient space of Y, then
Y also has JN,.

Our immediate goal is to prove Theorem 4.5, the third of the main
results of this paper. This is a nonseparable version of a theorem of
Ryan [18] which generalizes the main result of E. Saab and P. Saab
in [20], which in turn is a generalization of Theorem 4.1. Using the
definition of the JN, property, our proof may be viewed as a slight
modification of Ryan’s proof.
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Given Banach spaces X and Y, K(X,Y) is the Banach space of com-

~

pact operators from X to Y and X®Y is the injective tensor product
of X and Y [19, p. 355].

Theorem 4.5. Let Y be a Banach space containing a copy of ¢o(Rq)

and let X be a Banach space having the JN, property. Then Y®X
contains a copy of co(N,) which is complemented in K(Y™*, X).

Proof. There exists a family (y;)ex, in Y and a constant M > 0 such
that
maxier |ai| < | Y awill < M maxiep |a;]
i€F
for every family (a;);ex, of scalars and for every finite subset F' of X,,.

Let (y))iex, be a family of Hahn-Banach extensions of the coordinate
functionals associated with the family (y;)iex,. That is, ||| < 1,
yi (i) = 1 and yi(y;) = 0 if 0 7 j.

By hypothesis there exists a family (z});en, in the unit sphere of
X* such that (z7(x))ex, belongs to ¢o(X,) for every z € X. For each
i € N, choose z; in X such that ||z;|| < 2 and z}(x;) = 1.

We claim that the family (y; ® ;)iex, in Y®X is equivalent to the
unit vector basis of ¢o(X,). To establish this, first observe that since
llyr @ xF|| = 1, we have for every finite subset F' of X, with ¢ € F' that

1Y~ a5y @ a5l > 1y @) a; y; @ 2))|| = |ail.
jEF jEF
Also we have for every finite subset F' of ¥, that

1Y " aj y; @ 2] = supecp . 1Y g™ (x;)yll

jeF jEF

< M sup,.cp, . maxjepla;| [27(z;)]
<2 M maxjep|ajl.
Therefore
maxjer ;] < ||Ya; y @zl < 2 M maxjep|ay]
jEF
which establishes our claim.
Let W denote the closed linear span of the set {y; ® z; : i € N, }.
We finish the argument by constructing a projection from IC(Y*, X)
onto W. If u € K(Y*, X), then the closure of (u(y}))iex, is a compact

subset C' of X. Since (z}(x));ex, belongs to cp(R,,) for every z € X, it
follows that for every € > 0, there exists a finite subset F. of N, such
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that |zf(c)| < e for every ¢ € C and for every i ¢ F.. In particular,
i (u(yy)) € co(Ny). Hence the series

> wuly; )y @

1ER

converges to an element of W. We define

P(u) =Y aiu(y) )y ® ;.

iR
It is easy to see that P is a bounded projection of K(Y*, X)) onto W. O

As an immediate consequence of Theorem 4.5, we obtain the follow-
ing, which is a generalization of Cembranos-Freniche’s result (the case

a=0and Y = C(K)).

Corollary 4.6. Let K be a compact Hausdorff space, X a Banach
space and o an ordinal. Then

co(Ry) = C(K) and X has JNy = co(Ra) < C(K, X).
Thus in contrast with Proposition 4.2 we have the following.

Corollary 4.7. Let K be a compact Hausdorff space. Then it is rela-
tively consistent with ZFC' that for all Banach spaces X with dim(X) =
Nl;

co(Ry) = C(K) = ¢o(Ry) = C(K, X).

Proof. Recall that a bounded fundamental biorthogonal system for a
Banach space X is a family (z;,z}) of pairs from X x X* such that
x;(z;) = 0;; and the closed linear subspace of X generated to (z;) is X.
By a result of Todorcevié [21, Corollary 6] it is relatively consistent with
ZFC that every Banach space X with dim(X) = X; admits a bounded
fundamental biorthogonal system. Therefore X has JN;. Otherwise,
according to [21, Lemma 1] every bounded linear operator 7' : X —
co(N1) has separable range. Thus a theorem of Holicky, Smidek and
Zajicek [9], see also [5, Corollary 1.15], would imply that dim(X) = R,
a contradiction. Since X has JN;, we may apply Corollary 4.6 to finish
the proof. O

As an immediate consequence of Theorem 3.1 and Corollary 4.6 we
also obtain the following result.

Corollary 4.8. Let K be a compact Hausdorff space and X a Banach
space having JN, and containing no copy of co. Then

co(Ry) = C(K) <= c(Ry) = C(K, X).
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5. ON COMPLEMENTED COPIES OF c¢o(7) IN C (2™, X) AND C(B1,X)
SPACES

In this section we provide further consequences of Theorems 3.1, 3.3,
3.6 and Corollary 4.6. We recall that a cardinal 7 is said to be regular
if cf(7) = 7 and singular if cf(7) < 7.

Theorem 5.1. Let m be a cardinal satisfying Ry < cf(R,) < R, < 2™,
for some ordinal o. If X is a Banach space, then

co(Ry) = X = ¢o(R,) <= C(2™, X).

Proof. Assume that X contains a copy of ¢o(X,). Let v be an ordinal
such that 2™ = R,. By [14, Proposition 5.2], C'(2™)* contains a copy of
Ly([0,1]™). Since L;([0, 1]™) contains a copy of 5(2™), it follows from
[15, Remark 2, p. 181] that

C(2™)—15(R,).

Hence by Remark 4.4 C(2™) has JN,. Since a < v, it follows that
C'(2™) has also JN,. Then by Corollary 4.6 we conclude that

co(Rg) <= C(2™, X).

Suppose now that C'(2™, X') contains a complemented copy of ¢y(X,,).
By our hypothesis, N, is a regular ordinal or a singular ordinal with
Ry < cf(N,). Hence by [3, Corollary 3.7.a and Theorem 3.18.a], X, is
a caliber of 2™. So Theorem 3.3 implies that that X contains a copy
of co(Ny). O

It is well known that 2™ with m infinite does not have caliber 7
whenever 7 is singular with cf(7) = Rq [3, Theorem 2.3.a and Corollary
2.12]. However, we also obtain the following.

Theorem 5.2. Let m be a cardinal satisfying N, < 2™. If X is a
Banach space isomorphic to a complemented subspace of some C(K)
space, then

co(Ry) = X = ¢o(Ry,) = C(2™, X).
Proof. For the sufficiency of the statement of Theorem 5.2 it is enough
to proceed as in the proof of Theorem 5.1. Next we will prove the
necessity of this statement. By hypothesis, for every n < w, we have
Co(Nn) — C(2m, X)

Since N, is a caliber of 2™ [3, Theorem 3.18.a], it follows by Theorem 3.3
that X contains a copy of ¢g(X,,). Moreover, according to [1, Proposi-
tion 4.2] there exists a totally disconnected compact Hausdorff space G
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such that C'(G) contains X as a complemented subspace. Consequently
co(N,) = C(G), Yn <w.

Hence by [1, Theorem 4.3], we conclude that X contains a copy of
Co(Nw). ]

Theorem 5.3. Let I be a set satisfying No < |I| < cf(R,) < R, < 21,
for some ordinal o. If X is a Banach space, then

co(Ry) = X = ¢o(R,) < C(BI, X).

Proof. First suppose that X contains a copy of ¢y(X,). Let v be an
ordinal such that 2/l =X . By [15, Remark 2, p. 203] we know that

Therefore according to Remark 4.4 C(f1) has JN,. Since a < 7, it
follows that C'(81) has also JN,. So by Corollary 4.6,

co(Ra) < C(BI, X).

Conversely, assume that C'(81, X) contains a complemented copy of
co(N,). Since dens(SI) = |I| and by hypothesis |I| < cf(R,), it follows
from Theorem 3.6 that X contains a copy of ¢(R,). O

Corollary 5.4. Let I be a set of cardinality m > Ry and X a Banach
space. Then the following statements are equivalent:

(a) C(2™, X) contains a complemented copy of cy(2™).
(b) C(B1,X) contains a complemented copy of co(2™).
(¢) X contains a copy of co(2™).

Proof. Since m > Wg, by a well known theorem of Kénig [10, p. 158] we
conclude that m < c¢f(2™). So by Theorem 5.1 and 5.3 with X, = 2™
we are done. U

REFERENCES

1. S. A. Argyros, J. F. Castillo, A. S. Granero, M. Jimnez, J. P. Moreno, Com-
plementation and embeddings of co(I) in Banach spaces. Proc. London Math.
Soc. (3) 85 (2002), no. 3, 742-768.

2. P. Cembranos, C(K,E) contains a complemented copy of cp, Proc. Amer.
Math. Soc. 91 (1984), no. 4, 556-558.

3. W. W. Comfort, S. A. Negrepontis, Chain conditions in topology, Cambridge
Tracts in Mathematics, 79. Cambridge University Press, Cambridge-New York,
1982.

4. J. Diestel, J. J. Uhl, Jr., Vector Measures, Mathematical Surveys 15, Amer.
Math. Soc. Providence, RI (1977).

5. A. Dow, H. Junnila, J. Pelant, Chain conditions and weak topologies, Topology
and its Applications 156 (2009), 1327-1344.



12 ELOI MEDINA GALEGO AND JAMES N. HAGLER

6. F. J. Freniche, Barrelledness of the space of vector valued and simple functions,

Math. Ann. 267 (1984), no. 4, 479-486.

F. Galvin, Chain conditions and products, Fund. Math. 108 (1980), no. 1, 33-48.

8. J. N. Hagler, W. B. Johnson, Banach spaces whose dual balls are not weak*
sequentially compact, Israel J. Math. 28 (1977), 325-330.

9. P. Holicky, M. Smidek, L. Zajicek, Convex functions with non-Borel set of
Gateaux differentiability points, Comment. Math. Univ. Carolin. 39 (1998), no.
3, 469-482.

10. T. Jech, Set Theory, Academic Press. New York, San Francisco, London. (1978).

11. B. Josefson, Weak sequential convergence in the dual of a Banach space does
not imply norm convergence, Arkiv for Matematik 13 (1975), 79-89.

12. W. B. Johnson, J. Lindenstrauss, Handbook of the geometry of Banach spaces,
North-Holland Publishing Co., Amsterdam. (2001), 1-84.

13. A. Nissenzweig, w*-sequential convergence, Israel J. Math. 22 (1979), 266-272.

14. H. P. Rosenthal, On relatively disjoint families of measures, with some appli-
cations to Banach space theory, Studia Math. 37 (1970) 13-36.

15. H. P. Rosenthal, On injective Banach spaces and the spaces L>®(u) for finite
measures p, Acta M. 124 (1970), 205-248.

16. H. P. Rosenthal, The Banach spaces C(K), Handbook of the geometry of
Banach spaces, Vol. 2, 1547-1602, North-Holland, Amsterdam, 2003.

17. M. E. Rudin, Lectures on set-theoretic topology, American Mathematical Soci-
ety (1975).

18. R. A. Ryan, Complemented copies of ¢y in spaces of compact operators, Proc.
Roy. Irish Acad. Sect A. 91 (1991), no. 2, 239-241.

19. Z. Semadeni, Banach spaces of continuous functions, Vol. I. Monografie Matem-
atyczne, Tom 55. PWN-Polish Scientific Publishers, Warsaw, 1971.

20. E. Saab, P. Saab, On complemented copies of cg in injective tensor products,
Contemporary Mathematics. 52 (986), 131-135.

21. S. Todorcevi¢, Biorthogonal systems and quotient spaces via Baire category
methods, Math. Ann. 335 (2006), no. 3, 687-715.

=

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF SAO PAULO, SA0 PAULO
BraziL 05508-090
E-mail address: eloi@ime.usp.br

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF DENVER, DENVER CO 80208,
USA
E-mail address: jhagler@math.du.edu



