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ABSTRACT. Motivated by Tukey classification problems and building on work
in Part 1 [5], we develop a new hierarchy of topological Ramsey spaces Ra,
a < wi. These spaces form a natural hierarchy of complexity, Ro being
the Ellentuck space [7], and for each @ < w1, Ra41 coming immediately
after R in complexity. Associated with each Ry is an ultrafilter U, which
is Ramsey for Ry, and in particular, is a rapid p-point satisfying certain
partition properties. We prove Ramsey-classification theorems for equivalence
relations on fronts on Rq, 2 < a < wi. These form a hierarchy of extensions
of the Pudlak-R6dl Theorem canonizing equivalence relations on barriers on
the Ellentuck space. We then apply our Ramsey-classification theorems to
completely classify all Rudin-Keisler equivalence classes of ultrafilters which
are Tukey reducible to Uy, for each 2 < a < wy: Every nonprincipal ultrafilter
which is Tukey reducible to U, is isomorphic to a countable iteration of Fubini
products of ultrafilters from among a fixed countable collection of rapid p-
points. Moreover, we show that the Tukey types of nonprincipal ultrafilters
Tukey reducible to U, form a descending chain of rapid p-points of order type
a+ 1.

1. OVERVIEW

This paper builds on and extends work in Part 1 (see [5]) to a large class of
new topological Ramsey spaces and their associated ultrafilters. Motivated by a
Tukey classification problem and inspired by work of Laflamme in [10] and the
second author in [14], we build new topological Ramsey spaces R, 2 < a < w;.
The space R denotes the classical Ellentuck space; the space Rq was built in [5].
The topological Ramsey spaces R, @ < wi, form a natural hierarchy in terms of
complexity. The space R is minimal in complexity above the Ellentuck space, the
Ellentuck space being obtained as the projection of R; via a fixed finite-to-one map.
More generally, R,+1 is minimal in complexity over R, via a fixed finite-to-one
map. For limit ordinals o, R, is formed by diagonalizing in a precise manner over
the R, B < a. R, is minimal in complexity over the collection of Rg, § < «, via
fixed finite-to-one maps.

Every topological Ramsey space has notions of finite approximations, fronts, and
barriers. In [5], we proved that for each n, there is a finite collection of canonical
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equivalence relations for uniform barriers on R; of rank n. In this paper, we
prove similar results for all 2 < a < w;. In Theorem 4.22, we show that for all
2 < a < wy, for any uniform barrier B on R, of finite rank and any equivalence
relation E on B, there is an X € R, such that E restricted to the members of B
coming from within X is exactly one of the canonical equivalence relations. For
finite v, there are finitely many canonical equivalence relations on uniform barriers
of finite rank; these are represented by a certain collection of finite trees. Moreover,
the numbers of canonical equivalence relations for finite v are given by a recursive
function. For infinite «, there are infinitely many canonical equivalence relations on
uniform barriers of finite rank, represented by tree-like structures. These theorems
generalize the Erdés-Rado Theorem [8] for uniform barriers of finite rank on the
Ellentuck space, namely, those of the form [N]™.

In the main theorem of this paper, Theorem 4.12, we prove new Ramsey-classifica-
tion theorems for all barriers (and moreover all fronts) on the topological Ramsey
spaces Rq, 2 < a < wy. We prove that for any barrier B on R, and any equiva-
lence relation on B, there is an inner Sperner map which canonizes the equivalence
relation. This generalizes our analogous theorem for R4 in [5], which in turn gen-
eralized the Pudlak-Rédl Theorem [13] for barriers on the Ellentuck space. These
classification theorems were motivated by the following.

Recently the second author (see Theorem 24 in [14]) has made a connection
between the Ramsey-classification theory (also known as the canonical Ramsey
theory) and the Tukey classification theory of ultrafilters on w. More precisely, he
showed that selective ultrafilters realize minimal Tukey types in the class of all
ultrafilters on w by applying the Pudlak-R6dl Ramsey classification result to a
given cofinal map from a selective ultrafilter into any other ultrafilter on w, a map
which, on the basis of our previous paper [4], he could assume to be continuous.
Recall that the notion of a selective ultrafilter is closely tied to the Ellentuck space
on the family of all infinite subsets of w, or rather the one-dimensional version of the
pigeon-hole principle on which the Ellentuck space is based, the principle stating
that an arbitrary f :w — w is either constant or is one-to-one on an infinite subset
of w. Thus an ultrafilter U on w is selective if for every map f : w — w there is
an X € U such that f is either constant or one-to-one on U. Since essentially any
other topological Ramsey space has it own notion of a selective ultrafilter living on
the set of its l-approximations (see [11]), the argument for Theorem 24 in [14] is
so general that it will give analogous Tukey-classification results for all ultrafilters
of this sort provided, of course, that we have the analogues of the Pudlak-Rédl
Ramsey-classification result for the corresponding topological Ramsey spaces.

In [10], Laflamme forced ultrafilters, Uy, 1 < o < wy, which are rapid p-points
satisfying certain partition properties, and which have complete combinatorics over
the Solovay model. Laflamme showed that, for each 1 < a < wy, the Rudin-Keisler
equivalence classes of all ultrafilters Rudin-Keisler below U, form a descending
chain of order type o + 1. This employed a result of Blass in [2] which states that
each weakly Ramsey ultrafilter has exactly one Rudin-Keisler type below it, namely
the isomorphism class of a selective ultrafilter. We review these results now.

Recall from [10] that an ultrafilter U is said to satisfy the (n, k) Ramsey partition
property (or RP™(k)) if for all functions f : [w]* — n*~! 4 1, and all partitions
(Am i m € w) of w with each A, € U, there is a set X € U such that | X NA,,| <w
for each m < w, and |f"[A,, N X]?| < n*~! for each m < w.
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Theorem 1.1 (Laflamme [10]). For each 1 < a < wy, there is an ultrafilter Uy,
forced by a o-complete forcing P, with the following properties.

(1) For each 1 < a < w, Uy, is a rapid p-point which has complete combina-
torics.

(2) Foreachl <n < w,U, satisfies the (n,k) Ramsey partition property for all
k>1. Forw < a < wi, U, satisfies analogous Ramsey partition properties.

(3) The isomorphism types of all nonprincipal ultrafilters Rudin-Keisler re-
ducible to U, forms strictly decreasing chain of order type o + 1.

(4) U, is weakly Ramsey but not Ramsey.

One line of motivation for the work in this paper was to find the structure
of the Tukey types of all nonprincipal ultrafilters Tukey reducible to U,, for all
1 < a < wp. In Part 1, we accomplished this for U7, proving that there is exactly
one Tukey type of non-principal ultrafilter Tukey strictly reducible to i4;, namely
that of the projection of Uy to a Ramsey ultrafilter. Here, we show in Theorem 5.13
that, in fact, the Tukey types of nonprincipal ultrafilters below that of i, forms a
descending chain of order type a4+ 1. Thus, the structure of the Tukey types below
U, is the same as the structure of the Rudin-Keisler equivalence classes below U,.

The stronger motivations were to find new canonization theorems for equivalence
relations on fronts on Ry, 2 < o < wy and to apply them to completely classify all
Rudin-Keisler types within the Tukey types of the ultrafilters U, , obtaining results
finer than Theorem 5.13. Each of the spaces R, is constructed to give rise to an
ultrafilter which is isomorphic to Laflamme’s U,,. We point out that the fact that
each U, arises from a topological Ramsey space gives a precise explanation of the
notion of ‘complete combinatorics’ of Blass and Laflamme. (See [5] for a detailed
discussion.) The canonization Theorems 4.22 and 4.12 generalize results in [5],
which in turn had generalized the Erdés-Rado Theorem for barriers of the form
[N]™ and the Pudlak-R6dl Theorem for general barriers on the Ellentuck space, re-
spectively. Applying Theorem 4.12, we completely classify all Rudin-Keisler classes
of ultrafilters which are Tukey reducible to U, in Theorem 5.11. These turn out to
be exactly the countable iterations of Fubini products of rapid p-points obtained as
projections of U, via canonical equivalence relations. This extends Theorem 5.10 in
[5], which classified the Rudin-Keisler classes of ultrafilters Tukey reducible to U;.
We remark that the fact that each R, is a topological Ramsey space is essential
to the proof of Theorem 5.11, and that forcing alone is not sufficient to obtain our
results.

The main new contributions in this work, as opposed to straightforward gener-
alizations of the work in [5], are the following. First, the cases when « is infinite
necessitate a new way of constructing the spaces R,. The base trees T, for the
spaces R, must be well-founded in order to generate topological Ramsey spaces.
However, the true structures are best captured by tree-like objects S, which are
neither truly trees nor well-founded. These new auxiliary structures S, are also
needed to make the canonical equivalence relations precise. Second, we provide a
general induction scheme by which we prove the Ramsey-classification theorems for
Ra, for all & < wy. The proof that R, is a topological Ramsey space uses the
Ramsey-classification theorems for all R, 8 < a. Third, new sorts of structures
appear within the collection of all Rudin-Keisler equivalence classes lying within
the Tukey type of U,, for « > 2. The isomorphism types of the p-points in the
Tukey type of U, are exactly computed from the canonical equivalence relations on
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the Ry (n). Every ultrafilter Tukey equivalent to U,, is isomorphic to some iterated
Fubini product of such p-points. Thus, many chains, antichains, and lattice-like
structures embed into the isomorphism types within [U,]r. We discuss this in detail
at the end of Section 5. Taken together, these constitute the first known transfinite
collection of topological Ramsey spaces and associated ultrafilters which, though
very far from Ramsey, behave quite similarly to Ramsey ultrafilters.

The space R and the main results in [5] form the starting point for the work in
this paper. The spaces R, @ < w1, are constructed in Section 2, based on infinitely
wide, well-founded trees T,. The fact that o may now be infinite necessitates a
new construction of the base trees T, for the spaces R, using auxiliary structures
S, to preserve information about how the trees were built. A new analysis of the
canonical equivalence relations is also necessary in this context. See Section 2 for
more discussion of these issues. By an induction on 2 < a < w; cycling through
Sections 3 and 4, each R, is proved to be a topological Ramsey space (Theorem
3.14) and the main theorem of this paper, the Ramsey-classification Theorem 4.12
for R, is proved for each 2 < o < wy. The classification of the isomorphism types
within the Tukey types of the U, is proved in Section 5. We then provide examples
of structures which embed into the isomorphism types within each Tukey type of
Uy. These are coded by the substructures of the S, along with iterated Fubini
products. We proceed to the main work of this paper, referring the reader to [5]
for further background and definitions.

The authors would like to thank Jordi Lopez-Abad for his generous help in
producing graphics of the trees and structures in Section 2.

2. CONSTRUCTION OF TREES T, AND THE SPACES (R, <a,7%), FOR a < w)

By recursion on o < wi, we construct trees Ty, related auxiliary structures S,,
and maps 73,4, 08,4, Ya, for B < a. After completing this recursive definition, we
then define the spaces R,. These spaces are modified versions of dense subsets of
the forcings P, of Laflamme in [10]. The main difference is that we pair down his
forcings and use trees and related structures instead of finite sets in such a way as
will produce topological Ramsey spaces.

The purpose of the S, is several-fold. They aid in the precision of the definitions
of members of R, while having the members of R, be well-founded trees (hence
countable objects). They also provide a simple way of understanding the canonical
equivalence relations in terms of downward closed subsets of the S,(n). This in
turn makes clear the structures of the Rudin-Keisler types and Tukey types of all
ultrafilters Rudin-Keisler or Tukey reducible to U,. For a > w, S, will not truly
be a tree, but will have a tree-like structure under the ordering of C. Downward
closed subsets of S, will be chains which are well-ordered by the reverse ordering
D on S,. This may seem a bit strange at first, but the S,’s are in fact the correct
structures, completely and precisely capturing the structure of the spaces R,,.

The maps ¢, : S, — T, are to be thought of as projection maps, projecting the
structure of S, onto the tree T,. For a < w-w, 73, will be the projection map
from T, to T and og, will be the projection map from S, to Sg. For o« > w - w,
this will almost be the case: Properties (1) and (1) below will be preserved.

Let Ro denote the Ellentuck space. For the recursive construction of R from
Ro, it is useful to represent the Ellentuck space as a space of trees as follows. Let
Ty denote the tree SN of height 1 and infinite width. The members of R are all
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infinite subtrees of Ty. For X, Y € Ry, Y <o X iff Y C X. Let Sy = Ty and g be
the identity map from Sy to Ty.

FIGURE 1. The tree T

In order to accommodate the recursive definitions of the trees T,, 1 < a <
w1, we very slightly modify the definition of Ty from [5] by changing T;(0) from
{(), (0),(0,0)} to {(),(0)}. The structure S; here is exactly the structure T; from
[5]. The reader familiar with that paper will immediately see that this re-definition
does not change any of the results in there. In fact, we could use the same definition
of Ty here as in [5] and just define all trees T,, below to be exactly S, for all n < w.
The shortcoming of that approach is that it will not lead to a recursive definition
for Ty, w < a < wi.

Definition 2.1 (T4, 791, S1, 00,1, ¥1). Let I =0, 19 =1, 13 = 3, and generally,
9., =12 +n+1, for n > 2. Define

(2.1) T1(0) = {0, (0)}.

For 0 < n < w, let

(2‘2) Tl(n) = {<>7 <n>7 (n,z) : lvoz <1< l?b“rl}'
Let
(2.3) Ty = |J Ti(n).

Note that T, is a tree, ordered by end-extension, which is a substructure of <2N.

H™ A QA S D R P BSOS S D
RSN ST Y e o o o

&
@ e @t @

FIGURE 2. The tree Ty

Define 791 : Ty — Ty, the projection of Ty to Ty, by
70,1((0)) = (0);
7o,1(t) = (¢(1)), if [t] = 2;
1701(t) = (), if t =(ny and n#0 or ¢t = ().
(2.4)

Define the auxiliary structure S; as follows. For each n < w, let S;(n) be the
collection of functions f with domain {0,1}, {1}, or @ such that if 0 € dom(f),
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then Iy < f(0) <1p,,, and if 1 € dom(f), then f(1) = n. Let S; = {J,,.,, S1(n).
Note that S; forms a tree structure under extension. For example, {(1,1)} C
{(0,1),(1,1)} in the extension ordering on S;.

S D5 AR D DRSS
Ne N\ S NSRNERNURNSRNSINGNS

d i QQ\: o \ﬂ) \(b\ Q‘» \Q Q® Q/\ \b\ Qq\

omam &S N NN RN

Sy [0,1]

1.1]

FIGURE 3. The tree S;

Define 091 : S1 — Sg, the projection of S1 to Sg by 0¢,1(s) = s | {0}, for each
s € S1. For each n < w, there is a natural projection map v : S; — T3 such that

for each n < w, ¥{S1(n) = T1(n). This map is defined by
$1({(0,0), (1,0)}) = 1 ({(1,0)}) = (0);
1({(0,7),(1,n)}) = (n,i), for n > 1;
1({(1,n)}) = (n), for n > 1;
1 ({0}) = ()-

(2.5)

Remark 2.2. S; has a tree structure under the ordering C, but with the domain of
the sequences reversed in order. This is done so that it will be clear exactly how
S is built from Sg, for 5 < «, and also to aid in understanding the Rudin-Keisler
ordering on the ultrafilters U, Ramsey for the spaces R,,.

In preparation for the recursive construction, assume that we have fixed, for
each limit ordinal a < wi, a strictly increasing cofinal function ¢, : w — «. For
a=w-(n+1) for n < w, we may take ¢, : w — « to be given by ¢, (m) = w-n+m.
Though not necessary, this does make the spaces T,,, a < w - w very clear.

Given that Tg and Sg have been defined, we define the maps o, g and 7, g for
all v < B as follows. Define o, 3 on Sg by 0,5(s) = s | (y+ 1), for each s € Sg.
Hence, if dom(s) = [¢, 8] with ¢ < ~, then 0, 4(s) = s | [(,7]; and if v < { < 3,
then o, 5(s) = 0. Note that for each t € Tg, 1)y 00y 50 wgl(t) is a singleton. (The
singleton can be the set containing the empty sequence.) Define 7, 5(t) to be the
member of ¢, 00, 30 wgl(t).

By our choices of the functions ¢, for o < w-w, it follows that for all v < f < w-w,
oy3 S8 =+ Sy and 7y 5 : Tg = T,. For v > w - w, this will not necessarily be
the case. However, the following properties (1) and (1) hold for 8 = 1, and we
will preserve them for all 5 < w;. For m < w, we shall let Sg([m,w)) denote
U{Sg(n) : m <n <w}.

() For each v < 3, there is a k < w such that for each I > k, thereis an m < w
such that S, (1) C o,,5(Sg(m)).

In particular, there are k,m < w such that o, g(Sg([k,w))) =S, ([m,w)).
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(1) For each v < 3, there is a k < w such that for each I > k, there is an m < w
such that T, (1) C 7y g(Tg(m)).

Induction Assumption for 1 < o <w;. Let 1 < a < w; and suppose that for all
B8 < a we have defined Tg, Sg, g, and for all v < 8 < a, we have defined o g, 7,8
so that (1) and (i) hold.

There are two cases for the induction step: either « is a successor ordinal or else
« is a limit ordinal.

Definition 2.3 (T,, S, ¥, « a successor ordinal). Suppose that a = § + k + 1,
where ¢ is either 0 or a countable limit ordinal and k < w. For n < k + 1, define
0tk = n, and for n > k + 1, define I* | =% 4+ (n + 1) — k. For each n < k, let

(2.6) To(n) = Ts4(n).

For each n > k, let

(2.7) Ta(n) = {0} U{(n) "t t € (T (i) : 10" < i <1025}
Let

(2.8) To = J{Ta(n) : n <w}.

For each n < w, define S, (n) to consist of the empty set along with all functions
f11B,al, B<a,where f = gU{(a,n)} for some g € J{Ss4x(l) : 15TF <1 <10tk
with dom(g) = [0, + k]. Let So = U, ., Sa(n).

There is a natural projection map v, : S, — T, such that for each n < w,
VIS4 (n) = Ty(n), defined as follows. Let s € Sy(n). If dom(s) = 0, then let
Yo (s) = (). If dom(s) = [«, a], then let 1,(s) = (n). Now suppose dom(s) = [¢, ]
where ¢ < a. If n < k, then let ¥, (s) = ¥s1x(s | [¢(,6 + k]). If n > k, then let
Gals) = ()~ Vssr(s | [C,6+K)).

Definition 2.4 (T,, S,, %a, o a limit ordinal). For n = 0, letting v = ¢,(0) <
B = ca(l) < a, by (1) there is a ko such that for each k > kg, there is an m such
that T (0)(k) C 7c,(0),ca(1)(Ter1y(m)). Choose the least such kg and fix mg such
that T._ (o) (ko) C T, (0),ca(1)(Te,(1)(70)) and let Iy be the largest integer such that
T, (o) € T, (1)(mo). For each i <o, let

(29) Ta(i) = Tca(O)(i)

Define p_; = 0 and pg = lp.
Assume we have defined T, () for all ¢ < p,, such that
(1) For each p,—1 < i < py, Ta(i) = T (n)(m) for some m; and for some
lp,my:
(2> Ta(pn) = Tca(n) (ln)y
(3) Te, (n)(ln) € Te, (nt+1)(mn), and I, is the largest such;
(4) For all ¢ > I,,, there is an m such that T, (,)(q) € Te, (nt1)(m).

Use (I) to find a k,4+1 such that for each ¢ > k,y1, there is an m such that
Te, (n+1)(@) € Te¢, (n42)(m). Choose the least such k, ;1 > m, and fix m, 1 such
that T._ (n41)(kns1) € Te, (nt2)(Mny1) and let 1,11 be the largest integer such that
Tca(n+1)(ln+1) - Tca(n+2) (mn+1)- Put

(2.10) Ta(i) = Te, (nt1) (M + 10— pp),
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fori=pp+1,...,pn +lpnt1 — My = ppy1. Let

(2.11) To = J{Ta(h) 1§ < w}.

Note that () is preserved up to and including « by this construction.
Define S,, to be the collection functions with domain a4 1 (ordered downwards)
as follows. For each n < w and p,—1 < i < py,, let S, (i) consist of the emptyset
along with the collection of all functions f, satisfying
(1) dom(f) = [B, ] for some 8 < «;
(2) f1[B;ca(n)] €S, m)(m), where m is such that Ty (i) = T, (,)(m); and
(3) f1[ca(n)+ 1,a] is the constant function with value 1.

Then we set

(2.12) Sa = | Sald)
i<w
There is a natural projection map v, : S, — T, such that for each n < w,
PS4 (n) = To(n). For i < w, s € Su(i) and n such that p,—1 < i < p,, define
1/Ja(5) = '(/)ca(n) o Uca(n),a(s)

To build the reader’s intuition, some structures are now displayed. The pattern of
construction of T from T; should help the reader construct a picture Ts. Likewise,
S1 and Sy provide enough for the reader see the structure of Sz. At limit stages,
the tree T,, diagonalizes over the the previous T,,, n < w; whereas the structure
S, is a true extension of each S,,, n < w. T,41 and S,41 are provided to help the
reader see the continuation of the constructions after a limit ordinal.

B P A A S NS OSSN PP o

I O S e e P M 0% o % o &
T I N A R R VS R R R ‘\‘0“\‘-"‘\’9”@ PRGNS
2

(1 % (2.2 (2,3) 3.4) (3,5) (3,6)

FIGURE 4. The tree Ty
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domain

Sy 02

FiGURE 5. The tree Sy

SPGB DD S\
BN B SASBS 0 aet ore” Y

S M @Y @Y @MY o @t ot o
T,
ay N @2 @3 ¥3.3.9¥335 ¥3.3,6) <3,4.7> (3.4,8) V(3,4,9) {(3.4,10)
@) (3,3) B4y
@) )
()
FIGURE 6. The tree T,
domain QN P A DD D ADD DI
Sw py & Y ST T eeT ot ety
LW
Lw] ¢ (L0) (1,1)
[2,w] (2,0) (2,1)
Bl 4 (3,0 (3.1)
] @0 (@) :
. W
0

FIGURE 7. The tree S,
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S
B 6 8 T
xﬁ\ xﬁ\ w”ﬁ 3 %@?mﬁp %§%%é>
NN N SRR
Tw +1 N o2 Rl RS .
. o > o
(1,2) € (2,3,3) (2,3,4)

(2,4)

domain
Q

Sw+1 pw+u\
[Lw+1]
2,w+1)
3,w+1)

[4,w+1]

(3.4) (3.5

[w,w+1]

[w+1,w+1]

0

FIGURE 9. The tree S,11

Recall that the nodes in the structures S, are functions with domain [3, a] for
any 8 < a, or else the empty function. The labels for the nodes in the above
graphics for S, and S,;1 had to be pared-down to fit on the page and are to be
read as follows: The node in the figure represents the function consisting of that
node and all nodes below it. For example, the node (2,0) in Figure 7 represents
the constant zero function with domain [2,w], and the node (0,4) in Figure 7
represents the function {(0,4), (1,2),(2,2),(3,2),..., (w,2)}. Likewise, in Figure 8,
the node (3,0) represents the constant zero function with domain [3,w + 1], and
(1, 3) represents the function {(1,3),(2,2),(3,2),(4,2),..., (w,2), (w+1,1)}.

For each a < wy, if 5,5’ € S,, dom(s) =[5, a], dom(s’) = [#’, o], we say that s’
is an immediate successor of s iff = '+ 1 and s’ D s; we also say that s is the
immediate predecessor of s'. We shall say that s is a splitting node iff 3 is a successor
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ordinal, say § = v+ 1, and there are sg, $1 € S, with dom(sg) = dom(s1) = [y, o],
so | [B,a] =s11[B,a] =s, and sg # s1 (that is, so(7y) # s1(7))-

Note that for each t € Ty, ;' (¢) is a closed interval of S, (n) and the maximal
node in () is either maximal in S, or else a splitting node in S,. Whenever s
is a splitting node in S,, min(dom(s)) must be a successor ordinal. This allows us
to define the lexicographic ordering <jex on S,.

Definition 2.5. For s,s" € S,, define s <jox s iff either s C s’ (i.e. s’ properly
extends s), or else s(f — 1) < s'(8 — 1), where 8 < « is the maximal ordinal such
that s [ [3,a] = ¢ | [8,a] and s(8 — 1) # /(8 — 1). By isomorphism between

substructures of S, we mean a bijection which preserves the lexicographical order.

Remark 2.6. Each S, forms a tree-like structure. For n < w, S, truly is a tree. For
each s € S, {s' €S, : § C s} forms a linearly ordered set which is well-ordered
by D. Moreover, for each n < w, there are only finitely many splitting nodes in
Sa(n). The S, may be viewed as the true structures, the trees T, being obtained
by the simple projection mappings ¢, : So — To. The map 1, essentially glues
all non-splitting nodes between two consecutive splitting nodes of S, to the upper
splitting node.

We are now equipped to define R,,.

Definition 2.7 (Ra, <a,r*), 1 < a < wi). A subset X C T, is a member of R,,
iff Y 1(X) = S,. Equivalently, X € R, iff there is a strictly increasing sequence
(kn)n<w such that

(1) X NTy(m) # 0 iff m = k,, for some n < w;

(2) For each n < w, ¥ 1 (X NTa(kn)) = Sa(n).
For the sequence (k;,)n<. above, we let X (n) denote X N T,(k,). We shall call
X (n) the n-th tree of X. For each n < w,

(2.13) Ra(n) ={X(n): X € Ry}

For n < w, ry;(X) denotes |J;,, X (i). The set of n-th approximations to members
in Ry is

(2.14) AR = {ri(X) : X € Ra}s
and the set of all finite approximations to members in R, is
(2.15) AR = | ] AR;.

n<w

For X,Y € R,, define Y <, X iff there is a strictly increasing sequence (ky,)n<w
such that for each n < w, Y (n) C X (k).

Let a,b € AR® and A, B € R,. The quasi-ordering < on AR is defined as
follows: b <§, a if and only if there are n < m such that a € AR, b € AR;,, and
there is a strictly increasing sequence (k;)i<, with k,—1 < m such that for each
i < n, b(i) is a subtree of a(k;) (equivalently, b(i) C a(k;)). In fact, <Z is a partial
ordering. We write a < B if and only if there is an A € R, such that a C A and
A <, B. B/a is defined to be [J{B(n) : n > depthg(a)}. The basic open sets are
given by

(2.16) [a,B]={X € Ry :a C X and X <, B}.
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Remark 2.8. Since the quasi-ordering <§, is actually a partial ordering, it follows
from Corollary 5.19 in [15] that for any front F on [0, X], X € R,, there is a
Y <, X for which F|Y is a barrier.

We point out the following trivial but useful facts.

Fact 2.9. (1) For u C Ty, u € Ra(n) iff w1 (u) C Sa(m) for some m > n
and (1) = Sa(n).

(2) u € Ra(n) iff the structure obtained by identifying each node t in u which
s both not a leaf and not a splitting node in u with the minimal splitting
node in u above t, is isomorphic to Ty (n).

(3) Because of the structure inherent in being a member of Ry, the following
are equivalent for all XY € Ry:

(a) YV <, X.

(b) There is a strictly increasing sequence (kn)n<w such that for each n <
w, Y(n) is a subtree of X (ky), ¢ ( (n)) is isomorphic to S, (n), and
P 1Y (n)) is a substructure of wa (X (kn)).-

e}

(¢) YCX.
Throughout this paper, we use the following fact without further mention.

Fact 2.10. Suppose 1 < a<wi, n<w, a € AR, B € Ry, and there are k < k'
such that B(n) C Ty (k') and a(n — 1) C Ty (k). Then a U (B/r%(B)) is a member
of Ra-

3. Ra IS A TOPOLOGICAL RAMSEY SPACE, FOR EACH o < w;

In this section, we prove by induction that each R, 2 < a < wq, is a topological
Ramsey space. In the process, we define the canonical equivalence relations on
Ra(n) and on AR;. Recall that Ry denotes the Ellentuck space, which is the
fundamental example of a topological Ramsey space. In Theorem 3.9 of [5], Ry
was shown to be a topological Ramsey space. This forms the basis of the induction
scheme which cycles through this and the next section. We begin this section by
setting the stage for the introduction of the canonical equivalence relations.

A subset S C S, is called downward closed iff ) € S and, for all s € S, if
dom(s) = [B, ], then also s [ [y,a] € S for all v € [5,a]. Two downward closed
sets S,S" C S, are isomorphic iff there is a bijection between S and S’ which
preserves the lexicographic ordering.

Definition 3.1. For each n < w, define &,(n) to be the collection of all non-
empty downward closed subsets of S, (n). For each n < m, Ry (n)|Ta(m) denotes
the collection of all uw € R,(n) such that u C T,(m). Define S € &, (n,m) iff
S € G4(n) and there is a u € Ry (n)|To(m) and a nonempty subtree v C u such
that S =2 ¢ 1(v).

We point out the following. The set {(}} is the C-minimal member of each & (n);
{{)} is the smallest nonempty subtree of any member in R, (n). ¥, !(v) = {0} iff
v = {()}. Note that &, (n,m) is finite, for all n < m. However, if « is infinite, then
Ga(n) is countably infinite.

Given 3 < a, we shall let S, or just Sg, denote the member of &,(0) which is a
downward closed chain of order type [3, @ +1]. Thus, Sg = S4(0) | [8, @+ 1], which
is the collection of all constantly zero functions on domains [y, o], for 8 < v < a,
along with the empty function.
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Examples 3.2. G5(1,1) consists of all subtrees of So(1) except for {{(2,1),0}};
that is, the members of G2(1,1) are So(1); {{(0,1),(1,1),(2,1)},{(1,1),(2,1)},
(201,05 {{00.2), (1,1), (2 1)}, 1(1,1), 2, D, {2, 13,05 (LD, (2, D)1, {2 1)},
0}; {{(2,1)},0}; and {0}. S2(1,2) = S2(1,1) U{{(2,1),0}}. Note that G5(1) =
Ga(1,2).

S,(0,0) = {S¥,{0}}, 6,(0,1) = {S§,S¢,{0}},..., and in general, &, (0,m) =
{58+ 55} U0} ©0(0) = Uppcy, S0(0,m) U {{(w,0), 01} = {S¢ : b < w).

The next fact follows immediately from Definition 3.1.

Fact 3.3. Letn <m < m/.
(1) Ga(n,m) C S4(n,m') C Sy(n).
(2) Ga(n) = UH{Ga(n,m) :m =n} U{{(a,n),0}}.

Next we define projection maps mg. The map mg takes a structure w in its
domain and projects it to the substructure of v whose 1,-preimage is isomorphic

S.

Definition 3.4. Let 1 < o < wy and m < w be given. Let S € &,(m). Define
s on Ro(m) as follows: Given u € Ry(m), let ¢, : So(m) — 5 (u) be the
isomorphism from S, (m) to ¢! (u). Define

(3.1) ws(u) = a0 1y (S).
Given n < m, letting S be the subset of Sg(m) which consists of the lexicographi-
cally least (i.e. leftmost) members of S, (m) which together comprise a set isomor-

phic to S,(n), let 7y, ,, denote 75 for this particular S.

Note that if n < m and S is any downward closed subset of S, (m) such that S
is isomorphic to S, (n), then 7g is in fact a map from R, (m) to R (n).
We now introduce the various canonical equivalence relations.

Definition 3.5 (Canonical Equivalence Relations on R, (n), for o < wq). For each
n < w, each § € 6,(n) induces the equivalence relation Eg on R, (n) defined as
follows: For u,v € R4(n),

(3.2) uEgv & mg(u) = mg(v).

Let £4(n) denote the collection of all equivalence relations of the form Eg, where
S € 64(n). Ex(n) is the set of canonical equivalence relations on Ry (n).

Definition 3.6 (Canonical Equivalence Relations on R, (n)|X(m), for a < wy,
X € Ry, and n <m < w). Given any o < wy, X € Ry, and n < m, the canonical
equivalence relations on Ry (n)| X (m) are given by Eg, where S € &, (n, m).

Remark 3.7. For any n < m and any S € &,(n), there is an S’ € &,(n,m) such
that Eg is the same as Eg/ when restricted to R, (n)|X (m). Moreover, this S’ is
unique, and it must be the case that S C 5.

Definition 3.8 (Canonical Equivalence Relations on ARY). For any given ng <
np <w and X € Ry, let X[ng,n1) =U{X(n) : np <n <ni}. Let

(3.3) Ralno,n1) = U{X[no,nl) : X € Ra}

We shall say that an equivalence relation E on R ([ng,n1)) is canonical iff there
are S(i) € 6,(i), ng <i < ny, such that for all z,y € Ry([no,n1)),

(3.4) rBEy < Vng <i<ni, x(i) Egy)y(i).
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Taking ng = 0 and n; = n, this defines the canonical equivalence relations on
ARy, for all o < wy.

Numbers of Canonical Equivalence Relations. For each k,n < w, the
number of canonical equivalence relations on Rg(n) and ARfL are given by a re-
cursive formula. Let Nj(n) denote the number of canonical equivalence relations
on Rk (n). Recall from [5] that for each n, N1(n) = 2"*! + 1, and for n > 1, there
are I;<, (27! + 1) canonical equivalence relations on AR.. It will be proved in
Section 4 that the canonical equivalence relations on R, (n) and AR, are precisely
the ones defined above. Hence, for k£ > 1,

N [ Ni(n)+1 ifn<k
)= (g, NeG) 41 i > k

For n > 1, there are II;,.,, Ny (i) many canonical equivalence relations on AR}..
Thus, for k = 2, there are 4 canonical equivalence relations on R2(0); 6 canon-
ical equivalence relations on Ro(1); 154 canonical equivalence relations on R(2);
etc. There are 4 canonical equivalence relations on ARY; 24 canonical equivalence
relations on ARS; 3696 canonical equivalence relations on AR%; etc.
For w < a < wy and n < m, S,(n,m) is finite; however, &,(n) is countably
infinite.

The following theorem for R, was proved in [5]. Recall that ARL|D denotes the
collection of all @ € AR}, such that a <} D.

Theorem 3.9 (Canonization Theorem for AR} [5]). Let 1 < n < w. Given any
A € Ry and any equivalence relation R on ARL|A, there is a D <; A such that R
is canonical on ARL|D.

Theorem 3.9 serves as the basis for the following Inductive Scheme: Given
Theorem 3.9, we prove Theorem 3.10 and Lemma 3.11 for 8 = 1. These are then
used to prove Theorems 3.12, 3.13, and 3.14 for for &« = 2. Given these theorems,
we then prove Theorems 4.12 and 4.22 in Section 4 for a = 2. The induction scheme
continues for 3 < a < w; as follows. Assume Theorems 4.22 and 3.12 hold for all
1 < B < a. If ais a successor ordinal, say o = 84 1, then we also assume Theorem
3.10 and Lemma 3.11 hold for all 1 < v < 3, and we prove Theorem 3.10 and
Lemma 3.11 hold for 8. If « is a limit ordinal, then by the time we have proved
Theorems 4.22 and 3.12 for all 1 < 8 < «, we will also have proved Theorem 3.10
and Lemma 3.11 for all 1 < 8 < a. These are then used to prove Theorems 3.12,
3.13, and 3.14 for «, so that in particular, R, is a topological Ramsey space. Then
we prove Theorems 4.12 and 4.22 for « in Section 4.

Thus, let 1 < @ < wy. In order to prove that R, is a topological Ramsey space,
we will need to show that the Pigeonhole Principal A.4 holds for R, (n), for each
n < w. Toward this end, we first prove some finite canonization theorems. The next
theorem follows from Theorem 3.9 for 5 = 1; for 8 > 2, it follows from Theorem
4.22 for f. We omit the proof, as it is completely analogous to the standard proof
of the Finite Ramsey Theorem from the Infinite Ramsey Theorem.

Theorem 3.10 (Finite Canonization Theorem for AR?). For each n < k < w
and each X € Rg, there is an m < w such that for each equivalence relation E on
ARP|rB (X)), there is an a € AR@T&(X) such that B is canonical on AR?|a.
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Lemma 3.11. Letng < ny and kg < k1 be such that kg > ng and k1 —ko > n1—ng,
and let X € Rg. There is an m such that for each equivalence relation E on
Rpsno,n1)|r2 (X), there is a y € RPlko,k1)|r2(X) such that E is canonical on
Rglno,n1)ly.

Proof. Let ng,n1, ko, k1 be as in the hypotheses. Take m from Theorem 3.10 for n
and k;. Let E be an equivalence relation on R”?[ng,n1)|r? (X). Define an equiva-
lence relation E' on ARQI |72 (X) by defining a E’ b if and only if a[ng, n1) E b[ng, n1),
for a,b € ARQl |r (X). Then there is a ¢ € ARgl |r8 (X) such that E' is canonical
on AR |e. Hence, E is canonical on R?[ng, n1)|clko, k1) O

Theorem 3.12 (Finite Canonization Theorem for R,(n)). Let n < k < w and
X € R, be given. Then there is an m such that for each equivalence relation E on
Ra(n)| X (m), there is a y € R (k)| X (m) such that E is canonical on Ry (n)|y.

Proof. Let n,k, X be as in the hypotheses. There are two cases.
Case 1. « is a successor ordinal.

Let B be such that o« = B+ 1. Let ng =12, ny = lﬁH, ko = l,f, and k; = l£+1'

Take mg from Lemma 3.11. Let m be large enough that li+1 —18, > my. Let E be an
equivalence relation on R, (n)|X (m). Takea € Aano such that a C 75 , X (m). Let
E’ be the equivalence relation on Rg[ng, n1)|a induced by E in the following manner:
For all u/,v" € Rg[ng,n1)la, v’ E'v" iff uEv, where u = {()} U {(m)"t: ¢ € v}
and v = {()}U{(m)"¢t:¢t €v'}. By Lemma 3.11, there is a ¢y’ € ARgl |a such that
E' is canonical on Rg[ng,n1)|y [ko, k1), given by some S(i) € S5(i), ng < i < ny.
Letting y = {()} U {(m)"t : t € y'[ko,k1)}, we have that y € R,(k). Moreover,
E is canonical on R, (n)|y, given by Eg, where if at least one S(i) # {0}, then we
let S = {0} U{sU{(a,n)}:no <i<mng, se S} and if all S(i) = {0}, then
= {0}.

Case 2. o is a limit ordinal.

Let v < 4 and n, ks be the ordinals such that T(n) = T (ny) and To(k) =
Ts(ks), by construction of Tq. T4 (n,) is contained in T,/YC(ST(;(TL(;), for some ns < ks.
Note that necessarily ns < ks. Take S € Gs(ns) which satisfies 7., 5 0 ms(Ts5(ns)) =
T.,(ny). Take k' large enough that for any w € Rs(k’), there is some member
v € Rs(ks)|w such that as u ranges over Rs(ns)|w, their projections 7., 5 o mg(u)
range over (and possibly beyond) R, (n,)|v. By Theorem 3.12 for R, there is an
m such that for each x € Rs5(m) and equivalence relation E' on Rs(ns)|z, there is
a w € Rs(k")|z such that E is canonical on Rs(ns)|w.

This m works for R,: Let X € R, and take any equivalence relation E on
Ra(n)| X (m). Take z C 75,(X(m)) such that x € Rs(m). Let stem(x) denote the
collection of all t € X (m) which are strictly below all nodes in z. Note that stem(x)
is a downward closed interval in X (m). Define E’ to be the equivalence relation on
Rs(ns)|z as follows. For y € Rs(ns), let § denote the member of R, (n) for which
75.0(9) = y. For y,z € Rs(ns)|z, define y E' 2 iff §Ez. By Theorem 3.12, there is
aw € Rs(k')|z such that E' is canonical on Rs(ns)|w. By our choice of k', there is
some member v € Rs(ks)|w such that as u ranges over Rs(ns)|w, their projections
7y,5 0mg(u) range over (and possibly beyond) R (ny)|v. Let o = vUstem(z). Then
7 € Ra(k), and E is canonical on R, (n)|o. O
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Theorem 3.13 (Finite Version of the Pigeonhole Principle for R, (n)). Let n <
k < w and X € Ry be given. Then there is an m such that for each 2-coloring
fiRa(n)|X(m) — 2, there is a y € Ro (k)| X (m) such that f is monochromatic on
Ra(n)ly.

Proof. Let n,k, X be as in the hypotheses. Take m from Theorem 3.12. Then there
is a y € Ro(k)|X (m) such that the equivalence relation induced by f is canonical
on R, (n)|y. But the only canonical equivalence relation induced by a 2-coloring is
the trivial one. Thus, f is monochromatic on R (n)|y. O

Theorem 3.14. (R,, <4,7%) is a topological Ramsey space.

Proof. By the Abstract Ellentuck Theorem, it suffices to show that (R, <., r%)isa
closed subspace of the Tychonoff power (AR*)N of AR® with its discrete topology,
and that (Rq, <q,7) satisfies axioms A.1 - A.4.

Ro is identified with the subspace of (AR®)N consisting of all sequences (a, :
n < w) such that there is an A € R, such that for each n < w, a,, = r$(A). That
Re is a closed subspace of (AR*)Y follows from the fact that given any sequence
(an : n < w) such that each a,, € AR and r%(ay) = ay, for each k > n, the union
A =, <, @n is a member of R,. A.l. and A.2 are trivially satisfied, by the
definition of R,.

A.3. (1) If depthg(a) = n < oo, then a <, r(B). If A € [depthg(a), B,
then r&(A) = r%(B) and for each k > n, there is an my, such that A(k) C B(my).
Letting [ be such that a € AR}, for each ¢ > 1, let w(l 4 4) be any subtree of
A(n + i) such that ¥ 1 (w(l +i)) = Sa(l +1i). Let A’ = aUU{w(l +1i) : i > 1}.
Then A’ € [a, 4], so [a, A] # 0.

(2) Suppose A <, B and [a,A] # (. Then depthz(a) < oo since A <, B.
Let n = depthg(a) and k = depth,(a). Note that & < n and for each j > k,
A(j) € B(l) for some I > n. Let A = r&(B) UU{A(n + 1) : i < w}. Then
A’ € [depthg(a), B] and 0 # [a, A'] C [a, A].

A.4. Suppose that depthg(a) =n < oo and O C AR[, ;. Let k = [a]. (Recall
that r¢, [a, B] is defined to be the collection of ¢ € AR}, such that r(c) = r{(a)
and c(k) is a subtree of B(m) for some m > n.) So we may think of O as a 2-coloring
on the collection of subtrees u C B(m), m > n, such that ¢, (u) = S, (k). Say a
set u € Rq(k)|B/r%(B) has color 0 if aUw is in O and has color 1 if a Uw is in O°.
By repeated applications of Theorem 3.13, we can construct an A € [depthp(a), B]
such that either ri41[a, A] C O, or else ri41[a, A] C O°. O

4. RAMSEY-CLASSIFICATION THEOREMS FOR R, 2 < a < w;

This section contains the Ramsey-classification theorems for equivalence rela-
tions on fronts on the spaces R, 2 < a < w;. Recall the Definitions 3.5, 3.6, and
3.8 of the various canonical equivalence relations. We provide new facts here, not
in [5], necessitated by the fact that e may be an infinite, countable ordinal.

Fact 4.1. Let n <m < w and X € R,, and suppose R is an equivalence relation
on Ra(n). Then there is an S € &(n,m) and a Y <, X such that for each
y € Ra(m)|Y, R [ (Ra(n)|y) is given by Es.

Proof. For each S € &(n,m), let
(4.1) Xs = {¥ <o X R | (Ra(n)|Y(m)) = Es}.
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Since &(n,m) is finite, applying the Abstract Ellentuck Theorem and Theorem 3.12
for Ra(n), we obtain an S € &(n,m) and a Y <, X such that [0,Y] C Xs. O

It is useful to point out the following statement, which can be proved using (1)
by a simple induction on a < wy: For every s € S,(n) which has domain [8, ]
for some < a, there is an n’ > n such that any embedding of S,(n) into S, (n’)
sends s to the immediate successor of a splitting node in S, (n’). By an embedding,
we mean an injective, lexicographic order-preserving map ¢, such that if s’ is an
immediate predecessor of s, then +(s’) is an immediate predecessor of ¢(s).

Fact 4.2. Let n < m < m' and R be an equivalence relation on Ry (n). Suppose
that S € Gy(n,m), S’ € &y(n,m’'), and X € R, satisfies R | (Ro(n)|z) = Eg for
all z € Ro(m)|X, and R | (Ra(n)|z) = Egr for all z € Ro(m')|X. Then S" C S.
Moreover, given any embedding ¢ : Sq(n) — Sa(m), for every s € S such that (s)
is an immediate successor of a splitting node in So(m), s is also in S’.

Proof. Assuming the hypotheses, let x € Ro(m’)|X and z € Rq(m)|z. Then for
all y, v’ € Ro(n)|z, we have that also y,y" € Re(n)|z. Thus, yEgy’ implies y R/,
which in turn implies y Eg: y’. Hence, S’ C S.

Suppose that there is an embedding ¢ : Suo(n) — Sa(m) and an s € S\ 5’
such that ¢(s) is an immediate successor of some splitting node in S,(m). Then
there are z € R,o(m')|X and y,y’ € Ra(n)|z such that y /Eg ¢ but yEg ¢/,
contradiction. O

The next theorem will be essential in the proof of the main theorem, Theorem
4.12. Lemma 4.4 is included, as the argument there will be useful elsewhere.

Theorem 4.3 (Canonization Theorem for Equivalence Relations on Ry (n)). Let
R be an equivalence relation on Ry(n) and let X € Ry(n). Then there is an
S e€B,(n) and aY <4 X such that R | (Ra(n)|Y) is given by Eg.

Proof. Assume the hypotheses. Recall the map 75y, ,, : Ra(n + 1) = Ra(n) from
Definition 3.4. Let

(4.2) X={X'"<o X: X' (n)R 7y, (X (n+1))}.

This set X will tell us whether or not the lexicographically least node in X'(n)
matters to the equivalence relation R. By the Abstract Ellentuck Theorem, there
is an X’ <, X such that either [#, X’] C X, or [, X'] N X = (). Possibly thinning
again, letting S, denote {(a,n),0} € G,(n), we obtain a ¥ <, X’ such that either

(i) for all u,v € Ry (n)|Y, uRv; or

(i) for all u,v € Ro(n)|Y, if uR v then 7g_(u) = mg, (v).
If case (i) holds, let Z =Y and S = {0}. In this case, uRwv for all u,v € R,(n)|Z.
Otherwise, case (ii) holds.

Suppose a < w. Then S, (n) is a finite tree, so &, (n) is finite and consists of all

finite subtrees of S, (n). Take k > n large enough that S, (n, k') = &, (n, k) for all
k' > k. For each S € &,(n) \ {0}, define

(4.3) Vs ={Y' <, Y :Vu,v € Ro(n)|Y'(2k)(uRv iff uEgv)}.
Let V' = [0, Y]\ Uses, (nr) Vs- Then the Vs, S € &4 (n)\ {0} along with Y’ form
an open cover of [, Y]. Since &, (n) is finite, by the Abstract Ellentuck Theorem,

there is a Z <, Y such that either [}, Z] C Vs for some S € &,(n) \ {0}, or else
[0,Z] CY'. By Theorem 3.12 for R,, it cannot be the case that [}, Z] C )’. Since
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we are under the assumption that (ii) holds, there is some S € &, (n) \ {0} such
that R | (Ra(n)|Z) is given by Eg.

Now suppose that w < a < w;. Then S, (n) is not a tree, and S, (n) is countably
infinite.

Lemma 4.4. Suppose w < a < wi. Let n < w, R be an equivalence relation
on Ra(n), and Y € R, such that (ii) holds; that is, for all u,v € Ro(n)|Y, if
uRwv then ws, (u) = mg, (v). Then there is a decreasing sequence, Y =Y, >,
Yot1 >a ---5 and Sy, € G (n,m) for m > n such that S, 2 Sp+1 2 ... and for
each m > n, R [ (Ro(n)|2) is given by Eg,, for each z € Ro(m)|Ye,. Moreover,
letting Z = r&(Y) U | U{Yn(n) : n > m} and S = "{Sm : m > n}, we have that
R | (Ra(n)|Z) is given by Eg.

Proof. Assume the hypotheses. Let S, = S,(n); this is the only member of
Sa(n,n). By Fact 4.1, there is a Y11 <, Y and an S,;11 € &(n,n + 1) such that
R [ Ra(n)ly is given by Eg, ., for each y € Ro(n)|Y,41. Given Yy, m > n, by
Fact 4.1, there is a Yy, 11 <4 Y and an S, 11 € &(n,m+1) such that R | Ry (n)|y
is given by Eg, ., for each y € Ro(n)|Ysn41. By Fact 4.2, S,,41 C Sy,

Let Z = r2(Y) U U{Yim(m) : m > n}, and let S = ({Sm : m > n}. Then
S is downward closed, so S € &,(n). Moreover, S is nonempty, since the node
{(a,n)} € S, for every m > n. We claim that R | R,(n)|Z is given by Eg. Let
u,v € Ro(n)|Z, and let m,m’ be the integers such that u C Z(m) and v C Z(m').
If m # m/, then (ii) implies that © Rwv. Since S is nonempty, also u Eg v. Now
suppose m = m’. If uRwv then uwEg v, which implies uEg v, since S C Sy,. If
u Rwv then u Eg, v. Let s € S, be minimal in S, such that the copies of s in
u and v are different, under the isomorphisms of S, (n) into u and v. Note that s
must be the immediate successor of some splitting node in S, (m). But then Fact
4.2 implies s must be in Sy for all k > m, which implies s € S, contradiction.
Hence, also u Eg v. Therefore, uRwv iff uEgv. O

By the Lemma, the proof is complete. (I

The following Lemmas 4.5, 4.7 and 4.8 were proved as Lemmas 4.6, 4.9, and
4.10, respectively, in [5] for Ri. As the proofs are identical for all the spaces R,
1 < a < wp, we restate these lemmas without proof. In the following, X/(a,b)
denotes X/a N X/b.

Lemma 4.5. Suppose 1 < a < wy.

(1) Suppose P(-,-) is a property such that for each a € AR* and each X € R,
there is a Z <, X such that P(a,Z) holds. Then for each X € R, there is a
Y <o X such that for each a € AR*|Y and each Z <, Y, P(a,Z/a) holds.

(2) Suppose P(-,-,+) is a property such that for all a,b € AR* and each X € R,
there is a Z <, X such that P(a,b,Z) holds. Then for each X € R, there is a
Y <, X such that for all a,b € AR*|Y and all Z <, Y, P(a,b,Z/(a,b)) holds.

Given a front F on [0, 4] for some A € R, and f : F — N, we adhere to the
following convention: If we write f(a) or f(aUwu), it is assumed that a,aUw are in
F. Define

(4.4) F={r%@a):ae€F, m<n<w, where a € AR}.
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Note that () € F, since ) = r§(a) for any a € F. Recall that for a € ARY and
m < n <k, ajm,n) denotes | J{a(i) : i € [m,n)}. For any X <, A, define

(4.5) Ext(X) = {a[m,n) : Im <n(a € AR}, and a[m,n) C X)}.

Ext(X) is the collection of all possible legal extensions into X. Note that a[m,n) C
X iff ajm,n) <g, X. For any a € AR, let Ext(X/a) denote the collection of those
y € Ext(X) such that y C X/a. Let Ext(X/(a,b)) denote Ext(X/a) N Ext(X/b).
For u € Ext(X), we write v € Ext(u) to mean that v € Ext(X) and v C w.

Definition 4.6. Fix a,b € Fand X € Ry. We say that X separates a and b
iff for all x € Ext(X/a) and y € Ext(X/b) such that a Uz and bUy are in F,
flaUz) # f(bUy). We say that X mizes a and b iff there is no Y <, X which
separates a and b. X decides for a and b iff either X separates a and b or else X
mixes a and b.

We say that X/(a,b) separates a and b iff for all z,y € Ext(X/(a,b)) such that
aUz and bUy are in F, f(aUx) # f(bUy). X/(a,b) mizes a and b iff there is
no Y <, X/(a,b) which separates a and b. X/(a,b) decides for a and b iff either
X/(a,b) separates a and b; or else X/(a,b) mixes a and b.

The following facts are useful to note. X mixes a and b iff X/(a,b) mixes a and
b iff for each Y <, X, there are z,y € Ext(Y") such that f(aUx) = f(bUy) iff for
all Y <, X, Y mixes a and b. If X separates a and b (X/(a,b) separates a and b),
then for all Y <, X (for all Y <, X/(a,b)), Y separates a and b. X/(a,b) decides
for @ and b iff either for all x,y € Ext(X/(a,b)), flaUx) # f(bUy), or else there
isno Y <, X/(a,b) which has this property. Thus, X/(a,b) mixes a and b iff X
mixes a and b. However, if X/(a,b) separates a and b it does not necessarily follow
that X separates a and b.

Lemma 4.7 (Transitivity of Mixing). For any X € Ry and any a,b,c € F, if X
mizes a and b and X mizes b and c, then X mizes a and c.

Lemma 4.8. For each X € R, there is a Y <, X such that for each a,b < Y
in F, Y/(a,b) decides for a and b.

Definition 4.9. Let F be a front on [}, X] for some X € R,, and let ¢ be a
function on F.

(1) ¢ is innerif p(a) C a for all a € F.
(2) ¢ is Nash-Williams if o(a) Z ¢(b), for all a # b € F.
(3) ¢ is Spernerif p(a) € (b) for all a #b e F

Definition 4.10. Let X € R, F be a front on [(), X], and R an equivalence relation
on F. We say that R is canonical if and only if there is an inner Nash-Williams
function ¢ on F such that

(1) for all a,b € F, aRb if and only if p(a) = ¢(b); and

(2) ¢ is maximal among all inner Nash-Williams functions satisfying (1). That

is, for any other inner Nash-Williams function ¢’ on F satisfying (1), there
is aY <, X such that ¢'(a) C ¢(a) for all a € F|Y.

Remark 4.11. As in [5], the map ¢ constructed in the proof of Theorem 4.12 will
in fact be Sperner. Moreover, this ¢ is also the only such inner Nash-Williams map
with the additional property () that there is a Z <, C such that for each s € F|Z
there is a t € F such that ¢(s) = ¢(t) = sNt.
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The following is part of the general induction scheme discussed in Section 3.

Induction Hypothesis. Suppose that 2 < o < wy; for all 1 < g < a, Theorems 4.12,
4.22 and 3.10 and Lemma 3.11 (in that order) hold for Rg; and Theorems 3.12,
3.13, 3.14, and 4.3 hold for R,.

Recall Remark 2.8, that for any front F on some X € R,, thereisa Y <, X
such that F|Y is a barrier. Thus, the following main theorem yields the analogue
of the Pudlak-Rodl Theorem.

Theorem 4.12. Suppose A € Ry, F is a front on [0, A] and R is an equivalence
relation on F. Then there is a C <, A such that R is canonical on F|C.

Proof. Let A € Ry, let F be a given front on [(), A], and let R be an equivalence
relation on F. Let f : F — N be any mapping which induces R. By thinning if
necessary, we may assume that A satisfies Lemma 4.8. Let (F \ F)|X denote the
collection of those a € F \ F such that a <g, X.

Claim 4.13. There is a B < A such that for all a € (F\ F)|B, letting n = |al,
there is an S, € S, (n) such that, letting E, denote Eg,_, for all u,v € Rq(n)|B/a,
B mizes a Uu and a Uv if and only if uE, v.

Proof. Forany Z <, Aand a € AR%|A, let P(a, Z) denote the following statement:
“If a € F\ F, then there is an S, € &4(|a|) such that for all u,v € Ro(|al)|Z/a, Z
mixes a Uu and a U v if and only if uEg, v.” We shall show that for each X <, A
and a € AR“|A, thereis a Z <, X for which P(a, Z) holds. The claim then follows
from Lemma 4.5.

Let X <, A and a € F\ F be given, and let n = |a|. Let E denote the following
equivalence relation of mixing on R, (n)|A/a: For all u,v € Ry (n)|A/a,

(4.6) uEv < A mixes aUu and a Uwv.
By Theorem 4.3, there is an S € &,(n) and a Y <, X such that E | (Ro(n)|Y) is
given by Eg. Take a Z <, Y/a and let S, denote this S. Then P(a,Z) holds. O

Fix B be as in Claim 4.13. For a € (F \ F)|B and n = |a|, let S, denote the
member of &, (n) such that E, = Eg_, and let E, denote Eg,. We say that a is
E-mized by B, meaning that for all u,v € Ry(n)|B/a, B mixes a Uu and a U v if
and only if uE, v.

Definition 4.14. For a € F|B, n = |a|, and i < n, define
(4.7) Pre(a)(ali)) = 7s,a, (a(i)).
For a € F|B, define
(4.8) p(a) = | erea(ad).
i<|al
The proof of the following claim is exactly the same as the one given for Claim
417 in [5].

Claim 4.15. The following are true for all X <, B and all a,b € .7:"|B

(A1) Suppose a & F andn = |a|. Then X mizes aUw and t for at most one E,
equivalence class of u’s in Rq(n)|B/a.
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(A2) If X/(a,b) separates a and b, then X/(a,b) separates aUx and bUy for all
x,y € Ext(X/(a,b)) such that aUz,bUy € F.

(A3) Suppose a & F and n = |a|. Then S, = {0} if and only if X mizes a and
aUu for all u € Ry(n)|B/a.

(Ad) IfaC b and p(a) = ¢(b), then X mizes a and b.

Claim 4.16. If a,b € (F\ F)|B are mized by B, then S, and Sy, are isomorphic.
Moreover, there is a C <, B such that for all a,b € (F\ F)|C, for all u €
Rao(la])|C/(a,b) and v € Ro(|b])|C/(a,b), C mizes a Uu and bU v if and only if

Pa(u) = @p(v).

Proof. Suppose a,b € (F \ F)|B are mixed by B/(a,b), and let X <, B. By
possibly thinning X, we may assume that X <, B/(a,b). Let i = |a| and j = [b].

Suppose that S, = {@} and Sy # {0}. By (A1), B/(a,b) mixes a and bU v for
at most one E, equivalence class of v’s in R, (j)|B/b. Since S, # {0}, there is a
Y <, X/(a,b) such that for each v € R,(j)|Y, Y separates a and b U v. Since
Se = {0}, it follows from (A4) that for all u € R, (¢)|Y, ¥ mixes a and a U u.
If there are u € R, (¢)|Y and v € R4 (§)|Y such that ¥ mixes a Uwu and b U v,
then Y mixes a and bU v, by transitivity of mixing. This contradicts that for each
v € Ra(j)|Y, Y separates a and b U v. Therefore, all extensions of a and b into Y
are separated. But then a and b are separated, contradiction. Hence, S, must also
be {#}. By a similar argument, we conclude that S, = {(} if and only if S, = {0}.
Hence, p,(u) = ¢p(v) = {0} for all u € R, (i)|B and v € Ry (j)|B.

Suppose now that both S, and S, are not {@}. Let X <, B/(a,b) and m =
max(i,j) + 1. Let

Z, ={Y <, X : B/(a,b) separates a UY (i) and bU 75", (Y (m))}
(4.9) Zp ={Y <, X : B/(a,b) separates a Uy, (Y (m)) and bU Y (j)}.

Applying the Abstract Ellentuck Theorem to the sets Z, and Z,, we obtain an
X' <4 X such that [0, X'] C Z, N Z,, since both S, and S} are not {@}. Thus, for
all u € R ()| X’ and v € Ro(4)| X', aUwu and bUv may be mixed by B/(a,b) only
if u and v are subtrees of the same X’(I) for some .

For I € {i,j} and k > m, let J,(l,k) denote the collection of all S C S, (k)
such that S = S,(I). So J,(l,k) consists of exactly those S € &,(k) such that
s : Ra(k) = Ra(l). Note that each J, (I, k) is finite. For each pair S € J,(4, k),
S’ € 3a(j, k), let

(410) Xs g1 = {Y <4 X' : B mixes a U Ws(Y(k)) and bU WS/(Y(]C))}

Diagonalize over k > m as follows. Let Y;, = X'. Given Y, apply the Abstract
Ellentuck Theorem to Xg g/ for all pairs S, 5" from J, (i, k), S € J(j, k), respec-
tively, to obtain a Yj41 <, Y; which is homogeneous for X s/, for each such pair.
Define

(4.11) Y =18 (Vi) U J{Yisr (k) : k > m}.
Then Y is homogeneous for Xg g for all £ > m and all pairs S € J,(i, k), S" €
:ia (j’ k)'

Subclaim. There is a Z <, Y such that for each k > m, each pair S € J,(,k),
S’ € J,(4, k), and each Z' <, Z, if os(ns(Z'(k))) # pi(ns:(Z'(k))), then [0, Z'] N
Xs.50 = 0.
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Suppose not. Then in particular for Y, there are k, S € J,(i, k), S" € T.(J, k),
and Z <, Y such that ¢s(ms(Z(k))) # @i(mws:(Z(k))), but [0,Z] N Xs,sr # 0.
Since Y is already homogeneous for Xg g, it must be the case that [0,Y] C Xs s;
hence, [0,Z] C Xs,s/. Furthermore, ¢s(ns(Z(k))) # pi(ns/(Z(k))) implies that
ws(ms(Z'(k))) # pu(mg(Z'(k))) for all Z' <, Z, since p,, s, @, and wg are
projection maps.

We claim that 7g (S) = 7g,(S’). Suppose there is some s € 7g, (S) \ 7g,(S).
Take w,w’ € Ry (k)|Z(k') for some k' large enough such that w and w’ differ exactly
on their elements in the place s and all extensions of s. Let u = mg, o mg(w),
v =mg, omg(w'), v =mg, omg(w), and v = wg, o wg(w'). Then u E, u' but
vEyv’. Since [0, Z] C Xs,s/, B/(a,b) mixes a Uu and bU v, and B/(a,b) mixes
aUu and bUv'. B/(a,b) mixes bUv and bU’, since v Ey v'. Hence, by transitivity
of mixing, B/(a,b) mixes a Uu and a U v/, contradicting that u E, u'. Likewise,
we obtain a contradiction if there is some s € g, (S') \ 7s, (S). Therefore, the
Subclaim holds.

By the Subclaim, the following holds. There is a Z <, Y such that for all
u € Ra(?)|Z and v € Ry(j)|Z, if a Uw and b U v are mixed by B/(a,b), then
wa(u) = pp(v). It follows that S, and S, must be isomorphic. Thus, we have
shown that there is a Z <, X such that for all v € Ry (4)|Z and v € R, (j)|Z, if
B/(a,b) mixes a Uwu and bU v, then ¢, (u) = pp(v).

It remains to show that for all u € R, (i)|Z and v € Ry ()| Z, if @a(u) = ¢p(v),
then Z mixes a Uw and bUwv. Let k > m and let S € J,(i, k), S" € To(J, k), be any
pair such that for all w € Ry (k)|Z, wa(ms(w)) = pp(ms (w)). We will show that
0,2] C Xs,s.

Assume towards a contradiction that [0, Z] N Xss» = 0. Then for all w €
Ra(k)|Z, Z separates aUmg(w) and bUrg: (w). First, let T € T,(¢, k), T" € T (4, k),
be any pair such that ¢, (mr(z)) = @p(mr (z)) for any (all) z € R4(k)|Z. Then
there are z,y € Ry (k)|Z such that wg(z) E, mr(y) and wg (z) Ep 71/ (y). Z mixes
aUmg(z) and a Ump(y), and Z mixes bU wg/(x) and b U 7/ (y). Thus, Z must
separate a U mr(w) and b U 7wy (w) for all w € Ry (k)|Z. Second, let T, 1" be any
pair such that ¢, (77 (x)) # @p(rr (x)). Then Z separates aUnr(z) and bUm (z).
Thinning, we obtain a Z' <, Z/r%(Z) which separates a and b, contradiction.
Therefore, [0, Z] C Xg g/, and thus Z mixes a U ng(W (k)) and b U wg (W (k)) for
all W <, Z.

Hence, for all such pairs S, S’, we have that o, (ws(w)) = wp(ms (w)) if and only
if [0,Z] C Xg . Thus, for all u € Ry|Z and v € R, |Z, Z mixes aUu and bU v if
and only if ¢, (u) = @p(v).

Finally, we have shown that for all a,b € (F\ F)|B and each X <, B, there is a
Z <, X such that for all u € Ry (7)|Z and v € R4 ()| Z, Z mixes aUu and bU v if
and only if ¢, (u) = ¢p(v). By Lemma 4.5, there is a C <, B for which the Claim
holds. g

The proofs of the next three claims are the same as the proofs of Claims 4.19,
4.20 and 4.21 in [5].

Claim 4.17. For all a,b € F|C, if p(a) = ¢(b), then a and b are mized by C.
Hence, for all a,b € F|C, if p(a) = p(b), then f(a) = f(b).

Claim 4.18. For all a,b e F|C, ¢(a) Z ¢(b).
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Claim 4.19. For all a,b € F|C, if f(a) = f(b), then v(a) = p(b).

It remains to show that ¢ witnesses that R is canonical. By definition, ¢ is
inner, and by Claim 4.18, ¢ is Nash-Williams. By Claims 4.17 and 4.19, we have
that for each a,b € F|C, aRb if and only if ¢(a) = ¢(b). Thus, it only remains
to show that ¢ is maximal among all inner Nash-Williams maps ¢’ on F|C' which
also represent the equivalence relation R. Toward this end, we prove the following
Lemma.

Lemma 4.20. Suppose X <, C and ¢’ is an inner function on F|X which rep-
resents R. Then there is a Y <, X such that for each a € F|Y, for each i < |al,
there is an S} ) € Sa(i) such that Sl.u, S Sre(a) and the following hold.

(1) For each b € F|Y for which b 3 r¥(a), ¢’ (b) Nb(i) = 71'5;?((1)(})(2')).
(2) ¢'(a) =Ul{msy,, , (a(d)) : i <lal} € p(a).

Proof. Let X <, C and ¢’ satisfy the hypotheses. Fix any a € (F\ F)|C, i < |al,
and X’ <, X/a. For each k > i and S € G,(i,k), let X ={Y <, X' : ¢'(a U
Yi,7))NY (i) = s (Y (9))}, where j is such that a UYTi, j) € F. Since ¢’ is inner,
following the argument in Lemma 4.4, we construct an X" <, X’ such that the
following holds: There is an S;,?(a) € 6,(7) such that for each b € F extending
r(a) with b/r¥(a) € Ext(X"), ¢’ (b) Nb(i) = LI (b(4)). By Lemma 4.5, there is
aY <, X such that for each a € F|Y and each i< |a|, there is an S;?(a) satisfying
(1). Thus, for each a € F|Y,

(4.12) ¢'(t) = U{“S;g<a) (a(i)) - i < al}.

Note that each S:ng (a) Must be contained within the S,a(,) for the ¢ already

attained associated with E,o(q)-mixing of immediate extensions of 7{*(a). Other-
wise, there would be u,v € R, (i)|Y/r$(a) such that r¥*(a) Uu and rf*(a) U v are
mixed, yet all extensions of them have different ¢’ values, which would contra-
dict that ¢ induces the same equivalence relation as f. Thus, for each a € F|Y,

¢'(a) C p(a). O
By Lemma 4.20, R is canonical on F|C, which finishes the proof of the theorem.
O

Remark 4.21. The map ¢ from Theorem 4.12 has the following property. One can
thin to a Z such that

(x) for each s € F|Z, there is a t € F such that ¢(s) = ¢(t) = sNt.

This is not the case for any smaller inner map ¢’, by Lemma 4.20. For suppose
¢’ is an inner map representing R, ¢’ satisfies the conclusions of Lemma 4.20 on
F|Y, and there is an s € F|Y for which ¢'(s) C ¢(s). Then there is some i < |s|
for which S;?(S) G Spe(sy- This implies that ¢'(t) € o(t) for every ¢ € F|Y such
that ¢ 3 r;(s). Recall that ¢'(t) = ¢'(s) if and only if p(t) = ¢(s); and in this case,
e(t) Np(s) C tNs. Tt follows that for any ¢ for which ¢'(¢) = ¢'(s), ¢’ (t) N¢'(s)
will always be a proper subset of ¢ N's. Thus, ¢ is the minimal inner map for which
property (*) holds.

As shown in [5] for R4, this is the best possible: there are examples of fronts on
which there are inner maps ¢’ such that ¢'(a) C ¢(a) for all a € F|C.
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Recall Definition 3.8. For n < w and X € R,, an equivalence relation R on the
front AR, | X is canonical iff for each i < n there is an S(i) € &,(i) such that

(4.13) Va,b € AR;|X, aRb & Vi <n(mgi)(a(i)) = mge)(b())).

Note that if n = 0, then ARG = {0}, and every equivalence relation on {} is
trivially canonical.

Theorem 4.22 (Canonization Theorem for ARY). Let 1 < n < w. Given any
A € Ry and any equivalence relation R on ARL|A, there is a D <, A such that R
is canonical on AR |D.

Proof. Let C <, A be obtained from Theorem 4.12. Then for each a € ARY|C,
there is a sequence (S,o(q) : @ < n), where each S.a,) € ©,4(i), satisfying the
following: For all a,b € AR |C,

(4.14) aRb & U TS0 (a) (a(i)) = U TS 100y (b(2)).

<n ' <n
We shall obtain a D <, C such that for all a,b € AR |D and all i < n, Sr;*(a) =
Sr‘?‘(b)-

By the proof of Theorem 4.12, for all a,b € AR |C, Sra(a) = Sre @) Let Xo=C
and S(0) = Sya(q for any (all) a € AR}|C. Suppose j < n — 1 and for all i < j,
Xz', and S(Z) such that [@,Xi] - XS(i)v where XS(z) = {X <a C: Srf‘(X) = S(Z)}
For each k > j and each S € G,(j, k), define

(4.15) Xs(j,k) = {X <a O 5.0 ) | Ra(9)|X (k) = 75 | Ra(5)1X(K)}.

These finitely many open sets, Xs(j,k), S € &,(j, k), cover [, C]. Diagonalizing

over all £ > j as in the proof of Lemma 4.4, there is some S(j) € G,(j) and some

X; <o Xj_1 such that [, X;] C Xg(;), where Xg(;) = {X <, C: Sra(x) = S3)}-
Let D = X,,_1. Then for all a,b € AR |D,

aRb < pla) = p(b)
SVi <, 7, (D)) = 75, (0)
© Vi <n, Ts)(ali)) = Ts) (b(i))
(4.16) & Vi <n, a(i) Egg) b(i).

Thus, the equivalence relation R is canonical on AR;|D. O

5. THE STRUCTURE OF THE RUDIN-KEISLER CLASSES INSIDE THE TUKEY
TYPES OF ULTRAFILTERS TUKEY REDUCIBLE TO U,,

In this section, for each a < wy, we classify the Rudin-Keisler classes within the
Tukey type of any ultrafilter Tukey reducible to U, the ultrafilter corresponding
to the space R,. As a corollary, we show that the Tukey types of ultrafilters Tukey
reducible to U, form a decreasing chain of rapid p-points Q)g‘ : B < ) of order type
o+ 1, where Vi = U, and Y is Ramsey. We show that the isomorphism classes of
the p-points in [Y§]r are exactly those given by projections 75Uy [ Ra(n)), n < w,
such that S, (0) | [8,a] embeds into S but S, (0) | [, «] does not embed into S for
any v < 8. Equivalently, the isomorphism classes of p-points in [yg]T are computed
by the canonical equivalence relations on R (n), n < w. The isomorphism classes
of ultrafilters within [V§]r are given by tree ultrafilters, where each node branches
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into some p-point of the sort mg(Uy [ Ra(n)). A fuller discussion is presented
towards the end of this section.

Recall that every topological Ramsey space has its own notion of Ramsey and
selective ultrafilters (see [11]). Recall the following definitions from [5].

Definition 5.1 ([5], [11]). Let (R, <,r) be any topological Ramsey space.

(1) We say that a subset C C R satisfies the Abstract Nash-Williams Theorem
if and only if for each family G C AR and partition G = Gy U Gy, there is a
C € C and an i € 2 such that G;|C = 0.

(2) We say that an ultrafilter U is Ramsey for R if and only if U is generated
by a subset C C R which satisfies the Abstract Nash-Williams Theorem.

(3) An ultrafilter generated by a set C C R is selective for R if and only if for
each decreasing sequence Xy > X7 > ... of members of C, there is another
X € C such that for each n < w, X < X,,/r,(X,).

(4) We say that an ultrafilter U is canonical for fronts on R if and only if for
any front F on R and any equivalence relation R on F, thereisa U € UNR
such that R is canonical on F|U.

We fix the following conventions and notation for the rest of this section.

Notation. For each a < wy, [T,] denotes the collection of all maximal nodes in
T,. Let U, denote any ultrafilter on base set [T,] such that {X € R, : [X] € U,}
is Ramsey for R, and canonical for fronts on R,. Let C, denote {X € R, : [X] €
U,}. Note that {[X] : X € C,} is cofinal in U,. Moreover, since X — [X] is a
bijection between R, and {[X] : X € R,}, there is no ambiguity going between
these two sets; henceforth, we shall use them interchangeably.

We shall say that F € AR is a front on a set C C R, if F is Nash-Williams
and for each X € C, there is an a € F such that ¢ C X. For any front F on C, and
any X € C,, recall that F|X denotes {a € F:a <§, X}. Let

(5.1) Co | F={FIX: X €C}.

For each a < wy, ultrafilters U, which are Ramsey for R, and canonical for
fronts on R, exist, assuming CH or MA, or forcing with (R, <}). In fact, every
generic ultrafilter forced by (Ra, <) is Ramsey for R,, and canonical for fronts on
R Since R, is isomorphic to a dense subset of Laflamme’s forcing P, in [10], any
ultrafilter forced by (Ra,<}) is isomorphic to an ultrafilter forced by (Pa,<p_).
Note that C, is cofinal in U,.

We say that B C C, generates U, if {[X]: X € B is cofinal in U,.

Fact 5.2. For each oo < w1, the following hold.

(1) If B C C, generates Uy, then for each front F on B and each G C F, there
is a U € B such that either F|U C G, or else FIlUNG = 0.
(2) Any ultrafilter Ramsey for Ry is also selective for R,.

(1) follows immediately from the definition of U,; (2) is a consequence of Lemma
3.8 in [11].

Given a front F on C,, we let U, [ F denote the ultrafilter on base set F
generated by the sets F| X, X € C,. The proofs of Facts 5.3 and 5.4 and Proposition
5.5 are the same as the proofs of Facts 5.3 and 5.4 and Proposition 5.5 in [5].

Fact 5.3. Let a < wi, B be any cofinal subset of Cy, and F C AR be any front
on Co. Then B | F generates the ultrafilter Uy, [ F on the base set F.
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Fact 5.4. Suppose U and V are proper ultrafilters on the same countable base set,
and for each V €V there is a U € U such that U C V. ThenU = V.

Recall that by Theorem 20 in [4], every Tukey reduction from a p-point to
another ultrafilter is witnessed by a continuous cofinal map. By arguments from
[5], the following holds.

Proposition 5.5. Let a < wy. Suppose V is a nonprincipal ultrafilter (without
loss of generality on N) such that V < U,. Then there is a front F on C, and a
function f:F — N such that V = f(Uy | F).

We now introduce notation which aids in making clear the classification of ul-
trafilters which are Rudin-Keisler or Tukey below U,.

Notation. Let o < wy.

(1) For each n < w, define U, | Rq(n) to be the filter on the base Ry(n)
generated by the sets Ry (n)| X, X € C,.

(2) For each n < w and each § € &,(n), define Vg to be the filter on the
base set Bg = {mg(u) : u € Rqa(n)} generated by the collection of sets
Ts(Ra(n)|X) := {ms(u) : u € Ra(n)| X}, X € C,.

(3) For ﬁ < a, let Y§ denote Vg, . Recall that Sz (= SF) is the downward
closed subset of S, (0) of order-type [3,a + 1]; that is, Sg = {s € Su(0) :
3 € 8, ] (dom(s) = [,a])} U {0},

In the next proposition, theorem and corollary, we highlight the relationships
between the various projection ultrafilters of the form Vg, and the ultrafilters of
the form Uy |Ra(n).

Proposition 5.6. Let o < wy.
(1) Uy is a mpz'd p-point.
(2) Un = Ue | Ra(0) = D5
(3) V¢ isa Ramsey ultrafilter.
(4) For each n < w and S € &4(n), Vg is an ultrafilter, and moreover is a
rapid p-point.
(5) Suppose m <n, S € &y(m), T € Su(n), and S =T. Then Y& = V3.
(6) If S =Sa(k), then Y§ = Vg () =Ua [ Ra(k).

Proof. (1) follows from Theorem 1.1. To see (2), recall that the map g : [To] —
Ra(0), given by g(t) = {s € T, : s C t} for each ¢t € [T,], yields an isomorphism
from U, to Us | Ra(0). The equality follows from the fact that ms_ (o) is the identity
map on R4(0).

(3) follows from the fact that the projection mg, on R, (0) yields an isomorphic
copy of the Ellentuck space. Hence, V& is Ramsey for the Ellentuck space, which
yields that Y$ is a Ramsey ultrafilter.

(4) Let S € &4(n). Let V be any subset of Bg, and let H = {a € AR 41 :
7r5( (n)) € V}}. Since U, is Ramsey for R, there is an X € C, such that either

AR5 1| X C H or else AR, 1| X NH = 0. In the first case, V' € V¢ and in the
second case, Bs \ V € Y§. Thus, Vg is an ultrafilter.

Suppose Uy 2 U; D ... is a decreasing sequence of elements of Vg. For each
k < w, there is some X}, € C, for which 75(R4(n)|X) C Uy. We may take (Xi)r<w
to be a <,-decreasing sequence. Since U, is selective for R, there is an X € C,
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such that X/r{(X) <, Xy, for each k < w. Then 75(Rq(n)|X) C* ms(Ra(n)| Xk),
for each k < w. Thus, ys is a p-point.

That Vg is rapid follows from the fact that U, [ Ra(n) is rapid. To see this,
let h: w — w be a strictly increasing function. Linearly order R,(n) so that all
members of R, (n)|To(k) appear before all members of R, (n)|Ty(k + 1) for all
k > n. For any tree u C T,, let m(u) denote the least I such that (I} € u. For
each X € C,, there is a Y <, X such that m(Y(n)) > h(1), m(Y(n + 1)) >
h(1 4 |Ra(n)|Ta(n + 1)), and in general, for k > n,

(5:2) m(Y (k) > h(En<i<k|Ra(n)|Ta(i)])-

Since U,, is selective for R, there is a Y € C, with this property, which yields that
Uy | Ra(n) is rapid for the function h. Since for each u € Ry (n), |7s(u)| < |ul,
it follows that mg(Rqa(n)|Y) witnesses that Vg is rapid for the function h. Since h
was arbitrary, (4) holds.

(5) Suppose that m < n, S € &,(m), T € S,(n), and S = T. Then By C Bg.
Moreover, there is an X € C, such that Bg|X C Br. Thus, modulo negligible
subsets of the bases, Vg is actually equal to %. The identity map on By witnesses
that Y§ <px V3. Given X € C, such that Bg|X C By and T, \ X is infinite, the
identity map on Bg|X witnesses that Y3 <gpx Vg. (6) follows from (5). O

For S and T downward closed subsets of S,, we say that S embeds into T,
or S is isomorphic to a subset of T, if there is an injection ¢ : S — T which
preserves lexicographic ordering (recall Definition 2.5) and such that the image
1(S) is downward closed in 7.

Theorem 5.7. Let m,n < w, and let S € S4(m) and T € &, (n).

(1) If S embeds into T, then Vg <prx V.

(2) If V <pkg Vg, then V = Y2, for some T' C T such that T" € &,(n).
(3) If Y& <rk V3 then S embeds into T.

(4) Y§= Vg f S=T.

Proof. (1) Suppose that S is isomorphic to a subset 77 C T. By Proposition 5.6 (5),
Y§ =2 Y7, The projection map mr: from Br to By witnesses that Vi, <gpx V3.

(2) Suppose V <gg Y&, and without loss of generality, assume that w is the base
set for V. Let 0 : By — w witness V <pg V%; 50 0(Y$) = V. Let f = fomr so that
f:Ra(n) — w. By the Canonization Theorem 4.22 for R,(n) and the definition
of U,, there is a C' € C, and a T’ € S,(n) such that for all u,v € Ry(n)|C,
fw) = f(v) iff wp:(u) = 7 (v). Thus, there is a bijection between "R, (n)|C and
7 Ra(n)|C.

Suppose that 7'\T # (. Then there are u,v € Ry (n)|C such that 7r(u) = wr(v)
but 7 (u) # 7 (v). wr(u) = 7r(v) implies that O(mr(u)) = 6(wr(v)), which
implies that f(u) = f(v). However, np/ (u) # 7/ (v) 1mphes that flu) # flv )
contradiction. Thus 77 C T. Hence, V = 0(V$) = 0(mr(Ua | Ra(n))) = f(Us
Ra(n)) = msUa [ Ra(n)) = V§.

(3) Suppose that § : By — Bg witnesses that Vg <ggx V&. By (2), there is a
T" C T such that Y§ = V3. Let 0 : Bp» — Bg be an isomorphism witnessing this.
Let f : Ra(n) — Bg by letting f = 6 o . By Theorem 4.3 and the definition
of Uy, there is some T € G,(n) and U € C, such that for all u,v € Ry (n)|U,
f(u) = f(v) iff wpv(u) = wpr(v). We claim that 7/ =T = S. T’ must equal 7",
since f is injective. Moreover, mp (u) = wpi(v) iff mg(u) = wg(v). Hence, T = S.
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(4) If S =2 T, then Yg = Y& by Proposition 5.6 (5). If Y§ = Vg, then by
applying (3) twice, we find that S and T are isomorphic to subsets of each other.
Hence, S = T. ([l

The next Corollary follows immediately from Proposition 5.6 and Theorem 5.7,
thus, recovering Laflamme’s Theorem 1.1 (3).

Corollary 5.8. Q/g : B < «), forms a strictly decreasing chain of nonprincipal
rapid p-points in the Rudin-Keisler ordering, with YV§ Rudin-Keisler mazimal and
Y& Rudin-Keisler minimal in the chain. Moreover, this chain is mazimal within
the ordering of nonprincipal ultrafilters Rudin-Keisler reducible U, .

We will extend the previous corollary to the setting of Tukey reducibility in
Theorem 5.13.

Theorem 5.9. Let n < w and S € G,(n). Let f < a be minimal such that Sg
embeds into S. Then Y§ =r yg,

Proof. Let n < w and S € &,(n). Let 8 < « be minimal such that S contains an
isomorphic copy of Sg, call it S”. Thus, S’ is a downward closed chain in S with
largest order type among all chains in S, namely o.t.([8, «]). The projection map
mg : Bg — Bg witnesses that YV§ <grx Y§. Since Vg is isomorphic to yg, we
have that yg <grk Y¢. Hence, yg <r Yg.

For the reverse inequality, first note that for each X € C,, from Tsﬁ( «(0)]X)
one can reconstruct ms(R4(n)|X), since 8 is minimal such that there is a member
s € S with dom(s) = [3,a]. Thus, for each X € C,, define g(ms,(Ra(0)|X)) =
75(Ra(n)|X). Then g maps a cofinal subset of Jg cofinally and monotonically into
Yg. Therefore, Vg <r yg. O

Now we are ready to prove the main theorem of this section, the classification
of all Rudin-Keisler types of ultrafilters Tukey reducible to U,. The following
notion of ultrafilter of W-tree encompasses the notion of iterated Fubini products
of ultrafilters.

Definition 5.10. Let 7 be a well-founded tree, let 7 denote the set of maximal
nodes in 7, and suppose that each t € T\ T has infinitely many immediate succes-
sors in 7. For each t € T \ 7T, let W; be an ultrafilter on the base set consisting of
all immediate successors of ¢ in 7. Let W denote (W, : t € 7\ T). Then a W-tree
is a tree T C T such that for each t € TN (T \ T), the collection of immediate
successors of ¢t in T' is a member of the ultrafilter W;.

Theorem 5.11. Suppose V is a nonprincipal ultmﬁlter and V <p U,. ThenV is
zsomorphzc to an ultrafilter of W- trees, where 'T\ T is a well-founded tree, W =
W, 1t € T\'T), and each W, is exactly Y& for somen < w and S € So(n).

Proof. The proof is so similar to the proof of Theorem 5.10 in [5] that we only give
a sketch of the proof, providing the few changes here. By Proposition 5.5, there is
a front F on C, and a function f: F — N such that V = f(U, [ F). By Theorem
4.12 and the fact that U, is canonical for fronts, there is a C' € C, such that the
equivalence relation induced by f on F|C is canonical. Let ¢ denote the function
from Theorem 4.12 which canonizes f. If F = {0}, then V is a principal ultrafilter,
so we may assume that F # {()}.
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Let T = {¢(a) : a € F|C}. Define W to be the filter on base set 7 generated
by the sets {¢(a) : a € F|X}, X € C,|C. For X € C,|C, let T|X denote {p(a) :
a € F|X}. By arguments in [5], W is an ultrafilter which is isomorphic to V. Let
7 denote the collection of all initial segments of elements of 7. Precisely, let T be
the collection of all p(a) Nr*(a) such that a € F|C, i < |a|, and if 0 < ¢ < |a| then
Sreay # {0} 7 forms a tree under the end-extension ordering. Recall from the
proof of Theorem 4.12 that for t € 7\ 7T, for all a,b € F, if j < |a| is maximal
such that ¢(r§(a)) = t and k is maximal such that ¢(r{ (b)) = ¢, then Sre(a) 18
isomorphic to S,a(y), and these are both not {0}.

For t € T\ T, define W; to be the filter generated by the sets {<pT;x(a) (u) :u €
Ra(3)|X/a}, for all a € F|C such that ¢t C p(a) and j < |a| maximal such that
@(r$(a)) =t, and all X € Co|C. The base set for W is {Fsr;,(u) (u) : u € Ra(4)|CF.
By arguments in [5], it follows that for each ¢t € 'f'\T, W, is an ultrafilter; moreover,
for any a € F and j < |a| maximal such that (r(a)) = t, W is generated by the
collection of {¢;(q)(u) : u € Ra(j)| X}, X € Co|C. This follows from the fact that
U, is Ramsey for R,,.

Claim 5.12. Lett € T\ T. Then W; equals Y& for somen < w and S € So(n).

Proof. Fix a € F|C and j < |a| with j maximal such that o(r§(a)) = t. Let S
denote Sye(q). For each X € Ca|C, {@pra(a)(u) : u € Ra(j)| X} = m5(Ra(4)|X) €
Yg. Since W, is a nonprincipal ultrafilter, W, must equal V¢, by Fact 5.4. ([

Thus, W is the ultrafilter of W-trees, where W = Wit e 7A‘\ T). This follows
from the fact that for each W-tree T C 7T, [I] is a member of W. Thus, V is
isomorphic to the ultrafilter YW on base set T generated by the W-trees. O

Corollary 5.8 and Theorems 5.9 and 5.11 yield the analogue of Laflamme’s result
for the Rudin-Keisler ordering (Theorem 1.1 (3)) now in the context of Tukey types.

Theorem 5.13. Let a < wy and suppose V is a nonprincipal ultrafilter such that
YV <7 U,. Then there is a < « such that V =7 yg. Thus, the collection of the
Tukey types of all nonprincipal ultrafilters Tukey reducible to U, forms a decreasing
chain of rapid p-points of order type (v + 1)*.

Proof. Let V be a nonprincipal ultrafilter such that V <p U,,. Theorem 5.11 implies
that V is isomorphic, and hence Tukey equivalent, to the ultrafilter on 7 generated
by the W—trees, where for each ¢t € T \ T, the ultrafilter W; is s, for some
n < w and some S; € S,(n). By Theorem 5.9, for each ¢, there is a 8; < «
such that ygt =r ygt. It follows that V is Tukey equivalent to the ultrafilter
of (Vg :t¢€ 7 \ T)-trees. By induction on the lexicographical rank of 7, one
concludes that the ultrafilter of (YVg : ¢ € T\ T)-trees is Tukey equivalent to Vg,
where 8 = min{8; : t € T\ T}.

Now suppose that v < § < a and suppose toward a contradiction that Vg <r
yg . Then there is a continuous monotone cofinal map h : yg — yg, since yg and
Vg are p-points. Since V5 <pk U, let g : To — Bgs, be such that IUs) = V3.
Then hog: U, — yg is a continuous monotone cofinal map. By Proposition 5.5,
there is a front 7 and a function f : F — Bg, such that Y§ = f({Us [ F)). By
Theorem 4.12, there is a C' € C, such that f | F|C is canonical, witnessed by
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the inner function ¢. Noting that for each X € C,|C, f(F|X) C ho g(X) and
g(X) C B, we see that ¢ cannot distinguish between members a,b € F for which
s, (a) = ms, (b); contradiction to f({Ua | F)) = V§.

By Corollary 5.8, the Vg, f < a, form a maximal chain in the Tukey ordering
of ultrafilters Tukey reducible to U,,.

The second half follows from Theorems 5.9 and 5.11. O

Remark 5.14. Tt follows from Theorem 5.13 that the Tukey equivalence class of
Vg consists exactly of those ultrafilters which are isomorphic to some ultrafilter of

Wh-trees, where for each t € T \ T, Wy =Yg for some S; satisfying the following:

for each t € 7’\7’, if S, embeds into Sy, then v > f3; and for at least one t € 7’\7’,
Sg embeds into S;.

The theorems in this section make clear exactly what the Rudin-Keisler struc-
tures are within the Tukey types of the ultrafilters Vg, and more generally, what
the Rudin-Keisler structures are among all ultrafilters Tukey reducible to Vi. We
point some of these out here.

The Rudin-Keisler Structure in [U,]r. The Tukey type of U, consists
exactly of all ultrafilters isomorphic to a tree ultrafilter of the sort in Theorem
5.11 in which for every X € C,, there is at least one a € F|X and an i < |a
such that S§ (= S,(0)) embeds into Sya(,). Let &F denote the collection of all
S € Uycw Saln) for which S§ embeds into S.

The isomorphism types of the p-points in [U,]r are simply classified as follows:
The p-points Tukey equivalent to U, are, up to isomorphism, exactly the Vg, where
S € 6§. Thus, the structures S € | J,, ., &« (m) which have at least one node with
domain [0, ] completely determine the strucure of the isomorphism classes of p-
points in [U,]7. In particular, there are exactly Xy Rudin-Keisler types of p-points
inside [Uy |7, for each 1 < a < w;. Recalling that all Y are also rapid, we see that
every p-point Tukey equivalent to U,, is rapid.

Let 8,5, T,T" € &§. If S embeds into T, then Y& <grx V$. If neither S nor
T embeds into the other, then Y& and Y$ are Rudin-Keisler incomparable. If S’
embeds into both S and T, then Vg, <gpx Y§,Y%. If S and T both embed into 17,
then Vg, V¢ <rx Y$,. We note that for all pairs S,T € &, there are S",T" € &§
such that S’ embeds into both S and T, and both S and T embed into T”. Hence,
the isomorphism classes of p-points in [U, ] form a sort of lattice-like structure in
the sense that upper bounds and lower bounds for any finite collection of Vg exist.

For a = 1, the structure of the Rudin-Keisler types of p-points in [U;]7 is simply
the following increasing w-chain: ygll(o) <RK yg}l(l) <RK ySll(Q) <RK .... For
a > 1, the structure is more complex and is not truly a lattice, as least upper
bounds and greatest lower bounds of S and T" in & need not exist. For example,
let S,T € &% be the following: Let S and T be the downward-closed substruc-
tures of S3(4) determined by their terminal nodes {(0, 28), (0, 29), (1, 8), (0,45)} and
{(1,7),(0,36),(0,37),(0,45), (0,46), (1,10)}, respectively. Then there is no least
upper bound and no greatest lower bound of S and T in G3. However, they do
have upper and lower bounds, for instance, Sy(4) and S, respectively. Thus, among
the p-points in [Uo]r, there are upper ()3, ) and lower (ygg) bounds of Y2 and

V2. However, there is no Rudin-Keisler least upper bound of Y2 and Y2, and no
Rudin-Keisler greatest lower bound of yg and Y2 among the p-points in [Us]r.
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When w < a < wq, there are infinite antichains in the Rudin-Keisler structure of
the p-points in [U,]r. For example, letting o = w, for each n < w, let Ty = S, (1),
let T be the substructure of S, (2) determined by the nodes {(1,2),(1,3)} to be
all nodes either below both of these, or else in the leftmost branch in S, (2) above
one of these. In general, let T;, be the substructure of S, (n + 1) determined by the
nodes {(n,n+1), (n,n+2)} and all nodes either below them or else in the leftmost
branch above one of them. Then the p-points V7 , n < w, form an antichain in
(U]

We now discuss the structure of all isomorphism classes in [, ]7. The Tukey type
of U, contains all isomorphism types of countable iterations of Fubini products of
U,. Hence, [U,]7 contains a Rudin-Keisler strictly increasing chain of order type wy.
It also contains a rich array of ultrafilters which are Rudin-Keisler incomparable.
As mentioned above, for any S,T € &§ such that neither of S nor T embeds
into the other, the p-points Vg and V3 are Rudin-Keisler incomparable and are
Tukey equivalent to U,. By arguments using the Abstract Ellentuck Theorem,
one sees that, for each n > 2, Uy - Uy and Jg ) are Rudin-Keisler incomparable.
Furthermore, whenever S, S, T,T" € &5, S does not embed into S/, and T" does
not embed into 7', then Vg - V¢ and Y, - V7, are Rudin-Keisler incomparable. In
particular, whenever k <[ < m < n, yga(k) ~y§;(n) and yga(l) ~y§a(m) are Tukey
equivalent to U, but are Rudin-Keisler incomparable with each other. Further
examples of Rudin-Keisler incomparable ultrafilters in [U,]r can be made similarly,
using iterated Fubini products and Vg, S € &§.

The Rudin-Keisler Structure in [V§]7, 8 < a. This is quite similar to the
structure of the isomorphism types in [U,]r. Since U, = V§, the above paragraphs
take care of the case when § = 0. In what follows, let G5 denote the collection of
all S € U, <, Ga(n) such that S§ embeds into S, but S does not embed into S
for any v < .

For each 8 < «, the Tukey class of V§ consists, up to isomorphism, of all tree
ultrafilters of the sort in Theorem 5.11 in which (a) each node branches into some
p-point V¢ for some S € &3, (b) for every X € C,, there is at least one a € F|X
and an i < |a| such that S§ embeds into S, (q), and (c) and there is a Y € C,, such
that for each a € F|Y, i < |a[, and v < B, S§ does not embed into S, (4).

The p-points Tukey equivalent to YV§ are, up to isomorphism, exactly the )¢,
where S € Gg. Thus, the structures in 6% determine the structure of the iso-
morphims classes of p-points which are Tukey equivalent to }g. There are Rudin-
Keisler strictly decreasing chains of order-type o.t.[3, a], and Rudin-Keisler strictly
increasing chains of length w. Furthermore, there are many Rudin-Keisler incompa-
rable p-points: for any S, T € &3, if neither of S nor T embeds into the other, then
Yg and Y are Rudin-Keisler incomparable. When o < w, every Rudin-Keisler
antichain of p-points in DJE‘]T is finite. When a > w, there are Rudin-Keisler
antichains of p-points in [yg}T of size V.

More generally, there is a rich array of Rudin-Keisler incomparable ultrafilters
in [Yg]r. For instance, if S,T € &3, 5" € &5, and 1" € &, for some 7,0 € [, al,
and all of S,5’,T,T" do not embed in the others, then Vg - Y& and Y$ - V¢, are
Rudin-Keisler incomparable.



32 NATASHA DOBRINEN AND STEVO TODORCEVIC

The Rudin-Keisler and Tukey Structures in the Collection of all ul-
trafilters Tukey reducible to Vg, for 8 < a.

The collection of all p-points Tukey reducible to U, consists, up to isomorphism,
exactly of all Vg, where S € |, ., 6« (n). It includes the following Rudin-Keisler
strictly decreasing chain of rapid p-points of order type o + 1: V§ >rix Vi >RrK
-+ >pr Y&. Since each of the Vs, 8 < «, is a p-point, none of the ultrafilters
in this chain is a Fubini product of any other ultrafilters. Moreover, it follows
from Theorem 5.11 that this chain is Rudin-Keisler-maximal within the collection
of ultrafilters Tukey reducible to U,. This chain is also Tukey-maximal decreasing
within this collection, by Theorem 5.13. The collection of all ultrafilters Tukey
reducible to U, consists exactly of all tree-ultrafilters which branch into p-points
from among Vg, S € U, ., Galn).

For any § < a, the collection of all ultrafilters Tukey reducible to Vg includes
the Rudin-Keisler (and Tukey) strictly decreasing chain of rapid p-points V5 >Rk

- >pr Y. In addition, it contains many ultrafilters which are Rudin-Keisler
incomparable. For any v < § < e < ¢ < 8, V3 - V¢ and Yt - V2 are both
Tukey reducible to Vg, and are Rudin-Keisler incomparable with each other. More
general examples may be constructed by the interested reader using iterated Fubini
products of appropriate subsets of ultrafilters from among Y, v < .

6. CONCLUSION

In Parts 1 and 2, we have constructed a new transfinite hierarchy of topological
Ramsey spaces, R, @ < w1, and proved Ramsey-classification theorems for them.
We have then applied these theorems to find the structures of the Tukey types of
all ultrafilters Tukey reducible to U, and even more, the isomorphism types within
the Tukey types of the ultrafilters Tukey reducible to U,,. This work points to the
following lines of questions.

Question 6.1. What other natural topological Ramsey spaces can be constructed?

For each o < wy, the Tukey types of all ultrafilters Tukey reducible to U, form
a strictly decreasing sequence of order-type o + 1.

Question 6.2. What other structures embed into the Tukey types of ultrafilters
which are not Tukey top? In particular, what structures embed into the Tukey
types of ultrafilters near the bottom of the Tukey hierarchy?

Question 6.3. To what general classes of topological Ramsey spaces can our meth-
ods be applied to prove new Ramsey-classification theorems? Does every topological
Ramsey space support a Ramsey-classification theorem for equivalence relations on
its barriers?

Recently, Mijares and Padilla constructed in [12] a new topological Ramsey space
of infinite polyhedra, which they use to show that the group of automorphisms of
the Fraissé limit of the class of finite ordered polyhedra is extremely amenable,
providing a new example of an extremely amenable group and hence, by work of
Kechris, Pestov and Todorcevic, related universal minimal flow (see [9]).

A forthcoming paper of Dobrinen and Trujillo provides some answers to Ques-
tions 6.1 - 6.3. In [6], for each 1 < n < w, they construct new topological Ramsey
spaces, inspired by a combination of the spaces R, and some work of Blass in [1].
Once the pigeonhole property is proved, the work in Parts 1 and 2 can be used in
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a general way to prove Ramsey-classification theorems for these new spaces. These
spaces were built so that the structure of the Tukey types below that of the associ-
ated ultrafilter are isomorphic to a large array of countable lattices, including the
finite Boolean algebras P(n), n < w. Other structures of initial segments of Tukey
types are the subject of current work.

In another direction answering Questions 6.2 and 6.3, Dobrinen in [3] builds
new spaces which, though not technically topological Ramsey spaces, have enough
strength for a version of the Abstract Nash-Williams Theorem to hold. This is
applied to precisely classify the structures of the Rudin-Keisler and Tukey types
of p-points which are not weakly Ramsey, yet form a linear hierarchy of Tukey
immediate successors above a Ramsey ultrafilter, analogously to the U, in this
paper.

Finally, what happens at w;? The straighforward limit of the spaces R, a < wy,
does not produce a topological Ramsey space, as the auxiliary structure S,,, would
be uncountable and whatever countable tree T,, we were to use would not be able
to code the structure of S,,. In [10], Laflamme constructed a partial ordering Py,
which is a sort of amalgamation of all the P, e < w;. However, the ultrafilter Uy,
forced by Py, is a rapid p-point with no Ramsey ultrafilter Rudin-Keisler reducible
to it.
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