CATEGORICAL SKEW LATTICES
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ABSTRACT. Categorical skew lattices are a variety of skew lattices on which the natural partial order
is especially well behaved. While most skew lattices of interest are categorical, not all are. They are
characterized by a countable family of forbidden subalgebras. We also consider the subclass of strictly
categorical skew lattices.

1. INTRODUCTION AND BACKGROUND

A skew lattice is an algebra S = (S; VvV, A) where V and A are associative, idempotent binary operations
satisfying the absorption identities

zA(zVy)=x=@HyVer)Ax and zV(rAy)=z=(@yAz)Ve. (1.1)
Given that V and A are associative and idempotent, (1.1) is equivalent to the dualities:
xANy=x iff zvy=y and xANy=y iff zxvy==x. (1.2)
Every skew lattice has a natural preorder defined by
rry < xVyVr=ux orequivalently yAxAy=y. (1.3)
This preorder is refined by the natural partial order defined by
x>y < xVy=x=yVzx orequivalently rAy=y=yAx. (1.4)

In what follows, any mentioned preordering or partial ordering of a skew lattice is assumed to be natural.
Of course > y means z > y but x # y; likewise, x > y means = = y but not y > z.

Every skew lattice is regular in that the identity xroyoxozox =x oy o zox holds for both o =V
and o = A (see [8, Theorem 1.15] or [12, Theorem 1.11]). As a consequence, one quickly gets:

sVyVae'vzvae'=xzvyvzva” if 2 2xa” (1.5a)
and
T AYANT AzA" =z AyANzND” if 2/ =a 2. (1.5b)

In any lattice, > and > are identical, with V and A determined by sVy = sup{z,y} and zAy = inf{z, y}.
For skew lattices, the situation is more complicated. To see what happens, we must first recall several
fundamental aspects of skew lattices. The preorder > induces a natural equivalence D defined by x Dy
if x >~ y > x. This is one of three Green’s relations defined by:

TRy < (xAhNy=y&yrzr=2) < (xVy=xz&yve=y). (R)
Ly & (xhy=zxz&yhz=y) < (xVy=y&yVvVar=ux). (L)
xDy & (zAhyhz=x&yrhzAhy=y) & (xVyVe=xz&yVaeVy=y). (D)

R, L and D are congruences on any skew lattice, with LVR = Lo R = RoL =D and LNR = A,
the identity equivalence. Their congruence classes (called R -classes, L-classes or D-classes) are all
rectangular subalgebras. (A skew lattice is rectangular if t Ay ANx = x = x Ay Az, or equivalently,
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x ANy =y V x holds. These are precisely the anti-commutative skew lattices in that xt Ay = y A x or
xVy=yVzimply x = y. See [8, §1] or recently, [7, §1].) The Green’s congruence classes of a an element
x are denoted, respectively, by R, £, or D,.

The First Decomposition Theorem for Skew Lattices [8, Theorem 1.7] states: Given a skew lattice S,
each D-class is a mazximal rectangular subalgebra of S and S/D is the maximal lattice image of S. In
brief, every skew lattice is a lattice of rectangular [anticommutative] subalgebras in that it looks roughly
like a lattice whose points are rectangular skew lattices. Clearly z = y in S if and only if D, > D, in

FiGure 1. A, B, J, & M are maximal rectangular subalgebras

the lattice S/D where D, and D, are the D-classes of x and y, respectively. Given a € A and b € B for
D-classes A and B, a V b just lie in their join D-class J; similarly a A b must lie in their meet D-class M.

Our interest in this paper is in skew chains that consist of totally ordered families of D-classes:
A>B>---> X. As a (sub-)skew lattice, a skew chain T is totally preordered: given x,y € T, either
x X yory < x. Of special interest are skew chains of length 1 (A > B) called primitive skew lattices,
and skew chains of length 2 (A > B > (') that occur in skew lattices.

Given a primitive skew lattice with D-class structure A > B, an A-coset in B is any subset of B of
the form

ANDANA={aNbAd |a,d € A} ={aNbNa]|a€ A}

for some b € B. (The second equality follows from (1.5b).) Any two A-cosets in B are either identical or
else disjoint. Since b must lie in AAbA A for all b € B, the A-cosets in B form a partition of B. Dually
a B-coset in A is a subset of A of the form

BVvavB={bVaVvb|bbt eB}={bVaVvb|be B}

for some a € A. Again, the B-cosets in A partition A. Given a B-coset X in A and an A-coset Y in B,
the natural partial ordering induces a coset bijection ¢ : X — Y given by ¢(a) = b for a € X and
b € Y if and only if a > b, in which case b = ¢(a) =aAyAaforallyeY anda=p ' (b)=bVaVd
for all x € X. Cosets are rectangular subalgebras of their D-classes; moreover, all coset bijections are
isomorphisms between these subalgebras. All A-cosets in B and all B-cosets in A thus share a common
size and structure. If a,a’ € A lie in a common B-coset, we denote this by a —p d’; likewise b —4 V' in B

if b and ¥’ lie in a common A-coset. This is illustrated in the partial configuration below where "*. and

" indicate > between a’s and b’s. (The coset bijections from {ay,as} to {bs, b} and from {as,ae} to
{b1, b2} are not shown.)

a1 —pB Q2 a3 —pB Q4 a5 —pB Qg in A

bl_Ab2 ..1‘73.“—Aub4y in B



Cosets and their bijections determine V and N in this situation. Given a € A and b € B:
aVb=aVa and bV a=ad Vain A where ' —p a is such that o’ > b. (1.6a)
aANb=bAb andbAa=bAb in B where b’ —4b is such that a > . (1.6b)

(See [11, Lemma 1.3].) This explains how > determines V and A in the primitive case. How this is
extended to the general case where A and B are incomparable D-classes is explained in [11, §3]; see also
[12].

This paper focuses on skew chains of D-classes A > B > (' in a skew lattice and their three primitive
subalgebras: A > B, B > (' and A > C. Viewing coset bijections as partial bijections between the
relevant D-classes one may ask: s the composite 1 of coset bijections ¢ : A — B and ¥ : B — C, if
nonempty, a coset bijection from A to C?7 If the answer is always yes, the skew chain is called categorical.
(Since including identity maps on D-classes and empty partial bijections if needed creates a category with
D-classes for objects, coset bijections for morphisms and composition being that of partial bijections.) If
this occurs for all skew chains in a skew lattice S, then S is categorical. If such compositions are also
always nonempty, the skew chain [skew lattice] is strictly categorical.

Both categorical and strictly categorical skew lattices form varieties. (See [11, Theorem 3.16] and
Corollary 4.3 below.) We will see that distributive skew lattices are categorical, and in particular skew
lattices in rings are categorical. All skew Boolean algebras [10] are strictly categorical. Categorical skew
lattices were introduced in [11]. Here we take an alternatively approach.

In all this, individual ordered pairs a > b are bundled to form coset bijections. We first look at how
this “bundling” process (parallelism) extends from the A — B and B — C settings to the A — C' settings
in the next section.

2. PARALLEL ORDERED PAIRS

Suppose A > B is a (primitive) skew chain and ¢ : X — Y is a fixed coset bijection where X is a
B-coset in A and Y is an A-coset in B. Viewing the function ¢ as a binary relation, let us momentarily
identify it with the set of strictly ordered pairs a > b where a € X, b € Y are such that ¢(a) = b.
Suppose a > b and a’ > b are two such pairs. Since ' = p(a’) = a ANy Ad for all y € Y, we certainly
have V' = @’ Ab A a and similarly b = a AV Aa. Since a’ = o 1(b/) =V vV VI for all z € X, we have
a =bVaVb and similarly a = bV a’' V b. These observations motivate the following definition.

Strictly ordered pairs a > b and o’ > b’ in a skew lattice S are said to be parallel, denoted a >
b//d >V ifaDd, 0DV, d =V VaVvd and b =a AbAd. In this case, (1.5a) and (1.5b) imply that
a=bVadVvband b=aAb Aa also, so that the concept is symmetric with respect to both inequalities.
In fact, the two pairs are parallel precisely when both lie in a common coset bijection ¢, when considered
to be a binary relation. Indeed, a > b // @’ > I/ implies that both a and o’ share a common Dj-coset in
D,, and b and ' share a common D,-coset in Dy, making both pairs belong to a common . Conversely,
if a > b and o’ > ¥ lie in a common coset bijections so that a,a’ share a Dy-coset in D, and b, b’ share a
D,-coset in Dy, then @’ =¥ Va VvV and ¥/ = a’ AbA d must follow so that a > b // ' > /. Thus:

Proposition 2.1. Parallelism is an equivalence relation on the set of all partially ordered pairs a > b
i a skew lattice S, the equivalence classes of which form coset bijections when the latter are viewed as
binary relations. Moreover:
i) Ifa>0b// d >V, thena=d if and only if b =1V,
i) Ifa>b//d>b andb>c [/ V >, thena>c [/ d >
iii) Given just a = b, thena>aAbAa // bV aVb>b.

Proof. The first claim is routine, and (i)-(iii) follow from basic properties of coset bijections: their being

bijections indeed, their composition and their connections to their particular cosets of relevance. 0
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Now we return to the point of view that for a skew chain A > B, a coset bijection p: X — Y, X C A,
Y C B, is a partial bijection ¢ : A — B of the D-classes. Let A > B > (' be a 3-term skew chain
and suppose ¢ : A — B and ¢ : B — C are coset (partial) bijections. Suppose that the composite
partial bijection ¥ o ¢ : A — C' is nonempty, say a > b > ¢ with b = p(a) and ¢ = ¢(b). Then there
is a uniquely determined partial bijection x : A — C defined on its coset domain by x(u) = u A cAwu
such that 1 o ¢ C y. Later we shall see instances where the inclusion is proper. We are interested in
characterizing equality.

In terms of parallelism and the fixed triple a > b > ¢, the situation we have described so far is that
if a>b//ad >bandb>c//b >, thena>c// a > . We see that x = 1 o ¢ precisely when
the converse holds, that is, if a > ¢ // @’ > ¢, then there exists a (necessarily) unique ¥’ € B such that
a>b//d>bandb>c//V > Inparticular, b’ must equal both a’ AbAa" and ¢ VbV . This gives
the following Hasse configuration of parallel pairs.

a — d=cdVavd=bVVaVvlt
b — bV =dvbvd=dNbNd (2.1)
c — cd=d Nehd =bAcAl

Now considering this for all possible coset bijections in a skew lattice, we obtain the following charac-
terization.

Proposition 2.2. A skew lattice S is categorical if and only if, given a > b > ¢ witha > ¢ // a’ > ¢,
there ezists a unique b/ € S such that a >b // ' >V andb>c /| b > .

Theorem 2.3. For a skew lattice S, the following are equivalent.

i) S is categorical;
ii) Forallx,y,z €S,

r>y=z = zxzANEVyVz)Az=(xAzAz)VyV(xAzAx); (2.2)
iii) For all z,y,z € S,
rr-y>z = zV(@AyAz)Vz=(zVaVz)AyA(zVaVz). (2.3)

Proof. Assume (i) holds and let a > b = ¢ be given. If a = b or if b D¢, then their insertion into (2.2)
produces a trivial identity. Thus we may assume the comparisons to be strict: a > b > c¢. Proposition
2.1(iil) givesa >aAcAa // cVaVe>c SincecVaVe>cVbVe>e (2.1) gives

aAN(cVbVeNa=(aNcANa)VeVbVeV(aAcAa).

From ¢DaAcAa, (1.5a) reduces the right side to (a AcAa) VbV (aAcAa)and so (2.2) holds. We have
established (i)=-(ii).

Conversely assume that (ii) holds, and let both a > ¢ // @’ > ¢ and a > b > ¢. Since b > c¢D, b > (.
Thus a > b > ¢, and so by (2.2),

aN(dVbVI)Na=(aNd Na)VoV(aANd Na)=cVbVe=Db,
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since a > b and a A ¢ A a = c¢. Taking two-sided meets with a’ gives

adANbANd =d Nan(d VbV I)Nand

=d NaNd N(VOVI)Nd NaNd (by regularity)
=d AN VbV)ANd (since aDa')
=([VavV)AN([EVIVI)N(IVaVv ) (since a’ > )
=([VaVObVI)AN([VOVI)AN(EVDIVaV ) (by (1.5a))
=([VavVdVbVION(CVOVI)N( VOV VaVv ) (by (1.5a))
=dVbVe (by (1.1)).

Thus (2.1) holds and S is categorical.
We have established (i)<(ii). The proof of (i)<>(iii) is dual to this, exchanging A and V as needed. [

Next we will show that categorical skew lattices form a variety by giving characterizing identities. This
was already done in [11, Theorem 3.16], but the identity given there is rather long. Here we give two
new ones, the first being the shortest we know and the second exhibiting a certain amount of symmetry
in the variables. First we recall more basic notions.

A skew lattice is right-handed [respectively, left-handed)] if it satisfies the identities

rAyANz=yAx and zVyVr=zVy. (2.4a)

[tAyANx=xAy and zVyVze=yVzl. (2.4Db)

Equivalently, t A\y =y and 2 Vy =z [t Ay = z and = V y = y] hold in each D-class, thus reducing D to
R [or L]. Useful right- and left-handed variants of (2.4a) and (2.4b) are

=2 = xAyAd =yAd and zVyVar =zVuy; (2.5a)

r=12 = 2dAyArx=2'Ay and 2'VyvVr=yVva; (2.5Db)

The Second Decomposition Theorem [8, Theorem 1.15] states that given any skew lattice S, S/R and

S/L are its respective mazximal left- and right-handed images, and S is isomorphic to their fibred product

(pullback) S/R xgp S/L over their maximal lattice image under the map x — (Ry, L;). Thus a skew
lattice S belongs to a variety V of skew lattices if and only if both S/R and S/L do. (See also [5, 12].)

Theorem 2.4. Let S be a skew lattice. The following are equivalent.

i) S is categorical.
ii) Forallx,y,z €S,

cA[(xANyANzAyANz)VyV(eAyAzAyAz)| A=z AyAz. (2.6)
iii) For all z,y,z € S,
sA[(xANzANz)VyV(zAzAz)|ANe=xA[(zAxA2)VyV(zAzA2)]Az. (2.7)

Proof. Assume first that S is a left-handed categorical skew lattice. Suppose (i) holds. By Theorem 2.3,
S satisfies the left-handed version of (?7?):

r>yr=z = xzA{yVz)=yV(xAz). (2.8)
Note that x Vy >y = (y V) Ay A z. We may thus apply (2.8). The right side becomes
yVIievy AlyVa)AyAzl=yVzVy) AyAzl=yV[yrz]=y,
using left-handedness and absorption. Therefore the identity

(xVy)A[y\/((y;/ar)AyAz)]zy (2.9)



holds. Taking the meet of both sides on the left with z, we get
cAlyV((yvVae)ANyAz)=zNy. (2.10)
Now replace y with y A z. The left side of (2.10) becomes
sA[lynz)V(yAz)va)AyAz)l=xA[lyAx) V(s AyAz),
and the right side becomes x Ay A x = x A y. Thus we have the identity
cA[(yANz)V(cAyAz)]=xAy. (2.11)
Now meet both sides of (2.11) on the left with A (y V (x Ay A 2)). On the right side, we get
cAyV@Ayrz)ANeAy=xzAyV(@xAyAz)ANy=xzA(yV(xAyAz)),
sincey=yVy=yV(rAyAz). The left side becomes
e AfyV(@AyA2)AzA[(yANz)V (zAyAz)
=zAyVyrz)V(@AyA)]A[yAnz)V(zAyAz)
=z A[(yANx)V(xAyAz2)
=Ny,
where the last step is an application of (2.11). Thus we have established
zAyV(@AyAz)=zAy, (2.12)
which is the left-handed version of (2.6). This proves (i)=-(ii) for all left-handed skew lattices.
Continuing to assume S is left-handed, suppose (ii) holds. Replace y with y V z in (2.12). On the left
side, we obtain
cA(yVzV(AyVz)Az)=xzA(yVzV(xAz).
On the right side, we get x A (y V 2), and so we have
e AyVzV(xAz)=xA(yVz). (2.13)
Now in (2.13), replace z with z A z. On the left side, we get
cAyVEAD)V(EAzAZ)=xzAyV(zAzA2)V(zA2)=xA(yV(zAz)).
On the right side, we get x A (y V (2 A x)), and thus we obtain the identity
cA(yV(zAz)=xA(yV(zAx)), (2.14)

which is the left-handed version of (2.7). This proves (ii)=-(iii) in left-handed skew lattices.
Still assuming S is left-handed, suppose (iii) holds. Fix a, b, c € S satisfying a > b > ¢. Then

aN(bVe)=aNn(bV(cAa)) (since a = ¢)

=aAN(bV(aNc)) (by (2.14))
=(aV(anc) ANV (aNc))
=(aVvbV(anc) ANV (aNc)) (since a > b)

=bV(aNc).

Thus (2.8) holds and so by Theorem 2.3, S is categorical. This proves (iii)=-(i) for left-handed skew
lattices.

In general, if S is a skew lattice, then conditions (i), (ii) and (iii) are equivalent for the maximal left-
handed image S/R. The left-right (horizontal) dual of the whole argument implies that the same is true
for S/L. Tt follows that (i), (ii) and (iii) are equivalent for S itself. O

Corollary 2.5. Categorical skew lattices form a variety.
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Of course, categorical skew lattices are also characterized by the V — A duals of (2.6) and (2.7).
Recall that a skew lattice is distributive if the following dual pair of identities holds:

cAyVz)ANe=(@xAyAz)V(rAzAx), (2.15)
zV(yAz)Ve=(xVyVz)A(zVzVe). (2.16)

Many important classes of skew lattices are distributive, in particular, skew lattices in rings and skew
Boolean algebras [1, 2, 3, 4, 8, 10, 13, 15]. Since (2.15) implies (2.2), we have:

Corollary 2.6. Distributive skew lattices are categorical.

3. FORBIDDEN SUBALGEBRAS

Clearly what occurs in the middle class of a 3-term skew chain A > B > C is significant. Two elements
b,/ € B are AC-connected if a finite sequence b = by, by,...,b, = in B exists such that b; —4 b;;1 or
b; —c biyq for all i < n —1. A maximally AC-connected subset of B is an AC-component of B (or just
component if the context is clear). Given a component B’ in the middle class B, a sub-skew chain is
given by A > B’ > C. Indeed, if A; and C are B-cosets in A and C respectively, then A; > B’ > C] is
an even smaller sub-skew chain.

Furthermore, let X denote an A-coset in B (thus X = AAbA A for any b € X) and let Y denote a
C-coset in B (thus Y =C VbV Cforany beY). If XNY # (), it is called an AC-coset in B. When S
is categorical, (X NY)VaV (XNY) is a C-coset in A and dually, (X NY)ANecA (X NY) is an A-coset
in C for all a € A, ¢ € C. Conversely, when S is categorical, given a C-coset U in A, for all b € B,
UNbDAU is an AC-coset in B; likewise given any A-coset V in C, V VbV 'V is an AC-coset in B for
all b € B. In both cases we get the unique AC-coset in B containing b. An extended discussion of these
matters occurs in [14, §2].

We start our characterization of categorical skew lattices in terms of forbidden subalgebras with a
relevant lemma.

Lemma 3.1. Let A > B > C be a left-handed skew chain with a > ¢ // o’ > ¢ where a # o' € A and
c#cd el Set A* ={a,d}, B-={x e B|la>x>cord >z >} and C* = {¢,d}. Then
A* > B* > C* is a sub-skew chain. In particular,

i) @ > x> for x € B* implies: a > both a ANx and xV ¢ > ¢ with a Nx — 4+ x —c+ x V C.

i) a>x > c for x € B* implies: o' > both d Nx and xV ¢ > withad Nx —p« v —c- 2V (.
All A*-cosets and all C*-cosets in B* are of order 2. An A*C*-component in B* is either a subset {b,V'}
that is simultaneously an A*-coset and C*-coset in B* or else it is a larger subset with all A*C*-cosets
having size 1 and having the alternating coset form

"'—A*.—C*.—A*.—C*.—A*.—C* A
Only the former case can occur if the skew chain is categorical.

Proof. Being left-handed, we need only check the mixed outcomes, say a Ax, z Aa, ¢V x and x V ¢ where
a' > x > for case (i). Trivially t A\a =2z =cVa. AsforaAz, aN(aNz)=aAz = (aAx)Aa,due to
left-handedness, so that a > a A z; likewise ¢ A (a A x) = ¢, while

(aANx)ANc=aANxANaNd =ahzANd=aNd =c

by left-handedness and parallelism. Hence a Az > c also, so that a Az is in B*. The dual argument gives
a>zVc>c sothat Ve € B* also. Similarly (ii) holds and we have a sub-skew chain.

Clearly the A*-cosets in B* either all have order 1 or all have order 2. If they have order 1, then a,a’ >
all elements in B*, and by transitivity, a,a’ > both ¢, ¢/, so that a > ¢ is not parallel to a’ > ¢’. Thus all

A*-cosets in B* have order 2 and likewise all C*-cosets in B* have order 2. In an A*Cs-component in B*,
7



if the first case does not occur, a situation x —g+ y — 4+ 2 with x,y, 2z distinct develops. Since A*-cosets
and C*-cosets have size 2, it extends in an alternating coset pattern in both directions, either doing so
indefinitely or eventually connecting to form a cycle of even length. O

A complete set of examples with B* being a single A*C*-component is as follows.
Example 3.2. Consider the class of skew chains A > B,, > C for 1 < n < w, where
A={ay,a2},C = {c1, 2} and
B = {b1,ba, ..., ban}or {...;b_9,b_1,b9,b1,bs,...} if n=w.

The partial order is given by parity: a; > bogq > ¢1 and ag > beyen > ¢2. Both A and C' are full B-cosets
as well as full cosets of each other. A-cosets and C-cosets in B are given respectively by:

{b1,02 | b3, b4 | -+ | bap—1,b2n} and  {bon, b1 | bo, b3 | -+« [ bap—2,ben-1} forn <w.
For n > 1, B,, has the following alternating coset structure (modulo n when n is finite):
oo —abog—o —c bop—1 —a bog —c baky1 —a bopro —c -

Clearly B, is a single component. We denote the left-handed skew chain thus determined by X,, and its
right-handed dual by Y,, for n < w. Their Hasse diagrams for n = 1,2 are given in Figure 2.

a1 — Qg ay - Q2
by — b bi —a be <« by —a by <« ()
G — Co 1 - C2

FIGURE 2. Hasse diagrams for X,,/Y,, n =1,2

Applying (1.6a) and (1.6b) above, instances of left-handed operations on X, are given by
al\/CQ:CLQ:CLl\/CLQ, CL1/\b4:bg/\b4:bg, and bl\/CQZbl\/b4:b4.

Except for X; and Y, none of these skew lattices is categorical. In X,, for n > 2, a; > by > ¢y,
as N\ ¢1 = Ca, a1 V ¢y = ag, but as A by = by, while by V ¢, is either by, or by. Note that while all A-cosets
and all C-cosets in B,, have order 2, the AC-cosets have order 1.

Theorem 3.3. A left-handed skew lattice is categorical if and only if it contains no copy of X,, for
2 < n < w. Dually, a right-handed skew lattice is categorical if and only if it contains no copy of Y,
for 2 <n < w. In general, a skew lattice is categorical if and only if it contains no copy of any of these
algebras. Finally, none of these algebras is a subalgebra of another one.

Proof. We begin with a skew chain A > B > (' in a left-handed skew lattice S. Given @ > b > ¢ in
S, where a € A;b € Band c € C, let a > ¢ // ' > ¢ with a # o’. In the skew chain of Lemma 3.1,
A* > B* > C* where A* = {a,d'} and C* = {¢, ¢}, we obtain the following configuration.



When o' A ¢ = bV ¢, the situation is compatible with S being categorical. Otherwise, in the A*C*-
component of b in B*, the middle row in the above configuration extends to an alternating coset pattern
of the type in Lemma 3.1, giving us a copy of X,, where 2 < n < w. If S is not categorical, such a
situation must occur. Conversely, any left-handed skew lattice containing a copy of X,, for n > 2 is not
categorical. The first assertion now follows. The nature of the middle row implies that no X,,, can be
embedded in any X,, for n > m.

The right-handed case is similar. Clearly, a categorical skew lattice contains no X,, or Y, copy for
n > 2. Conversely, if a skew lattice S contains copies of none of them, then neither does S/R or S/L since
every skew chain with three D-classes in either S/R or S/L can be lifted to an isomorphic subalgebra
of S. (Indeed, given any skew chain 7: A > B > (|, one easily finds a > b > ¢ with a € A, b € B and
c € C. Then, e.g., the sub-skew chain R, > R, > R, of R-classes in T is isomorphic to 7'/L. See [5].)
Thus S/R and S/L are categorical, and hence so is S. O

A skew chain A > B > A’ is reflective if (1) A and A’ are full cosets of each other in themselves,
making A = A’ with both being full B-cosets in themselves, and (2) B consists of a single AA’-component.
All X,, and Y, are reflective. If B is both an A-coset and an A’-coset for every reflective skew chain
in a skew lattice S (making the skew chain a direct product of a chain a > b > o and a rectangular
subalgebra), then S is categorical. Indeed, copies of X,, or Y, for n > 2 are eliminated as subalgebras,
while X; and Y; clearly factor as stated.

The converse is also true. Consider a reflective skew chain A > B > A’ in a categorical skew lattice.
Let ¢ : A — B be a coset bijection of A onto an A-coset in B and let v : B — A’ be a coset bijection of B
onto A’ such that the composition 1 o ¢ is the unique coset bijection of A onto A’. As partial bijections,
the only way for ¢ o ¢ to be both one-to-one and onto is for ¢ and v to be full bijections between A
and B, and between B and A’, respectively, thus making B both a full A-coset and a full A’-coset within
itself. We thus have:

Proposition 3.4. A skew lattice S is categorical if and only if every reflective skew chain A > B > A’
in S factors as a direct product of a chain, a > b > d’, and a rectangular skew lattice.

4. STRICTLY CATEGORICAL SKEW LATTICES

Recall that a categorical skew lattice S is strictly categorical if for every skew chain of D-classes
A > B > (Cin S, each A-coset in B has nonempty intersection with each C-coset in B, making both B
an entire AC-component and empty coset bijections unnecessary. Examples are:

a) Normal skew lattices characterized by the conditions: x Ay Az Aw = x A z Ay A w; equivalently,
every subset [e] Jl={zx € S|e>z}={eAxAe|x € S} is a sublattice;

b) Conormal skew lattices satisfying the dual condition  VyV zVw =z V z V y V w; equivalently,
every subset [e] T={z € S|e<z}={eVvVaVe|x e S}is a sublattice;

c) Primitive skew lattices consisting of two D-classes: A > B and rectangular skew lattices.

d) Skew diamonds in cancellative skew lattices, and in particular, skew diamonds in rings. (A skew
diamond is a skew lattice {J > A, B > M} consisting of two incomparable D-classes A and B
along with their join D-class J and their meet D-class M.) See [7].

See [7] for general results on normal skew lattices. Their importance is due in part to skew Boolean
algebras being normal as skew lattices [1, 2, 12, 13, 15]. Some nice counting theorems for categorical and
strictly categorical skew lattices are given in [14].

Theorem 4.1. Let A > B > C be a strictly categorical skew chain. Then:

i) For any a € A, all images of a in B lie in a unique C'-coset in B;
i) For any c € C, all images of ¢ in B lie in a unique A-coset in B;
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iii) Given a > c with a € A and ¢ € C, a unique b € B exists such that a > b > c. This b lies jointly
in the C-coset in B containing all images of a in B and in the A-coset in B containing all images
of c in B.

Proof. To verify (i) we assume without loss of generality that C'is a full B-coset within itself. If aAC'Aa =
{c € C'| a > ¢} is the image set of a in C' parameterizing the A-cosets in C' and b € B is such that a > b,
then {cVbVec|c€anC Aal, the set of all images of a in the C-coset C'V bV C in B, parameterizes
the AC-cosets in B lying in C'V bV C (since AC-cosets in C'V bV C are inverse images of the A-cosets
in C under the coset bijection of C'V bV C onto C'). By assumption, all A-cosets X in B are in bijective
correspondence with all these AC-cosets under the map X — X NC VbV C. Thus each element z in
{cvbVe|ceanC Aa}is the (necessarily) unique image of a in the A-coset in B which x belongs,
and as we traverse through these z’s, every such A-coset occurs as A A x A A. Thus all images of a in B
lie within the C-coset C'V bV C in B. In similar fashion one verifies (ii). Finally, given a > ¢ with a € A
and ¢ € C, a unique AC-coset U exists that is the intersection of the A-coset containing all images of
¢ in B and the C-coset containing all images of a in B. In particular, U contains unique elements wu, v
such that a > uw and v > ¢. Consider b = a Av Aa in B. Clearly a > b > ¢ so that b is a simultaneous
image of a and ¢ in B (since b — 4 v) and thus is in U; moreover, by uniqueness of u and v in U, we have
u=>b=nwv. 0

This leads to the following multiple characterization of strictly categorical skew lattices.

Theorem 4.2. The following seven conditions on a skew lattice S are equivalent.

i) S is strictly categorical;
ii) S satisfies
r>y>z2 & x>y >z & yDy = y=4v;
iii) S satisfies
r>y>z & x>y >z & yDy = y=vy;

iv) S has no subalgebra isomorphic to either of the following 4-element skew chains.

a a
b - b b R b
C C

v) If a > b in S, the interval subalgebra [a,b] = {x € S |a > x > b} is a sublattice.
vi) Given a € S, [a] t={x € S|z > a} is a normal subalgebra of S and [a] |={z € S |a >z} is a
conormal subalgebra of S.
vii) S is categorical and given any skew chain A > B > C' of D-classes in S, for each coset bijection
p: A — C, there exist unique coset bijections 1 : A — B and x : B — C such that ¢ = x 0.
viii) Fvery reflective skew chain A > B > C' is an isochain.

Proof. Theorem 4.1(iii) gives us (i)=-(ii). Conversely, if S satisfies (ii) then no subalgebra of S can be one
of the forbidden subalgebras of the last section, making S categorical. We next show that given z,y € B,
there exist u,v € B such that * —4 u —¢ y and © —¢ v —4 y. This guarantees that in B, every A-coset
meets every C-coset. Indeed, pick a € A and ¢ € C so that a > x > ¢. Note that a > a A (¢cVyVe)Aa,

cV(aANyAa)Ve>c But by assumption z is the unique element in B between a and ¢ under >. Thus
10



alN(cVyVe)Na=xz=cV(aANyAa)Vcsothat bothe —4cVyVe—cyandz—caAyANa—ayin B,
which gives (ii)=(i).

Next let S be categorical with A > B > (' as stated in (vii). The unique factorization in (vii) occurs
precisely when (ii) holds, making (ii) and (vii) equivalent, with (viii) being a variant of (vii). Finally,
(iii)-(vi) are easily seen to be equivalent variants of (ii). O
Corollary 4.3. Strictly categorical skew lattices form a variety of skew lattices.

Proof. We will show that strictly categorical skew lattices are characterized by the following identity (or
its dual):

zVyANzAuAy)Ve=zV(yAuhzAy)Vz. (4.1)
Let e denote the left side and f denote the right side. Observe that eDf since z A uDu A z. Note that
xVyVa >e, f>azby (1.1). Hence if a skew lattice S is strictly categorical, then (4.1) holds by Theorem
4.2(iii). Conversely, let (4.1) hold in S and suppose that a > both b, > ¢ in S with bDb'. Assigning
xr e,y a, z—bAY and u— ' Abreduced (4.1) tob=b0AU Ab=10 AbAY so that S is strictly
categorical by Theorem 4.2(iii). O

While distributive skew lattices are categorical, they need not be strictly categorical, but a strictly
categorical skew lattice S is distributive iff S/D is distributive. (See [7, Theorem 5.4].)

It is natural to ask: What is the variety generated jointly from the varieties of normal and conormal
skew lattices? To refine this question, we first proceed as follows.

A primitive skew lattice A > B is order-closed if for a,a’ € A and b,/ € B, both a,a’ > b and
a > bt imply o’ > b0'. A primitive skew lattice A > B is simply order-closed if a > b for all a € A

Aa - - - d

Bbv - - — ¥V

and all b € B. In this case the cosets of A and B in each other are singleton subsets. It is easy to verity
that a primitive skew lattice S is order-closed if and only if it factors into a product D x T where D is
rectangular and T is simply order-closed and primitive.

A skew lattice is order-closed if all its primitive subalgebras are thus. Examples include:

a) Normal skew lattices and conormal skew lattices;
b) The sequences of examples X,, and Y, of section 3.

On the other hand, primitive skew lattices that are not order-closed are easily found. (See [11, §§1,2].)
Theorem 4.4. Order-closed skew lattices form a variety of skew lattices.

Proof. The following generic situation holds between comparable D-classes in a skew lattice: where as

TAY - — — (zAyAuAvAzAYy)V(yAz)V(EAyAuANvATAY)

TANYANuNVANTANYy — — — TAYNVANUNTAY
usual, the dotted lines denote > relationships. Being order-closed requires both expressions on the right
side of the diagram to commute under V (or A). Commutativity under V together with (1.1) gives

(xAYAY Ay AXAY)V (YAT)V (TAYAU Ay AT AY) = flx/\y/\u ANYATAY)V (yAx)V(cAyAv A wAxAy) (4.2)



(or its dual) as a characterizing identity for order-closed skew lattices. 0J

Refining the above question, we ask:

Problem 4.5. Do order-closed, strictly categorical skew lattices form the join variety of the varieties of
normal skew lattices and their conormal duals?
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