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ABSTRACT. This paper investigates unimodal maps f for which no it-
erate ¢, of the turning point c is recurrent under f and the omega-limit
set w(c, f) is a minimal Cantor set. Given a non-periodic minimal se-
quence r € AN, we provide a characterization for when u € AN is such
that w(u,0) = w(r,o). We then prove that the set of parameters for
symmetric tent maps T for which w(e, Ts) is a minimal Cantor set and
cn ¢ w(c,Ts) is dense in [v/2,2]. Modifications are provided that can
be used to generate sequences u € AY for which w(u,0) = X, where
X C AV is a shift space with specific properties.

1. INTRODUCTION

There is a great deal of literature focusing on the dynamics of unimodal
maps of an interval to itself [5, 9, 11]. Of interest within this family of
maps is the behavior of the map restricted to the omega-limit set of the
turning point. Many papers are dedicated to locating those unimodal maps
[ for which the omega-limit set w(c, f) is a Cantor set and f|. () is a
minimal homeomorphism [4, 6, 8], however there is no known combinatorial
characterization. In this paper we focus on characterizing when w(c, f) is
a Cantor set, and the action f|,(.,s) is a minimal continuous map (though
not necessarily a homeomorphism), and for brevity refer to this situation as
one where w(c, f) is a minimal Cantor set.

In [1], sufficient conditions on the kneading sequence of a map f were
investigated to guarantee that w(c, f) is a minimal Cantor set. A scheme was
defined that could be used to generate uniformly and regularly recurrent
sequences over a finite alphabet, and it was shown that if the kneading
sequence of a unimodal map f is generated from one of these schemes, then
w(c, f) is a minimal Cantor set. This scheme characterized those unimodal
maps f for which w(c, f) is a minimal Cantor set and at most finitely many
points in the orbit of ¢ are non-recurrent. The question was posed whether
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it is possible to have w(c, f) a minimal Cantor set when every point in the
orbit of ¢ is non-recurrent. In this paper we answer the question in the
affirmative and show that the set of parameters in the tent family for which
this behavior is exhibited is dense in [v/2,2].

In Section 2 we establish the terminology and notation that will be used
throughout this paper. In Theorem 3.1 we provide a characterization for
when a non-eventually periodic sequence u € AY is such that w(u, o) is
a minimal Cantor set. Given a non-periodic minimal sequence r € AY,
Theorem 3.3 provides a characterization of those sequences u € AN such
that w(u, o) = w(r, o). This construction can then be used to generate the
kneading sequences of unimodal maps for which no iterate of ¢ is recurrent
and the omega-limit set of the turning point is a minimal Cantor set. In
Theorem 3.7 it is shown that the set of parameters in the tent family for
which w(e, T) is a minimal Cantor set and ¢,, ¢ w(c, T') for all n € N is dense
in [v/2,2]. Section 4 presents modifications to the construction in Theorem
3.3 that can be used to generate the kneading sequences of unimodal maps f
for which w(c, f) is either a non-minimal Cantor set or the union of a Cantor
set and countable set. In Section 5 we provide a characterization of those
shift spaces X such that X = w(u,o) for some u € AY and conclude by
classifying those shift spaces X that are topologically conjugate to w(c,T')

for some symmetric tent map 7.

2. BACKGROUND

2.1. Sequences and Shift Spaces. Let A be a finite set of letters called
an alphabet. A finite string of letters from A is called a word, and the set of
all finite words over A is denoted A*; for completeness, we allow () to denote
the empty word. We set AN to be the set of all one-sided infinite strings
of letters from A. Given a sequence x = x;x9w3--- € AY, the shift map
o: AN — AV is defined by o(x) = x9z324-- . Let A be given the discrete
metric topology and assign the product topology on AN by d(x,y) = 1/2"!
where n is the least number such that x x5 -+ -, # y1¥s - - - Yn; hence AV is
a compact metrizable space. A subset X C AY is called a shift space if X
is closed and X is strongly invariant, i.e. o(X) = X.

Given a shift space X, we let .Z be the set of all words from A* that
appear in X and .% be the set of all words from A* that never appear in X.
We denote by %’ C % the set first offender words, i.e. those words F' € %
such that every proper subword of F'is in .Z. We additionally denote by %,
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the set of all words from .Z of length n € N. We say that a shift space X is
transitive if for every u,v € Z there exists a w € .Z such that uvwv € Z.

A substitution is a function 6 : A — A* \ 0 that is extended to A* or to
AN by concatenation; that is, 0(zy) = 0(x)0(y). A fized point of a substi-
tution is a sequence u € AN such that 6(u) = u. For more information on
substitutions see [10]. We will use substitutions to define various examples
in Sections 3 and 4.

We now define some terminology that is standard among arbitrary con-
tinuous maps on compact metric spaces.

Given f: E — FE, a continuous map on a compact metric space, and a
point x € E, the omega-limit set of v under f is the set w(z, f) ={y € |
there exists n; < ng < --- with f™(z) — y}. A point x € E is recurrent if
for every open set U containing x, there exists m € N such that f(z) € U,
equivalently, = is recurrent if and only if x € w(z, f). A point z € E is
uniformly recurrent if for every open set U containing z, there exists an
M € N such that for all j > 0, fi**(z) € U for some 0 < k < M. In terms
of shift spaces, a sequence w € AN is recurrent if every word v appearing in
w appears infinitely often in w and is uniformly recurrent if for any word u
appearing in w, there exists an M such that every word of length M in w
contains at least one occurrence of u. A set F' C E is minimal provided F' is
nonempty, closed, invariant, and no proper subset of F' has these properties.

We note the following well-known results about omega-limit sets, mini-
mality, and recurrence (see, for example, [5]).

Theorem 2.1. Let f : E — E be a continuous map of a compact metric
space and x € E. Suppose x € w(x), then w(x, f) is minimal if and only if

x 18 uniformly recurrent.

Lemma 2.2. Let f : E — FE be a continuous map of a compact metric
space. Then a non-empty set F' C E is minimal if and only if w(z, f) = F
forallx € F.

2.2. Unimodal Maps. A unimodal map is a continuous map f : [0,1] —
[0, 1] for which there exists a point ¢ € (0, 1), called the turning point of the
map, such that f|j) is strictly increasing and f|.,1 is strictly decreasing.
For ease of notation we set ¢, = f"(c¢). The two most common families of
unimodal maps are the logistic and symmetric tent families. A logistic map
is defined by g,(x) = az(1 — ) where a € [0, 4], whereas a symmetric tent
map is defined by T, (x) = min{az, a(1—x)} with a € [0, 2]. We assume every

unimodal map has no wandering intervals and no attracting periodic orbits;
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thus we may assume our unimodal maps come from either the symmetric
tent family or the logistic family|[5].

Given some iterate f” of a unimodal map f and J a maximal subinterval
on which f"|; is monotone, then a branch f™:J — [0,1] is called a central
branch if ¢ is an endpoint of J. An iterate n is called a cutting time if the
image of a central branch of f™ contains c. We denote the cutting times
So = 1,51 = 2,5,,93,---. As the difference between two cutting times is
again a cutting time, we may write Sy —Si—1 = Sg) where @ : N — NU{0}
is a function called the kneading map. The kneading map and cutting times
completely determine the combinatorics of the unimodal map f[7].

Given a unimodal map f and a point x € [0, 1], the itinerary of x under
[ is the sequence I(z) = Iglily--- where I; = 0 if f/(c) < ¢, [; = 1if
fi(c) > ¢,and I; = *if f/(c) = c. The kneading sequence of f, denoted K(f),
is the itinerary I(c;). If the turning point is periodic, then we terminate the
kneading sequence after the first time x appears; thus, if the turning point
is not periodic, then IC(f) is infinite.

Two sequences in {0, 1, *}AN can be compared using the parity lexico-
graphical ordering: Find the first position two itineraries v # w are different
and use the ordering 0 < * < 1 if the number of 1’s preceding that position
is even (even parity) and the ordering 0 > * > 1 it the number of 1’s preced-
ing that position is odd (odd parity). An infinite sequence e of 1’s and 0’s (or
a finite sequence of 1’s and 0’s ending in a ) is shift mazimal if o¥(e) < e
for all £ € N, where ¢ is the shift map. Every kneading sequence is shift
maximal, and every shift maximal sequence is the kneading sequence for a
unimodal map [3].

A unimodal map f is renormalizable provided there exists an interval J
containing ¢ and n > 2 such that f"(J) C J and f"|; is a unimodal map
(we note that we relax the definition of unimodal to allow for a map to
be decreasing to the left of the turning point). If f"|; is again renormaliz-
able, then we say f is twice renormalizable; if this process can be continued
forever, then f is infinitely renormalizable. 1f the unimodal map f is non-
renormalizable, then we may assume that f is from the symmetric tent
family with slope a € [v/2,2]; otherwise we may assume that f is logistic
[5].

We note that there is a strong relationship between renormalization and
the structure of the kneading sequence of a unimodal map. Let n,m € N,
P = PP---P, € {0,1}", and Q = Q1Q2---Q,, € {0,1}". The star



MINIMAL CANTOR SETS 5

product (x-product) of P and @Q is defined by

PxQ = PQ.PQs- -+ PQ,P if P has odd parity,
| PQPQ,---PQ,,P if P has even parity,

where @z = 1—@Q;. If Px and @+ are both shift maximal, then (P x Q)x
will also be shift maximal. Further, these definitions and results extend to
sequences P and Q where P has finite length and Q € {0, 1}". For additional
details, see [9].

Remark 2.3. As is sometimes the approach, we may also define itinerary/
itineraries for a given point x via the rule I(x) = IyI11--- where I; = 0
if fi(xz) < cand I; = 1. Then every point in w(K(f),o) corresponds to an
itinerary of a point in w(c, f). If ¢ is recurrent, then (c) may be expressed as
0KC(f) or 1KC(f), and every preimage of ¢ will also have two representations.
If ¢ is not recurrent, then this correspondence is one-to-one. Throughout this
paper we are interested in the case where ¢ is not recurrent, and thus to
study w(c, f) we can focus our attention only on w(K(f),0); this is because
the associated itineraries (in the usual sense) will correspond uniquely with
the sequences in w(K(f), o).

3. MINIMAL CANTOR SET CONSTRUCTION

In this section we provide the main results of this paper. We begin by
providing a characterization for a sequence u € A" to be such that w(u, o) is
a minimal Cantor set. In Theorem 3.3 we begin with a non-periodic minimal
sequence r € AN and provide a construction for a sequence u € AN that
is both necessary and sufficient for w(u,o) = w(r,0). We show that this
construction can be used to generate the kneading sequences of symmetric
tent maps 7" for which no iterate of ¢ is recurrent and w(e, T) is a minimal
Cantor set; in fact, this can be done densely within the parameter space
[v/2,2]. Note that if u € A" is an eventually periodic sequence then w(u, o) is
a finite set, and thus not a Cantor set. As such the theorem below completes

the desired characterization.

Theorem 3.1. Let u € AV be a sequence which is not eventually periodic.
Then w(u, o) is a minimal Cantor set if and only if for each word v appearing
in u, either v appears only finitely many times in u or there exists an M

such that every block of length M in u contains a copy of v.

Proof. First, suppose for each word v in u, either v appears only finitely

often in u or v appears with bounded gap in u. Let y € w(u, o) be arbitrarily
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chosen and fix n € N. Since a sequence of shifts of u converges to y, the
initial word y1ys - - - y, appears infinitely often in u. By our assumption this
implies that there exists an M € N such that every block of length M in
u contains a copy of y1ys - - y,. Let z € w(u, o) also be arbitrarily chosen
(possibly y = z). Since 2125+ z; . appears infinitely often in u for all
i, thus each 2;2;41---2;4 contains a copy of y1ys---y,. Thus y1y2 -+ yn
appears in z infinitely often with bounded gaps. As n was arbitrarily fixed,
it follows that y € w(z, o). Further, as both y and z were arbitrarily chosen
from w(u, o) (with y = z permitted),then z € w(z,0) and y € w(z, o) for
all y, z € w(u, o). Hence w(z,0) = w(u, o) for all z € w(u, o), and therefore
w(u, o) is minimal. As u was assumed to be non-eventually periodic, then
w(u, o) is infinite and thus a minimal Cantor set.

Conversely, suppose w(u, o) is a minimal Cantor set. Then either 0% (u) €
w(u, o) for some k > 0 or o*(u) ¢ w(u,o) for all k > 0. In the first case
w(o*(u),0) = w(u, o) is minimal. Hence every word that appears in o®(u)
appears infinitely often in ¢*(u) with bounded gap. Thus every word that
appears in u either only appears finitely many times in v or appears with
bounded gap in wu.

We thus consider the second case where no shift of u appears in w(u, o).
Let y € w(u, o). Then the orbit closure of y is minimal. Thus, if the word
v appears in y, there exists some N such that every block of length N in
y contains v. As v appears infinitely often in y, then v appears infinitely
often in u. Suppose that there does not exist some M such that every
block of length M in u contains a copy of v. Then there exist infinitely
many arbitrarily large blocks in u that do not contain v. Let us denote
these blocks as {A,}22, such that |A,| — co. Thus there exists an infinite
sequence € w(u, o) such that  does not contain v. But then z is not in
the orbit closure of y, a contradiction. It follows that if v appears infinitely
often in u, then v appears in every block of length M for some M € N. [J

Let r be any non-periodic minimal sequence. We provide a method to
construct a sequence u such that w(u, o) = w(r, o), and o*(u) ¢ w(u, o) for
any k € N.

Lemma 3.2. Let r be a non-periodic minimal sequence in AN, and let F
be the set of finite words not appearing in r. Then there is an infinite set
of words {wy,ws, ...} C F with the following property: For every M > 0
there is an n such that |w,| > M and every proper subword of w,, appears

mor.
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Proof. Suppose this is not true. Then for some M > 0 every word w € %
with |w| > M contains a proper subword in .#. Set . %), equal to the set
of words in .% with length M or less. The condition implies that any word
w € % is either in %), or contains a subword in .%),.

Notice that the set %, is finite. We have that x is in the orbit closure
of r if and only if no word appearing in z is in the set .# if and only if no
word appearing in x is in the set .%,;. But this means that the orbit closure
of r is a set of sequences that avoids a finite set of forbidden words, i.e., a
shift of finite type. The only minimal shifts of finite type are periodic orbits,

which is a contradiction since r is non-periodic. O

Without loss of generality, we may assume that there is a non-decreasing
unbounded sequence {l,,} such that the collection {wy,ws,ws,---} of for-
bidden words in the previous lemma satisfies |w,| > [, for each n € N.
Further, we can extend this to allow w; = w; for finitely many 7 # j.

Fix r € AY, a non-periodic minimal sequence. Let {k,},>1 and {l,},>1
be sequences of integers which are non-decreasing and unbounded. Denote
by %’ the set of first offender words, i.e., the set of words that do not appear
in 7 but every proper subword does appear in r. Let {u,}22, be a collection
of finite words such that

e For each i > 1, u; appears in r and |u;| > k;.

e For each ¢ > 1, u;u; 1 is such that every word from .#’ appearing in
u;u;+1 has length at least [;, and it is possible that w;u;1; contains
no words from %"

e The word ug is in A" for some N > 0; that is ug can be the empty

word.

Set u = uguqusus - - -

Theorem 3.3. Given a non-periodic minimal sequence r € AN and v € AY,

then w(u,0) = w(r,o) if and only if u is constructed as above.

Proof. Suppose first that u is constructed as above. A word v appears in
w(u, o) if and only if v appears infinitely often in u. Suppose v appears
infinitely often in u and has length M. If v appears in u; for some k > 1,
then v is a subword of r; otherwise v appears in ugug,q for infinitely many
k where part of v lies in u; and part of v lies in ug 1. There exists an N € N
such that [, > M for all n > N. Hence, whenever £k > N and v appears
in upugsr, then v is not in %', nor is any proper subword of v. Hence v
appears in r, and thus v appears in w(r, o). Further, by construction, if w

is a word appearing in w(r, o), then w also appears infinitely often in r. As
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r is minimal and |ug| — oo as k — oo where {uy}g>1 are words from r, it
follows that there exists a K € N such that w appears in uy for all £ > K,
and thus w appears in w(u, o). Therefore w(u, o) = w(r, o).

Conversely, suppose w(u,o) = w(r,o). Our choice of u;, k; and [; will
depend upon whether o%(u) € w(r, o) for some k > 0 or not.

If 0% (u) € w(r,o) for some ko > 0, then every initial block of o*(u)
appears in r. In this case let {k,},>1 and {l,},>1 be any non-decreasing
unbounded sequences. Set ug to be the initial block of u of length ky. Then
set u; to be the first block of length k; in o*°(u). For each i > 2, set u; to
be the first block of length k; in g*ot*i+-*i-1(y). Since u = upujuy ... and
every word from w;u;, 1 is allowed for ¢ > 1, the sequence u has the desired
form.

Now consider the case where o*(u) ¢ w(r,o) for all k > 0, then there
exist infinitely many words in u that appear in .#’. Let ug be an initial
block of uw with length N > 0 such that o (u) begins with a word from r of
length at least 2. Set u; be the longest initial block of o™V (u) that appears
in 7 and set k; = |uy|. For each n > 2, let u,, be the longest initial block of
gNtkit+kn-1(y) that appears in r and set k, = |u,|. Then u = uguyuy - - -
where uy € AN and u; is a word from r for each ¢ > 1.

Fix M € N and suppose there exist infinitely many ¢ > 1 such that
|u;| < M. Then by construction there exist infinitely many i > 1 such that
a word from %' of length less than or equal to M appears in w;u;,1. Thus,
there exists a word v € .#' with |v| < M that appears infinitely often in u,
a contradiction to w(u, o) = w(r, o). It thus follows that k; — oo as i — co.

Suppose there exists an M € N such that w;u;;; has a word from .#’
of length M for infinitely many ¢ € N. Then there exists a word v € %’
appearing infinitely often in u such that |v| = M, and as w(u, o) = w(r,0),
then v appears infinitely often in r. But since v € %, this is a contradiction.
Hence there must exist a non-decreasing and unbounded sequence {l,,},,>1
such that every word from .#’ appearing in u;u; 1 has length at least [;. [

Remark 3.4. If w;u;,1 contains a word from .#’ for infinitely many i € N,
then o*(u) ¢ w(r,o) for all k > 0. Further, u may be constructed such
that w;u;, 1 always contains a word from .%#’. That is, given any minimal
non-periodic sequence r € AN there exists a sequence u € AN such that
of(u) ¢ w(r,o) for all k > 0, but w(u, o) = w(r, o).

As w(u, o) is a minimal Cantor set, every word appearing in u appears
either finitely many times or appears with bounded gap. Since w(u, o) con-

tains no fixed points, there exists an N € N such that if 0" appears in wu,
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then n < N. One can then check that e = 104 € {0,1}" is a shift maximal
sequence and therefore there exists a unimodal map f such that K(f) = e.
Since 10" never again appears in e and e is not eventually periodic, the map
f is also non-renormalizable and may be assumed to be from the symmetric
tent family. Further, if we assume u was constructed such that w;u;,q con-
tains a word from %’ for infinitely many i € N, then o*(e) ¢ w(r, o) for any
k > 0. That is, no iterate of ¢ is recurrent. Thus there exists a unimodal
map for which every point in the orbit of the turning point is isolated with
respect to the orbit, but the omega-limit set of the turning point is a mini-
mal Cantor set. Combining this fact with the aforementioned construction,

we have the following result.

Theorem 3.5. Let r € {0, 1} be any non-periodic sequence with minimal
orbit closure (X, o). There is a unimodal map in the symmetric tent family
f such that (X, o) is topologically conjugate to (w(e, f), f) and ¢, ¢ w(c, f)
for allm > 0.

We now provide an explicit example of a unimodal map f for which
w(e, f) is a minimal Cantor set and ¢, ¢ w(c, f) for each n > 0 to illustrate

the construction.

Example 3.6. Consider the Morse substitution given by 6(0) = 01 and
0(1) = 10. Consider the fized point of this substitution, which we will denote
r, generated by r = lim,,_,,, 0"(0) = 01101001100101101001011001 - - - .

The sequence r is a well-known example of a non-periodic sequence with
minimal orbit closure [10]. Let {l,,} = {2""'+1} and {k,} = {2""}. Fiz u,
to be an initial word from r of length at least ki that ends with 6(0) = 01.
For each n > 2, let u, be a word from r of length at least k, beginning
with 6"~1(0)0"~1(0) and ending with 6™(0). Then based on the construction,
whenever 0" appears in ujusus - - -, then n < 2. Thus, let ug = 1000. Set
u € {0,1}N be such that u = ugujugug---. Hence u is a shift mazimal
sequence in {0, 1} and there exists a unimodal map f such that K(f) = u.

For each n > 1, upun,y1 contains a copy of 6™(0)0™(0)0™(0); that is, the
only words from F' appearing in uyu,.1 are of length greater than or equal
to l, for all n > 1. Hence, by Theorem 3.3 we have w(u,o) = w(r,o).
Further, because each uyu,q1 contains a word from F' that never appears
again in u, of(u) & w(r,o) for any k € N. It thus follows that w(c, f) is a

minimal Cantor set for which ¢, ¢ w(c, f) for all n > 0.

Following this example, one kneading sequence we can obtain is

K(f) =« =100001101010110011001100110100101101001011010010110 - - -
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We now show that not only do there exist symmetric tent maps for
which w(c, f) is a minimal Cantor set and no iterate of the turning point is
recurrent, but that this behavior actually occurs densely in the parameter

space [v/2,2].

Theorem 3.7. The set of parameters of symmetric tent maps Ty for which

w(c,Ts) a minimal Cantor set and ¢, ¢ w(c,Ts) for all n > 0 is dense in

[v2,2].

Proof. It suffices to show that if f, is a tent map with s > /2 whose
kneading sequence begins with i1is - - - iy, then there is a tent map T such
that IC(7T) also begins with iyig - - - in, w(c, T) is a minimal Cantor set, and
cn ¢ w(e, T) for all n € N.

Let g be a non-renormalizable tent map with an embedded adding ma-
chine such that IC(g) = ejeq--- is infinite and begins with 145 - --iy. Let
h # g be another non-renormalizable tent map with an embedded adding
machine such that IC(h) begins with iyiy---iy. It was shown in [4] that
the set of parameters for which the restriction to the omega-limit set of
the turning point is conjugate to any given adding machine is dense in
[v/2,2], so we know that such symmetric tent maps ¢ and h exist. Let M
be the first place that IC(g) and KC(h) disagree. Without loss of generality
suppose K(g) = IC(h). Then ejes - - - ey never appears in IC(h), which is a
non-periodic minimal sequence.

Create a list .#’ of words of length longer than M + 1 that never appear
in KC(h) such that each proper subword does appear in K(h). Let {l,,}n>1
and {k, },>1 be non-decreasing unbounded sequences of integers where each
l; > M + 1. Construct u as in the Theorem 3.3 such that ug = ey ---ep, uq
begins with ejey - - - €, 1€y, and for each ¢ > 1 w;u;,; has a word from %’
of length longer than [;.

We now show that wu is shift maximal. We first note that

e16a - ep_1eper6a - ep_1x = (e1€g -+ -epr_q x L)%

is shift maximal because both ejes - - - €p/_1*% and 1x are shift maximal. Thus
~ k ~
€162 - ep_1€M€1€2 - €N —1€0 2= O (€162 - €p_1€0€1€2 - - Epf_1€p)

for all £ > 0. Note that ejes - - - )y never appears in ujususg - - - . Thus every
shift of o*(u) with k > M will disagree with eje, - - - ey in the first M posi-
tions, but no word of length less than M + 1 is in .%. Thus, if the disagree-
ment is in the Mth position we have ejes---ep_1ep = erea---epr_1€pr. If

the disagreement is in a position prior to the Mth, then the disagreement
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happens within ejes - - - ep1 and the block appears in IC(h). The shift max-
imality of IC(h) gives that ejes - - - epr_1 is larger than the disagreeing block.
Thus u is shift maximal and is the kneading sequence of a unimodal map
T'. It remains to show that 7" is non-renormalizable.

Note that by construction, M is a cutting time of T. We set M = S,.
Then Q(k) <t for all kK > ¢. Hence T' cannot be infinitely renormalizable.
Thus suppose that T is finitely renormalizable. Then there exists a finite
word w and a non-renormalizable shift maximal sequence v € {0, 1} such
that u = w*v. As |w| + 1 = s, is a cutting time such that Q(k) > [ for all
k > 1,1 <t and therefore |w| < M. Note that as this is a renormalizable
map, the cutting times Sy with k& > [ are all such that S, = n -5 for
some n € N. Hence ejes---epy—1 = wAjwA,y---A,w where each A; €
{0,1} (and for completeness, it is possible that ejes - ey 1 = w), u =
WA wAs - - - Apw - -+ and ugug - - = WAL WA, ow -

Note that (h) contains words of the form wAjwALw - -+ Al w for arbi-
trarily large m € N where each A; € {0, 1}; also, for each initial block I of
IC(h), there exists a j € N such that wA; jwA; 45 --- A jw contains a copy
of I for each i € N. Hence K(h) = o*(w)AJwAJw - - for some 0 < k < |w|
and A € {0,1} for all i € N. If £ = 0, then K(h) = wAJwAjw--- and is
thus either periodic, not shift maximal, or is obtained from a star product.
If k> 1, then A} = AY for all i, j > 1 and K(h) is eventually periodic. As h
was taken to be a non-renormalizable tent map with an embedded adding
machine, we obtain a contradiction in each case. It thus follows that T is

non-renormalizable. O

4. MODIFICATIONS TO THE CONSTRUCTION

In this section we present modifications to the construction in Theorem
3.3. We first show that if we begin with a non-periodic and minimal r € AN
and allow for the same word from .#’ to appear in u;u;. 1 for infinitely many
i € N, then the corresponding omega-limit set w(u, o) will properly contain
w(r, o) and can either be a non-minimal Cantor set or the union of a Cantor
set and a countable set. We then provide examples of unimodal maps f for
which w(e, f) is either a non-minimal Cantor set or the union of a Cantor

set and a countable set.

Proposition 4.1. Let r € AY be a non-periodic minimal sequence. Let .F
be the set of finite words not appearing in r and set F' C F to be the set of
first offender words (F € .F' implies every proper subword of F' appears in

r). Let {k;}i>1 be a non-decreasing sequence of integers that is unbounded.
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Let {u;};>1 be a collection of finite words from r such that |u;| > k; for all
i € N and suppose there exists an F € F' such that F appears in u;u; 1 for
infinitely many i € N. Let ug € AN for some N > 0 and set u = uguius - - - .
Then w(u,0) D w(r,o) and w(u, o) is either a non-minimal Cantor set or
the union of a Cantor set and a countable set.

Proof. Recall that a word w appears in w(u, o) if and only if w appears
infinitely often in u. Let w be a word that appears in w(r,o). Then w
appears infinitely often in 7, and since r is a minimal sequence, there exists
an N € N such that every word of length N in r contains a copy of w. Thus
there exists an L € N such that k; > N for all ¢ > L, and thus w appears in
u; for all i > L. Since w appears infinitely often in u, w appears in w(u, o)
and w(r, o) C w(u, o).

As there exists F' € .%' that appears in infinitely many u;u; 1, F' appears
infinitely often in u, and thus F’ appears in w(u, o). By construction, F' does
not appear in 7, and thus F' does not appear in w(r, o). It follows that w(u, o)
properly contains w(r, o), and thus w(u, o) is uncountable and non-minimal.

Further, since |u;| — oo as i — oo, the minimum distance between two
consecutive occurrences of F in o*(u) must go to infinity with k. It follows
that if F' appears in a sequence y € w(u, o), then F' can only appear once
in y. Since u contains infinitely many copies of F, o*(u) ¢ w(u,o) for all
k € N. Therefore, w(u, o) is either a Cantor set or the union of a Cantor set
and a countable set [5, Section 10.2]. O

We now prove the following proposition, which provides the distinguish-
ing characterization for whether w(u, o) will be a Cantor set or the union
of a Cantor set and a countable set when w(u, o) is uncountable that does

not contain every shift of u.

Proposition 4.2. Let u € AY be such that o*(u) ¢ w(u, o) for some k € N
and w(u, o) is uncountable. Then w(u,o) is a Cantor set if and only if for
every word w that appears infinitely often in u there exist words v and v’
such that |v] = |V'|, v # V', and both wv and wv' appear infinitely often in

u. Otherwise w(u, o) is the union of a Cantor set and countable set.

Proof. In this setting, w(u, o) is either a Cantor set or the union of a Cantor
set and a countable set. The set w(u, o) is a Cantor set if and only if every
point in w(u, o) is a limit point of w(u, o). A point y € w(u, o) is a limit
point if and only if for all n € N there exists a z € w(u, o) such that z # y
and z and y agree for at least n positions. Recall that y € w(u, o) if and

only if every word that appears in y appears infinitely often in u. Thus a
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point y € w(u, o) is a limit point if and only if every word w that appears
infinitely often in y can be extended in two different ways into w’ and w”
such that w’ and w” both begin with w, both appear infinitely often in w,
and they disagree in at least one position. Hence every point in w(u, o) is
a limit point if and only if for each word w appearing infinitely often in u

there exist v and v’ such that |v| = |[v'|, v # v/, and wv and wv’ both appear
infinitely often in u. We note we require |v| = |[v'| so that we eliminate the
case where v is a prefix of v'. O

We now provide examples of kneading sequences K(f) that can be con-
structed as in Proposition 4.1 such that ¢, ¢ w(c, f) for each n € N and
w(c, f) is either a non-minimal Cantor set or the union of a Cantor set and

a countable set.

Example 4.3. The construction in Proposition 4.1 can be used to generate
the kneading sequence of a symmetric tent map f such that w(c, f) is the
unton of a countable set and a minimal Cantor set.

Consider the substitution given by 6(1) = 10 and 6(0) = 11 and the fized
point of this substitution given by

r= lim "(1) =10111010101110111011101010111010101110101011101 - - - .

n—00

Let ug = 100, u; = 01110, and for each n > 2 let u, be a word appearing in
r that begins with u,_; and ends with 0 and is such that |u,| > |up_1|. Set
U = uguius - - - . Then u is a shift mazrimal sequence and s thus the kneading
sequence for a unimodal map f. By Proposition 4.1, w(r,o) C w(u,0).

Lety € w(u, o) \w(r, o). Because every word in u that does not appear in
r has 00 within it, it follows that y contains a copy of 00. Further, because
|un| > |un_1], it follows that y cannot contain two copies of 00. Hence,
by setting v = limy, oo Un, Y = Y192 -+ Y00 (where yy - -y, could be the
empty word). But note that there are only countably many such y. Hence
w(u, o) \ w(r,o) is a countable set, and it follows that w(u, o) is the union
of a countable set and the minimal Cantor set w(r, o).

Letting K(f) = u, note that o*(u) ¢ w(u,o) for all k € N. Hence the
turning point ¢ for the map f is not recurrent, and neither is any cj. There
is a one-to-one correspondence between the sequences in w(u,o) and the
itineraries of the points in w(c, f); hence w(e, f) is the union of a countable

set and a Cantor set.

Example 4.4. The construction in Proposition 4.1 can be used to generate
the kneading sequence of a symmetric tent map f such that w(c, f) is a

non-minimal Cantor set.
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Again consider the substitution (1) = 10 and 6(0) = 11 and the fized
point given by r = lim,_,, 0"(1). Note that r can also be constructed in the

following manner. Let r1 = 1, and for each n > 2 set

Tno10r,_1 if n is even,
'n = . .
Tn_1lrp_1 if n is odd.

Then r = lim,,_ o 7y,. Further

) rna0rp i lry 1 0rp 1 if nois even,
Tt = {rn_llrn_l()rn_llrn_l if n is odd.

Let w be a word appearing in r. Then w is contained in r,,_1 for somen € N.
Since both r, 10 and r,_11 appear in r, it follows that there exist words v
and v’ in r such that |v| = |V'|, v and v agree in all but the last position,
and both wv and wv' appear in r. We now construct a sequence u from r.

Let ugpp = 100
up1 = 010111010
up2 = 01011101110
w3 = 01011101010111010
uy4 = 0101110101011101110
ug5 = 0101110111011101010111010
ug6 = 010111011101110101011101110

where for each k > 1, uy,; and ug ;41 are words from r that extend u,y,
where j =2k +1, and k =2m + 1 or k = 2m + 2. Further, without loss of
generality assign |uy j1| > |uk ;| such that uy j11 and uy; differ in position

|uk,;| and uy,; and uy ;41 both end in 0. Set

U = Up,0U0,1Up,2U1 3UL,4U2 5U2 gU3 7TU3R "~ * -

First note that uw = K(f) for some symmetric tent map f, since u is
shift mazimal and cannot be generated from a star product. Further, by
Proposition 4.1, w(r,o) C w(u, o), and thus w(u, o) will be non-minimal.

Next we prove that for every k € N, o*(u) ¢ w(u, o); further, ¢, ¢ w(c, f)
for any n € N. Let y € w(u,0) \ w(r,o). Then y contains 00. Note that
y cannot contain two copies of 00 since the lengths of the wy, increase
as k increases. Hence every point in w(u,o) has at most one copy of 00
appearing in it. It follows that no shift of u can appear in w(u, o). Because
I(cn) = 0" (u), no iterate of c is recurrent under f.

It remains to show that the set w(u,o) is a Cantor set. We will show
that every point in w(u, o) is a limit point. Note that it suffices to check that
y € w(u,0) \ w(r,o) is a limit point where y begins with 00.
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Let y = 00ysyays--- € w(u,0). We show that for each n € N there
exists a sequence z € w(u,0), z # y, such that z and y agree for at least
n positions. Thus fit n € N. As y € w(u,0), there exists a subsequence
{tm, 1, } such that Oysyays - - -y, is the initial word of wpy, , for all l € N.
Further, there exists an L such that um, x, begins with 0y3ysys - - - yn and

K, =

kr +1 if kr, is odd,
kr —1 if kr is even.

As each up,, is extended in the construction, there exists a sequence z €
w(u,a) such that z begins with Oty,, g1 . AS Upy gt and Uy, k, agree for at
least n positions but are not identical, it follows that z # y and z and y
agree for at least n positions. As n was arbitrarily fized, y is a limit point of
w(u, o). Thus every point of the form 00ysyays - - - is a limit point of w(u, o),
and hence every point in w(u,o) \ w(r,o) is a limit point. As w(r,o) was a
minimal Cantor set, it follows that every point in w(u,o) is a limit point.
We conclude that w(u, o) is a non-minimal Cantor set. Therefore w(c, f) is

a non-minimal Cantor set such that no iterate of ¢ is recurrent.

5. GENERALIZATIONS OF THE CONSTRUCTION

In each of the prior sections we began with a non-periodic minimal se-
quence r € AN and then generated a point u € AN such that w(u,o) =
w(r,o) or w(u,o) D w(r,o). The next natural question is to begin with a
shift space X and determine when there exists a point v € AY such that
w(u,0) = X. This question was addressed in [2], where the authors prove
that given a shift space X C AY, there exists a point u € AN such that
w(u,o) = X if and only if X is internally chain transitive. Given a contin-
uous function f on a metric space X and a closed, invariant set A C X, A
is internally chain transitive if for every pair of points x,y € A and for all
€ > 0 there is a finite sequence of points x = xg, 1, 22,...,2, =y € A and
a sequence of integers ty,ts,...,t, > 1 such that d(f'(z;_1), ;) <e.

We provide an equivalent definition of internally chain transitive in the
case of shift spaces below. Theorem 5.3 then provides a characterization
for u € AY to be such that w(u,o) = X, where X is a shift space that is

internally chain transitive.

Definition 5.1. Let X be a shift space with language .. Then X is N-
chain transitive if for every v, w € £ there exists u € A* such that every

subword of length N in vuw is in Z.
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Lemma 5.2. X is N-chain transitive for every N € N if and only if X is
internally chain transitive.

Proof. Suppose that X is N-chain transitive for every N € N. Fix x,y € X
and € > 0. Then there exists an N € N such that if 2,2/ € X agree for
at least the first IV positions, then d(z,2’) < €. Let v and w be the initial
words of x and y of length 2N, respectively. Choose u € A* such that every
subword of vuw of length 2N is in £ and vu and z agree for at least 2V
positions.

Let u; be the longest initial block of vuw that agrees with xy = x; then
|lui| > 2N. Let uy be the longest word from . beginning in the |u;| — N
position of vuw; then |uy| > 2N. For each i = 2,3, - - - n, let u; be the longest
word from .Z beginning in the |uy| + |ug| + -+ - + |u;—1| — (¢ — 1)V position
of vuw, where u,, ends with w.

For each 1 = 1,2,...,n — 1, let x; € X be a sequence beginning with
uir1. Then o=V (z;) begins with the first N terms of u;y; for each i =
0,1,...,n—1, and by construction there is a shift of x,,_; that begins with
w. Hence we have a sequence of points v = z,21,...,2, =y € X and a
sequence of positive integers tq,to, -+ , ¢, such that d(c" (z;_1),x;) < € for
alli =0,1,...,n — 1. It follows that X is internally chain transitive.

Conversely, suppose X is internally chain transitive. Fix N € N. Then
there exists an € > 0 such that if d(z, z’) < ¢, then z and 2’ must agree for at
least N positions. Let v and w be words from .Z and let x,y € X begin with

v and w, respectively. We may find sequences x = xg, x1, 22, ..., 2, =y € X
and ty,ts,- - t, > 1 such that d(c' (z;_1),7;) < eforalli=0,1,...,n— 1.
Thus for each i = 0,1,...,n — 1, o%(x;_1) and x; agree for at least N
positions. Let u; = L0y oy vy Wi = Ticlying g forv=2,3,...,n— 1,
and u, = TnApine, | (here wp ;) = i@ip1 -+~ x;). Set u = wyug -+ - up. It

remains to show that vuw is such that every word of length N is in .Z.
Note that Tig g o) € & foralli=0,1,...,n—1 and Tty 4, 1 4+n] and
Ti-1),, n] overlap for at least IV positions. Thus every subword of length N
in w;u;yq is in £ for each i = 1,2,--- ,n — 1, and hence every subword of
length NV in w is in .Z. Since very subword of length N in xq is in .Z, then
every word of length N in vu; is in .Z; similarly, every word of length N in
u,w is in Z. It follows that every word of length N in vuw is in .Z, so X

is N-chain transitive. O

In the following proofs, for a given shift space X, let .%,, denote the set
of words of length n in £, the language of X.
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Theorem 5.3. Consider the shift space X C AN with alphabet A, language
L, forbidden words F , and first offender forbidden words F'. Thenu € AY

is such that w(u,o) = X if and only if u = uguyug - - - where

o uy € AN for some N > 0;
o {u;}i>1 are words from £ ;
e there exists an increasing sequence of integers {k;};>o with kg = 1

such that every word in £, appears between uy, _, and ug, ;

n—1

e there exists a non-decreasing, unbounded sequence of integers {l;}i>1
such that no word from F' of length n appears after u,, .

Further, such a word w € AN exists if and only if X is internally chain

transitive.

Proof. First let u = ugujus --- be constructed as above. Then each word
from £ appears infinitely often in u, and thus X C w(u, o). Suppose w is
a word appearing in « but not in .Z. Then w € .Z with |w| = n for some
n € N. There exists a subword of w that is in .%#’ and is of length less than
or equal to n. Hence w does not appear in u to the right of u;,, and thus
w does not appear infinitely often in w. Therefore every word appearing
infinitely often in w is in ., and it follows that w(u, o) C X.

Conversely suppose that w(u,0) = X. Then every word appearing in-
finitely often in u is in .Z and every word in . appears infinitely often in
u. Further, no word from .#’ appears infinitely often in u. We consider two
cases: o%(u) ¢ X for all k € N and ¢*(u) € X for some k > 0.

First suppose that no shift of w is in X. Since w(u, o) = X, there is an
N > 0 such that o (u) begins with a symbol that appears in X. Let ug be
the initial block of u of length N. Then let u; be the longest initial word
of o™ (u) that is in ., let uy be the longest initial word of ol“!+¥ (v) that
is in ., let us be the longest initial block of gl“l*lu2l+N () that is in &;
continue in this manner. Clearly each u; € & for ¢ > 1. Since every word
of £, appears infinitely often in u, there exists a k; € N such that every
word of £ appears in ujus - - - u,. Similarly, for each n > 2 there exists a
k, € N such that every word of .Z,, appears in uy, |1k, 42 Uk,. Thus
we have found our desired strictly increasing sequence of integers {k, }n>1.
Because no word from %’ can appear infinitely often in wu, there exists a
largest position [,, such that u;, _ju;, u;, 11 --- contains a word of length less
than or equal to n from .#’. Thus {l,},>1 is a non-decreasing sequence.
Note that if this sequence is ever such that [; = [; for all j > 7, then we
may set I, = [ for all j < and I, = [; + j for all j > . Then {I}, },>; is our

desired non-decreasing and unbounded sequence of integers.
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Now suppose *(u) € X for some k € N, but o !(u) ¢ X. Thus every
word in o*(u) is in Z. Let ug = up x. Rewrite o%(u) = ujuguz - -+ where
the |u,| = n. Since every word of .%| appears infinitely often in o*(u), there
exists a k; such that each word of £} appears in ujug - - - ug,. Similarly,
for each n > 2, there exists a ko such that every word of %, appears
in ug, 41Uk, ,+2 - Uk,. Hence we have defined our increasing sequence
of integers {k;,},>1. Further, set {l,,},>1 to be any increasing sequence of
integers with [; > k.

In [2] it was shown that w(u,o) = X for some u € AY if and only if
X is internally chain transitive. Thus, by Lemma 5.2, it follows that this
construction can be done only for those X that are N-chain transitive for
all N € N. We note that this property appears naturally in the construction
of u. 0J

In the next two lemmas we make some observations about which points
can generate the shift space X when X is either a shift of finite type or is
not a shift of finite type. Recall that a shift space X is a shift of finite type
if and only if the list of first offender words is finite.

Lemma 5.4. If X C AN is a shift of finite type and if w(u,o) = X, then
o®(u) € X for some k € N.

Proof. Let X C AN be a shift of finite type and suppose that u is generated
as in Theorem 5.3 such that w(u,0) = X. Then .#’ is a finite set, and if
o"(u) ¢ X for all k& € N, then that means that there are infinitely many
occurrences of words from %’ in u. Thus there exists an F' € %’ such
that F' appears in wu infinitely often, and hence F' appears in w(u,0), a
contradiction. Thus there exists some k € N such that o*(u) € X. O

Lemma 5.5. If X C AY is an internally chain transitive shift space that
is mot a shift of finite type, then w(u,0) = X for some u € AY such that
of(u) ¢ X for all k € N.

Proof. Suppose X C AY is an internally chain transitive shift space that is
not a shift of finite type. Then by Theorem 5.3 there exists some u € AN
such that w(u, o) = X. We now show that v may be constructed such that
ok(u) ¢ X for all k € N. Since .Z" is an infinite set, for each n € N there
exists an F' € .#' such that |F| > n.

For each n € N order the words in .Z, as {v, 102, , Unm, } such that
if there exists an F' € .#' with |F| = 2n or |F| = 2n — 1, then vy, , Un41.1

contains F' for one such F; if no such F' exists, then the first word of £, 1
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and the last word of %), can be arbitrarily chosen. Because X is internally
chain transitive, for each n € N we may find words v, 1, Yn.2, " ** Ynm, . € £
such that every subword of length n of vy, 1Yn 1Vn.2Un.2 * * * Unmp—1Yn,mn—1Vn,mn,
is in .%,.

Set kg = 0. For all n € N set vy, 1Un.1Un2Yn2 " * Unomn—1Ynmn—1Vnm, =
Uk, 41Uk, _,+2 - - - U, Where each u; € Z. Let u = ujugug---. Then for
infinitely many n € N, wy, _ ug, 41 - up,,, contains a word from .%’, but
no words of length less than or equal to n from #' will appear after wuy,,.
Let {k,}n>1 be the sequence determined above, and set {l,,}n>1 = {kn}n>1.
By Theorem 5.3 we have w(u, o) = X, but by construction o%(u) ¢ X for
all k € N. OJ

Recall that X is transitive if whenever u,v € £ there exists w € £
such that uvwv € Z. We now use the concept of transitivity to characterize
those shift spaces X that can be generated as the omega-limit set of a point

from inside X.

Lemma 5.6. A shift space X is such that X = w(u,0) for some u € X if
and only if X is transitive.

Proof. Suppose X = w(u, o) for some u € X. Then every word in .Z appears
infinitely often in u, and no word from .% appears in u. Thus, let w,v € £Z.
Then w and v both appear in u. Let x be a word such that wzv appears in
u. Then wzv ¢ .Z, and thus wav € Z.

Suppose X is transitive. Let .2, = {v, 1,002, -+ , Unm, } for each n € N.
Then for each n € N there exists x,1,%n2, ,Tpm,—1 € £ such that
Up, = Un—1%n1Vn2%Tn.2 " Unmp—1Lnmu—1Unm, € -£. Then there exists y; €
£ such that uiy us € £ and for all n > 2 there exists y,, € £ such that
UL Y1 UY2 * *  UnYnUni1 € L. Let u = uiyi1ualys - - - UnYnUng1 - - - € AN, Then
u contains every word in % infinitely many times, and u does not contain
any words from .%. Thus v € X and w(u,0) = X. O

We now conclude by characterizing those shift spaces X that can be
obtained as w(c,T) for some symmetric tent map 7.

Proposition 5.7. Suppose X C {0,1}Y is internally chain transitive that
s not a shift of finite type. Then there exists a symmetric tent map T with
¢ ¢ w(e,T) such that T : w(e,T) — w(c,T) is topologically conjugate to
o: X — X if and only if X has at most one fixed point.

Proof. Given an internally chain transitive shift space X C {0,1}" that is
not a shift of finite type. By Lemma 5.5 there exists u € AY such that
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w(u,0) = X. Suppose X has at most 1 fixed point; then there exists an
N € N such that 0¥ or 1V is in F.

If OV € .Z for some N € N, then there exists some M > N such that of
0" appears in u, then n < M. Set v = 10M+1u; then v is shift maximal and
not generated by a star product; thus 101y = K(T) for some symmetric
tent map 7. Further, since v ¢ w(u, o) = w(v, o), there is a homeomorphism
between w(c,T') and w(u, o) = X such that the itineraries of the points in
w(e, T) are exactly the sequences in X.

If 1¥ € % for some N € N, then there exists some M > N such that
if 1" appears in u, then n < M. Consider v = 01M*+1ly; then v/, given by
converting each letter v; in v to (1—v;), is shift maximal and is not generated
by a star product. Thus v = K(T) for some symmetric tent map 7'. The
shift spaces defined by w(v, o) and w(v’, o) are conjugate via the map that
switches 0’s and 1’s. Further, since v ¢ w(u,0) = w(v,0), there exists a
homeomorphism between w(c, T') and w(u,0) = X such that the itineraries
of the points in w(c,T') are the sequences in X with the letters 0 and 1
switched. In both cases, T : w(c,T) — w(c,T') is topologically conjugate to
o: X — X.

Now suppose that T is a symmetric tent map such that 7" : w(e,T) —
w(e, T) is topologically conjugate to o : X — X and ¢ ¢ w(c, T). Then there
exists a homeomorphism 7 : w(c,T) — X such that m oo = T o 7. Hence,
if X has two fixed points, then w(e, T') contains two fixed points. This is a
contradiction, since w(c,T') can contain at most one fixed point. 0J
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