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ABSTRACT. A general method for constructing a new class of topological Ramsey spaces is presented. Mem-
bers of such spaces are infinite sequences of products of Fraissé classes of finite relational structures satisfying
the Ramsey property. The Product Ramsey Theorem of Soki¢ is extended to equivalence relations for finite
products of structures from Fraissé classes of finite relational structures satisfying the Ramsey property and
the Order-Prescribed Free Amalgamation Property. This is essential to proving Ramsey-classification the-
orems for equivalence relations on fronts, generalizing the Pudlak-Rodl Theorem to our class of topological
Ramsey spaces.

To each topological Ramsey space in this framework corresponds an associated ultrafilter satisfying some
weak partition property. In particular, this template generates topological Ramsey spaces which are dense
in the partial orders of Baumgartner and Taylor in [2] generating p-points which are k-arrow but not k + 1-
arrow, and in a partial order of Blass in [3] producing a diamond shape in the Rudin-Keisler structure
of p-points. Any space in our framework in which blocks are products of m» many structures produces
ultrafilters with initial Tukey structure exactly the Boolean algebra P(n). If the number of Fraissé classes
on each block grows without bound, then the Tukey types of the p-points below the space’s associated
ultrafilter have the structure exactly [w]<“. In contrast, given any finite product of Fraissé classes of finite
relational structures satisfying the Ramsey property and the OPFAP, its set of isomorphism types, partially
ordered by embedding, is realized as the initial Rudin-Keisler structure of some p-point generated by a space
constructed from our template.

1. INTRODUCTION

The Tukey theory of ultrafilters has recently seen much progress, developing into a full-fledged area of
research drawing on set theory, topology, and Ramsey theory. Interest in Tukey reducibility on ultrafilters
stems both from the fact that it is a weakening of the well-known Rudin-Keisler reducibility as well as the
fact that it is a useful tool for classifying partial orderings.

Given ultrafilters U, V, we say that U is Tukey reducible to V (written U <p V) if there is a function
f 'V — U which sends filter bases of V to filter bases of . We say that U and V are Tukey equivalent if
both U <r V and V <7 U. The collection of all ultrafilters Tukey equivalent to U is called the Tukey type
of U.

The question of which structures embed into the Tukey types of ultrafilters on the natural numbers was
addressed to some extent in [8]. In that paper, the following were shown to be consistent with ZFC: chains
of length ¢ embed into the Tukey types of p-points; diamond configurations embed into the Tukey types of
p-points; and there are 2 many Tukey-incomparable selective ultrafilters. However, [] left open the question
of which structures appear as initial Tukey structures in the Tukey types of ultrafilters, where by an initial
Tukey structure we mean a collection of Tukey types of nonprincipal ultrafilters which is closed under Tukey
reducibility.

The first progress in this direction was made in [22], where applying a canonical Ramsey theorem of
Pudldk and Rodl (see Theorem , Todorcevic showed that every nonprincipal ultrafilter Tukey reducible
to a Ramsey ultrafilter is in fact Tukey equivalent to that Ramsey ultrafilter. Thus, the initial Tukey
structure below a Ramsey ultrafilter is simply a singleton.

Dobrinen was partially supported by National Science Foundation Grant DMS-1301665 and Simons Foundation Collaboration
Grant 245286.
Mijares was partially supported Dobrinen’s Simons Foundation Collaboration Grant 245286.
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Further progress on initial Tukey structures was made by Dobrinen and Todorcevic in [9] and [7]. To each
topological Ramsey space, there is a naturally associated ultrafilter obtained by forcing with the topological
Ramsey space partially ordered modulo finite initial segments. The properties of the associated ultrafilters
are inherited from the properties of the topological Ramsey space (see Section . In [9], a dense subset of
a partial ordering of Laflamme from [14] which forces a weakly Ramsey ultrafilter was pared down to reveal
the inner structure responsible for the desired properties to be that of a topological Ramsey space, R1. In
fact, Laflamme’s partial ordering is exactly that of an earlier example of Baumgartner and Taylor in [2] (see
Example . By proving and applying a new Ramsey classification theorem, generalizing the Pudlak-Rodl
Theorem for canonical equivalence relations on barriers, it was shown in [9] that the ultrafilter associated
with R has exactly one Tukey type of nonprincipal ultrafilters strictly below it, namely that of the projected
Ramsey ultrafilter. Thus, the initial structure of the Tukey types reducible to the ultrafilter associated with
R4 is exactly a chain of length 2.

In [7], this work was extended to a new class of topological Ramsey spaces R, which are obtained as
particular dense sets of forcings of Laflamme in [I4]. In [7], it was proved that the structure of the Tukey
types of ultrafilters Tukey reducible to the ultrafilter associated with R, is exactly a decreasing chain of
order-type a + 1. As before, this result was obtained by proving new Ramsey-classification theorems for
canonical equivalence relations on barriers and applying them to deduce the Tukey structure below the
ultrafilter associated with R,.

All of the results in [22], [9] and [7] concerning initial Tukey structures produced initial structures which
are linear orders, precisely, decreasing chains of some countable successor ordinal length. This led to the
following questions, which motivated the present and forthcoming work.

Question 1. What are the possible initial Tukey structures for ultrafilters on a countable base set?
Question 2. What are the possible initial Rudin-Keisler structures for ultrafilters on a countable base set?

Question 3. For a given ultrafilter /, what is the structure of the Rudin-Keisler ordering of the isomorphism
classes of ultrafilters Tukey reducible to U?

Related to these questions are the following two motivating questions. Before [7], there were relatively few
examples in the literature of topological Ramsey spaces. The constructions in that paper led to considering
what other new topological Ramsey spaces can be formed. Our general construction method presented in
Section [3]is a step toward answering the following larger question.

Question 4. What general construction schemes are there for constructing new topological Ramsey spaces?

We point out some recent work in this vein constructing new types of topological Ramsey spaces. In
[I7], Mijares and Padilla construct new spaces of infinite polyhedra, and in [I8], Mijares and Torrealba
construct spaces whose members are countable metric spaces with rational valued metrics. These spaces
answer questions in Ramsey theory regarding homogeneous structures and random objects, but do not
produce ultrafilters with partition properties. One of aims of the present work is to find a general framework
for ultrafilters satisfying partition properties in terms of topological Ramsey spaces. See also [6] for a new
construction scheme.

Question 5. Is each ultrafilter on some countable base satisfying some partition relations actually an
ultrafilter associated with some topological Ramsey space (or something close to a topological Ramsey
space)? Is there some general framework of topological Ramsey spaces into which many or all examples of
ultrafilters with partition properties fit?

Some recent work of Dobrinen in [6] constructs high-dimensional extensions of the Ellentuck space. These
topological Ramsey spaces generate ultrafilters which are not p-points but which have strong partition
properties; precisely these spaces yield the ultrafilters generic for the forcings P(w”)/Fin®", 2 < n < w. The
structure of the spaces aids in finding their initial Tukey structures via new extensions of the Pudlak-Raodl
Theorem for these spaces.

It turns out that whenever an ultrafilter is associated with some topological Ramsey space, the ultrafilter
has complete combinatorics. This follows by generalizating of work of Todorcevic in [12] combined with
results of Mijares and Nieto in [16]. Thus, finding a general framework for ultrafilters with partition properties
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in terms of ultrafilters associated with topological Ramsey spaces has the benefit of providing a large class
of forcings with complete combinatorics.

In this paper we provide a general scheme for constructing new topological Ramsey spaces. This con-
struction scheme uses products of finite ordered relational structures from Fraissé classes with the Ramsey
property. The details are set out in Section [3] The goal of this construction scheme is several-fold. We aim
to construct topological Ramsey spaces with associated ultrafilters which have initial Tukey structures which
are not simply linear orders. This is achieved by allowing “blocks” of the members of the Ramsey space to
consist of products of structures, rather than trees as was the case in [7]. In particular, for each n < w, we
construct a hypercube space H"™ which produces an ultrafilter with initial Tukey structures exactly that of
the Boolean algebra P(n). See Example [24] and Theorem

We also seek to use topological Ramsey spaces to provide a unifying framework for p-points satisfying
weak partition properties. This is the focus in Section @ All of the p-points of Baumgartner and Taylor in
[2] fit into our scheme, in particular, the k-arrow, not (k + 1)-arrow p-points which they construct. In the
other direction, for many collections of weak partition properties, we show there is a topological Ramsey
space with associated ultrafilter simultaneously satisfying those properties.

The general Ramsey-classification theorem in this paper hinges on Theorem which we prove in Section
This canonization theorem generalizes the Erdds-Rado Theorem (see Theorem in two ways: by
extending it from finite linear orders to Fraissé classes of finite ordered relational structures with the Ramsey
property and the Order-Prescribed Free Amalgamation Property (see Definition , and by extending it to
finite products of members of such classes. Theorem [31]is applied in Section [f] to prove Theorem [38 which
generalizes the Ramsey-classification theorems in [9] for equivalence relations on fronts to the setting of the
topological Ramsey spaces in this paper. Furthermore, we show that the Abstract Nash-Williams Theorem
(as opposed to the Abstract Ellentuck Theorem) suffices for the proof.

Section [7| contains theorems general to all topological Ramsey spaces (R, <, r), not just those constructed
from a generating sequence. In this section, general notions of a filter being selective or Ramsey for the space
R are put forth. The main result of this section, Theorem shows that Tukey reductions for ultrafilters
Ramsey for a topological Ramsey space can be assumed to be continuous with respect to the metric topology
on the Ramsey space. In particular, it is shown that any cofinal map from an ultrafilter Ramsey for R is
continuous on some base for that ultrafilter, and even better, is basic (see Definition . This section also
contains a general method for analyzing ultrafilters Tukey reducible to some ultrafilter Ramsey for R in
terms of fronts and canonical functions. (See Proposition [50] and neighboring text.)

Finally, in Section Theorem is applied to find all initial Tukey structures associated with the
ultrafilters generated by the class of topological Ramsey spaces constructed in this paper. In Theorem it
is shown that each Boolean algebra P(w) appears as the initial Tukey structure below a p-point associated
with some topological Ramsey space. In fact, finer results are proved in this section. In particular, Theorem

shows that if R is a topological Ramsey space constructed from some Fraissé classes K;, j € J, and C is a
Ramsey filter on (R, <), then the Rudin-Keisler ordering of the p-points Tukey reducible to C is isomorphic
to the collection of all (equivalence classes of) finite products of members of the classes /C;, partially ordered
under embeddability.

Attribution. The work in Sections 3 - 5 is due to Dobrinen. Section [6] comprises joint work of Dobrinen and
Mijares. Sections [7] and [§] are joint work of Dobrinen and Trujillo, building on some of the work in Trujillo’s
thesis.

2. BACKGROUND ON TOPOLOGICAL RAMSEY SPACES, NOTATION,
AND CLASSICAL CANONIZATION THEOREMS

In [24], Todorcevic distills the key properties of the Ellentuck space into four axioms which guarantee
that a space is a topological Ramsey space. For the sake of clarity, we reproduce his definitions here. The
following can all be found at the beginning of Chapter 5 in [24].

The axioms A.1 - A.4 are defined for triples (R, <,r) of objects with the following properties. R is
a nonempty set, < is a quasi-ordering on R, and r : R X w — AR is a mapping giving us the sequence
(rn(-) = r(-,n)) of approximation mappings, where AR is the collection of all finite approximations to
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members of R. For a € AR and A, B € R,
(1) [a,B]={Ae€R:A<Band (3n) r,(A) = a}.

For a € AR, let |a| denote the length of the sequence a. Thus, |a| equals the integer k for which a = 7 (a).
For a,b € AR, a C b if and only if a = r,,(b) for some m < |b]. a C b if and ouly if a = r,,(b) for some
m < |b]. For each n < w, AR,, = {r,(A4) : A € R}.

A.1 (a) r9(A) =0 for all A€ R.
(b) A # B implies r,(A) # r,(B) for some n.
(¢) rn(A) =1y (B) implies n = m and 7 (A) = r(B) for all k < n.

A.2 There is a quasi-ordering <g, on AR such that
(a) {a € AR : a <gp b} is finite for all b € AR,
(b) A < Biff (Vn)(3m) r,(A) <gn rm(B),
(c) Va,b,c€ AR[aC bAb <g, c— 3d T ca <gy, d].

We abuse notation and for a € AR and A € R, we write a <g, A to denote that there is some n < w
such that a <gj, r,(A4). depthg(a) denotes the least n, if it exists, such that a <g, r,(B). If such an n does
not exist, then we write depthg(a) = co. If depthg(a) = n < oo, then [depthg(a), B] denotes [r,(B), B].

A.3 (a) If depthg(a) < oo then [a, A] # () for all A € [depthg(a), B].

(b) A< B and [a, A] # 0 imply that there is A’ € [depthg(a), B] such that @) # [a, A'] C [a, A].

If n > |al, then r,[a, A] denotes the collection of all b € AR, such that a C b and b <g, A.

A.4 If depthg(a) < oo and if O € AR|q|41, then there is A € [depthg(a), B] such that r|,41]a, A] € O
or 7|q41]a, A] C O°.

The topology on R is given by the basic open sets [a, B]. This topology is called the FEllentuck topology
on R; it extends the usual metrizable topology on R when we consider R as a subspace of the Tychonoff
cube ARYN. Given the Ellentuck topology on R, the notions of nowhere dense, and hence of meager are
defined in the natural way. Thus, we may say that a subset X’ of R has the property of Baire iff X = ONM
for some Ellentuck open set O C R and Ellentuck meager set M C R.

Definition 6 ([24]). A subset X of R is Ramsey if for every ) # [a, A], there is a B € [a, A] such that
[a,B] C X or [a, BN X =0. X C R is Ramsey null if for every 0 # [a, A], there is a B € [a, A] such that
[a, BN X = 0.

A triple (R, <,r) is a topological Ramsey space if every property of Baire subset of R is Ramsey and if
every meager subset of R is Ramsey null.

The following result can be found as Theorem 5.4 in [24].

Theorem 7 (Abstract Ellentuck Theorem). If (R,<,r) is closed (as a subspace of ARY) and satisfies
axioms A.1, A.2, A.3, and A.4, then every property of Baire subset of R is Ramsey, and every meager
subset is Ramsey null; in other words, the triple (R, <,r) forms a topological Ramsey space.

For a topological Ramsey space, certain types of subsets of the collection of approximations AR have the
Ramsey property.

Definition 8 ([24]). A family 7 C AR of finite approximations is

(1) Nash-Williams if a Z b for all a # b € F;

(2) Spernerif a £g, b for all a # b € F;

(3) Ramsey if for every partition F = Fo U F; and every X € R, there are Y < X and ¢ € {0,1} such
that F;|Y = 0.

The Abstract Nash-Williams Theorem (Theorem 5.17 in [24]), which follows from the Abstract Ellentuck
Theorem, will suffice for the arguments in this paper.
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Theorem 9 (Abstract Nash-Williams Theorem). Suppose (R, <,r) is a closed triple that satisfies A.1 -
A.4. Then every Nash-Williams family of finite approximations is Ramsey.

Definition 10. Suppose (R, <,r) is a closed triple that satisfies A.1 - A.4. Let X € R. A family F C AR
is a front on [0, X] if

(1) For each Y € [0, X], there is an a € F such that ¢« C Y; and
(2) F is Nash-Williams.

F is a barrier if (1) and (2) hold, where
(2") F is Sperner.

The quintessential example of a topological Ramsey space is the FEllentuck space, which is the triple
([w]“,C, 7). Members X € [w]¥ are considered as infinite increasing sequences of natural numbers, X =
{zog,x1,x2,...}. For each n < w, the n-th approximation to X is r,(X) = {x; : i < n}; in particular,
ro(X) = 0. The basic open sets of the Ellentuck topology are sets of the form [a, X] ={Y € [w]* :a C Y
and Y C X}. Notice that the Ellentuck topology is finer than the metric topology on [w]®.

In the case of the Ellentuck space, the Abstract Ellentuck Theorem says the following: Whenever a subset
X C [w]* has the property of Baire in the Ellentuck topology, then that set is Ramsey, meaning that every
open set contains a basic open set either contained in X or else disjoint from X'. This was proved by Ellentuck
in [I0].

The first theorem to extend Ramsey’s Theorem from finite-valued functions to countably infinite-valued
functions was a theorem of Erdds and Rado. They found that in fact, given any equivalence relation on [w]™,
there is an infinite subset on which the equivalence relation is canonical - one of exactly 2" many equivalence
relations. We shall state the finite version of their theorem, as it is all that is used in this paper (see Section
B.

Let n <. For each I C n, the equivalence relation E; on [I]" is defined as follows: For b, ¢ € [I]",
bErc<=Vie I(bz ZCZ'),

where {bg,...,b,—1} and {cg,...,cn,—_1} are the strictly increasing enumerations of b and ¢, respectively. An
equivalence relation E on [|]” is canonical if and only if there is some I C n for which F = Ej.

Theorem 11 (Finite Erdés-Rado Theorem, [I1]). Given n < I, there is an m > 1 such that for each
equivalence relation E on [m]", there is a subset s C m of cardinality | such that E | [s]™ is canonical; that
is, there is a set I Cn such that E | [s|™ = E; | [s]".

Pudlak and Rodl later extended this theorem to equivalence relations on general barriers on the Ellentuck
space. To state their theorem, we need the following definition.

Definition 12. A map ¢ from a front F on the Ellentuck space into w is called irreducible if

(1) ¢ is inner, meaning that p(a) C a for all a € F; and
(2) ¢ is Nash-Williams, meaning that ¢(a) iZ ¢(b) for all a,b € F such that ¢(a) # ¢(b).

Given a front F and an X € [w]¥, we let F | X denote {a € F : a C X}. Given an equivalence relation
E on a barrier F, we say that an irreducible map ¢ represents £ on F | X if for all a,b € F | X, we have
a E b+ pla) =p(d).

The following theorem of Pudlak and Rodl is the basis for all subsequent canonization theorems for fronts
on the general topological Ramsey spaces considered in the papers [9] and [7].

Theorem 13 (Pudldk/Rodl, [21]). For any barrier F on the Ellentuck space and any equivalence relation
on F, there is an X € [w]¥ and an irreducible map ¢ such that the equivalence relation restricted to F | X
is represented by .

[7]. In Section |6}, we shall generalize this theorem to the broad class of topological Ramsey spaces defined in
the next section.

Theorem as generalized to a class of topological Ramsey spaces whose members are trees in [9] and



3. A GENERAL METHOD FOR CONSTRUCTING TOPOLOGICAL RAMSEY SPACES
USING FRAITSSE THEORY

We review only the facts of Fraissé theory for ordered relational structures which are necessary to this
article. More general background on Fraissé theory can be found in [I3]. We shall call L = {<} U{R;}icr
an ordered relational signature if it consists of the order relation symbol < and a (countable) collection of
relation symbols R;, where for each i € I, we let n(i) denote the arity of R;. A structure for L is of the form
A = (|A], <A {RAYicr), where |A| # ) is the universe of A, < is a linear ordering of |A|, and for each
i €I, RA C A", An embedding between structures A, B for L is an injection ¢ : |A| — |B| such that for
any two a,a’ € |A|, a <2 a’ <> 1(a) <B 1(a’), and for alli € I, RLAl(al, e On()) & RLBl(L(al), o tangy))-
If ¢ is the identity map, then we say that A is a substructure of B. We say that ¢ is an isomorphism if ¢ is
an onto embedding. We write A < B to denote that A can be embedded into B; and we write A = B to
denote that A and B are isomorphic.

A class K of finite structures for an ordered relational signature L is called hereditary if whenever B € K
and A < B, then also A € K. K satisfies the joint embedding property if for any A, B € KC, thereisa C € K
such that A < C and B < C. We say that K satisfies the amalgamation property if for any embeddings
f:A—> Bandg: A— C, with A B,C € K, there is a D € K and there are embeddings r : B — D
and s : C — D such that ro f = so g. K satisfies the strong amalgamation property there are embeddings
r: B — D and s: C — D such that r o f = s o g and additionally, r(B) N s(C) =ro f(A) =sog(A). A
class of finite structures K is called a Fraissé class of ordered relational structures for an ordered relational
signature L if it is hereditary, satisfies the joint embedding and amalgamation properties, contains (up to
isomorphism) only countably many structures, and contains structures of arbitrarily large finite cardinality.

Let K be a hereditary class of finite structures for an ordered relational signature L. For A, B € K with
A < B, we use (ﬁ) to denote the set of all substructures of B which are isomorphic to A. Given structures
A < B <C in K, we write

C - (B)i!
c

to denote that for each coloring of (i) into k colors, there is a B’ € ( B) such that (ﬁ') is homogeneous,

i.e. monochromatic, meaning that every member of (i,) has the same color. We say that K has the Ramsey
property if and only if for any two structures A < B in K and any natural number k > 2, there is a C € K
with B < C such that C — (B){.

For finitely many Fraissé classes K;, j € J for some J < w, we write (Eﬁ’;’:) to denote the set of all
NENASE

sequences (D;);cs such that for each j € J, D; € (ﬁ;) For structures A; < B; < C; € Kj, j € J, we
write
Aj)je.
(C)ies = (Bj)jen)i e
to denote that for each coloring of the members of (Eijgij) into k colors, there is (B});cs € (Egj;jij) such
(B))jes (B))jes

MAj)jes i o MAy)jes
to the usual convention that when no k appears in the expression, it is assumed that k& = 2.

We point out that by Theorem A of Nesetfil and Rodl in [19], there is a large class of Fraissé classes of
finite ordered relational structures with the Ramsey property. In particular, the collection of all finite linear
orderings, the collection of all finite ordered m-clique free graphs, and the collection of all finite ordered
complete graphs are examples of Fraissé classes fulfilling our requirements. Moreover, finite products of
members of such classes preserve the Ramsey property, as we now see. The following theorem for products
of Ramsey classes of finite objects is due to Soki¢ and can be found in his PhD thesis.

that all members of ( ) have the same color; that is, the set ( ) is homogeneous. We subscribe

Theorem 14 (Product Ramsey Theorem, Soki¢ [23]). Let s and k be fized natural numbers and let K;,
J € s, be a sequence of Ramsey classes of finite objects. Fiz two sequences (Bj)jes and (Aj)jes such that
for each j € s, we have A;, B; € K; and A; < Bj. Then there is a sequence (Cj);cs such that C;j € K;
for each j € s, and

(Cj)jes — ((B)jes)fﬁAj)jes.

We now present our notion of a generating sequence. Such sequences will be used to generate new
topological Ramsey spaces.



Definition 15 (Generating Sequence). Let 1 < J < w and K;, j € J, be a collection of Fraissé classes of
finite ordered relational structures with the Ramsey property. For each k € w, if J < w then let J, = J, and
if J =w then let J, = k + 1.
For each k < w and j € Jj, suppose Ay ; is some fixed member of K;, and let Aj denote the sequence

(Agj)jer.. Wesay that (A : k <w) is a generating sequence if and only if

(1) For each j € Jy, |Ag;| = 1.

(2) For each k < w and all j € Jy, Ay ; is a substructure of Agy1 ;.

(3) For each j € J and each structure B € K;, there is a k such that B < Ay, ;.

(4) (Pigeonhole) For each pair k < m < w, there is an n > m such that

(14'n,j)jEJ;c — (14’rn,j)j6.];C (Ak.g)se .
Remark. Note that (3) implies that for each j € J and each B € KC;, B < Ay, ; for all but finitely many k.
We now define the new class of topological Ramsey spaces which are the focus of this article.

Definition 16 (The spaces R({(Ay : k < w))). Let 1 < J < w and K;, j € J, be a collection of Fraissé
classes of finite ordered relational structures with the Ramsey property. Let (A : k < w) be any generating
sequence. Let A = ((k, Ag) : k <w). A is the maximal member of R((A : k < w)).

We define B to be a member of R({Aj : k < w)) if and only if B = ((ng, By) : k < w), where

(1) (nk)k<w is some strictly increasing sequence of natural numbers; and
(2) For each k < w, By, is some sequence (By, ;) e, , where for each j € Ji, By ; € (’:’I:’)

27

We use B(k) to denote (ny, By), the k-th block of B. Let R(k) denote {B(k) : B € R({Ay : k < w))},
the collection of all k-th blocks of members of R({Ay : k < w)). The n-th approximation of B is r,(B) :=
(B(0),...,B(n —1)). In particular, ro(B) = 0. Let AR,, = {r,,(B) : B € R({A : k < w))}, the collection
of all n-th approximations to members of R({Ay : k < w)). Let AR =J,,__, AR, the collection of all finite
approximations to members of R({Ag : k < w)).

Define the partial order < on R({(Ay : k < w)) as follows. For B = ((my,B) : k < w) and C =
((ng, Ck) + k < w), define C' < B if and only if for each k there is an I such that n, = my;, and for all
7€ Jg, Ck’j S (Iil::)

Define the partial order <g, on AR as follows: For b = ((my, By) : k < p) and ¢ = ((ny,Ct) : k < q),
define ¢ <g, b if and only if there are C' < B and k <[ such that ¢ = r,(C), b = r,(B), and for each k < g,
ni = my, for some I < p.

n<w

For ¢ € AR and B € R, depthg(c) denotes the minimal d such that ¢ <g, rq(B), if such a d exists;
otherwise depthg(c) = co. Note that for ¢ = ((ng, Cx) : k < q), depth,(c) is equal to ng_1 + 1. The length
of ¢, denoted by |c|, is the minimal ¢ such that ¢ = r,(c). For b,c € AR, we write b C ¢ if and only if there
is a p <|c| such that b = r,(c). In this case, we say that b is an initial segment of c. We use b C ¢ to denote
that b is a proper initial segment of ¢; that is b C ¢ and b # c.

Remark. The members of R((Ax : k < w)) are infinite squences B which are isomorphic to the maximal
member A, in the sense that for each k-th block B(k) = (ng, Bg), each of the structures By, ; is isomorphic
to Ay,;. This idea, of forming a topological Ramsey space by taking the collection of all infinite sequences
coming from within some fixed sequence and preserving the same form as this fixed sequence, is extracted
from the Ellentuck space itself, and was first extended to more generality in [9].

The above method of construction yields a new class of topological Ramsey spaces. The proof below is
jointly written with Trujillo.

Theorem 17. Let 1 < J <w and K;, j € J, be a collection of Fraissé classes of finite ordered relational
structures with the Ramsey property. For each generating sequence (Ay : k < w), the space (R({Ay : k <
w)), <,1) satisfies azioms A.1 - A.4 and is closed in AR”, and hence, is a topological Ramsey space.

Proof. Let R denote R((Aj : k < w)). R is identified with the subspace of the Tychonov power AR*

consisting of all sequences (a,,n < w) for which there is a B € R such that for each n < w, a, = r,(B). R

forms a closed subspace of AR®, since for each sequence {a,,,n < w) with the properties that each a,, € AR,
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and a,, C any1, then ((depth 4 (an41) : ant1(n)) : n < w) is a member of R. It is routine to check that axioms
A.1 and A.2 hold.

A.3 (1) If depthg(a) = n < w, then a <g, r,(B). If C € [depthg(a), B], then r,(B) = r,(C) and
for each k > n, there is an my such that (C,,, j)jes, < (Bk,j)jes,. For each i > |a|, let D(i) be an
element of R(i) such that (D, ;)jes, is a substructure of (C;;);jes, isomorphic to (A;;)jcs,. Let D =
a”™ (D) : |a| <i<w) € R. Then D € [a, B], so [a, B] # 0.

(2) Suppose that B < C and [a,B] # 0. Let n = depths(a). Then n < oo since B < C. Let
D=r,(C)"(B(n+1):i<w). Then D € [depth(a),C] and @ # [a, D] C [a, B].

A.4 Suppose that B = ((nx,Br): k <w), depthg(a) < oo, and O C AR|441- Let n = |a|. By
(4) in the definition of a generating sequence, there is a strictly increasing sequence (k;);>, such that

(Ak, j)jer, = (((Ani));:

the collection

), for each i > n. For each i > n, choose some (C; ;);cy, in (((]134’“? ’_3&2”) such that
%373 i

s, (Xig)jer,) + (Xig)jer, € (((Zii))];i)}

is homogeneous for O. Infinitely many of these (C; ;) e, will agree about being in or out of @. Thus, for some

subsequence (k;, )i>n, there are (Dy ;) e, € (((C’Xllj))jee‘;’ll) such that letting D = a™((ny, , (Dij)jen) : 1 > n),

we have that r,11[a, D] is either contained in or disjoint from O. O

We fix the following notation, which is used throughout this paper.

Notation 1. For ¢« € AR and B € R, we write a <g, B to mean that there is some A € R such that A < B
and a = r,(A) for some n. For H C AR and B € R, let H|B denote the collection of all a € H such that
a Sﬁn B.

For n <w, R(n) ={C(n): C € R}, and R(n)|B = {C(n) : C < B}. B/a denotes the tail of B which is
above every block in a. R(n)|B/a denotes the members of R(n)|B which are above a.

4. ULTRAFILTERS ASSOCIATED WITH TOPOLOGICAL RAMSEY SPACES
CONSTRUCTED FROM GENERATING SEQUENCES
AND THEIR PARTITION PROPERTIES

In this section, we show that many examples of ultrafilters satisfying partition properties can be seen to
arise as ultrafilters associated with some topological Ramsey spaces constructed from a generating sequence.
In particular, the ultrafilters of Baumgartner and Taylor in Section 4 of [2] arising from norms fit into this
framework. We begin by reviewing some important types of ultrafilters. All of the following definitions
can found in [I]. Recall the standard notation C*, where for X, Y C w, we write X C* Y to denote that
IX\Y] < w.

Definition 18. Let U be a nonprincipal ultrafilter.

(1) U is selective if for every function f : w — w, there is an X € U such that either f [ X is constant
or f [ X is one-to-one.

(2) U is Ramsey if for each 2-coloring f : [w]? — 2, there is an X € U such that f | [X]? takes on exactly
one color. This is denoted by w — (U)?.

(3) U is a p-point if for every family {X,, : n < w} C U there is an X € U such that X C* X,, for each
n<w.

(4) U is a g-point if for each partition of w into finite pieces {I,, : n < w}, there is an X € U such that
| X N1I,| <1 for each n < w.

(5) U is rapid if for each function f : w — w, there exists an X € U such that | X N f(n)| < n for each

n < w.

It is well-known that for ultrafilters on w, being Ramsey is equivalent to being selective, and that an
ultrafilter is Ramsey if and only if it is both a p-point and a g-point. Every g-point is rapid.

Let (R,<,r) be any topological Ramsey space. Recall that a subset C C R is a filter on (R, <) if C is
closed upwards, meaning that whenever X € C and X <Y, then also Y € C; and for every pair X,Y € C,
there is a Z € C such that 7 < X, Y.



Definition 19. A filter C on a topological Ramsey space R is called Ramsey for R if C is a maximal filter
and for each n < w and each H C AR,,, there is a member C € C such that either AR,|C C H or else
ARLICNH = 0.

Note that a filter which is Ramsey for R is a maximal filter on (R, <), meaning that for each X € R\ C,
the filter generated by C U {X} is all of R.

Fact 20. Let (A, : n < w) be any generating sequence with 1 < J < w. Each filter C which is Ramsey for
R((A, : n < w)) generates an ultrafilter on the base set AR, namely the ultrafilter, denoted U, generated
by the collection {AR1|C : C € C}.

Proof. Let U denote the collection of G C AR, such that G O AR4|C for some C € C. Certainly U is a filter
on ARq, since C is a filter on R({(A, : n < w)). To see that U is an ultrafilter, let H C AR be given. Since
C is Ramsey for R({A,, : n < w)), there is a C' € C such that either AR;|C C H or else AR|CNH =0. In
the first case, H € U; in the second case, AR, \ H € U. O

One of the motivations for generating sequences was to provide a construction scheme for ultrafilters which
are p-points satisfying some partition relations. At this point, we show how some historic examples of such
ultrafilters can be seen to arise as ultrafilters associated with some topological Ramsey space constructed
from a generating sequence, thus providing a general framework for such ultrafilters.

Example 21 (A weakly Ramsey, non-Ramsey ultrafilter, [2], [I4]). In [9] a topological Ramsey space called
R1 was extracted from a forcing of Laflamme which forces a weakly Ramsey ultrafilter which is not Ramsey.
That forcing of Laflamme is the same as the example of Baumgartner and Taylor in Theorems 4.8 and 4.9
in [2]. Ry is exactly R((A, : n < w)), where each A,, = (n, <), the linear order of cardinality n. R, is dense
in the forcing given by Baumgartner and Taylor. Thus, their ultrafilter can be seen to be generated by the
topological Ramsey space R1.

The next set of examples of ultrafilters which are generated by our topological Ramsey spaces are the
n-arrow, not (n + 1)-arrow ultrafilters of Baumgartner and Taylor.

Definition 22 ([2]). An ultrafilter U is n-arrow if 3 < n < w and for every function f : [w]? — 2, either
there exists a set X € U such that f([X]?) = {0}, or else there is a set Y € [w]" such that f([Y]?) = {1}. U
is an arrow ultrafilter if U is n-arrow for each n < 3 < w.

Theorem 4.11 in [2] of Baumgartner and Taylor shows that for each 2 < n < w, there are p-points
which are n-arrow but not (n + 1)-arrow. (By default, every ultrafilter is 2-arrow.) As the ultrafilters of
Laflamme in [T4] with partition relations had led to the formation of new topological Ramsey spaces and their
analogues of the Pudldk-Réd] Theorem in [9] and [7], Todorcevic suggested that these arrow ultrafilters with
asymmetric partition relations might lead to interesting new Ramsey-classification theorems. It turns out
that the constructions of Baumgartner and Taylor can be thinned to see that there is a generating sequence
with associated topological Ramsey space producing their ultrafilters. In fact, our idea of using Fraissé
classes of relational structures to construct topological Ramsey spaces was gleaned from their theorem.

Example 23 (Spaces A,, generating n-arrow, not (n + 1)-arrow p-points). For a fixed n > 2, let J =1
and K = Ky denote the Fraissé class of all finite n-clique-free ordered graphs. By Theorem A of Nesetiil and
R6dl in [19], K has the Ramsey property. Choose any generating sequence (Aj : k < w). One can check,
by a proof similar to that given in Theorem 4.11 of [2], that any ultrafilter on AR; which is Ramsey for
R({Ay : k < w)) is a k-arrow p-point which is not (k + 1)-arrow.

Let Uy, denote any ultrafilter on AR, which is Ramsey for A,. It will follow from Theorem [67] that
the initial Rudin-Keisler structure of the p-points Tukey reducible to i/4,, is exactly that of the collection
of isomorphism classes of members of Ky, partially ordered by embedability. Further, Theorem [60| will show
that the initial Tukey structure below U4, is exactly a chain of length 2.

Remark. In fact, Theorem A in [19] of Nesetfil and R6dl provides a large collection of Fraissé classes of
finite ordered relational structures which omit subobjects which are irreducible. Generating sequences can
be taken from any of these, resulting in new topological Ramsey spaces and associated ultrafilters. (See [19]
for the relevant definitions.)



The next collection of topological Ramsey spaces we will call hypercube spaces, H™, 1 < n < w. The idea
for the space H? was gleaned from Theorem 9 of Blass in [3], where he shows that, assuming Martin’s Axiom,
there is a p-point with two Rudin-Keisler incomparable p-points Rudin-Keisler reducible to it. The partial
ordering he uses has members which are infinite unions of n-squares. That example was enhanced in [§] to
show that, assuming CH, there is a p-point with two Tukey-incomparable p-points Tukey reducible to it. A
closer look at the partial ordering of Blass reveals inside essentially a product of two copies of the topological
Ramsey space R from [7]. Our space H? was constructed in order to construct or force a p-point which has
initial Tukey structure exactly the Boolean algebra P(2). The spaces H™ were then the logical next step in
constructing p-points with initial Tukey structure exactly P(n).

We point out that the space H! is exactly the space R in [7].

Remark. The space H? was investigated in [26]. All the results in this paper pertaining to the space H? are
due to Trujillo.

Example 24 (Hypercube Spaces H", 1 < n < w). Fix 1 <n < w, and let J = n. For each k < w and
j €n,let Ay ; be any linearly ordered set of size k + 1. Letting Aj denote the sequence (Ay ;) jcn, We see
that (Ay : k < w) is a generating sequence, where each K; is the class of finite linearly ordered sets. Let
H"™ denote R({(Ay : k < w)). It will follow from Theorem [60| that the initial Tukey structure below Upn is
exactly that of the Boolean algebra P(n).

Many other examples of topological Ramsey spaces are obtained in this manner, simply letting /C,, be a
Fraissé class of finite ordered relational structures with the Ramsey property.

‘We now look at the most basic example of a topological Ramsey space generated by infinitely many Fraissé
classes. When J = w, AR; no longer suffices as a base for an ultrafilter. In fact, any filter which is Ramsey
for this kind of space codes a Fubini product of the ultrafilters associated with KC; for each index j € w.
However, the notion of a filter Ramsey for such a space is still well-defined.

Example 25 (The infinite Hypercube Space H*). Let J = w. For each k < w and j € k, let Ay ; be any
linearly ordered set of size k + 1. Letting Ay, denote the sequence (A ;)jen, we see that (A; : k < w) is a
generating sequence for the Fraissé classes K; being the class of finite linearly ordered sets. Let H" denote
R({(Ag : k < w)). It will be shown in Theorem |60 that the structure of the Tukey types of p-points Tukey
reducible to any filter C» which is Ramsey for H¥ is exactly [w]<“. The space H“ is the first example of a
topological Ramsey space which has associated filter Cy«» with infinitely many Tukey-incomparable Ramsey
ultrafilters Tukey reducible to it.

We point out that, taking J = w and each K;, j € w, to be the Fraissé class of finite ordered (j + 3)-
clique-free graphs, the resulting topological Ramsey space codes the Fubini product seen in Theorem 3.12
in [2] of Baumgartner and Taylor which produces an ultrafilter which is n-arrow for all n.

We conclude this section by showing how the partition properties of ultrafilters Ramsey for some space
constructed from a generating sequence can be read off from the Fraissé classes. Recall the following notation
for partition relations. For k > [, any m > 2, and an ultrafilter U,

(2) U— Uiy

denotes that for any U € Y and any partition of [U]™ into k pieces, there is a subset V' C U in U such that
[V]™ is contained in at most [ pieces of the partition. We shall say that the Ramsey degree for m-tuples for
U is 1, denoted R(U,m) =1, if U — (U)}", but U A (U,

It is straightforward to calculate the Ramsey degrees of ultrafilters Ramsey for topological Ramsey spaces
constructed from a generating sequence, given knowledge of the Fraissé classes used in the construction. For a
given Fraissé class K, for each s > 1, let Iso(K, s) denote the number of isomorphism classes in K of structures
with universe of size s. Let S(m) denote the collection of all finite sequences § = (sg,...,s-1) € (w\{0})<¥
such that sqg + -+ s;_1 = m.

Fact 26. Let J = 1, K be a Fraissé class of finite ordered relational structures with the Ramsey property,
and Ui be an ultrafilter Ramsey for R({Ay : k < w)) for some generating sequence for K. Then for each
m > 2,

(3) R(Uic, m) = Xses(m)llics) Iso(K, 55).
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Examples 27. For an ultrafilter ¢;,1 Ramsey for the space H!, we have R(Uy1,2) = 2, R(Up,3) = 3,
R(Uzr,4) = 4, and in general, R(Uzy1,m) = m.

For an ultrafilter U4, Ramsey for the space As, we have R(U4,,2) = 3, R(Ua,,3) =12, and R(Ua,,4) =
35.

In fact, for each n > 3, R(U4,,2) = 3, since the only relation is the edge relation. The numbers
R(U4, ,m) can be calculated from the recursive formula in Fact but as they grow quickly, we leave this
to the interested reader.

When J = 2, the Ramsey degrees are again calculated from knowledge of the Fraissé classes Ky and ;.

Fact 28. For R a topological Ramsey space constructed from a generating sequence for Fraissé classes K,
j € 2, letting Ur be an ultrafilter Ramsey for R, we have

(4) R(Ur,2) = 3+ Iso(Ko,2) + Iso(Ky, 2)

The 3 comes from the fact that the pair can come from different blocks or from within the same block
in a diagonal configuration. The numbers Iso(Kg, 2) and Iso(Kq,2) take care of cases when the pair comes
from a vertical or horizontal slice. In particular, R(Uyz,2) = 5.

For larger J and m, the Ramsey degrees can be obtained in the same manner as above. We leave the

reader with the following. R(Uy2,3) = 23, and in general, R(Upn,2) = 3n2_1 + 1L

5. CANONICAL EQUIVALENCE RELATIONS FOR PRODUCTS OF STRUCTURES
FROM FRAISSE CLASSES OF FINITE ORDERED RELATIONAL STRUCTURES

In the main theorem of this section, Theorem we extend the finite Erdés-Rado Theorem [11] to finite
products of sets as well as finite products of members of Fraissé classes of finite ordered relational structures
with the Ramsey property and an additional property which we shall call the Order-prescribed Free Amal-
gamation Property, defined below. In particular, this extends the Product Ramsey Theorem [14] from finite
colorings to equivalence relations for Fraissé classes with the aforementioned properties. Theorem [31] will fol-
low from Theorem [32] which gives canonical equivalence relations for blocks from topological Ramsey spaces
constructed from generating sequences for these special types of Fraissé classes. We proceed in this manner
for two reasons. First, the strength of topological Ramsey space theory, and in particular the availability
of the Abstract Nash-Williams Theorem, greatly streamlines the proof. Second, our desired application of
Theorem [31] is in the proof of Theorem [38in Section [f] to find the canonical equivalence relations on fronts
for topological Ramsey spaces constructed from a generating sequence.

Recall that |B| denotes the universe of the structure B, and ||B|| denotes the cardinality of the universe
of B. For a structure X; € K;, we shall let {z¥ : p < || X[/} denote the members of the universe | X ;| of
X, enumerated in <-increasing order.

Definition 29 (Order-Prescribed Free Amalgamation Property (OPFAP)). An ordered relational Fraissé
class K has the Order-Prescribed Free Amalgamation Property if the following holds. Suppose X,Y, Z are
structures in I with embeddings e : Z — X and f: Z - Y. Let K = | X||, L = ||Y||, and M = || Z]].
Let {2* : k € K} denote | X| and {y' : I € L} denote |Y|, the universes of X and Y, respectively. Let
K' ={kl,:me M} CKand L' ={l, : m € M} C L be the subsets such that X [ K’ = e(Z) and
Y | L' = f(2).
Let p': K x L — {<,=,>} be any function such that
For each m € M, p(kl,,I!) ==;

) m’Tm
) For each m € M, k < k/,, and | > I/, implies p(k,l) =<; and k > k], and [ < I, implies g(k,1) =>;
) For all (k,1) € (K \ K") x (L\ L), 5lk,1) #=;
) p(k,1) =< implies for all I’ > [ and k' < k, p(k',l') =<;
and p(k,l) = > implies for all I’ <l and &' > k, p(k/,1') =>.
Then there is a free amalgamation (g, h, W) of (Z,e, X, f,Y) and there is a function o0 : K + L — [|[W||
such that the following hold:
(1) o | K and o | [K, L) are strictly increasing;
(2) W o"K=g(X)and W | ¢”|K,L) = h(Y);
11



(3) Forallm € M, o(k},)) = o(K +1,,), and W [ o"{kl, -m e M} =W [ o"{L+1,:meM}=
goe(Z) = ho f(2)~ 7
(4) For all (k1) € K x L, wo®) gy (K+D,

Hence, W contains copies of X and Y which appear as substructures of W in the order prescribed by p.

In words, the Order-Prescribed Free Amalgamation Property says that given any structure Z appearing
as a substructure of both X and Y, one can find a strong amalgamation W of X and Y so that the members
of the universes of the copies of X and Y in W lying between the members of the universe of the copy of
Z can lie in any order which we prescribed ahead of time, and the only relations between members of the
copies of X and Y in W are those in Z, that is, the amalgamation is free.

Remark. Note that (3) in Deﬁnition implies that there are no transitive relations on K. Thus, any Fraissé
class which has a transitive relation does not satisfy the OPFAP. We point out that the classes of ordered
finite graphs, ordered finite K, -free graphs, and more generally, the classes of ordered set-systems omitting
some collection of irreducible structures (see [19]) all satisfy the OPFAP.

Definition 30. Let K;, j € J < w be Fraissé classes of finite ordered relational structures with the Ramsey
property and the OPFAP. For each j € J, let A;, B; € K; such that A; < B;. Given a subset I; C || A;]|
and X;,Y; € (37), we write | X;| Ey; |Y;| if and only if for all i € I, o = y.

An equivalence relation E on (Ei’%’:ﬁ) is canonical if and only if for each j € J, there is a set I; C || A;]|

such that for all (X;);ers, (Y;)jes € (Eﬁj;;g),

(5) (Xj)jes E(Yj)jes «— Vi € J, | X Er |Y].
When FE is canonical, given by Ep;, j € J, then we shall write F' = E

Ij)jes-

Theorem 31. Let K;, j € J < w, be Fraissé classes of ordered relational structures with the Ramsey property
and the OPFAP. For each j € J, let A;, B; € K; be such that A; < Bj. Then for each j € J, there is

a C; € K; such that for each equivalence relation E on (E%gfij), there is a sequence (B;)je‘] € (ngiJEj)
J/7 J77

such that E restricted to (Ei;;ﬁj) is canonical.
j)ie

Theorem |31 will follow immediately from the next theorem.

Theorem 32. Let (A : k < w) be a generating sequence associated to some Fraissé classes of finite ordered
relational structures ICj, j € J, each satisfying the Ramsey property and the OPFAP. Letn < w and L C J,, be

given, and let E be an equivalence relation on Ukzn (Eﬁ:j;jz) such that E C Ukzn (Ez:j%jii) X (Eﬁ:j;jz)

Then there is a C € R({Ax : k < w)) and there are index sets I; C ||A, ;|| such that for all k > n,

E = E(1,),., when restricted to (Ei’”;ﬂ?) That is, for each k > n, and each pair (X, ;)jer, (Y n,j)jer €
((Ck,j)jeL) o
(An,j)jer’’

(Xnj)jer BE(Yn)jeL «—Vj€ L, | X, | Br, [Ynjl)-

Proof. Let J < w and K;, 7 € J, be a collection of Fraissé classes of finite ordered relational structures
with the Ramsey property and the Order-Prescribed Free Amalgamation Property. Let (Ap : k < w)
be a generating sequence associated with the KCj, j € J, and let R denote the topological Ramsey space
R((Ag : k <w)). Recall that J, = J if J <w, and J, =n if J = w.

Before beginning the inductive proof, we establish some terminology and notation, and Lemma [33] below.
For each n < w and j € J,, let K denote || A, ;||, the cardinality of the universe of the structure A, ;.
For a given structure X € K;, let {z°,... ,zIX1=1} denote | X |, the universe of X enumerated in increasing
order. For M C || X||, let X | M denote the substructure of X on universe {z* : k € M}. For each j € J,,
let Amalg(n, j) denote the collection of all X € K; such that X is an amalgamation of two copies of A,,.
By this we mean precisely that there are set of indices My, My C || X]|| such that My and M; each have
cardinality K;, MoU M, = || X||,and X | My = X [ My = A, ;.

By the definition of a generating sequence, given n < w there is an m > n such that for each j € J,,, every
structure X € Amalg(n, j) embeds into A,, ;. Define Z; to be the collection of functions ¢; : 2K; — || A, ;|
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such that ¢; | K; and ¢; [ [Kj,2K}) are strictly increasing, the substructure A,, ; [ /”2Kj is in Amalg(n, j),
and moreover, A, ; [ //K; = A, ; | '[K;,2K;) = A, ;. For each ¢; € T; and X = A,, ;, fix the notation

(X)) o= (X 1K, X 1K 2KG)) = (9@, a DY L (Ba) g GRG0,

the pair of structures in X chooseA,, ; determined by ¢;.
Throughout the poof of this theorem, given any structure D which embeds A,, ;, for any X,Y € ( ),
N

the pair (X,Y) is considered both as an ordered pair of structures isomorphic to A, ; as well as the
substructure of D | (|X|U|Y'|) with all inherited relations.

Claim 1. Let j € J,,. There is a structure B € K; with a substructure C' € (Ai.j> such that for each v € I;
for each T € I; such that T(A,, ;) = t(C) there is a V € (Ai j) such that 7(V') = 1(C).

Proof. Let p = |Z;| — 1 and enumerate Z; as (.* : i < p). The proof proceeds by amalgamation in p stages,
each stage i < p proceeding inductively by amalgamating to obtaining a B? which satisfies the claim for the
structure ¢; (A, ;).

Let W denote the substructure :°(A,, ;). Let Z° denote the set of 7 € Z; such that 7(A,, ;) = W,
and enumerate Z° as (79F : k < ¢°). Let ¢%0 : W° — A,, ; be the identity injection on WP, so that

QOWY) = %(An ). Let 20 : WP — V0 be an embedding of W' into a copy V*° of A,,; such
that fOO(W?) = 70.0(V90) Let (4%, h%0 B®%) be a free amalgamation of (WO,eO’O,AmJ,fO’O,VO’O)7
and let %' = ¢%0 0 €29, Thus, %' : W° — B%°. Let fO! : W% — V%! be an embedding of WP into
a copy VO of A, ; such that fOL(W?) = 704(VOh). Let (¢%',h%1, B®!') be a free amalgamation of
(WP €0l B%O 0.1 VO “and let €92 = g0 0 €%, so that e*2 : W° — B%!.

Given e%Ft1 . W0 5 BOF et fOk+1 . w0 5 VOl ho an embedding of WP into a copy V<!
of A, such that fOF1(WO) = 7Ok (YVORTL) et (gOk+1 pOk+1 BOFFL) he o free amalgamation of
(WO, 01 BOO £0.1 yO.1) and let €0k F2 = g0k+l o 0k +1 5o that e¥*12 : WY — B At the end of
the ¢° many stages of the construction, let h? = R0 o ... 0 BO0 and let B = BO’qo, so that h° embeds the
original copy of A,, ; into B°. This concludes the 0-th stage of constructing B.

For the i-th stage, suppose that 0 < i < p and h'~' : A, ; — B! are given. Let Z' denote the set of
7 € Z; such that 7(A,, ;) 2 W' := (A, ), and enumerate these as (7F : k < ¢'). Let ¢"* : W' — B!
be the embedding such that e"O(W*) = //(h*~ (A ). Let f4° : W' — V% be an embedding of W*
into a copy V*° of A,, ; such that fHO(W") = r:0(V*0). Let (¢"°, h*°, B"?) be a free amalgamation of
(Wi et® By, fi0,V¥0) and let e = g"0 0 €20,

For 0 < k < p' suppose e** : W' — Bt g given. Let fiF : Wi — Vi be an embedding of W'
into a copy V"* of A,, ; such that fi*(W') = r0F(VPF). Let (¢"*, h**, B"¥) be a free amalgamation of
(Wi, ebk BUWF=1 fisk yiky and let ebh 1 = gik o ik At the end of the ¢ many stages of the construction,
let B = B and h' = h4 o --- 0 h*0. This concludes the i-th stage.

Repeating the procedure for all i < p, we obtain a structure B := BP satisfying the claim. O

Claim 2. Let B € R, n < w and L C J, be given. There is a C < B such that for all kK > m, for

each pair (X;)jer, (Yj)jer € (Eg’”;ii) and for each (1; : j € L) € [[;cZ; such that for each j € L,

1i(Am ;) = (X;,Y,), there is a (Z;)jer € (g"”;]:i) such that each vj(Z;) = (X;,Y;), where k' is such
that Cy, j is a substructure of By ; 1

Proof. By Claim for each p > m and each j € L, there is a structure B;’j € K; containing a substructure
C’;’j € (ii;) with the following property: Given U; € (g’iz) and ¢v; € Zj, for each 7; € Z; such that
Ti(Anm ;) = (X;,Y,), thereisa V; € ( “) such that 7;(V;) = ¢;(U;). Since for a generating sequence,
each structure in K; embeds into all but ﬁmtely many Ay ;, there is a subsequence (k;)p>m such that each
B, * »,; embeds as a substructure of Ay, ;.

Thinning through this Subsequence for each p > m, take C}, ; to be a substructure of By, ; isomorphic
to A, ; satisfying Claim [T} and let C), ; = B, ; for each p < m. Then we obtain a C' < B which satisfies the
claim. O
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For fixed n and L C J,,, we shall let Z denote the set of all sequences (¢;)jer € HjeL Z;. Given a sequence
t=(t;:j€ L)€ and X(m) € R(m), fix the notation

U(X(m)) == ((Xmj [ ] Knj)jer, (Xmj | ¢ [Knj,2Knj))jer)-

Thus, ¢(X(m)) is a pair of sequences of structures, each sequence of which is isomorphic to (A, ;)jer-
Moreover, for each j € L, the pair (X, ; [ ¢/ K j, Xmj | ¢][Kpnj,2K, 7)) also determines a substructure
of X, ; which is an amalgamation of two copies of A, ;.

Lemma 33. Let n < w and L C J, be given. Let E be an equivalence relation on |Ji~,, (gﬁk;gyi) X

- n,3/7

(gzkjgjz) Let m be large enough that for each j € L, all members of Amalg(n,j) embed into A, ;. Then
there are C < B € R and a subset T' C T such that C < B satisfy Claim @ and for all k > n and all
X(n),Y(n) € R(n)|C(k),

6)  (Xnj)ier E(Yny)jer < 3U(m) € R(m)|B J eI’ (U(m)) = ((Xn;)jer, (Yny)jer))-
Proof. For each « € Z, define
H, = {rm+1(X) : X € R and E(«(X(m)))}.

Each H, is a subset of the Nash-Williams family AR,,+1. Hence, by the Abstract Nash-Williams Theorem,
there is a B € R which is homogeneous for #,, for all « € Z. That is, for each ¢ € Z, either AR,,,+1|B C H,
orelse ARp41|BNH, =0. Let T/ = {¢ € T: E(«(B(m)))}. Finally, take C' < B satisfying the conclusion
of Claim [2] for each j € L. O

We will prove the following statement by induction on M > 1: Let n be such that J, > M and all

L € [J,)™, and let E be an equivalence relation on Uan (Eﬁ’”g]i) X (Ej:k];ii) Then there is a C € R

and there are index sets I; C K such that for all £ > n and all (X, ;)jer, (Yn)jer € (Ei“;ii),
n,31/)3

(Xn,j)jELE(Yn,j)jEL if and OIlly if VJ S L, |Xn,j| E]j ‘ij

Base Case. M = 1. Let n < w, j € J,, and L = {j}. Let E be an equivalence relation such that

E C U,Qn (Eﬁ:;;) X (Eﬁ:jg) Let C < BeR and I;» satisfy Lemmaﬁ Define

L={ieK;:YveT, 1;(i)=1;(K; +1)}.
Since each ¢ € I} is a sequence consisting of only a single entry, (¢;), we shall abuse notation for the base

case and use ¢ in place of ¢;. We make the convention that for each k < w, k’ denotes the number such that
C',; is a substructure of By ;.

Claim 3. If 1€ T}, 7 € Tj, and 7(Ap ;) = t(Ap j), then T € T7.

Proof. Let + and 7 be as in the hypothesis. Let (X,Y) = ¢(Cy, ;). By Claim [2} there is an m’ > m and a
Ve (i”"”?’) such that 7(V) = (X,Y). Since ¢ € 77, Lemma implies that X F'Y . Therefore, by Lemma
7 is also in Z7. O

Claim 4. Leti € K, \ I; For each l > m there are X,Y € (g“i) such that for each k € K;\ {i}, 2% = ¢*,

' £y, and C,; | (|X|UY]) is a free amalgamation of X and Y. Let v be any map in I; such that
(A, ;) =2 (X,Y). Then € IJ’-.

Proof. First we prove a general fact. Let o € Z; and ¢ € K, be such that (i) < o(K; +1i). Let V =
(X,Y) = 0(A ). Let k € |[V] be such that v* = z?. Take another copy W = (Z,Y’) =2 0(A,, ;). Let
e:Y — V be the identity embedding and f : Y — W be such that f(Y) equals Y'. By the OPFAP, we
may freely amalgamate (Y,e, V', f, W) to some (g, h,U) so that the following hold: V = U | (|U||\ {k})
and W 2 U | (U]l \ {k+1}). In words, U consists exactly of copies of the substructures (X,Y’) and
(Z,Y') where the copies of Y and Y’ coincide, and the copies of X and Z in W differ only on their i-th
coordinates. Thus, by an argument similar to Claim [2} possibly thinning C' again, we may assume that for
each o € Z; and i € K such that (i) < o(K; +¢) and (X,Y) = 0(C},,;), there are substructures Z and
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W as above coming from B, ;. That is, there is a z¥ in B, ; so that the substructure of B, ; restricted
to universe of o(C,, ;) U{z*} is isomorphic to W.

To prove the claim, first note that since 7 is in K \ I;, there is a 0 € Z} such that o(i) # o(K; + 7).
Let (X,Y) = 0(C\y ;). Since o is in Z7, it follows that X E'Y’, by Lemma Without loss of generality,
assume that 2! < y*. By the previous paragraph, there are structures Z & (”L']J ) and W € ( m Jf ) such
that ’
(1) foreacthK\{}z =k,

(2) 2" <z,

(3) B (|X| U |Z]) is the free amalgamation of X and Z, and
(4) (W) =(2)Y).

Since o is in Z}, it follows that Z E'Y. Hence, X E' Z.

Now let ¢ € Z; be any map such that (A, ;) = (X, Z); that is, the free amalgamation of two copies of
A, ; where only their i-th coordinates differ. Then ¢ must be in I]’. by Lemma since X F Z and there is

aDe ( m"7) such that (D) = (X, Z). O

Claim 5. Let t,7 € I} and k > m be given. Suppose there are V,W € (ﬁ"‘/ﬂf) such that (V) = (X,Y)

and T(W) = (X, Z), where X,Y ,Z € (C’“ ;) Then for each o € I; such that there is a U € (i"”ﬂf) such
that o(U) = (Y, Z), o is in I;.
Likewise, if there are V., W & (ﬁf,:;) such that (V') = (X,Y) and 7(W) = (Y, Z), then for each o € I,
for which there is a U € (B’“' i) such that o(U) = (X, Z), o is in 7.
m,J

Proof. The proof is immediate from Lemma the definition of Z} and the fact that E is an equivalence
relation. |

Our strategy at this point is to find an n € Ij’- such that for each interval between two points of I;, for
(X,Y) =n(An ), all the members of X in that interval are less than all the members of Y in that interval.
This will be done in Claim m That claim will set us up to show that every map in Z; which fixes the members
of I; is actually in Z7.

We now give a few more definitions which will aid in the remaining proofs. Let ¢ = |I;| and enumerate
I; in increasing order as {i, : p < ¢}. Fix the following notation for the intervals of K; determined by the
members of I;: Let I = [0,4g), for each p < g — 1 let IP* = (ip,ip41), and let [7 = ( ig—1,K;). Thus, K;
is the disjoint union of I; and the intervals 17, p < ¢q. Given + € I} and (X,Y") = ¢(A, ;), for p < g and
k,l € I?, we say that (k,l) is the maximal switching pair of ¢ in I? if the following holds:

(a) l=max{i € I? : 3’ € I?1(i') > (K, + 1)}, and

(b) k=min{i € I? : (i) > (K, +1)}.
In words, 2% > ¢! in (X,Y), there are no other members of (X,Y’) between them, and for every ¢ > [ in
I?, yt is greater than every member of X in the interval I?. We point out that z™a<(") < ¢min(I”) ip the
structure (X,Y") = (A, ;) if and only if there is no maximal switching pair for ¢ in the interval I?. This
is the configuration we are heading for in Claim [7] below.

For. € Ij’., define the order relation induced by ¢, p, : K; x K; — {<,=, >}, as follows: For (k,{) € K; xK;
and p € {<,=,>}, define p,(k,l) = p if and only if (c(k),c(K; +1)) =p

Claim 6 (Maximal switching pair can be switched). Let 7 € Z} and p < q, and let (k,l) be the mazimal
switching pair in IP. Then there is a 0 € I} such that for all (s,t) € K; x K; \ {(k,1)}, po(s,t) = pr(s,1),
and Py (k1) =<

Proof. Let T € I}, let p < ¢, and let (k,l) be the maximal switching pair in I?. Let (X,Y) = 7(A;, ;). Since
I ¢ I;, Claimimplies there is an ¢ € Z; such that «(k) = o(K; + k) for all k € K;\ {l}, and ¢(l) < (K +1).
Let (Y., Z) = (A ;). Let e : Y — (X,Y) be the identity map on Y, and let f : Y, — (Y, Z) be the
identity map on Y.
By the OPFAP, there is a free amalgamation of (X,Y) and (Y ., Z) with the order prescribed by the
order relation p, which is now described. Let U denote (X,Y) and V denote (Y, Z). In words, since
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the only difference between Y, and Z in V is at their I-th members, we identify Y, with Y and define p
between U and Y, as j,, and additionally we order z* < 2! and 2! less than the least member of U above
x¥. Precisely, for (s,t) such that u® = 3 and v* = y’ for the same i, define p{(s,t) ==. This induces the
relation p(s’,t) = p(s',t) for all s € K’ and t # [ + 1. Letting s, be the number in K’ such that u®* = x*,
define p(s,l+ 1) =<, and define p(sg + 1,1+ 1) =>. The rest of g is completely determined by the above
relations, since we require p' to respect the linear orders on K’ and K; + 1. That is, we require that if
p(s,t) =<, then p(s',t') =< for all & < s and ¢’ > ¢; and if p(s,t) =>, then §(s',t') => for all s’ > s and
t' <t.

By the OPFAP, there is a free amalgamation (g, h, W) of (Y, e, U, f, V) respecting the order p. There
is a copy W’ = W which is a substructure of C; ; for some i, since each member of K; embeds into
all but finitely many C; ;. Slightly abusing notation, we have that (g,h, W') is a free amalgamation of
(Y,e,U, f, V) respecting the order p.

Let U' = (X', Y") denote g(U) = g(X,Y) and let V' = (Y., Z') denote h(V) = h(Y ., Z), substructures
of W'. By choosing C' small enough within B, similarly to the proof in Claim [2, we may assume that there
are Dy, j,Ep, ; € (i;’bj) such that 7(D,, ;) = U’ and (B, ;) = V'. Since 7 € T} and U’ = 7(D,, ;) it
follows that X' EY’. Likewise, ¢ € Z} and V' = ((E,, ;) imply that Y, E Z’. Since Y and Y7, are the
same substructure of W’ and F is an equivalence relation, we have X' E Z'.

Let o be any member of Z; such that o(A,, ;) = (X', Z’). Again, by choosing C small enough within
B, similarly to the proof in Claim [2| we may assume that there is an F, ; € (f;;j) such that o(F,, ;) =

(X',Z'). Then ¢ is in T}, since X' E Z'. Note that for any such o, g, is the same as g, except at the pair
(k,1), where now gy (k,l) = <. Thus, there is a o € Z; satisfies the claim. O

Claim 7. There is an n € I} such that for each p < g, max(n"I?) < min(n"{K; +i:i € IP}), and there
are no relations between A, ; | 0" (K; \ I;) and Ay, j | n"{K; +k: ke K;\ I}

Proof. Let p < q be given and assume that I? is nonempty. Let 7 € Z/ and (k,l) be the maximal switching
pair for 7 in the interval I?. By finitely many applications of Claim@ there is a 7 € I; such that for all
(s,t) € K; x (K; \{l}), pr(s,t) = pr(s,t); for all s < max(I?), - (s,l) =<; and for all s > max(I?),
P (s,1) =>. If I > min(I?), then the applications of Claim [6] constructed 7 so that 7 (k) > (I — 1).
Thus, there is some k; < k such that (k1,! — 1) is the maximal switching pair for 7; in the interval I?. By
finitely many applications of Claim |6, we obtain a 7,_; € Z7 such that for all (s,t) € K; x (K; \ {l - 1}),
Pr_i(8,t) = pr,(s,t); for all s < max(I?), pr,_,(s,l — 1) =<; and for all s > max(I?), p,,_,(s,l —1) =>.
Continuing in this manner, we eventually obtain a o? € I} such that for all (s,t) € K; x K; \ I? x I?,
Por(8,t) = pr(s,t); and for all (s,t) € IP X IP, pp(s,t) = <.

By induction on the intervals to build an 7 as in the claim as follows: Starting with any 7 € IJ/», by the
previous paragraph, there is a ¢® € T} such that for all (s,t) € K; x K; \ I x I, pyo(s,t) = pr(s,t); and
for all (s,t) € I? x I?, pyo(s,t) =<. Given p < q and oP, by the previous paragraph, there is a o?*1 € vy
such that for all (s,t) € K; x K; \ IPT! x IPTL 5 ii(s,t) = poe(s,t); and for all (s,t) € IPT1 x [PTL
ﬁgp+1 (S, t) =<.

Let o denote 0?. Then o € Z} and for each p < ¢, max(¢"I?) < min(c”{K; +i : i € I”}). However,
0(A,, ;) might not be the free amalgamation of A,, ; | ¢”K; and A, ; | ¢”[K;,2K;) over the structure
A, ; | 0"I;. Take structures (X,Y) = (X', Z) & 0(A,, ;). By the OPFAP, there is a free amalgamation
W of (X,Y) and (X', Z) with the following properties: X and X' are sent to the same substructure, call
it X, of W (hence X [ I; is sent to the same substructure as X' I;). Moreover, letting Y., Z, denote
the copies of Y and Z in W, we have that for all p < ¢, for all i,k, 1 € I?, 2! < y* < 2. Thus, Y, | K;\I;
and Z, | K; \ I; have no relations between them in W. Thus, the substructure (Y, Z,) in W, is the free
amalgamation of two copies of A, ; over the substructure A, ; [ I;, and for each p < ¢, all the members
of Y, in the interval I? are less than all the members of Z, in IP. Since the structure (Y., Z.) is an
amalgamation of two copies of A, j, there is an n € Z; such that n(A,, ;) = (Y., Z.). Since o € T}, we
have that X, FY, and Y. FE Z,.. Thus, Y, E Z,. Therefore, 7 is in I;, by Lemma This 7 satisfies the
claim. O
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Claim 8. Let k > m. Given any X,Y € (g:;) such that for all i € I,,, x* =y, there is a T € I; such that
for some W € (B"’ '), (W) = (X,Y).

Proof Let XY € Ck ) be such that for all i € I, 2° = y*. Take Z € B’“/QJ' such that for each i € I,
J A J

2 = ', and for each p S g, max Z [ I? < min(X | I?,Y [ I?), and any relations between Z and X and
any relations between Z and Y involve only members of their universes with indices in I;. (By the OPFAP
and possibly thinning C' again below B, such a Z exists.) Let V be the substructure of By ; determined
by the universe | X |U|Z|; and let W be the substructure of By, ; determined by the universe |Y| U|Z|. Let
n be the member of Z} from Claim 7] I Then both V and W are 1somorph1c to the structure n(A,, ;). Since

€ I;, we have Z E X and ZFEY . Since F is an equivalence relation, it follows that X FY. It follows
that any 7 € Z; for which there is a D € (i’“l) such that 7(D) = (X,Y) is in Z}. Therefore, each 7 € Z;

which is fixed on indices in I; is also in I;. |

By Claim [§] the following is immediate.
Claim 9. For each k > n, for all X (n),Y (n) € R(n)|C(k), we have X, j EY y, j if and only X, ; E1; Yy,

Proof. Let k > n and X(n),Y(n) € R(n)|C(k). If X, ; EY ;, then there is an « € Z] and a U € (B’“’ )
such that (X, ;, Y, ;) =«(U), by Lemma Since ¢ € Z7, we have that for each i € IJ7 (1) = (K ; + )
hence, for each i € I, «, ; = y., ;. Therefore, X, ; By, Y, ;. Conversely, suppose X, ; Er, Y, ;. Let 1 € T;
and W, ; € (5+7) be such that o(W ;) = (X5 Y). By Claim L€ T). Thus, X,,; EY ;. m

It follows from Claim |§| and Lemma that for each 7 € Z;, 7 is in I]‘ if and only if for all 7 € Ij,
7(2) = 7(K; + 1). This completes the Base Case.

Induction Hypothesis. Given n such that J, > M, N < M, and L € [J,]"V, letting E be an equivalence

relation such that £ C |J,,, (&h;]i ) x (éik J§JEL) the following hold. Fix any m large enough that for
each j € L, all amalgamations of two copies of A,, ; can be embedded into A,, ;, and let C < BandZ' C T

be obtained as in Lemma [33] and similarly as in Claims[I]and 2} Letting, for j € L,
(7) Ij:{iEKj SVL]‘ EIJ/-,Lj(i):Lj(Kj+i)},
the following hold:

(a) Z' = U;erZ}, where for each j € L, T} = {¢; : 1 € T'}.
(b) When restricted below C, E' = E(1,)._, -

Induction Step. M + 1. Let n < w be such that M +1 > J,. Let L € [J,]*! and let E be an

equivalence relation such that E C Uan (Eﬁw));i) X (((::k’j-)jﬂi)' Let m be large enough that for each

j € L, all amalgamations of two copies of A, ; can be embedded into A,, ;. Let | = max(L), and let
L’ = L\ {l}. We start by fixing B,C € R, with C < B, and 7’ satisfying Lemma For each j € L, let Z}
denote the collection of those ¢; € Z; for which there exists a 7 = (74 : k € L) € Z’ such that ; = 7;.

For each W € R and each K; C M; := || A, 1] such that A,,; | K; =2 A, ;, by the induction hypothesis
there is a V' < W such that for each X <V, E restricted to the copies of (A, ;)jer in (Xm j)jer ™ (Xm,i |
K;) is canonical. By the OPFAP and the definition of generating sequence, for any K;, K| C M; satisfying
Apg 1 K= A,y | K| =2 A,y there is a p large enough so that there are structures Y, ;, Z,,; in (ii”l)

with Y, | K; = Z,,; | K]. Thus, possibly thinning B, we have that the canonical equivalence relation on
((B”’j)j“’ (D’”)) is the same for all p > m and each fixed D,,; € (ﬁ”’i).

(Anj)jer
Let 77 denote the collection of 7 = (7, : j € L') (where each 7; € Z;) which give the canonical equivalence

relation on ((B‘“‘-EI)AJ'EL’)AE(LC'"”)) for each p > m and C,,; € (ﬁpvi). By (a) of the induction hypothesis,
m,373 n,

Tr = Her/T;, where for each j € L', T, = {rj : 7 € Tpy}. Foreach j € L', let H; = {i € K; : V1 €
T, (1) = 7;(K; +1)}. By (b) of the induction hypothesis, below B the canonical equivalence relation
when the [-th coordinate is fixed is E(Hj)jeL/'
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Likewise, for each W € R and each collection K; C M, :=||A,, ;|| (j € L') such that A,, ; | K; = A, ;,
by the induction hypothesis, there is a V' < W such that for each X < V| FE restricted to the copies of
(A )jer in (X | Kj)jer " (Xpm,) is canonical. By the OPFAP and the definition of a generating
sequence, it follows that for each W € R, there is a V' < W such that for all j € L', whenever Kj, K} C M;

satisfy Apj | Kj 2 Ay, | K} = Ay, then there are Y, j, Zp; € (% 77), for some p > m, such that
g
Yo, | K;=2Zp; | K J’ Thus, possibly thinning B, we may assume that the equivalence relation is the

same canonical one on each set ((D"L’gkeési(LBP”)) for all p > m and each fixed (D, ;)jcr’ € (Ei”'j;j“').
n,jJ)j€ 7 n,j)jeL’

Let 7; denote the collection of 7; € Z; which give the canonical equivalence relation on the copies of
(Anj)jer in ((D"’j)jey (Bp’l)) for all p > m and each fixed (D,, ;)jer € (EB”’j;jEL'). Let H ={i € K; :

(An,j)jer An)jer
V1, € T, mi(i) = 7(K; +4)}. Thus, below B, the canonical equivalence relation when the I-th coordinate is
fixed is Eg,.
By the induction hypothesis, T, = HjeL, T;j. Thus, Tpy x T) = H]EL’E-. Moreover, each I; must be
contained in Hj, for each j € L.
Claim 10. Hj€L7} CZ'. Hence, below C, Eg,y,., CE.

JjEL —

Proof. Given any 7 = (1; : j € L) € HJEL'Y} and ((Xnj)jer, (Yn,j)jer) = 7((Cm,j)jer), we see that
(Xn,j)jEL FE (Xn,j)jeL’Ale E (ij)jEL' rI‘hU.S7 TeT.

Suppose that (X, j)jer, (Ynj)jer € (Ei:igzz) satisfy (X j)jer Ecn;),ep (Ynj)jer, where p > n. Let
Z,;=X,,foreach je L' andlet Z,,; =Y ;. Then (X, ;)jcr E (Zn j)jcr, and (Z, ;)jer E (Y, j)jeL-
Thus, (X,,;)jer E (Y j)jer, by transitivity of E. O

Claim 11. Below C, ' C [[;c, 7;-

PTOOf. Let v := ([,j : j S L) € 7" and let ((Xn,j)jefn (Yn,j)jEL) = L((Cm,j)jEL)- Then (Xn,j)jEL E (Yn,j)jEL'
Fixing ((X,, ;)jer’s (Y n,j)jers) and running the arguments for the Base Case on coordinate !, we obtain
Claimon C,. Take m; € T; as in Claim Take a Z,,; € (im’;l) such that both (X, 1, Z,1) = m(V )
and (Y1, Zny) = n(W ) for some Vo, W, € (im’;l). In particular, X,; | H = Z,; | H =
Yn,l r Hl. It follows that (Xn,j)jeL’ E(Xn’j)jeL/AZn’l, ’and (Yn,j)jEL’ E(Yn’j)jeL/AZn’l. Therefore7
(Xn,j)jerr ZniE(Ynj)jerr Zn,, which implies that (¢; : j € L) € Tr/. Hence, for each j € L', ¢; is in
Tj.

By a similar argument, say fixing ((Xn,;)jer\f03s (Yn,j)jer\{o}), we find that ¢ is in 7;. Therefore,
L€ HjeL T;. O

Therefore, 7' = HjeL 7;. Hence, below C, E is given by E(y;),.,. We conclude by showing that the
induction hypotheses (a) and (b) are satisfied for this stage.

If 1j is in 7', then there was some 7 = (7, : [ € L) € 7’ such that ¢; = 7;. Since Z' = [[ 7}, ¢; must be
in 7;. Conversely, if 7; € T;, then taking any 7, € 7; for [ € L\ {j}, we have that (7, : [ € L) is in Z'. Thus,
7j is in Z}. Therefore, Z' = [ ], Z], so (a) holds.

Define I; to be the set of all i € K; such that for all 1; € 7}, ¢;(i) = ¢;(K; + ). It was shown above that
each I; C H;. Suppose there is an ¢ € H; \ I;. Thereis an (¢ : | € L) € 7’ such that ¢;(i) # K, + ). Every
(m:1€ L) €[l,cr, T must have 7;(i) = 7;(K; +14). But [[;c, T equals 7', a contradiction. Therefore, each
I; = Hj, hence (b) holds.

This finishes the proof of the theorem. |

6. GENERAL RAMSEY-CLASSIFICATION THEOREM FOR TOPOLOGICAL RAMSEY SPACES CONSTRUCTED
FROM GENERATING SEQUENCES

We prove a general Ramsey-classification theorem, Theorem [38] for equivalence relations on fronts for the
class of the topolgical Ramsey spaces introduced in Section [3] where the Fraissé classes have the OPFAP.
Theorem [38| extends Theorem 4.14 from [J] for canonical equivalence relations on the space Ry to the more
general class of topological Ramsey spaces constructed from a generating sequence. As the proof here closely
follows that in [9], we shall omit those proofs which follow by straightforward modifications of arguments in
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that paper. The essential new ingredient here is that the building blocks for Theorem [38] are the canonical
equivalence relations from Theorem and handling this shall require some care.

Throughout this section, let 1 < J < w, and K;, j € J, be Fraissé classes of finite ordered relational
structures with the Ramsey property and the Order-Prescribed Free Amalgamation Property. Let (A : k <
w) be a fixed generating sequence, and let R denote the topological Ramsey space R({Ay : k < w)). Recall
that for j € Ji, Kj,; denotes the cardinality of the structure Ay ;, and for any structure By ; = Ay ;, we
let {0}, ;11 < Kg;} denote the enumeration of the universe of By ; in increasing order.

Definition 34 (Canonical projection maps on blocks). Let k < w be given. For By, ; € (ﬁ:*i) and I C Ky, ;,
let 77(Bk,j) = Bi,j | {b}; : i € I}, the substructure of By ; with universe {b;, ; :i € I}.
For B(k) = (n, (Bk,j)jecs.) € R(k), we define the following projection maps. Given Iy ; C Ky ;, j € Ji,
let
(8) T(Ix ;) e, (B(k)) = <’I’L, (ﬂ-Ik,j (Bk,j))jEJk>a
and let
(9) m<>(B(k)) = (),
where () denotes the empty sequence.
We slightly abuse notation by associating (n, (0),cs,) with (n). We define the depth projection map as

(10) 71—depth(B(k:)) = <n>7

the depth of B(k) in A. Then when Iy, ; = () for all j € Ji, we associate m(z, )., (B(k)) with Taepen(B(k)).
Let

(11) (k) = {m<>} U1, )se0, 2 VI € Jiy Tnj © Kij}-

The canonical equivalence relations on blocks are induced by the canonical projection maps as follows.

Definition 35 (Canonical equivalence relations on blocks). Let & < w, and B(k),C(k) € R(k). For
Ik,j - de', je Jk, define

(12) B(k) E(Ik,j)jeJ,C C(k) A T(Ik.)je 0, (B(k)) =TIk j)je, (C<k))
Define

(13) B(k) E<> C(k) +— m<>(B(k)) = m<~ (C(k)).

Thus, F.~ = R(k) x R(k). We also define

(14) B(k) FEdeptn C(k) «— 7Tdepth(B(k)) = Wdepth(c(k))'

When I, ; = 0 for all j € Ji, then Egepsn is a simplified notation for E(Ik,j)je‘]k, as in this case, they are the
same equivalence relation.
The collection of canonical equivalence relations on R(k) is

(15) E(k) ={E<>} U{Er, ;);es, VI € Jks In; C Kij}
For the following definitions, let X € R, F be a front on [}, X], and ¢ be a function on F.

Definition 36. We shall say that ¢ is inner if for each b € F, (b) = U, 77, (v (b(i)), Where each )
is some member of TI(4).

Thus, for b = ((no, (Boj)jeo)s - > (k-1 (Br-1,5)jes_1)), #(0) = {0} U{(n, (Crj)jen) : L € L}, for
some subset L C k, and some (possibly empty) substructures C; ; of B, ;. That is, ¢ is inner if it picks out
a subsequence of substructures from a given b.

For [ < |b], let @(b) | ri(b) denote |J, ., 7y, ) (b(7)), the initial segment of ¢(b) which is obtained from
r1(b). For b,c € F, we shall say that ¢(c) is a proper initial segment of ¢(b), and write p(c) T ¢(b), if there
is an | < |b] such that ¢(c) = @(b) | ri(b) # @(b).

Definition 37. An inner map ¢ is Nash- Williams if whenever b, ¢ € F and ¢(b) # ¢(c), then p(c) Z ¢(b).
An equivalence relation R on F is canonical if there is an inner, Nash-Williams map ¢ on F such that for
all b,c € F, bE c <= ¢(b) = ¢(c).
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Remark. As for the topological Ramsey spaces considered in [9] and [7], here too there can be different
inner, Nash-Williams maps which represent the same canonical equivalence relation. However, there will
be one maximal such map, maximality being with respect to the embedding relation on the Fraissé classes.
(See Remark 4.23 and Example 4.24 in [9].) As the maximal such map is the one useful for classifying the
initial Tukey structures below an ultrafilter associated with a Ramsey space, we consider the maximal inner
Nash-Williams map to be the canonizing map.

We fix the following notation, useful in this and subsequent sections.

Notation. For X € R and b, s,t € AR, fix the following notation. If s C b, write b\ s <g, X if the blocks
in b not in s all come from blocks of X; precisely, if b\ s = ((n;, (Bi;)jes) : k <1 < m), then for each
k <1 < m, there is a block (n;, (X, ;)jes,) = X(p), for some p, such that (B ;) ey, < (Xp;)jes. For a
set F C AR, define the following. Let Fy ={be F : sC b}, Fy|X ={be Fs :b\ s <gn X}

For b(k) = (ng, (Bk,j)jer.) € R(k), we let depthy (b(k)) = n, the depth of the block b(k) in A. For
F C AR, define F,|X/t = {b € F,|X : depthy(b(|s])) > depth,(t)}. Similarly, let rjs41[s, X]/t = {b €
7s|+1[8, X] : depthy (b(|s])) > depth, (t)}.

It is important to note that b being in F|X or Fs|X/t does not imply that b <g, X; it only means that
the blocks of b above s comes from within X.
The next theorem is the main result of this section.

Theorem 38. Let 1 < J <w, and K;, j € J, be Fraissé classes of finite ordered relational structures with
the Ramsey property and the Order-Prescribed Free Amalgamation Property. Let (Ay : k < w) be a fized
generating sequence, and let R denote the topological Ramsey space R({Ay : k < w)).

Suppose A € R, F is a front on [0, 4], and R is an equivalence relation on F. Then there exists C < A
such that R is canonical on F|C.

Proof. Let f : F — N be any map which induces R. We begin by reviewing the concepts of mixing
and separating, first introduced in [20] and used in a more general form in [9] and [7]. Let F denote
{rn(b) : b e F,n < |b|}, the collection of all initial segments of members of F. For s,t € F, we shall say that
X separates s and t if and only for all b € F,| X/t and ¢ € F|X/s, f(b) # f(c). X mizes s and t if and only
if there is no Y < X which separates s and t. X decides for s and t if and only if either X separates s and
t, or else X mixes s and t.

The proofs of the following Lemmas|[39]- 1] are omitted, as they are the same as the proofs of the analogous

statements in [9].

Lemma 39 (Transitivity of mixing). For every X € R and every s,t,u € f‘, if X mizes s and t and X
mizes t and u, then X mizes s and u.

Since mixing is trivially reflexive and symmetric, it is an equivalence relation. We shall say that a property
P(s,X) (s € AR, X € R) is hereditary if whenever P(s, X) holds, then P(s,Y") holds for all Y’ < X. Likewise,
P(s,t,X) is hereditary if whenever P(s,t, X) holds, then P(s,¢,Y) holds for all Y < X.

Lemma 40 (Diagonalization for Hereditary Properties). (1) Suppose P(-,-) is a hereditary property,
and that for every X € R and every s € AR|X, there exists Y < X such that P(s,Y). Then
for every X € R there exists Y < X such that P(s,Z) holds, for every s € AR|Y and every Z <Y.

(2) Suppose P(-,-,-) is a hereditary property, and that for every X € R and all s,t € AR|X, there exists
Y < X such that P(s,t,Y) holds. Then, for every X € R there exists Y < X such that P(s,t,Z)
holds, for all s,t € AR|Y and every Z <Y.

Lemma 41. For each A € R there is a B < A such that B decides for all s,t € ]:"|B

Possibly shrinking A, we may assume that A € R satisfies Lemma We now introduce some notation
useful for arguments applying the Nash-Williams Theorem.

Notation. For i < k < w, we define the projection map w4, : R(k) — R(i) as follows. For X (k) =
(s (Xk,5)jeae) € R(k), let ma, (X (k)) denote (ng, (Y ;)jes,), where for each j € J;, Y ; is the projection
of X ; to the lexicographic leftmost copy of A; ; within Xy, ;.
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Claim 12. For each s € (F\F)|A and each X < A, there is a Z < X and an equivalence relation E, € &(|s|)
such that the following holds: Whenever x,y € R(|s|)|Z/s, letting a = s™x and b = sy, we have that Z
mizes a and b if and only if x Egy.

Proof. Let n = |s| and X < A be given. Let R, be the following relation on R(n)|A/s. For all z,y €
R(n)|A/s,

(16) zRsy <= A mixes s z and s .

Define X = {Y < X : A mixes s"Y(n) and s"7wa, (Y(n+1))}. By the Abstract Nash-Williams Theorem,
there is a Y < X such that [),Y] C X or [, Y]NX = 0.

Suppose [0,Y] C X. Then for all z,y € R(n)[Y/s, we have z R y. Fix z,y € R(n)|Y/s, let a = s™z,
b = sy, and take Z1,Zy <Y such that Z1(n) = z, Za(n) =y, and Z1(n+ 1) = Z3(n+1). Then z Ry
follows from the fact that Z;,Zy € X and by transitivity of mixing. In this case the proof of the claim
finishes by taking Z =Y and Es = E.~.

Suppose now that [0, Y]NX = (). Then for all z,y € R(n)|Y/s, we have x Ry y — depth, (z) = depth, (y).
Let m be large enough that all possible configurations of isomorphic copies of (A, ;);cs, can be embedded
into (A, j)jes,. Let Z,, denote the collection of all sequences (I, ;);e.z,, where each I, ; C K, ;. (Recall
that K, ; is the cardinality of the structure A, ; from the fixed generating sequence.) For each I € Z,,
define

(17) W ={Z <Y :Ve,y € R(n)|Z(m)/s (A mixes sz and sy <> m(x) = m(y))}

Let Y = [0,Y]\ Uy J1. Notice that Y along with the )y, I € Z,, form a finite clopen cover of [,Y]. By
the Abstract Nash-Williams Theorem, there is Z <Y such that either [, Z] C )} for some I € Z,,, or else
[@,Z] C Y. By Theorem the latter case is impossible. Thus, fix Z <Y and I € Z,, such that [0, Z] C ).
If at least one of the I, ;’s is nonempty then F, = Ej. Otherwise, Es = Egepth- O

The following is obtained from Claim [[2] and Lemma [0}

Claim 13. There is a B < A such that for each s € (F\ F)|B, there is an equivalence relation E, € £(|s|)
satisfying the following: For all a,b € r|s41[s, B], B mizes a and b if and only if a(|s]) Es b(|s]).

Fix B as in Claim For s € (F\ F)|B and n = |s|, let E, denote the member of £(n) as guaranteed
by Claim We say that s is Es-mized by Bj; that is, for all a,b € r,41[s, B], B mixes a and b if and only
if a(n) Esb(n). Let s denote the projection which defines Fs. Given a € F|B, define

(18) p(a) = |J mrw(a(d).

i<|al

The proof of the next claim follows in a straightforward manner from the definitions. We omit the proof,
as it is essentially the same as the proof of Claim 4.17 of [9].

Claim 14. The following are true for all X < B and all s,t € .7:"|B

(1) Suppose s ¢ F. Given a,b € rj541[s,X], if X mizves a and t, and X also mizes b and t, then
a(ls]) Es b(|s|).- A

(2) If X separates s and t, then for every a € F N 74 41[s, X]/t and every b € F N ryqa[t, X]/s, X
separates a and b. R

(3) Suppose s ¢ F. Then s = < if and only if X mizes s and a, for all a € F N r541[s, X].

(4) Suppose s ¢ F. Then s = Taeptn 4f and only if for all a,b € Fn 1s|41[8, X], if X mizes a and b
then depthy (a) = depthy (D).

(5) If sC t and p(s) = p(t), then X mizes s and t.

The next proposition is the crucial step in the proof of the theorem. It follows the same outline as Claim
4.18 of [9], but more needs to be checked for the general setting of topological Ramsey spaces constructed
from a generating sequence. The key to this proof is that blocks are composed of sequences of members of
Fraissé classes, and the definition of generating sequence allows us to find blocks where all possible order
configurations of some fixed finite collection of structures occur.
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Proposition 42. Assume that s,t € (F\ F)|B are mized by B. Let k = |s| and | = |t|. Then the following
hold.

(a) ms = mes if and only if T = T

(b) s = Taepth if and only if T = Tdepth-

(c) s = T(1, ;)5es, U and only if mp =m(p, )0, -
In the case of (c), the set {j € Jy : Is j # 0} must equal {j € J; : I j # 0}, and the projected substructures are
isomorphic. That is, if (i, (Sk,j)jer.) = 7s(Z(k)) and (i', (T ;)jes) = 7:(Z' (1)), then for each j € JyNJy,
the structures Sy ; and T ; are isomorphic; in addition, for each j € Jy \ Ji, Sk,; = 0, and for each
] € Jl\Jk, TlJ' = 0.

Furthermore, there is a C' < B such that for all s,t € ]}\C’, if C mizes s and t, then for every a €

FOrigls, C)/t and every b € F N ripq[t,C)/s, C mizes a and b if and only if w4(a(k)) = m(b(1)).

Proof. Suppose s,t € (F \ F)|B are mixed by B, and let k = |s| and [ = |¢].

(a) Suppose s = T<> and 7 # 7<~. By (1) of Claim B mixes s with at most one E; equivalence
class of extensions of ¢t. Since m; # 7, there is a Y € [max(k, 1), B] such that for every b € r;41[t,Y]/s, Y
separates s and b. But then Y separates s and ¢, contradiction. Thus, 7 must also be 7~~. By a similar
argument, we conclude that 7y = m.~ if and only if 7 = 7.

(b) will follow from the argument for (c), in the case when all I, ; and I; ; are empty.

(c¢) Suppose now that both ms and m; are not m<~. Let m = max(k,!), and let n > m be large enough
that all amalgamations of two copies of (A, ;);cJ,. can be embedded into (A, ;);c,.. Let

Zy ={X € [m,B]: B separates s X (k) and t " 74,(X(n))}

and

2, ={X € [m, B] : B separates s ma, (X(n)) and tX(I)}.
Applying the Abstract Nash-Williams Theorem twice, we obtain an X € [m, B] such that [m, X] is homo-
geneous for both Zy and Z;. Since we are assuming that both 74 and m; are different from 7., it must be
the case that [m, X] C Z, N Z;. Thus, for all a € ry41[s, X|/t and b € ri11[t, X]/s, if @ and b are mixed by
B, then depthg(a) = depthg(b).

Let Zj, denote the collection of all sequences of the form (I;) e, , where each I; C Ky, j and m(z)), ., (B(n)) €
R(k). Likewise, let Z; denote the collection of all sequences of the form (I;);e,, where each I; C K, ; and
T(I;)jeq (B(n)) S R(l)

For each pair S € 7, and T € 7;, let

(19) Xs1={Y <X :B mixes s 75(Y(n)) and ¢ 7 (Y (n))}.

Applying the Abstract Nash-Williams Theorem finitely-many times, we find a Y < X which is homogeneous
for Xsr, for all pairs (S,T) € Zy, x Z;.

Subclaim. For each pair (S,T) € Iy, x Iy, if w5 0o ms(Y (n)) # 7 o mp(Y (n)), then [0, Y] N Xs 1 = 0.

Proof. Suppose wsomg(Y(n)) # momr (Y (n)). Let S(k) denote ms(Y (n)) which is in R(k), and let T'(I) denote
mr(Y (n)) which is in R(l). Then there is a d and there are some substructures Sy, ; € (X:j), j € Ji, and
T,; € (};17;)7 J € Jy such that S(k) = (d, (Sk;)jes.) and T(1) = (d, (T1,j)jeq,)- msoms(Y(n)) = m5(S(k)) =
(d, (S} ;)je,) for some substructures S} ; < Sy j; likewise, m o wp(Y (n)) = m(T(1)) = (d, (T} ;)je.,) for
some substructures T ; < T ;. Since 7, o mg(Y (n)) # m o wr(Y (n)), one of the following must happen: (i)
there is some j € Ji, N J; such that S}, ; # T j; or (ii) there is a j € Ji \ J; such that S}, ; # 0; or (iii) there
isaje€Ji\ Jy such that T/ ; # 0.

In case (i), without loss of generality, assume that |S}, ;| \ [T ;| # 0 for some j € Ji, N J;; that is, the
universe of S;w- is not contained within the universe of T;’]—. Since S;w' and T;w- are substructures of Y, j,
their universes are subsets of the universe of Y, ;. Recall that K, ; is the cardinality of the universe of
Y, j, and that we enumerate the members of the universe [Y, ;| in increasing order as {y;, ; : i € K ;}.
Let p € K, j be such that y;, ; € IS} ;I\ T} ;|- Take q large enough that there are W (n), V(n) € R(n)|Y (q)
such that for all ¢ € J,, \ {j}, W, = V., and the universes of W, ; and V,, ; differ only on the members
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wy ; and vy, ;.
Fraissé class.

Let U(k) = ms(W(n)), U'(k) = ms(V(n)), Z(1) = mp(W(n)), and Z'(l) = 7p(V(n)). Then m(Z (1)) =
7 (Z'(1)), which implies that B mixes t~Z(l) and t~Z'(1). If [,Y] C Xs 1, then it follows that B mixes
s7U(k) and t—Z(1), and B mixes s~ U’(k) and ¢t~ Z'(l). By transitivity of mixing, B mixes s~ U (k) and
s~ U' (k). But 75 (U(k)) # 75 (U’ (k)), since w}, ; € ws(U(k))\7s(U’(k)) (and also v}, ; € ms(U'(k))\7s(U(k))).
Thus, U (k) is not E; related to U’(k), so B does not mix s~ U (k) and s~ U’(k), by Claim[L3] a contradiction.
Therefore, it must be the case that [0, Y] N X5 = 0.

In case (ii), if there is a j € Ji \ J; with S} ; # 0, then this implies that Ji > J;. Take W (n),V(n) €
R(n)|Y (q), for some g large enough, such that W, ; and V,, ; have disjoint universes, and for all ¢ € J,,\ {;},
Wi = Vi Let Uk) = ns(W(n)), U'(k) = ms(V(n)), Z(1) = np(W(n)), and Z'(l) = mp(V(n)). Then
Z(l) = Z'(1); so in particular, B mixes t"m o mp(W(n)) and t"m o mp(V(n)). Again, if [0,Y] C X,
then B mixes sU(k) and ¢t~ Z(l), and B mixes s~ U’(k) and ¢~ Z’(l). By transitivity of mixing, B mixes
sTU(k) and s~ U'(k). But ng(U(k)) # 7s(U’(k)), since the universes of W, ; and V,, ; are disjoint, and
the j-th structures in m4(U(k)) and 75(U’(k)) are not empty and not equal. Thus, B does not mix s~ U (k)
and s~ U’(k), by Claim [13] a contradiction. Therefore, [0, Y] N Xs1 = 0.

By a similar argument as in Case (ii), we conclude that [}, Y] N Xs 1 = () in Case (iii) as well. Thus, in all
cases, [0,Y]NXst =10 . O

This is possible by the definition of a generating sequence; in particular, because K; is a

It follows from the Subclaim that whenever a € ri41[s,Y]/t, b € ri41[t,Y]/s and B mixes a and b, then
ms(a(k)) = m¢(b(1)). Thus, (b) and (c) follow.

Now we prove there is a C' < Y such that for all s,t € .7:"\0, if C' mixes s and ¢, then for every a €
F N riga]s,C]/t and every b € F N ripq[t, C]/s, C mixes a and b if and only if 7,(a(k)) = m(b(l)). Since
the forward direction holds below Y, it only remains to find a C < Y such that, below C, whenever
7s(a(k)) = m(b(1)), then C mixes a and b.

Let (S, T) € Zy X Z; be a pair such that m,oms(Y(n)) = mpomp(Y(n)). It suffices to show that [0, Y] C As r.
Assume also, towards a contradiction, that [0,Y] N Xsr = 0. Let S',T" be a pair in Z; x Z; satisfying
s o e (Y(n)) = m o mp (Y (n)). We will prove that [0,Y] N Xy = 0. Take V(n),W(n) € R(n)|Y
such that 75 o m5(V(n)) = m o s (W(n)) and 7, o mp(V(n)) = m o 7 (W(n)). This is possible since
all IC; are Fraissé classes with the OPFAP and we are assuming that 75 o ms(Y'(n)) = m o mp(Y(n)) and
s o s (Y(n)) = mp o mp (Y (n)). Then Y mixes s”7g(V(n)) and s™mg (W (n)); and Y mixes t " 7wp(V(n))
and t" 7w (W (n)). Since Y separates s 7g(V(n)) and t ™7 (V(n)), and since mixing is transitive, it follows
that Y must separate s~ s (W (n)) and ¢~ (W (n)). Thus, [0,Y]N Xy = 0.

This, along with the Subclaim, implies that for all pairs (S, B) in Zj, xZ;, [0, YN Xsr = 0. But this implies
that Y separates s and ¢, a contradiction. Therefore, for all pairs (S, T) € Zj, x Z; such that 75 o ms(Y (n)) =
7 o mp(Y(n)), we have [, Y] C Xs . Thus, whenever U(k) € R(k)|Y/(s,t) and V(1) € R(1)|Y/(s,t) satisfy
ws(U(k)) = m(V (1)), then Y mixes s~ U(k) and ¢t~V (l). By Lemma we get C < Y for which the
Proposition holds. (|

By very slight, straightforward modifications to the proofs of Claims 4.19 - 4.21 in [9], we obtain the
following claim.

Claim 15. For all a,b € F|C, a Rb if and only if o(a) = ¢(b). Moreover, p(a) i ¢(b).

By its definition, ¢ is inner, and by Claim © is Nash-Williams and canonizes the equivalence relation
R. |

Remark. We point out that the entire proof of Theorem [38|used only instances of the Abstract Nash-Williams
Theorem, and not the full power of the Abstract Ellentuck Theorem.

The following corollary of Theorem [38|is proved in exactly the same way as Theorem 4.3 in [9].

Corollary 43. Let 1 < J < w, and K;, j € J, be Fraissé classes of finite ordered relational structures with
the Ramsey property and the Order-Prescribed Free Amalgamation Property. Let (Ay : k < w) be a fized
generating sequence, and let R denote the topological Ramsey space R({Ay : k < w)).
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For any n, A € R, and equivalence relation R on AR, |A, there is a B < A such that R is canonical on
AR, |B. This means there are equivalence relations E; € £(i), i < n, such that for all a,b € AR, |B

a Rb if and only if Vi < n,a(i) E; b(7).

7. BAsic TUKEY REDUCTIONS FOR SELECTIVE AND RAMSEY FILTERS
ON GENERAL TOPOLOGICAL RAMSEY SPACES

We first remind the reader of the basic definitions of the Tukey theory of ultrafilters. Suppose that U
and V are ultrafilters. A function f from U to V is cofinal if every cofinal subset of (U, D) is mapped by
f to a cofinal subset of (V, D). We say that V is Tukey reducible to U and write V <7 U if there exists a
cofinal map f: U — V. fU <7 V and V <7 U then we write V =7 U and say that & and V are Tukey
equivalent. The relation =p is an equivalence relation and <p is a partial order on its equivalence classes.
The equivalence classes are called Tukey types. (See the recent survey paper [4] for more background on
Tukey types of ultrafilters.)

When restricted to ultrafilters, the Tukey reducibility relation is a coarsening of the Rudin-Keisler re-
ducibility relation. If h(U) = V, then the map sending X € U to h""X € V witnesses Tukey reducibility.
Thus, if V <gg U, then V <r U.

The work in this section will set up some of the machinery for answering this and Questions 1, 2, and 3
from the Introduction; we do that in the next section. The main results in this section, Proposition [55| and
Theorem 56} are proved for general topological Ramsey spaces, in the hope that they may be more generally
applied in the future.

An ultrafilter U on a countable base X has continuous Tukey reductions if whenever a non-principal
ultrafilter V is Tukey reducible to U, then every monotone cofinal map f : & — V is continuous with respect
to the subspace topologies on U and V inherited from 2% when restricted to some cofinal subset of /. The
next theorem has become an important tool in the study of the Tukey structure of ultrafilters Tukey reducible
to some p-point ultrafilter.

Theorem 44 (Dobrinen and Todorcevic, [8]). IfU is a p-point ultrafilter on w, then U has continuous Tukey
reductions.

In fact, by results of Dobrinen in [5], every ultrafilter Tukey reducible to some p-point has continuous
Tukey reductions.

In the previous sections of this paper we restricted consideration to spaces constructed from generating
sequences. In this section we consider all topological Ramsey spaces R such that R is closed in ARN, (R,<)
is a partial order, and (R, <,r) satisfies axioms A.1 — A.4. In Theorem we generalize Theorem 44| to
filters selective for a topological Ramsey space.

Notation. In order to avoid repeating certain phrases, we let (R, <,r) denote a fixed triple satisfying
axioms A.1 — A.4 which is closed in the subspace topology it inherits from ARY. Furthermore, we assume
that (R, <) is a partial order and has a top element which we denote by A. By the Abstract Ellentuck
Theorem, R forms a topological Ramsey space. If C is a subset of R we let C >7 V denote the statement
C,>)>r (V,2).

We omit the proof of the next fact since if follows by a straightforward generalization of the proof of Fact
6 from [g].

Fact 45. Assume that C C R and V is an ultrafilter on w. If C >V, then there is monotone cofinal map
f:C—V.

The notion of a selective filter for a topological Ramsey space was introduced along with the relation
of almost-reduction by Mijares in [I5]. The notion of almost reduction on a topological Ramsey space was
introduced by Mijares in [I5]. The relation of almost reduction generalizes the relation of almost inclusion
C* on P(w) to arbitrary topological Ramsey spaces. The relation of almost reduction on R is defined as
follows: X <* Y if and only if there exists a € AR such that 0} # [a, X] C [a,Y]. Fix the following notation:
For any fixed A € R, for n <w and X,Y < A, define X/n <Y if and only if there exists an a € AR|Y with
depthy (a) < n, 0 # [a, X] C [a,Y]. In particular, if X/n <Y, then X <* Y. If a topological Ramsey space
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has a maximum member, we let A denote that member. Otherwise, we may without loss of generality fix
some A € R and work below A.

Fact 46. For each X andY in R, X <*Y if and only if there exists i < w such that X/r;(X) <Y.

Definition 47. A subset C C R is a selective filter on (R, <) if C is a maximal filter on (R, <) and for
each decreasing sequence Xy > X1 > X > ... of elements of C there exists X € C such that for all i < w,
X/ri(X) < X;.

Axiom A.3 implies that for each decreasing sequence Xy > X7 > X5 > ... of elements of R there exists
X € R such that for all i < w, X/r;(X) < X;. Thus, assuming MA or CH it is possible to construct
a selective filter on (R, <). Forcing with R using almost reduction adjoins a filter on (R, <) satisfying a
localized version of the Abstract Nash-Williams theorem for R. By work of Mijares in [15] every ultrafilter
generic for this forcing is a selective filter on (R, <).

Recall that R is assumed to be closed in the subspace topology it inherits from ARN. A sequence (Xn)n<w
of elements of R converges to an element X € R if and only if for each k¥ < w there is an m < w such that
for each n > m, rp(X,) = r(X). A function f: R — P(w) is continuous if and only if for each convergent
sequence (X, )n<w in R with X,, — X, we also have f(X,,) — f(X) in the topology obtained by identifying
P(w) with 2Y. A function f : C — V is said to be continuous if it is continuous with respect to the topologies
on C and V taken as subspaces of ARY and 2V, respectively. The next definition is a generalization of notion
of basic Tukey reductions for an ultrafilter on w, (see Definition 3 (3) in [5]), to filters on R.

Definition 48. Assume that C C R is a filter on (R, <). C has basic Tukey reductions if whenever V is a
non-principal ultrafilter on w and f : C — V is a monotone cofinal map, there is an X € C, a continuous
monotone map f :C — V, and a function f : AR — [w]<* such that

(1) f1(CTX) is continuous.

(2) f extends f | (C | X) to C.

(3) (a) For each k < w and each s € AR, if depth, (s) < k then f(s) C k;
(b) s Ct e AR implies that f(s) T f(t);
(c) Foreach Y €C, f' (V) = Upew f(ri(Y)); and
(d) f is monotonic, that is, if s, € AR with s <g, t, then f(s) C f(t).

The next proposition provides an important application of the notion of basic Tukey reductions for C and
helps reduce the characterization of the ultrafilters on w Tukey reducible to (C,>) to the study of canonical
equivalence relations for fronts on C. It is the generalization of Proposition 5.5 from [J] to our current setting.

Definition 49. If C C R and F C AR then we will say that F is a front on C if and only if for each C € C,
there exists s € F such that s C X; and for all pairs s # ¢ in F, s [Z t.

Proposition 50. Assume that C C R is a filter on (R, <) which has basic Tukey reductions, and suppose
V is a non-principal ultrafilter on w with V <p C. Then there is a front F on C and a function f : F — w
such that for each Y €V, there exists X € C such that f(F|X) CY. Furthermore, if C | F is a base for an
ultrafilter on F, then V = f((C | F)).

Proof. Suppose that C and V are given and satisfy the assumptions of the proposition. By Fact [45] there
is a monotone map g : C — V. Since C has basic Tukey reductions, there is a continuous monotone cofinal
map ¢’ : C — V and a function § : AR — [w]<“ satisfying (1)-(3) in the definition of basic Tukey reductions.
Let F consist of all 7,(Y") such that Y € C and n is minimal such that §(r,(Y)) # 0. By the properties of
g, min(g(r,(Y))) = min(g(Y")). By its definition F is a front on C. Define a new function f : F — w by
f(b) = min(g(b)), for each b € F.

Since ¢’ is a monotone cofinal map, the ¢g’-image of C in V is a base for V. From the construction of f,
we see that for each X € C, f(F|X) ={f(a) : a € F|X} C ¢’(X). Therefore, for each Y € V there exists
X € C such that f(F|X) CY. We remind the reader of the following useful fact (see Fact 5.4 from [9]).

Fact 51. Suppose V and U are proper ultrafilters on the same countable base set, and for each V € V there
isalU el such that U CV. ThenU = V.
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Suppose that C [ F generates an ultrafilter on F, and let (C [ F) denote the ultrafilter it generates. Then
the Rudin-Keisler image f((F | C)) is an ultrafilter on w generated by the base {f(F|X): X € X'}. Hence,
Fact [51] implies that f({(F [ C)) = V. O

If a selective filter C on (R, <) has the property that, for each front F on C, C [ F generates an ultrafilter
on F, then Proposition [50| shows that every nonprincipal ultrafilter Tukey-reducible to C is a Rudin-Keisler
image of C [ F, for some front on C. This provides motivation for studying the notion of a Nash-Williams
filter on (R, <). The next definition is an adaptation of Definition 5.1 (1) from [J] to our current setting.

Definition 52. A maximal filter C C R is a Nash- Williams filter on (R, <) if for each front F on C and
each H C F, there is a C' € C such that either F|C C H or else F|C NH = ().

It is clear that any Nash-Williams filter is also a Ramsey filter on (R, <) (recall Definition [I9), and hence
is a maximal filter. The Abstract Nash-Williams Theorem for R can be used in conjunction with MA or CH
to construct a Nash-Williams filter on (R, <). Furthermore, forcing with R using almost reduction adjoins
a Nash-Williams filter on (R, <). By work of Mijares in [I5], any Ramsey filter on (R, <) is a selective
filter on (R, <). Thus, any Nash-Williams filter is a selective filter on (R, <). Trujillo in [25] has shown
that (assuming CH or MA, or by forcing) there are topological Ramsey spaces for which there are maximal
filters which are selective but not Ramsey for those spaces. We omit the proof of the next theorem as it

follows from a straightforward generalization of the proof of Trujillo in [26] for the special case of the space
Ry (recall Example [21] in Section [4] )

Theorem 53. Let 1 < J <w and K;, j € J, be a collection of Fraissé classes of finite ordered relational
structures such that each KC; satisfies the Ramsey property. Let (Ay : k < w) be a generating sequence, and
let R denote R({(Ay : k < w)). Suppose that C is a filter on (R,<). Then C is Nash-Williams for R if and
only if C is Ramsey for R.

The next fact is the analogue of Fact 5.3 from [9]. We omit the proof as it follows by similar arguments.

Fact 54. Suppose C C R is a Nash-Williams filter on (R, <). If C' is any cofinal subset of C, and F C AR
is any front on C', then C' | F generates an ultrafilter on F.

The next proposition is one of the keys in the general mechanism for classifying initial Tukey structures
and the Rudin-Keisler structures within them. We only sketch the proof here, as it is the same proof as that
of Proposition 5.5 in [9].

Proposition 55. Assume that that C C R is a Nash-Williams filter on (R, <). Suppose C has basic Tukey
reductions and V is a non-principal an ultrafilter on w with C >7 V. Then there is a front F on C and a
function f: F — w such that V = f({C | F)).

Proof. Suppose that V is Tukey reducible to some Nash-Williams filter C on (R, <). Assume that C has Basic
Tukey reductions. Theorem and Fact imply that there is a front F on C and a function f : F — w
such that V = f({C | F)). O

We now introduce some notation needed for its definition and for the proof of the main theorem of this
section.

Notation. If there is a maximum member of R, let A denote it. Otherwise, fix some A € R and relative
everything that follows to [0, A]. For each X,Y < A, define

(20) d(X) = {depthy (r;(X)) : i < w}.

Define p : [0, A] xw — AR to be the map such that for each X < A and each n < w, p(X,n) = r;(X), where
i is the unique natural number such that depthy (r;(X)) < n < depthy (r;+1(X)).

By A.1 (c) and A.2 (b), for each X < A, d(X) is infinite. Also note that for each s € AR|X, X/s <Y if
and only if depthy (s) =4 and X/r;(X) <Y. In particular, X/r;(X) <Y if and only if X/depth, (r;(X)) <
Y.

The next theorem is the main result of this section. It extends to all topological Ramsey spaces previous
results in [8] for the Milliken space FIN™ and in [9] and [7] for the R, spaces (1 < @ < w;). It will be
used in conjunction with Proposition [55]in the next section to identify initial structures in the Tukey types
of ultrafilters.
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Theorem 56. If C is a selective filter on (R, <) and {d(X) : X € C} generates a nonprincipal ultrafilter on
w then, C has basic Tukey reductions.

Proof. Suppose that V is an ultrafilter on w Tukey reducible to C, and f : C — V is a monotone cofinal
map witnessing C >7 V. For each k < w, let P;(-,-) be the following proposition: For s € AR and X € R,
Py(s, X) holds if and only if for each Z € C such that s C Z and Z/s < X, k & f(Z). Let C be a selective
filter for (R, <). Assume that {d(X) : X € C} generates an nonprincipal ultrafilter on w.

Claim 16. There is an X € C such that f | (C | X):C | X — V is continuous.

Proof. We begin by constructing a decreasing sequence in (C, <). Let Xg = A. Given n > 0 and X; € C for
all ¢ < n, we will choose X,, € C such that
(1) Xn S Xn—17
(2) p(Xna ’fl) = ®7
(3) For each s in AR with depth,(s) < n and each k < n, if there exists Y’ € C such that p(Y',n) = s
and k & f(Y’), then Py(s, X,) holds.

By axiom A.2 (a), the set {s € AR : depth,(s) < n} is finite. Let $1,82,...5s;, be an enumeration of
{s € AR : depth,(s) < n}. Since C is a maximal filter and {d(X) : X € C} forms a nonprincipal ultrafilter
on w, there exists a Wy € C such that Wy < X,,_1 and p(Wy,n) = (). Now suppose that there exists Y € C
such that p(Y,n) = s; and k ¢ f(Y'). Take Y7 to be in C such that p(Y1,n) = s1 and k & f(Y7). Since C is a
filter on (C, <) there exists Wy € C such that Wy < Y7, Wy. If there is no Y € C such that p(X,n) = s; and
k ¢ f(Y), then let Wy = Wy. For the induction step, suppose that for 1 <[ < i, and Wy > W; > --- > W,
are given and in C. If there is a Y € C such that s;11 = p(Y,n) and k ¢ f(Y), then take some Y; € C and
let W41 € C such that Wi, < W, Y;y;. Otherwise, let Wi = W;. After i,, many steps let X,, = W, .

We check that X, satisfies properties (1) - (3). (1) By construction X,, < X,,—1. (2) Since p(Wy,n) =0
and X, < Wy, we have p(X,,n) = 0. (3) Let s be an element of AR such that depth,(s) < n. It follows
that there exists 1 <1 <4, such that s = s;. If there is a Y € C such that s = s; = p(Y',n) and k & f(Y”)
then W, was taken so that W; < W;_1,Y/. Hence, if Z € C, sC Z and Z/s < X,, then Z <Y/. Since f is
monotone and k ¢ f(Y}), it must be the case that Py(s, X,,) holds.

Since C is selective for (R, <), there exists Y € C such that for each i < w, Y/r;(Y) < X;. Let {yo,v1,...}
denote the increasing enumeration of d(Y). Let A = J[y2i+1,Y2i+2). Without loss of generality, assume
that A is not in the ultrafilter generated by {d(X) : X € C}. Let X be an element of C such that X <Y
and d(X) C w\ A. We show that f [ (C [ X) is continuous by showing that there is a strictly increasing
sequence (my)k<, such that for each Z € C | X, the initial segment f(Z)N (k+ 1) of f(Z) is determined by
the initial segment p(Z, my) of Z.

For each k < w, let i; denote the least i for which yo;11 > k. Let W € C | X be given and let
s = p(W,y2i,+1). Since d(X) N [Y2i,+1,Y2i,+2) = 0, it follows that p(X,y2i,+1) = p(X, yai,+2). Notice
that W S X, X/y2ik+2 S Y, Y/ygik+2 S X2ik+1 and p(X,yQik+1) = p(X’yQik_l’_Q) From this it follows that
k ¢ f(W) if and only if Py (s, Xai,+1), which holds if and only if Py(s, X) holds. Let my = y2i,+2. Then
f1(C1 X) is continuous, since the question of whether or not k € f(W) is determined by the finite initial
segment p(W,my,) along with X. O

Now that we have f | (C | X) continuous, extend f [ (C | X) to a function f’ : C — V by defining
FX)=U{f(Y): Y eC| X and Y < X}, for X € C. Notice that f' : C — V is monotone. Further, for
each X € Cand k <w, k ¢ f'(X) if and only if for all Y € C | X with Y < X, k ¢ f/(X), and this holds
if and only if Py(p(X,mz), X) holds. Thus, f’ : C — V is continuous, as whether k¥ € f(X) is determined
by the finite initial segment p(X,ms,) along with X. Therefore (1) and (2) hold for f and f’ in Definition
Let f: AR — [w]<“ be the function given by f(s) = {k < depth,(s) : =Pi(s, X)}, for s € AR. By
construction f satisfies (3) in the definition of a basic Tukey reduction, since f'(V) = Un<w f(ra(Y)), for
Y eC. O

Corollary 57. If C is a selective filter on (R, <) such that {d(X) : X € C} generates a nonprincipal
ultrafilter on w, then for each ultrafilter V Tukey reducible to C, V has basic Tukey reductions.

Proof. This follows from Theorem |56 and Theorem 9 of [5]. |
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The next result will be used in Section [8] to identify initial structures in the Tukey types of p-point
ultrafilters.

Theorem 58. Suppose C C R is a Nash-Williams filter on (R,<) and {d(X) : X € C} generates an
ultrafilter on w. Then an ultrafilter V on w is Tukey reducible to C if and only if V = f({C | F)) for some
front F on C and some function f : F — w.

Proof. (=) Suppose that C is Ramsey for R. Proposition and Theorem show that if V is a non-
principal ultrafilter on w Tukey reducible to C then there is a front F on C and a function f : F — w such
that V = f((C [ F)).

(<) Suppose that Fis afront on C, f: F = w and V = f((C | F)). The map sending X € C to f"F|X
is a monotone cofinal map from (C, >) to (V,2). Thus, V <r C. O

When R is a topological Ramsey space constructed from a generating sequence, Theorem [53|implies that
the hypotheses of Theorem [58| can be weakened to assuming that C is Ramsey.

The next fact shows that many topological Ramsey spaces give rise to selective filters with basic Tukey
reductions.

Fact 59. Suppose that R has the property that for each X € R and each A C w there exists Y < X in R such
that either d(Y) C A or d(Y) C w\ A. Then assuming CH, MA or forcing with R using almost reduction,
there exists a selective filter on (R, <) with the property that {d(X) : X € C} generates a nonprincipal
ultrafilter on w.

In [9) and [7], Dobrinen and Todorcevic introduced topological Ramsey spaces R, & < wq, which distill
key properties of forcings of Laflamme in [14] and with associated ultrafilters with initial Tukey structure
exactly that of a decreasing chain of order type a + 1. For 1 < n < w, the space R, is constructed from
a certain tree of height n 4+ 1 which forms the top element of the space. When n > 1, these spaces are not
constructed from generating sequences.

Trujillo has shown in [25] that there is a topological Ramsey space R} constructed from R, such that
forcing with R} using almost reduction adjoins a selective filter C on (R, <) which is not a Ramsey filter
on (R, <). Furthermore, it can be shown that {d(X) : X € C} generates an ultrafilter on w. Forcing with
the space R}, using almost reduction, or assuming CH or MA, one can construct a selective but not Ramsey
maximal filter on (R, <). Such a filter has the property that {d(X) : X € C} generates an ultrafilter on w.
Theorem [56| implies that these non-Ramsey filters on (R,,, <) have basic Tukey reductions. Using a similar
argument, the work of Trujillo in [25] shows that for each positive n, using forcing or assuming CH or MA,
there is a selective but not Ramsey filter on (H", <) with basic Tukey reductions. (Recall H™ from Example
o))

If R is constructed from some generating sequence then Theorems [56] and [B§ reduce the identification
of ultrafilters on w which are Tukey reducible to a Ramsey filter C associated with (R, <) to the study of
Rudin-Keisler reduction on ultrafilters on base sets which are fronts on C. In the next section we show that
the Ramsey-classification Theorem [38| can be localized to equivalence relations on fronts on a Ramsey filter
on (C,<). We then use it identify initial structures in the Tukey types of ultrafilters Tukey reducible to any
Ramsey filter associated with a Ramsey space constructed from a generating sequence.

8. INITIAL STRUCTURES IN THE TUKEY TYPES OF P-POINTS

The structure of the Tukey types of ultrafilters (partially ordered by D) was studied in [§]. In that paper,
it is shown that large chains, large antichains, and diamond configurations embed into the Tukey types of
p-points. However, this left open the question of what the exact structure of all Tukey types below a given
p-point is. Recall that we use the terminology initial Tukey structure below an ultrafilter U to refer to the
structure of the Tukey types of all nonprincipal ultrafilters Tukey reducible to U (including U).

In [22], Todorcevic showed that the initial Tukey structure below a Ramsey ultrafilter on w consists exactly
of one Tukey type, namely that of the Ramsey ultrafilter. In [9] and [7], Dobrinen and Todorcevic showed
that for each 1 < a < wj, there are Ramsey spaces with associated ultrafilters which have initial Tukey
structures which are decreasing chains of order type a + 1. This left open the following questions from the
Introduction, which we restate here.
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Question 1. What are the possible initial Tukey structures for ultrafilters on a countable base set?
Question 2. What are the possible initial Rudin-Keisler structures for ultrafilters on a countable base set?

Question 3. For a given ultrafilter U, what is the structure of the Rudin-Keisler ordering of the isomorphism
classes of ultrafilters Tukey reducible to U?

In this section, we answer Questions 1 - 3 for all Ramsey filters associated with a Ramsey space constructed
from a generating sequence with Fraissé classes which have the Order-Prescribed Free Amalgamation Prop-
erty. The results in Theorems [60] and [67] show the surprising fact that the structure of the Fraissé classes
used for the generating sequence have bearing on the initial Rudin-Keisler structures, but not on the intial
Tukey structures.

In this section we use topological Ramsey spaces constructed from generating sequences to identify some
initial structures in the Tukey types of p-points. The next theorem is one of the main results, and will be
proved at the end of this section.

Theorem 60. Let C be a Ramsey filter on a Ramsey space constructed from a generating sequence for Fraissé
classes of ordered relational structures with the Ramsey property and the OPFAP.

(1) If J < w, then the initial Tukey structure of all ultrafilters Tukey reducible to C is exactly P(J).
(2) If J < w, then the Tukey ordering of the p-points Tukey reducible to C is isomorphic to the partial
order ([J]<¥, Q).

From Theorem [60], the following corollary is immediate.

Corollary 61. It is consistent with ZFC that the following statements hold.

(1) Ewery finite Boolean algebra appears as the initial Tukey structure below some p-point.
(2) The structure of the Tukey types of p-points contains the partial order ([w]<“,C) as an initial struc-
ture.

The archetype for the proofs and results in this section comes from work in [9] showing that the initial
Tukey structure below the ultrafilter associated with the space R; is exactly a chain of length 2. (See
Theorem 5.18 in [9] and results leading up to it.) The outline of that proof is now presented, as it will be
followed in this section in more generality.

Outline of Proof of Theorem Theorem 5.18 in [9]. Recall that the space R; in [9] is exactly the
topological Ramsey space R((Aj : k <w)) where J = 1 and for each k < w, Ay is a linear order of
cardinality k. Let C be a maximal filter Ramsey for R; and U; be the ultrafilter it generates on the leaves
of the base tree.

Theorem 5.18 in [9] was obtained in six main steps. (1) Theorem 20 from [§], every p-point has basic
monotone reductions, was used to show that all ultrafilters Tukey reducible to U; are of the form f((C [ F))
for some front on C. (2) A localized version of the Ramsey-classifcation theorem for equivalence relations on
fronts on C was shown to hold. (3) For each n < w, it was shown that the filter },,+1 on the base set R1(n)
generated by C [ Rq(n) is a p-point ultrafilter. Furthermore, it was shown that Yy <gx Vo <gk -... (4)
The localized Ramsey-classification theorem and the canonical equivalence relations were used to show that
all ultrafilters Tukey reducible to U; are isomorphic to an ultrafilter of W—trees, where S \ S is a well-founded
tree, W = (W, : s € S\ S), and each W, is isomorphic to Y, 11 for some n < w or isomoprhic to Uy. (5)
The theory of uniform fronts was used to show that each ultrafilter generated by a Wh-tree is isomorphic to a
countable Fubini product from among the ultrafilters V,, n < w. (6) The result on Fubini products was used
to show that the Tukey structure of the non-principal ultrafilters on w Tukey reducible to U; is isomorphic
to the two element Boolean algebra and that the p-points Tukey reducible to U are exactly {V, : n < w}.

In order to avoid repeating phrases we fix some notation for the remainder of the section. Fix 1 < J <w
and K;, j € J, a collection of Fraissé classes of finite ordered relational structures such that each IC; satisfies
the Ramsey property and the OPFAP. Let K denote (K;);jecs. Let (Ay : k < w) be a generating sequence,
and let R denote the topological Ramsey space R((Ay : k < w)).

Theorem [58| verifies that step (1) can be carried out for any Ramsey filter on (R, <). In the remainder
of this section, we show that analogues of steps (2) - (6) can be carried out for any Ramsey filter on (R, <).
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The first part of step (2), proving the Ramsey-classifiication theorem for R, was obtained in Theorem
We complete step (2) by showing that a localized version of Theorem [38 holds for Ramsey filters on (R, <).
The analogue of step (3) is not as straightforward. First we introduce Kg, and then associate to each
B € Kg, a p-point ultrafilter Up (see Notation . Then we show that the Rudin-Keisler structure of these
p-points is isomorphic to ,eﬁn, the collection of equivalence classes of members of Kgy,, partially ordered
by embeddability. Steps (4) and (5) are then generalized, the only difference being that the nodes of the
W-trees are taken to be the p-points Ug, B € Kgn, from step (3). Step (6) will be completed at the end of
the section by proving Theorem [60] and identifying initial structures in the Tukey types of ultrafilters.

The next theorem completes step (2) for topological Ramsey spaces constructed from generating sequences.

Theorem 62. Let C be a Ramsey filter on a Ramsey space constructed from a generating sequence for Fraissé
classes of ordered relational structures with the Ramsey property and the OPFAP. If C is a Ramsey filter on
(R, <), then for any front F on R and any equivalence relation R on F, there exists a C' € C such that R
is canonical on F|C.

Proof. Since C satisfies the Abstract Nash-Williams Theorem for R, and C is also selective for R, by Lemma
3.8 in [I5]. Thus, the proof of Theorem [38| can be relativized to C. O

Next we complete step (3) for the general case by first identifying the p-points to be used as the nodes
of the W-trees we encounter in step (4), and then determining the Rudin-Keisler structure among these
p-points.

Fact 63. If C C R is a Ramsey filter on (R,<), then for each n < w, C | R(n) = {R(n)|C : C € C}
generates an ultrafilter on base set R(n).

Notation 2. Suppose that C C R is a Ramsey filter on (R, <). For each n < w, define Y, 1 to be the
ultrafilter on R(n) generated by C [ R(n). Define Yy = Tqepen (Y1) and Yy = 7y (V1). Let

(21) Kin = {(Bj)jex : K € [JI=* and (By) ek € (K;j)jex}-
For B = (Bj)jcx and C = (C;),cr in Kgn, define B < C if and only if K C L and for all j € K, B; < C;.
Let Kgn denote the collection of equivalence classes of members of Kg,. Then Kg, is partially ordered by <.
For B = (Bj) ek € Kan with K # (), define the following.
(1) Define Jg to be K and define

. An, 1
B(B) = U {<n, (Cj)jEJB> :Vje Js,Cj € < Bj) } .
n<w J
(2) Applying the joint embedding property once for each j € Jg and using the definition of generating
sequence, there is an n such that for each j € K, B; < A,, ;. Define n(B) to be the smallest natural
number n such that for each j € Jg, B; < A, ;.
(3) Let I(B) denote the sequence (I;);es, s, such that mg)(A(n(B))) = (n(B),C), where C is the

lexicographical-least element of ((A"‘(Bg)j EJB).

(4) We use the slightly more compact notation mg to denote the map myg).
(5) Let Up denote the ultrafilter mg(),,(B)+1) on the base set B(B).

We let () denote the sequence in Kg, with K = (.

The next proposition describes the configuration of the ultrafilters Ug with B € g, and the projection
ultrafilters 7j(Y;) with ¢ < w and 7y a projection map on R(), with respect to the Rudin-Keisler ordering.
For the remainder of the section, if 77 is a projection map on R(i) with I = (I;);cs,, then we let J; denote
the set {j € J; : I; # 0}.

Proposition 64. Suppose that C C R is a Ramsey filter on (R, <).
(1) Yo is a Ramsey ultrafilter and Y is not a Ramsey ultrafilter.
(2) For eachn < w, Ypt1 =UaA,, .
(3) For each m < w and each projection map m with domain R(m), there exists B € Kg, such that
T(Vm+1) = Us.
(4) For each B € Kqn, Up is a rapid p-point.
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(5) For B and C in Kgn, Us <rx Uc if and only if B < C in Kgy.

Proof. (1) Yo = Tdeptn(Y1) is a Ramsey ultrafilter since {m{.,;,R(0) [ C': C € R} is identical to the
Ellentuck space. ) is not Ramsey since the map mgepsn is not one-to-one on any element of ). (2) For
each n < w, n(A,) =n and ma , is the identity map on B(A,). Thus, Ua, = 7a, (Vnt1) = Vnt1-

(3) Suppose that 7y is a projection map with domain R(m). Let B = (B;);c;, be the substructure of
(A, j)jes, such that m(A(m)) = (m,B). Let n = n(B), and let C = (C;);c, be the substructure of
(As,j)jes such that mg(A(n)) = (n, C). We will show that U = m8(Vn+1) = T(Vim+1)-

Let f : B = (A, ;)jes be the embedding with range B and g : B — (A, j)je;; be the embedding
with range C. By the amalgamation property for Kj, j € Ji, and the definition of generating sequence,
there exist k& < w and embeddings r : (A, ;)jen = (Agrj)jesn and s : (Ap j)jesn — (Akj)jes such that
rof=so0g. Let F, G and H denote the substructures of (A ;)jes, generated by the ranges of r o f, s,
and r, respectively. Let my, mn and mp denote projection maps on R(k) such that Jy = Jy = Jr = Jp,
m™(A(k)) = (k,G), mn(A(k)) = (k,H) and mp(A(k)) = (k,F). Since ro f = so g, it follows that for all
y € ARys1, i 0 mu(y(k)) = 71 0 ma(y(k)) = me(y(k)).

Let X € C and consider the set G = { € AR,41 : Jy € R(k)|X, 7r(y) = 7mB(x(n))}. Since C
satisfies the Abstract Nash-Williams Theorem it follows that there exists a Y < X in C such that either
GNAR,1|Y = 0 or AR,41|Y C G. Since there exists z € AR,11|Y such that 7p(Y (k)) = m(2(n)) it
must be the case that AR, +1|Y C G. By Fact [51] it follows that 7p(Vy) = 75(V,). By a similar argument,
we also have p(Vi) = m1(Vim). Thus, Us = 78(Vn) = 11(Vim)-

(4) Let K be a finite subset of J and B = (Bj)jex € Kgn. Suppose that Xo O X; D Xy D --- is a
sequence of sets in Ug. Then there exists a sequence Cy > C7 > Cy > --- of elements of C such that for each
i <w, g} (R(n(B)) I C;) C X;. Since every Ramsey filter on (R, <) is also a selective filter for (R, <), there
exists C' € C such that for each i < w, C/r;(C) < C;. Since each K;, j € K, consists of finite structures and
K is finite, it follows that for each i < w, 7 (R(n) | C) C* 7% (R(n) | C;). Therefore Ug is a p-point.

Let h : w — w be a strictly increasing function. Linearly order B(B) so that (i, C) comes before (j, D)
whenever i < j. For each B € R, there is a C' < B such that mgepin (C(n — 1)) > h(1), Taeptn(C'(n(B))) >

h(1+ |B(B) | (n(B),A,s)) ), and in general, for k > n(B),
k
(22) Taeptn (C(K)) > h(z IB(B) T (i, Aq) |)-

Since C is selective for R, there is a C' € C with this property, which yields that Ug is rapid.

(5) («=) Suppose that B = (B;);cx and C = (Cj);er are elements of g, and B < C. Let I(C) =
(Ij)jetnc)- Then K C L and there is a sequence I = (I})je, o, such that for each j € Jy(c), I} C Ij,
and the structure D in Kg, such that 7p(A(n(C))) = (n(C),D) is isomorphic to B. By the work in part
(3) of this proposition, m(Vn(c)+1) = mB(Vn®)+1) = Us. Since for each j € Jy(c), I; C I;, we have
T(Vnc)+1) <rk Tc(Vn(c)+1) = Uc. Hence, U <grx Uc.

(5) (=) Next suppose that (B;),ex and (C;);er are elements of Kg, and Up <rx Uc.

Lemma 65. For each nonprincipal ultrafilter V on w with V <grg Uc, there exists D € Kgn such that
D < C and V = Up. Furthermore, if V = Uc then Jp = Jc and for all j € Jc, C; =2 D;.

Proof. Suppose that V is a nonprincipal ultrafilter on w such that V <gx Uc. Then there is a function
0 : B(C) — w such that §(Uc) = V. Since § o mc : R(n(C)) = w, Theorem [62| implies that there exist an
X € C and a projection map 7 on R(n(C)) such that for all y,z € R(n(C)) | X,

(23) 0 omc(y) =0 omc(z) if and only if m(y) = m(2).

Suppose I = (I})jer,, and I(C) = (I})je, - Let D € Kgn such that m(A(n(C))) = (n(C),D). If
there exists j € J,(c) such that Ij’- ¢ I; or there exists j € Jy such that D; £ Cj, then there exist
s,t € R(n(C)) | X such that mp(s) # m1(t) and wc(s) = mc(t). However, this is a contradiction to equation
. Therefore, Jp C Jc and for all j € J,(p), D; < Cj, i.e. D < C. Additionally, equation shows
that UD = 6‘(2/{0) V.
Next suppose that V = Uc. Then there exists Y € C such that ¥ < X and 0 is injective on 7&(R(n(C)) |
Y). If there is a j € Jy,(c) such that I; € I or there is a j € Jp such that C; £ Dj, then there are
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s,t € R(n(C)) 'Y such that m(s) = m(t) and mc(s) # mc(t). However, this contradicts the fact that 6 is
injective on 7S (R(n(C)) ['Y). Therefore, Jo C Jp and for all j € J,(c), C; < Dy, that is, C < D. Thus,

Jp = Jc and for all j € Jo, C; = D;. ([
Since U <rx Uc, Lemma shows that B < C. O

In what follows, we omit any proofs of results which follow the exact same argument as their counterparts
in the proof of Theorem 5.10 in [9]. The following makes use of the correspondence between iterated Fubini
products of ultrafilters and so-called ultrafilters of W-trees on a flat-top front, as defined in [5]. A uniform
front is, in particular, a flat-top front, and the projection of the uniform front C|C in the next theorem to S
will also be a flat-top front. (See Facts 15 and 16 in [5] where this correspondence is proved.)

Theorem 66. Suppose that C is a Ramsey filter on (R, <). IfV is a non-principal ultrafilter and C >1 V,
then V is isomorphic to a Fubini iterate of p-points from among U, B € Kgy. Precisely, V is isomorphic
to an ultrafilter of W-trees, where S \ S is a well-founded tree, W= W, : s € S \'S), and each Wy is
isomorphic to Ug, for some B € Kgy,.

Proof. Suppose that C and V are given and satisfy the assumptions of the theorem. By Proposition [50| and
Lemma [62] there are a front F on C, a function f : F — w, and a C € C such that the following hold:

(1) The equivalence relation induced by f on F|C is canonical.

(2) v=r(C1F).
A straightforward induction argument on the rank of fronts, along with the fact that F is Ramsey, shows
that there is a ¢’ < C € C such that F|C’ is a uniform front on C|C’. From now on, we will abuse notation
and let F denote F|C’ and C denote C|C".

Let S = {¢(t) : t € F}, where ¢ is the inner Nash-Williams map from Theorem (38| which represents the
canonical equivalence relation. The filter W on the base set S generated by ¢(C | F) is an ultrafilter, and
W = V. We omit the proof of this fact, since it follows from exactly the same argument as its counterpart
in the proof of Theorem 5.10 in [9].

Recall from the proof of Theorem that for each ¢ € F and i < |[t], there is a projection map 7,
defined on R(i) such that ¢(t) = U,y 1) (t(i)). We now extend ¢ to a map on all of F by defining
@(rj(t)) = Uiz Truo)(t(9)), for t € F and j < [¢].

Let S denote the collection of all initial segments of elements of S. Thus, S = {p(w) : w € F}. S
forms a well-founded tree under the ordering C. For s € S \ S, define W; to be the filter on the base set
{7, 6)(w) : u € R(j)} generated by the sets {m, ) (u) : u € R(j)|X/r;(t)}, X €C, for any (all) ¢ € F such
that s T o(t) and j < |t| maximal such that ¢(r;(t)) = s. The proof of the next claim follows exactly as in
[9].

Claim 17. For each s € S \ S, Wy is an ultrafilter which is generated by the collection of {m, ) (u) : u €
R(j)|X}, X €C, for anyt € F and j < |t| mazimal such that p(r;j(t)) = s.

The proof of the next claim is included, as it differs from its counterpart in the proof of Theorem 5.1 in
[9].
Claim 18. Lets€ S \'S. Then W; is isomorphic to Ug for some B € Kgy,.

Proof. Fix t € F and j < [t| with j maximal such that ¢(r;(t)) = s. Suppose that 7, ;) = Tdeptn. Then for
each X € C, {m, 1)(u) : u € R(j)|X} = Taeptn(R(j)[X) € Vo. Since Wy is non-principal, Wy = Vo = Uy, by
Fact If 7,1y = 71, then for each X € C, {m,,(1)(u) : u € R(j)|X/t} C {m(u) : v € R(j)|X} € m(Vj+1).
Thus, by Fact W, = m(YVj+1). By Proposition [64] (3), there exists B € Kgy, such that W = Ug. O

The proof of the next claim follows as in [9].
Claim 19. W is the ultrafilter generated by W-trees, where W = Ws:s¢€ S \S).

The previous claims show that V is isomorphic to the ultrafilter W on the base S generated by the V_\'/—trees7
where for each s € S \ S, W, is isomorphic to Ug for some B € Kg,. By the correspondence of ultrafilters of
Wh-trees on S and iterated Fubini products, we conclude that V is isomorphic to a Fubini iterate of p-points
from among Uy, B € Kqy. O
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Theorem 67. Suppose that C is a Ramsey filter on (7?7 <). The Rudin-Keisler ordering of the p-points
Tukey reducible to C is isomorphic to the partial order (Kgan, <).

Proof. This follows from Theorem[66] the correspondence between and iterated Fubini products of ultrafilters
(see Facts 15 and 16 in [5]), and the fact that a Fubini product of ultrafilters is never a p-point. O

Proposition 68. Suppose that B and C are in Kgn. Then Ug <t Uc if and only if Jg C Jc. Hence,
U =1 Uc if and only if Jg = Jc.

Proof. Assume Jg C Jo. By Proposition Uao;)ser, ST Us, since (Ao,j)jess < B. Define g : C |
B((Aoj)jes) = C | B(B) by g(B((Aoj)jecis) | X) = B(B) | X. g is well-defined on a cofinal subset of
U, ;)e sy, since from the set B((Aog;)jess) | X one can reconstruct {(kn,(Xn,;)jess) 1 n < w}. Since
g is a monotone cofinal map from a cofinal subset of Ua, ;). s, nto a cofinal subset of Up, we have
Ug <7 U(Ao,j)jeJB' Hence Ug =7 u(AO,j)jEJB' By a similar argument, Uc =1 Z/I(AO,].) . Since Jg C J¢,
Proposition implies that M(Ao,j)jeJB <r u(AO,j)jeJc' Therefore Ug <7 Uc.

Now suppose that Jg € Jo. Since Jg is finite, the p-point ultrafilter U(Ao,j)jEJc is Tukey equivalent to
a Ramsey filter on (R({(Axj)jecic : k <w)),<). By Theorem if V is a p-point and V <1 Ua, ,);c,
then V is isomorphic to some Up for some D € ULch (Kj)jer or isomorphic to Yy. By Proposition
(5), U(Ao,j)jeJB ﬁRK L{D for each D € UJ’QJC(’Cj)jGJ" and also M(Ao,j)jeJB ﬁRK yo. So U(Ao,j)jEJB ﬁT
u(AO,j)jEJc’ Therefore Up L1 Uc. O

Final Argument for Proof of Theorem @ For now, let J be either finite or w. We prove (2) first. Let V be
any p-point Tukey reducible to C. Since a Fubini product of ultrafilters is never a p-point, it follows from
Theorem [67] that V is isomorphic to Up for some B € Kg,. In particular, V is Tukey equivalent to Ug.
Proposition [6§ shows that the Tukey type of Ug is completely determined by the index set Jg. Therefore,
(2) holds.

Now suppose J is finite. By Theorem [67} each ultrafilter V Tukey reducible to C is isomorphic to a Fubini
iterate of ultrafilters from among Ug, B € Kg,. Since J is finite, it follows from Proposition that there
are only finitely many Tukey types of p-points Tukey reducible to C. By Corollary 37 in [§], for each Ug, its
Tukey type is the same as the Tukey type of any Fubini power of itself, since Up is a rapid p-point. Thus,
each Fubini iterate from among the Ug, B € gy, has Tukey type equal to some such Ug. Therefore, the
initial Tukey structure below C is exactly P(J). O

We finish by pointing out the implications the theorems in this section have for the specific examples in
Section [

Example 69 (n-arrow, not (n+ 1)-arrow ultrafilters). Let J = 1 and fix n > 2. Recall that the space A, is
defined to be the space R((Aj : k < w)), where (A, : k < w) is some generating sequence for Ko, the class
of all finite (n 4 1)-clique-free ordered graphs.

Suppose C is a Ramsey filter on (A, <). Then U4, , defined to be the filter on base set R(0) generated by
the sets R(0)|C, C € C, is a p-point ultrafilter which is Tukey equivalent to C. By Theorem the Rudin-
Keisler structure of the p-points Tukey reducible to U4, is isomorphic to the collection of all equivalence
classes of members of Ky, partially ordered by embedability. By Theorem the initial Tukey structure
below U4, is exactly a chain of length 2.

j€edo

Example 70 (Hypercube spaces). Let J < w and for each j € J, let IC; be the class of finite linear orders.
Let (Ay : k < w) be a generating sequence such that for each k¥ < w and each j € Ji, Ay ; is a k-element
linear order. Recall that the space H” is defined to be the space R((Ay : k < w)).

If C is a Ramsey filter on (H”, <) then by Theorem the Rudin-Keisler structure of the p-points Tukey
reducible to C is isomorphic to the partial order (Kgy, <).

If J < w then (Kgy, <) is isomorphic to the partial order (w”, <) via the map sending B ~— (||Bo||, | B1; - - -,
IBy_1l]). (If j & Jg, then we assume ||B;|| = 0.) Moreover, the initial Tukey structure below C is exactly
P(J).

Let Cp(w) denote the collection of sequences of natural numbers which are eventually zero. (For (z;)i<.w
and (¥;)icw 10 Co(w), (%i)icw < (¥i)icw iff for all i < w, x; < y;.) If J =w, then (Iéﬁm <) is isomorphic to
the partial order (Cp(w), <) via the map B — (||Bo]l, [|B1ll---, |Bssll;0,0,0,...). Further, the structure
of the Tukey types of the p-points Tukey reducible to C is exactly [w]<%.
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These examples are just prototypes of what can be achieved by topological Ramsey spaces constructed

from generating sequences. Based on the work in this paper, many examples of topological Ramsey spaces
can be constructed, with associated ultrafilters having a wide range of partition properties and initial Rudin-
Keisler and Tukey structures.
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