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ASYMPTOTICS FOR SPARSE EXPONENTIAL RANDOM
GRAPH MODELS

MEI YIN AND LINGJIONG ZHU

ABSTRACT. We study the asymptotics for sparse exponential random graph
models where the parameters may depend on the number of vertices of the
graph. We obtain a variational principle for the limiting free energy, an asso-
ciated concentration of measure, the asymptotics for the mean and variance of
the limiting probability distribution, and phase transitions in the edge-triangle
model. Similar analysis is done for directed sparse exponential random graph
models parametrized by edges and outward stars.

1. INTRODUCTION

Exponential random graphs are a class of graph ensembles of fixed vertex num-
ber n defined by analogy with the Boltzmann ensemble of statistical mechanics.
Let {¢,} be a set of local features of a single graph, for example the number of
edges or copies of any finite subgraph, as well as more complicated characteristics
including the degree sequence or degree distribution, and combinations thereof.
These quantities play a role similar to energy in statistical mechanics. Let {5,}
be a set of inverse temperature parameters whose values we are free to choose. By
varying these parameters, one could analyze the influence of different local features
on the global structure of the graph. Let G,, be the set of all possible graphs (undi-
rected and with no self-loops or multiple edges in the simplest case) on n vertices.
The k-parameter family of exponential random graphs is defined by assigning a
probability P("™)(G,,) to every graph G,, in G,:

k
PM(Gy) = Z, (B, 85, BU) " exp lz B e, (Go)

p=1

where Z,, is the partition function,

E
Zn(ﬁln)v Bén)a ces I(qn)) = Z €Xp [Z ﬂ;(;n%p(Gn)
Gn€Gn p=1

These rather general models are widely used to model real-world networks, such as
the Internet, the World Wide Web, social networks, and biological networks, as they
are able to capture a wide variety of common network tendencies by representing a
complex global structure through a set of tractable local features, see e.g. Newman
[23] and Wasserman and Faust [32]. They are particularly useful when one wants
to construct models that resemble observed networks as closely as possible but
without going into details of the specific process underlying network formation.

(1.2)
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Since real-world networks are often very large in size, a pressing objective is to
understand the asymptotics of the limiting partition function Z,,, the limiting prob-
ability distribution P(")(G,,), and the limiting free energy 1 := lim,, o0 ,%n log Z,,
for some proper scaling v, — oo as n — 0o, which encodes essential information
about the structure of the limiting probability measure. By differentiating ¢ with
respect to appropriate parameters [3,,, averages of various quantities of interest may
be derived. In particular, a phase transition occurs when % is non-analytic, since it
is the generating function for the limiting expectations of other random variables.
Computation of v is also important in statistics because it is crucial for carrying
out maximum likelihood estimates and Bayesian inference of unknown parameters.

Exponential models have been extensively studied over the last decades. We
refer to Besag [4], Snijders et al. [31I], Rinaldo et al. [30], and Fienberg [I1], [12]
for history and a review of developments. In recent years, exponential random
graph models and their variations have received (exponentially) growing attention,
where the emphasis has been made on the variational principle of the limiting
free energy, concentration of the limiting probability distribution, phase transitions
and asymptotic structures, see e.g. Chatterjee and Varadhan [10], Chatterjee and
Diaconis [9], Radin and Yin [25], Lubetzky and Zhao [22], Radin and Sadun [26] 27],
Radin et al. [28], Kenyon et al. [I7], Yin [34], Yin et al. [35], Aristoff and Zhu
[2, 8], and Zhu [36].

However, in the real world, most networks data are sparse, see e.g. Golub et
al. [I3], Guyon et al. [14], Hromddka et al. [I6] etc. For example, a gene network
is sparse since a regulatory pathway involves only a small number of genes; the
neural representation of sounds in the auditory cortex of unanesthetized animals
is sparse, since the fraction of neurons active at a given instant is small; many
biomedical signals have sparse depictions when expressed in a proper basis, see Ye
and Liu [33]. Therefore it is important to understand sparse exponential random
graph models. Nevertheless, all previous investigations have been centered on dense
graphs (number of edges comparable to the square of number of vertices) except
some partial results in a very recent paper by Chatterjee and Dembo [8] where
very strong assumptions are imposed. A systematic study in the sparse regime is
currently lacking, and this will be the main focus of the present paper.

The rest of this paper is organized as follows. In Section [2| we introduce nota-
tion and results concerning the theory of graph limits and its use in (undirected)
exponential random graph models. In Section [3| we analyze the asymptotic features
of the undirected exponential model parametrized by various subgraph densities.
Our main results are: a variational principle for the limiting free energy (Theorem
1)), an associated concentration of measure (Theorem [2) indicating that almost all
large graphs lie near the maximizing set, and the mean and variance of the limiting
probability distribution under a scaling assumption about the parameters (Propo-
sitions . We then resort to the large deviations result of Chatterjee and Dembo
[8] and obtain exact asymptotics for the limiting partition function of edge-(single)-
star model (and beyond) in the sparse regime (Theorem @ Lastly, we specialize to
the edge-triangle model and show the existene of countably many first-order phase
transitions (Proposition . In Section we analyze the asymptotic features of the
directed exponential model parametrized by edges and multiple outward stars. Our
main results are: a variational principle for the limiting free energy (Theorem ,
and the mean and variance of the limiting probability distribution under different
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scaling assumptions about the parameters (Propositions|[13116)). We then specialize
to the edge-(single)-star model and show the existence of first- and second-order
phase transitions.

2. BACKGROUND

We present some background on the theory of graph limits and its use in (undi-
rected) exponential random graph models. Following the earlier work of Aldous
[1] and Hoover [15], Lovész and coauthors (V. T. Sés, B. Szegedy, C. Borgs, J.
Chayes, K. Vesztergombi, etc.) have constructed a unified and elegant theory of
graph limits in a sequence of papers [B [0} [7, 19 2I]. See also the recent book of
Lovész [20] for a comprehensive account and references. This emerging theory has
provided a new set of tools for representing and studying the asymptotic behavior
of graphs, and has become the object of intense research in many fields, such as
discrete mathematics, statistical mechanics, and probability.

Here are the basics of this beautiful theory. Any undirected graph G,, that
has no self-loops or multiple edges, irrespective of the number of vertices, may be
represented as an element A" of a single abstract space W that consists of all
symmetric measurable functions from [0, 1]? into [0, 1], by defining

G, | 1, if ([na], [ny]) is an edge in Gp;
W=, y) = { 0, otherwise.

A sequence of graphs {G), }»>1 is said to converge to a function h € W (referred to
as a “graph limit” or “graphon”) if for every finite simple graph H with vertex set
V(H)=[k] ={1,...,k} and edge set E(H),

lim t(H,h%") = t(H,h), (2.2)
n—oo

(2.1)

where
t(H,h) = / h(xi, xj)dxy - - - day, (2.3)
O i jyemm)
and so by construction,
_ |hom(H, G,,)|
|V (G)|IVUED

the homomorphism density of H in G,,. It was shown in Lovdsz and Szegedy [21]
that every function in W arises as the limit of a certain graph sequence. Intuitively,
the interval [0, 1] represents a “continuum” of vertices, and h(z,y) denotes the
probability of putting an edge between z and y. For example, for the Erd&s-
Rényi random graph G(n, p), the “graphon” is represented by the function that is
identically equal to p on [0, 1]2.

This “graphon” interpretation enables us to capture the notion of convergence in
terms of subgraph densities by an explicit metric on W, the so-called “cut distance”:

do(f.h) = sup /S (fy) =~ b)) dody (2.5)

5.1C0,1]

t(H,h%") = t(H,G,,) : (2.4)

for f,h € W. A non-trivial complication is that the topology induced by the cut
metric is well defined only up to measure preserving transformations of [0, 1] (and
up to sets of Lebesgue measure zero), which in the context of finite graphs may be
thought of as vertex relabeling. The solution is to work instead on an appropriate
quotient space. To that end, an equivalence relation ~ is introduced in W. We say
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that f ~ hif f(z,y) = he(x,y) := h(ox, oy) for some measure preserving bijection
o of [0,1]. Let h (referred to as a “reduced graphon”) denote the equivalence class
of hin (W, dp). Since dg is invariant under o, one can then define on the result-
ing quotient space W the natural distance 5 by 05(f,h) = infy, o, do(fors Poy),
where the infimum ranges over all measure preserving bijections o1 and oy, making
(VNV7 dg) into a metric space. With some abuse of notation we also refer to o as
the “cut distance”. The space (W, d0) enjoys many important properties that are
essential for the study of exponential random graph models. For example, it is a
compact space and homomorphism densities ¢(H, -) are continuous functions on it.

3. UNDIRECTED GRAPHS

Consider undirected graphs G,, on n vertices, where a graph is represented by
a matrix X = (X;;)1<i<j<n with each X;; € {0,1}. Here, X;; = 1 means there is
an edge between vertex i and vertex j; otherwise, X;; = 0. Give the set of such
graphs the probability

k
PU(G) = Zn(BY, B, BT exp [n (Z@é"’t(Hp,Gn>> NGEY

p=1

where Z,( in), ﬂén), o ,B,in)) is the appropriate normalization.

We are interested in the sparse graph, i.e., the probability that there is an edge

between vertex ¢ and vertex j goes to 0 as n — oo. This requires that ﬂ,(,n) — —00,

for some 1 < p <k, as n — oco. Let us assume that
ﬂ;(;n) :5;00477.7 b= 1727"'7k7 (32)
where «,, — co as n — oo.

Theorem 1. Assume that Hi denotes a single edge.

log Z,, = sup {B1t(H1,h) + -+ Brt(Hg, h)} .
h:[0,1]%—[0,1]
h(z,y)=h(y,z)

(B, .., 0k) = lim

n—oo n2aqy,

(3.3)
Proof. We can compute that
Z,(B™, ..., M) = 2G)E {6"2(55"”(111va>+"'+ﬁ£")t<Hkan>> (3.4)
_ 3 o (B t(H @)+ 4Bt (Hy )
(zij)1i<j<n€{0,1}"?
On the one hand, we have
Zn( §"), . ,ﬂ;(gn)) < 2(3)6#% P i <icicneloayn? {ﬁlt(Hl’an.Jrﬂkt(Hk’w)}, (3.5)
and on the other hand,
Za(B) . ) 3 M i g tonyt P B} g o
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The proof is complete by noticing that
lim max {P1t(H1,z) + -+ + Brt(Hy, )} (3.7)
N0 (1)1 <icj<n €{0,1377

= sup {ﬁlt(Hhh)—F-'-Bkt(Hk,h)}
h:[0,1]2—[0,1]
h(z,y)=h(y,z)

First, it is clear that the LHS is less than or equal to the RHS in (3.7)). Second,
there exists a graphon h,, so that

k
> Byt(Hp, b)) = sup {Zﬂp } (3.8)

h:[0,1]2—[0,1], h(z,y) h(y,x)

For a fixed graphon h,, we can find a sequence of graphs that converge to h, in the
cut norm as n — oo. Hence we proved (3.7]). O

Let H be the subset of W where EI;:1 Bpt(Hp, h) is maximized. By the com-

pactness of W and the continuity of Zﬁ:l Bpt(Hp,-), H is a non-empty compact
set. Let GG, be a random gra h on n vertices drawn from the sparse exponential
random graph model P(™) . The following theorem shows that for n large, G,
must lie close to H with hlgh probabﬂlty. In particular, if H is a singleton set, then
the theorem gives a weak law of large numbers for G,,.

Theorem 2. Let H be defined as above. Then for any 1n > 0 there exist C,y > 0
such that for all n large enough,

PO (55(G, H) > 1) < Cem™ 7. (3.9)

Proof. Take any 1 > 0. Let A be the subset of H consisting of reduced graphons
that are at least n-distance away from H,

A={h:ég(h,H)>n}. (3.10)

By the compactness of W and H and the continuity of Zp 1 Bpt(Hp, -), it follows
that

k k
7' = sup Zﬂpt(Hp, h) — §ugZﬁpt(Hp,ﬁ) > 0. (3.11)
heW p—1 hed 21
Then
PG, e d) = et Y eteShaainG) (31
dn(Gn,H)>n

ny p2 o k
< e—n2anwn2(2)e" Qn SUPS (G ) >y 2op=1 5pt(Hp1Gn).

Notice that
E k )
dim sup Y Byt(Hy, Gy) = sup Y Byt(Hy, h). (3.13)
0 (Gn,H)>n p=1 heA p=1
First, it is clear that the LHS is less than or equal to the RHS. Second, for any
€ > 0, there exists a reduced graphon h. € A so that

Zﬁp (Hp, hy)

pZﬁp (Hp,h) — (3.14)

b
h€A p—=1
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For a fixed reduced graphon 71*, we can find a sequence of graphs G,, that converge
to h. in the cut norm as n — oco. This implies that

log P((G,, € A a - d )
lim sup == 2( 4 < — sup Zﬂpt(Hp’ h) + sup Zﬁpt(Hp:h) =
n— o0 N0y Eeﬁ/pzl BEApzl
(3.15)
Hence (3.9) holds for any v < ~'. O

When ¢ = 0, h = 0 is an optimal graphon and in the limit n — oo, we have an
empty graph. That translates to sparse graphs before we take the limit n — oo.
One natural question to ask is for what set of parameters (51, ..., 8r) we will get
¥(P1,...,B8k) = 0. Note that if ¢» = 0 then h = 0 is an optimal graphon and
therefore

0=0(B1,.., /) = sup {friz+ Baz” + - + Brz*}. (3.16)
0<z<1
So it is interesting to understand when we have
sup {B1z + Baz” + -+ + fra®} = 0. (3.17)
0<z<1

Remark 3. Three trivial observations.

(i) If (3.17) holds, then we must have By + B2 + -+ - + B < 0.

(i) If (3.17) holds and fy = --- = Be—1 = 0, then we must have By < 0.

(iii) If 1 < 0 and By + Zj:ﬂj>0j < 0, then holds.

(i) is true because otherwise x =1 is more optimal than x = 0. (i) is true since
when x > 0 is very small, Byx is the dominating term if f1 = --- = By—1 = 0. (4ii)
s true since

Cla)=pt D B’ 4 Y B’ P <Pt Y G 0<a <1 (318)
j>1:8;<0 J:B;>0 J:B5>0

Remark 4. Let us derive the sufficient and necessary conditions for

sup {B1z + Box® + B3z} =0, B1, B2, B3 # 0. (3.19)

0<z<1
First, we must have 81 < 0. We can compute that
0 (z) = By + 2Bz + 3B322. (3.20)

Thus £'(0) = B1 < 0. If B3 > 0, then as x increases from 0 to oo, ¢'(x) changes from
being negative to positive. Thus as x increases from 0 to oo, {(x) first decreases and
then increases. Hence when 3 > 0, supg< <1 () = 0 if and only if f1+52+53 < 0.
If B3 < 0 and By < 0, then ¢'(x) < 0 for any x > 0 and supge,<; £(x) = 0.
If B3 < 0 and By > 0, then there are two positive roots of ¢'(x) = 0, given by
RV W if B2 > 3B183. If1 < oty Bam3BiBs W, then on the interval

[0,1], £(w) first decreases and then increases. Hence, supy<,<1 £(x) = 0 if and only

— /B2
if 1+ B2+ P <0. If1 > W, then on the interval [0,1], £(x) first
decreases and then increases and finally decreases. Therefore, supg<,<; £(z) = 0

if and only if 2(%— W) < 0. Finally if B3 < 0, B2 > 0 and 35 < 33153

xr =
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then ¢'(x) < 0 and supy<,<i {(x) = 0. Hence, to summarize, the sufficient and
necessary condition for (3.19)) is that (B1, B2, B3) belongs to the set

{1 <0,85>0,61+ P2+ 83 <0} U{B1 <0,83 <0,82 <0}
U{B1 <0,85 <0,B2 > 0,35 <3815}

u {31 < 0,83 <0, >0,85 > 35105,

—B2+ /B3 — 36153 ¢ —B2 4+ /B3 — 36153 < 0}
3533 ’ 3533 -

U {51 < 0,83 <0,B2 > 0,53 > 33153,
1 < —B2 + /B3 — 36153
- 303

For a sparse random graph, P("") (Xij =1) = 0 as n — oo. It will be interesting
to know how sparse the random graph is and how fast P(")(Xij = 1) converges to
ZEero as m — Q.

1>

P+ B2+ B3 SO}-

Proposition 5. Assume that B1,...,Br are all negative and Hy denotes a single
edge. Let us further assume that lim,_, .o n2e2%"%1 =0 and lim,,_,c %= = 0.

P (Xy; = 1)

nh—>néo e2B1an =1 (3.21)
Proof. By symmetry,
L)
= e > Xy
(2) 1<i<j<n
1 ED i cicj<n Xijez’];=1 ﬁé7L)7l2t(HP7X)]
a @ E[eZﬁzl ﬁé”)n"‘t(Hp,x)]

n

2 k
i2(2)]E[21S1<JSn X,L‘jea"n E}J:l ﬂpt(Hva)]
(g) Q(Z)E[ea”ng Z::l Bpt(HmX)] ’

First, let us analyze the denominator. It is clear that

1

n

2(2)E e Xpmr BotlHn X)) > 9(3) - =1, (3.23)
2(2)
On the other hand, since §;’s are negative,
2(;’)E[6ann2 2221 Bpt(H;:uX)] S 2(3)E[eann2ﬁlt(H1’X)] (324)
= 2(Z)E[62a7L,31 i< Xij]

—2(3) (W;anﬁl)(g)

— 1,

as n — oo since we assumed that lim,, _,., n2e?*»f1 = (.
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Next, let us analyze the numerator. On the one hand,

2GIE | Y xyjetn o St X0 (3.25)

1<i<j<n

> 2(’;) Z E [eann2 Z;::l /@pt(prX)IXij = 17Xi’j’ = 07 (i/,j/) 7& (’L,j):|

1<i<j<n

. ]P)(ij = 1aX7l’j/ = 07 (i/ﬂjl) 7£ (’Lv]))

= ega"ﬂl Z E |:ea"n2 2222 BPt(HP’X)‘Xij =1, Xi’j’ =0, (i/aj,) 7é (27]):|
1<i<j<n
_ Z eZanﬁl+ann2 >, Bpcpn ™V Hp)

1<i<j<n

_ (n) eQan,B1+o¢nn2 22:2 ﬁpcpn’“(HP)7

2

where v(H,) > 3 denotes the number of vertices of H, and ¢, > 0 is a constant
that only depends on H),.
On the other hand,

n

28R Z XijeaanEﬁ:lﬁpt(Hp,X) SQ('Z)E Z Xijeannzﬁlt(ﬂl,x)
1<i<j<n _1§i<j§n

(3-26)

—90)E Z Xije2anﬁl S, Xis

1<i<j<n

1 0
= 2( )77[@ 20m 61 3, 5 Xij
’ 20zn 6,81 |:€ - i|

o L 0 (1) ()
B 2an8ﬂ1 2

= 62O‘nﬁl <n> (1 + ezanﬁl)(g)il .
2

Putting everything together, we proved the desired result. O

Proposition 6. Assume that 81, ..., Bk are all negative and Hy, denotes a single
edge. Let us further assume that lim, ., n2e2%7%1 =0 and lim,,_, o n =0.

P (X =1, Xy, =
lim ( 1 sy A1y 1)

n—oo eBian

=1, i#]. (3.27)
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Proof. By symmetry,

PM(Xy; =1, X1 = 1) = E™[X; X1] (3.28)

= 4 (n) 3 () B
(n+ Dn(n—1)(n —2) E Z Xij E Z X

1<i<j<n 1<i<j<n
2 n
" H(Zlgiq‘gn Xij) - Z1§i<j§n Xij] eZp—1 b5 )"zt(Hp»X)]
(n+ 1)n(n — 1)(n — 2)E[eZp= 57 n2t(Hy.X)]

n 2 an2 Sk
4. 2(2)]}3 H(Zlgiq‘gn Xij) _ Zl§i<j§n XZ.]} e Zplﬁpt(Hp,X)]

(n+ Dn(n — 1)(n — 2)2E)E[evnn® Xpm Aot (Hp. X))

Under the assumption lim,,_, o, n?e?#1%n = 0, we have Q(Z)E[ea"‘”2 X Bpt(HP’X)] —
1 as n — oo. Moreover, it is clear that

2
Q(Z)E Z Xij — Z Xij 6ann2 Z);:l Bpt(Hy, X) (329)

1<i<j<n 1<i<j<n
n 1
> 2(2)5 E E
1<i<j<n 1</ <5’ <m:(3',5") #(4,5)

2 k; . . . . . . . .
E {(22 . Q)eann 2= ﬁpt(Hp,X)‘Xij _ Xi'j/ _ 17Xi”j” -0, (Z//,]“) + (27]) and (ZN,]//) ” (1/7]/)]

. ]P)(le = Xi’j' = 17Xi”j” = 07 (i//mj”) 7é (Za]) and (Z.H’j//) 7& (ilvj/))

— edanp Z Z

1<i<j<n 1< </ <na (il §7)#(i,9)

E [e%"z Eipma Pt e )\ X3 = Xy = 1, Xypjor = 0, (i, §") # (i, §) and (i, ") # (z‘ﬁj’)]

_ 2 : § : e4an,81+04nn2 EI;=2 Bpepn?UHp)

1<i<gj<n 1<4/ <7 <ni:(@f,57) #(4,5)

_ (’Il + 1)”(” - 1)(n - 2) 6404,,,[31—&-0(”712 22:2 6pcpn’”(HP>
4 )
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10
where v(H,) > 3 denotes the number of vertices of H, and ¢, > 0 is a constant

that only depends on Hp. And

2
2R ||| 3 x| = 3 Ky | et Eamn | (350
1<i<j<n 1<i<j<n
rr 2
cos ||| £ x) - ¥ x|
1<i<j<n 1<i<j<n
g 9 Z
= Q(Z)E Z X?,] — Z XZ] 62047151 Z’i<j Xi,j
1<i<j<n 1<i<j<n
1 iE [eQOtnBlEKqu})

1 02
]E 20y, B1 Z,L 3 X'ij -
{e < } 2an 3ﬂ1
B B e BNy CETSLA
= 402 8[312 2 200, OB B

tanp (Mt 1n(n —1)(n
4

= 0 and lim,, o, 5= = 0, our claim follows.

O

=2 (1 4 i) (32

From the assumptions lim,,_, o, n2e?®nf1
+ |5kn)\ does not grow too fast

In Chatterjee and Dembo [8], when [8™| +

then bi Zn can be approximated by
I
L= swp {00t @)+ 500 - TP @)
z€P, n
where P, := {(zi;)1<i<j<n : @i € [0,1],1 <i < j <n}.
Chatterjee and Dembo [8] showed that
(3.32)

_g < IOgQZ” - L,
n
log B
< C’Bs/sn_l/s(logn)l/s (1 + log ) _i_Can—l/z’
ogn

n

+|6;"| and ¢ and C' are constants only depending on

n

where B =1+ || + - .-

Hy,..., Hy.
By considering h(z,y) = x;; for any [Tl, L] x|

(n) -
o) { E_ ,8 t(Hp, h) //01 h(z,y) dmdy}
(3.33)

o
, L], we have
n

L, < sup
:(0,112—1[0,1],h(z,y)=h
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It was proved in Chatterjee and Diaconis [9] that when H,, p > 2 are stars or when
Bp’s are non-negative for any p > 2,

k
sup {Z 512")75(Hp7 h) — ;//[0 . I(h(x,y))dxdy} (3.34)

h:[0,1]2—[0,1],h(z,y)=h(y,z) p=1

1
= sup {anﬂliranﬁQxQ 1 I(x)}
0<z<1 2

On the other hand, by considering z;; = z,

1
L, > sup {anﬁlx + anBoz® + - + anfrz’ — I(m)} ) (3.35)
0<z<1 2
Therefore, for edge-star model or when (;’s are non-negative, 2 < i < k,
1
L, = sup {anﬁlx + apfBoz® 4 -+ + an Bzt — I(:c)} ) (3.36)
0<z<1 2

Let us analyze the edge and p-star model in more detail. The analysis also works
for edge and Hy model where the number of edges in Hs is p and Sy > 0.

1
L, = sup {anﬁlx + oy Box? — I(:L')} . (3.37)
0<z<1 2

We know that
(B, B2) =0, when (81,02) € {1+ B2 <0}n{p <0} (3.38)

This represents the regime in which we expect sparse random graphs.

Theorem 7. Take p > 3. When 5, <0 and 81 + 2 <0,

L, 1
lim —— = —. .
nl~>nc%o ezanﬂl 2 (3 39)
as/s(logn)l/sezanml\
. ni/5

Moreover, if we further assume that lim,,

=0, then

lim 8 Zn_ 1 (3.40)

n—oo n2620‘”ﬂ1 - 2
When 1 =0 and B2 <0,
. Ln 1- p
lim = —
n—00 Y, en 2p

(3.41)

where 7y, is uniquely defined via the equation 2c,f2e®~Vnp = ~, and 7, — —o0

ai/f’(logn)l/f’e\%ﬂ — 0. then
- 2

as n — oo. Moreover, if we further assume that lim, .o 75
n

lim 1;)an _1-r (3.42)
n—00 N2y, e 2p
Proof. The optimization problem has been well studied in Radin and Yin
[25] and Aristoff and Zhu [2]. In Radin and Yin [25], it was proved that there
exists a phase transition curve Bén) = q(ﬂ%n)) below which the maximizer of
is either unique or the smaller one. They also proved that ﬂgn) + q(ﬂgn)) — 0 as
n — oco. Moreover, in Aristoff and Zhu [2], it was shown that the phase transition
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curve always lies above the curve ﬂin) + Bén) = 0 when p > 3. Therefore, the
optimizer in (3.37)) is either the unique or the smaller solution to the equation

1 x*
Pt =1 : 4
anﬂl + anﬂQP(x ) 9 0og <1 — .’IJ*) (3 3)
In the sparse regime we consider, (81, 32) € {81 + B2 < 0} N {B:1 < 0}, at least one

of |a,B1| and |, B2| go to co as n — oo, so we must have z* — 0 as n — oo, see
either [25] or [2]. We can rewrite (3.43) as

k) 20,0 (m*)pfl_ x*
(1 —a*)exnr2P = panhi (3.44)

For the edge and p-star model, if 5 < 0, then we have ezfinﬁl < 1 and thus

* p—1
QQnﬂQP(JC*)pl20¢n52p€2(p1)a"61< - ) — 0, (3.45)

eQanBl

as n — 0o. Hence, we conclude that

*

lim ——— = 1. (3.46)

n—oo e2anﬂ1 -

Now, let us consider the more general case 81 < 0 and 1 + 82 < 0. By letting
Y* = —manpr, we can rewrite (3.44)) as

(1 7 y*62an,31)€2an:32620nﬁl(p_1)p(y*)p_l _ y* (347)

Let us define F(y) = (1 — ye2onBr)e2anfae® 1= Vpy?™! _ ) \We can compute that
F(0) =1 and

FQ)=(1- eQanﬁl)62anﬁze2“"‘31(’”’1)p —1<0, (3.48)

for any sufficiently large n. This can be seen through the following argument. First
we notice that when 81 + 82 <0, F(1) < (1 — 620”’81)6_20‘”’8162&”&1(?71)1) — 1. Take
z = 2P it suffices to show that for z sufficiently close to 0, (1 — z)z_pzpf1 <1,
which is equivalent to pzP~!logz > log(1 — z). But this is clear when p > 3 since
the derivative on the left tends to 0 whereas the derivative on the right tends to
—1 as z approaches 0+. Moreover, we can compute that

F’(y) — _e2anﬂ1 62047”82@20("&1(1771)17?/?71 (3.49)

+ (1 _ yeQanB1)2anﬁ262an,51(1)—1)p(p _ 1)yp—26204n52€2u"51(p71>l)yp71 -1,

and for sufficiently large n we have F’'(y) < 0 for any 0 < y < 1. Since we know
that y* is the unique or the smaller solution of F(y) = 0, we conclude that y*
is the unique solution on the interval (0,1). Furthermore, we can also check that
F(1) = 0 and F'(1) — —1 as n — co. Hence, we conclude that y* — 1 as n — oo
and therefore

*

lim ———— = 1. (3.50)

n—oo e20n b1 -
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Hence, by using (3.43)), we get

1 1
L, = a,f12" + apfa(z™)P — 51’* logz™ — 5(1 —z")log(l —z*) (3.51)

1 * 1
= a, 17" + an/62(x*)p - ix* log (1 f x*) T 9 log(l - x*)

= )P (1~ p) — 3 log(1 — &)

= apBa(z*)P(1—p) + %x* +O((x*)?).

Therefore, lim,, % = % and

Ly,

. 1
Chatterjee and Dembo [8] showed that
_ can(B] + 18] 5
p .
< log Z., I,
S 2
5 1 n+1
< Caf«/o( Bl + \52|)8/5n71/5(logn)1/5 (1 + 08 0n + fgg(|ﬂl| + |B2|))
ogn

+C(|B1] +|Ba)2aZn=1/2.

ai/s(log n)1/5e2an|/31|

Therefore, under the further assumption that lim, .. =0, we

nl/5 )
have
log Z,, L,
e~ | 00 asno oo, (3.54)
and hence
. log Z, 1
e T g (3.55)

The boundary of phases are {81 =0, 82 < 0} and {1 + 82 = 0,81 < 0}. Along
the curve {1 =0, B2 < 0}, we have

*

o Bop(z*)P~1 = %log <1f1‘*> . (3.56)
Let v, < 0 be defined via the equation 2c, B2~V mp = ~,. First, let us check
that -, is well defined. Let us consider the function F'(z) = 200, Boe P~y — g,
Then F(0) < 0 and F(—oc) = co. Moreover, F’(z) = 20, B2~ D*(p—1)p—1 < 0.
Thus F(z) = 0 has a unique negative solution, which is denoted by ~,. For any
fixed z < 0, F(x) = 20,02~ D%p — z < 0 for sufficiently large n. Therefore,
Yn — —00 as n — oo. We can rewrite as

*

.
T z* \p—1_(p—1)vn _ X

(1_ - e%> (2enPap(F)P e, LT (3.57)
e n

eTn

which is equivalent to

(1 _ x*evn> e ((Fer -y T (3.58)

ern eTn
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Let y* = Z—. The equation reduces to

(1—yremm) (@)= — g, (3.59)

Let us define the function G(y) = (1 — ye?»)e™®" =1 — 4y We can check that
G(1) = —e" and G(0) = e~ . Moreover, G'(y) = —eTn e =D (1 — yern) ~, (p—
1)yP=2e7(#" =1 _1 < 0 on (0,1). Therefore y* is the unique solution of G(y) = 0
on (0,1). Since v, — —o0 as n — oo, we have G(1) = —e’™ — 0 and G'(1) =
—e"m + (1 —e™)y(p—1) —1— —oo as n — oo. Thus y* — 1 as n — oo. Hence,

we conclude that
*

lim — =1, (3.60)

n—oo e¥n

where 7, is uniquely defined via the equation 2a,,B2e®~¥p =+, and ~,, — —o0
as n — 0o. Moreover, we have

== "4 lim — = ——. (3.61)

af/s(logn)l/f’ehn‘

If we further assume that lim,, o 75 =0, then
log Z,, L,
B _ 0, (3.62)
n ’yne'Yn fyne'Yn
as n — oo and
log Z,, 1-—
lim —oon — ~ P (3.63)
n—o00 N2y, eTn 2p
Along the curve {81 4+ 82 =0, 81 < 0}, we have
1 z*
— Pl = 2 3.64
anﬂl anﬁlp(x ) 2 og (1 — I*) ) ( )

and the asymptotic estimates follow exactly as in the case 5 + f2 < 0 and 81 <0
discussed earlier. O
Remark 8. Intuitively, the edge density is given by

n? 0 logZ,
2(3) o™ n?

where x* is the mazimizer in (3.36) and x* ~ e?*»f1. This is consistent with the
results in Proposition [3

PM (X, =1) = EM[X,;] = Pt (3.65)

Let us recall that in Theorem [T} we proved that

w(ﬁl,...,ﬁk) = sup {61t(H1,h>+"'+Bkt(Hk,h)}, (366)
h:[0,1]2—[0,1]

h(z,y)=h(y,z)

where H; denotes a single edge. For the edge-(single)-star model, i.e., Hy is an
edge and H, is a p-star, it is easy to see that the optimal graphon is uniform.
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Proposition 9. For the edge-(single)-star model,

P
B(Br, B) = Wsugm{/sl// myd:vderﬁz/ (/ (x,y>dy) dm}

h(z,y)=
(3.67)

— P
225, (bra + fua?

Proof. By optimizing over constant h, it is clear that (81, 82) > maxo<gz<1{f1z+
B22P}. On the other hand,

$(By, B2) .
1 1 ) )
j— h ) d h , d d
h(z,y)=h(y,z)
1
/0 Lgljgl{ﬂlx + ﬁgxp}] dx

— p
= ax {fro + foa”}.

IA

O

Next, let us consider the edge-triangle model, i.e., H; is an edge and Hs is a
triangle.

Proposition 10. For the edge-triangle model,

Y(B, B2) (3.69)
= sup 51 // (z,y)dxdy + B2 /// (z,y)h(y, 2)h(z, x)dxdydz

h:[0,1]2—[0 1] 0,1]2 0,1]3

h(z,y)= h(y @)

b1+ B2 if B2 20 and B1+ B2 = 0 orif B2 <0 and B1 + 382 > 0
_Jo if fo >0 and B1+ B2 <0 orif B2 <0 and f1 <0
IR él(ij;Q Paif P2 <0 and aifz < f1 < ar4152

where a; = % forl>0

Proof. When 2 > 0, by generalized Holder’s inequality,

sup B // h(z,y)dxdy + 32 /// h(z,y)h(y, 2)h(z, x)dzdydz
h:[0,1]%=[0 1] [0,1]2 0,1]3

h(z,y)= hyr

< swp 61// iﬁydffdy+52/// h(z, y)*dedy
h:[0,1]2—1[0,1] 0,1]2 [0,1]2

h(z,y)=h(y,x)

< sup {leJrBQx 1.
0<z<1

(3.70)

The other direction (81, 32) > supgc,<1{f1@ + B2x3} is trivial.
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When B2 < 0 and 8 < 0, it is clear that ¥(51,82) = 0. When 82 < 0 and
B1 > 0, we need to do a more careful analysis. We have

Y(B1,B2) = sup {Bie+ Bat(e)}, (3.71)
0<e<1
where
T(€) = h:[O,li]gli[O,l] ///[0’1]3 h(z,y)h(y, 2)h(z, z)dzdydz (3.72)

h(m’y):h(yaaj)vff[oylﬁ h(z,y)dzdy=e

is the smallest possible triangle density given the edge density e. It is well known
that 7(e) = 0 for 0 < € < J and 7(e) is a nontrivial scallop curve defined as

=D = 23— (L + 1)) (L + Ll —e(£+ 1))
7(e) = 62(€+1) (3.73)

where £ = |1/(1 — €)] is the integer so that e € [I — §,1— 7]
e.g. Pikhurko and Raborov [24] and Razborov [29]. Therefore,

for7<e<1 see

wwl,ﬁg):max{%, sup {ﬂle+ﬁﬂ(6)}}= sup {Bre+ Bor(}.  (374)

l<e<t l<e<t
Assume (87 = af32 for some a < 0. Then

P(B1,B2) = B 1min {ae +7(€)}. (3.75)
l<e<t

The rest of the proof follows a similar line of reasoning as in the proof of Theorem
3.3 of [35]. The derivative of ae + T(e) with respect to € is given by

(G (z+¢m) (3.76)

I+1)

It is a decreasing function of € on each subinterval [1 — %7 1- hence we further

il
conclude that the minimizer can only be obtained at the connection points ¢; =

Consider two adjacent connection points (e, 7(¢;)) and (€41, 7(€41)), where

(e1,7(€1)) = <l+ll’ H) and (€41, 7(€141)) = (51—;’ é;:ﬁ;g) . (3.7

Let L; be the line segment joining these two points. The slope of the line passing
through L; is

L
I+1-

I3l +5)

(I+1)(1+2)

It is clear that a; is a decreasing function of [ and a; — —3 as [ — oo. More
importantly, if a > a;, then ae;+7(¢;) < aery1+7(€141); if @ = ay, then ae;+7(¢;) =

a€j+1 +7(€41); and if a < ay, then ae; +7(¢;) > aejy1 + 7(€141). Decreasing a thus

moves the location of the minimizer upward along the scallop curve, with sudden

jumps happening at special angles a = a;, which correspond to first-order phase

transitions. To illustrate the phase diagram, we refer to Figure [} O

—a. (3.78)
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o |
Phase |
le}
2
o
S
Phase Il
w0
3
Phase llI

e |
I T T T T

-1.0 -0.5 0.0 0.5 1.0

FIGURE 1. This is a plot of the phase diagram for the edge and
triangle model. The horizontal axis denotes $; and the vertical
axis denotes B2. There are countably many phases with boundaries

given by {1 + B2 = 0,61 < 0}, {1 = 0,52 < 0}, {B1 = a2, Br >
O}, {= 1,2, cee and {51 = —3ﬂ2,ﬂ1 > 0}

4. DIRECTED GRAPHS

Consider directed graphs on n vertices, where a graph is represented by a matrix
X = (Xij)1<ij<n with each X;; € {0,1}. Here, X;; = 1 means there is a directed
edge from vertex ¢ to vertex j; otherwise, X;; = 0. Give the set of such graphs the
probability

k
P (X) = Z,(B, 85, ..., BT " exp lyf <Z 5;”>SP(X)>] , (4.1)

p=1
where
sp(X) :=n 7P > Xijy Xijy -+ Xij,- (4.2)
1<4,51,52,--,Jp<n
Here, Zn(ﬁin), ﬁ2n), . ,B,i”)) is the appropriate normalization. Note s,(X), defined
in (4.2)), represents outward directed p-star homomorphism densities of X. When

p = 1, it represents the directed edge homomorphism density of X. It is easy to
see that s,(X) has the alternative expression

p

sp(X)=n"P71 Y X | - (4.3)

i=1 \j=
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We allow X;; to equal 1 for ease of notation. It is not hard to see that without this
simplification, our main results still hold.
We are interested in the sparse graph, i.e., the probability that there is a directed

edge from vertex i to vertex j goes to 0 as n — oo. This requires that ﬁ,ﬁ”) — —00,
for some 1 < p <k, as n — oco. Let us assume that

B = Bpo, p=1,2,... .k, (4.4)
where «,, — 00 as n — oo.

Theorem 11.

(P, Pr) = lim

n—oo Ny,

log Z,, = sup {fiz+ Boa? 4 -+ + ﬁkfk}a (4.5)
0<z<1

Proof. 1t is therefore easy to compute that
Za(B", .. B7) = 2 [ (Epm 57 (X)) (4.6)
— "’ {622:1 BYn TP (0, Xu)f’}

— on’ (E [eZ§=1 B n TP (T, Xu)p} )n

= |2 (n> ok B
J

Jj=0

n

where E denotes the expectation under which X;; are i.i.d. P(X;; =0) =P(X;, =
1) =3.
On the one hand, we have
Zu(B, .., ) < [2remmossntn Sha 87 (01Y]" 47)

_ 2"26'”20‘71 maxogjﬁn{z:g:l BP(%)F}

< 2n2en2an maxnggl{Zf;:l Bpmp}.

Therefore, limsup,,_, ﬁ log Z,, < maXogzgl{Zlgzl BpxP}.

On the other hand, suppose that maxogzgl{zllf:l BpaP} = Zﬁ:l Bpak for some
0 < z, < 1. There exists such an x, since the maximum of a continuous function
on a compact set is achieved though it may not be unique. Then, for any ¢ > 0, for
sufficiently large n, there exists some j, € {0,1,...,n} so that

k .
Jx p\ _
> (2) 2 <1{Zﬁpx} . )
p=1
Therefore, we have

n i« \p] "
Za(8™,...,pM) > { pmt B ) } (4.9)
(&

n Otn(m”txo<f<1{zp 1/6173: 3= 6)

v

Therefore, lim inf,,_, o n2 log Z,, > max0<m<1{zp 1 BpaP} — e. Since it holds for
any € > 0, together with the upper bound, we proved . (I
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Remark 12. When the parameters 1, B2, ..., B are negative, it gives the sparse
random graphs. We have already computed that

X J
7=0

and lim,,_ o # log Z,, = 0. That indicates that when the parameters 81, Ba, . . ., Bk

1

are negative, 5.~ 1s not the optimal scaling for log Z,, as n — .

(i) When B4, Ba, ..., Bk are negative,

(Z)r <Y <?> enen P = (1 4 efromyn, (4.11)
7=0

1
Therefore, we always have limsupnﬁoo(Zn)n% < 1. On the other hand, Z3 >
(5)eren T B = 1. Thus,

lim (Z,)2

n—oo

1. (4.12)

(ii) Furthermore, if we assume that lim,, ., ne®1% =0, then

: 1
nlLIr;o(Zn)n =1 (4.13)
(iii) If instead we assume that lim, ., ne1 = X\ € (0,00), then as will be
shown in Proposition [15,
lim (Z,)7 = e, (4.14)
n—oo

(iv) We can get more precise asymptotics. Let us assume that lim, nefran —
0 and lim, ;o 5= = 0. On the one hand,

1
3 log Z, <log(1 + ePren), (4.15)
Therefore,
log Z,
lim sup ngegm < (4.16)
On the other hand,
1
(Z)F >3 <ﬂ) o SEy o (Y 1 4 penan Ty Ap(1)? (4.17)
=0
Therefore,
log Z,, log(1 no SE_y Bp(E)P
lim inf ~28 20 5 iy g 108 F € ) (4.18)
n—oo nQeﬁlan n—oo neﬁlan
i - log(l + nenan Z:;:l 5;0(%)17) nenan Zszl ﬂp(%)p
= 1nrr_1>1£ nenen Zﬁzl Bp(L)r nebiron
= 1,
where we used the assumptions that lim,_o ne®1% = 0 and lim,_ o o = 0.
Hence, we conclude that
log Z,
lim —2 1 (4.19)

n—oo n2ebran -
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For a sparse random graph, P(")(X;; = 1) — 0 as n — oo. It will be interesting
to know how sparse the random graph is and how fast P(")(X;; = 1) converges to
ZEro as n — 0o.

Proposition 13. Assume that B1,..., Bk are all negative. Let us further assume
that lim,,_, o, nef1e =0 and lim,, 0 0‘7" =0.

P (X =1
lim 7( ! )

n—o0 eﬁl Qn

=1. (4.20)

Proof. By symmetry,
P (X =1) = EM[X,] (4.21)

> X
i=1
l E[Z?:l Xuezszl By n TS X“)p]

n E[eXi—1 A7 n =71 (21 X1)7)

1 X (§)genen Som B
" Tjeo (e Hom B E

_lpm
n

The denominator converges to 1 as n — oo from the assumption lim,,_, o, ne®1o» =
0. For the numerator, it is clear that

n .
3 (n> jenom Shar Bp(3) > penan Shoy Bp(R)F (4.22)
=0

On the other hand,

i ( ) noy, Zp 1 Bp (L )P < zn: ( )]e]anﬁl (423)
j=0 =0
LS

19
an 0B
— eanﬁ1n(1 + eanﬁl)n—l

<.

(1 + eanﬁl)

Finally, from the assumptions lim,, s nefron = 0 and lim,_y o0 O‘T" = 0, we conclude
that

S (e She e

nl;rréo e =1. (4.24)
|
Proposition 14. Assume that B, ..., Bk are all negative. Let us further assume
that lim,, oo ne®1% =0 and lim,,_, 0 S =0.
PM(Xy; =1,X; =1
lim Mi=1X,=1) 1, i#j. (4.25)

n—o0 e2Bran
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Proof. By symmetry,
PO (X =1, X, = 1) (4.26)
= E™[X1:X1y]
1 n 2 n
—— = | X1, _E™ Xy
@ 2oy Spoy BTN (S Xao)?
1 E [(Zi:l Xli) - Zi:l Xlz] e~pr=1"p i=1
n(n—1) E[ezs=l B n—r (S, Xl'i)p}

1 250 (U —g)em Zpr B ()"
nn=1) T (e R

=0

Under the assumption lim,,_, o ne*® = 0, we have Z?:o (7) e Lp=1 Pp (5" 4 1
as n — o0o. Moreover, it is clear that

j=0

=n(n— 1)€2an31+nan S, Bp(2)P

b

and
n .
(1) 57 = aperen Ems st (125)
=0 M
n n
<> ) (5% — j)elon
i=o M
_1 322 < ) jonfi Liz <”> jonbs
ap OBt < \J an 0B = \j
1 02 1 0
- anf1 n __ _— _ - 1 anf1\n
o2 o LT e g (e

— n(n _ 1)(1 4 eanﬁl)n72€2anﬂl'

From the assumptions lim,,_, . ne®1® = 0 and lim,,_,o %= =0, our claim follows.

O

For the directed exponential random graph model, under the assumptions ;,
1 <14 <k are all negative and lim,,_, nef1on = 0 and lim,_ oo ‘Xn—” = 0, we showed

(M) (X, —
that lim,, % = 1. What if we have lim,_, . nefro» = X € (0,00)?

If that is the case, then lim, ’ln—" = 0 is automatically satisfied. We have the
following result.

Proposition 15. Assume that 3;, 1 < i < k are all negative and lim,,_, o, ne®1on =
A € (0,00). Then, we have

P (X =1
lim 7( Li )

n— o0 n—1

=1 (4.29)
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 PU(Xy; =1,X,=1)
nh—>Holo )\27172

=1, i#j. (4.30)

Moreover, the degree of any vertex is asymptotically Poisson with parameter X, i.e.,

ZX“ — Poisson()), (4.31)
i=1

i distribution as n — oco.

Proof. By symmetry,

nP™ (X =1) =E™

En: XU] (4.32)
=1

Zn 0 _7 (TL) eanﬁlj"l‘zz:z O‘nﬁpn;‘%l
J= J
ZT‘L 0 (n) ean51j+an >F ., Bpnf;% '
J= J

First, let us analyze the denominator. Since we assumed that lim,, ... ne®nfr =
A, for any fixed M,

n
. iP
Z (n) eanﬁljJran >F, By =t >
j=o \J j

M=

Il
<

ﬁ) nBritan S5 Byl (4.33)
j

<.

1
1M
|

as n — oo. Since it’s true for any M, let M — oo, and we obtain an asymptotic
o A _ A
lower bound }_.7, 57 = e”.
Moreover, since 3,’s are negative,

n ) n
(n) enBritan Sh2 51),1;{71:1 < Z (n) e¥nBii (4.34)
—o \J J

J 7=0
— (1 + eanﬁl)n

e,

il

as n — 0o.
Next, let us analyze the numerator. On the one hand, for any fixed M,

n ] M ]
Z] (n) eaw51j+z§:2 anﬁpn;iil Z Z] (n) e(’nﬁlj"!‘zgzg O‘nﬂl’n;iz:l (4'35)

=0 =0 M
M1 i+t
— T
=0 7

as n — oo. Since it’s true for any M, let M — oo, and we obtain an asymptotic

1
lower bound >772, Aj, = et
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On the other hand,

ZJ (n) eOn B+, anBp iy < j (n) enBi (4.36)
o \J iz J

1 0
— anfB1\n
79 aﬂl (1+e )

— pe%nbr (1+ 6an51)n*1
— et

Again by symmetry,

zn: XU] (4.37)

Z;L:O(jz — ) (n) oanBii+r_y anﬁpng%

Zj 0( )€a7151]+zp zanﬁp wp— 1

n(n —1)P™ (Xy; =1,X;, = 1) = E™ (ZXM> —E™

The denominator converges to e* as n — oo from the assumption lim,,_, o ne’1o» =
A. For the numerator, it is clear that for any fixed M,

n » M . .
>0 j><?) e e S Y J‘><T~L> enen Ko G (438)

j=0 j=0 J
M—2

_>
j=0

N+2
J!

9

as n — oo. Since it’s true for any M, let M — oo, and we obtain an asymptotic
lower bound >772, AL
7!
On the other hand,

n ) NZASS . ko iP i ., Ny AL i
Z(jz _])< ‘>e B+ s on B T < Z(ﬁ -9 (j)eanBl] (4.39)
— =0

Jj=0 J
1 02 1 0
— 1 anfiyn _ =~ (] anf1\n
azog G g e
= n(n — 1)(1 4+ eawﬂl)’n« 2620¢wﬂ1
— A2t

Lastly, for any fixed j € NU {0},

- (Z i = j) =E™ 1z, x=] (4.40)
i=1

. ¢ ;P
((L) anBLi+ g anBy ==
J

Z;l [)( )e nﬁl?"l‘anzp Qﬁpnp T '

Under the assumption lim;, nef1n = X, the denominator converges to e* and

J .
the numerator converges to )J‘—, as n — o0o. Hence, we proved the desired result.
O
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Another natural question to ask is what if liminf, ,. 5= > 07 If that is the
case, then lim, .., nefron = is automatically satisfied.

Proposition 16. Assume that By, ..., Bk are all negative and liminf, . 5= >
1|‘,)6g|2 then
1 b

() (X, =
lm K =1) (4.41)

n—oo e”an EI;=1 ﬁp(%)p o

Proof. Let us recall that
. k Jyp
L S (e Shes

PM(Xy; =1) = - —. (4.42)
W T () T A
Under the implied assumption lim,,_,o, ne#1®* = 0, the denominator
lim 3O (") eren Eom A = (4.43)
n—00 j ’ '

§=0
For the numerator, on the one hand,
3 <7)jena,,L SEL () (711) e Thor ()P penen Thoy 82 (4.44)
; J
7=0

On the other hand, since 3,’s are negative,

Z (ﬁ)jena" 22:1 ﬁp(%)p < Z (ﬁ)jena"’gli < 271”6207”31. (445)
J

i=2 i=2
Moreover,
aneZan,Bl 2n62awﬂl

k B
: . _ . _ en[log 2+a7”ﬂ1*a7" ZPZQ szl] N 0,
neton Zp:l Bp ()P eanﬁl+zzzg annTTil

(4.46)
as n — oo under the assumption liminf, ,. S» > lfﬁgl |2 Hence, we proved the
desired result. O

Let us recall that in Theorem [TI} we proved that

(B1,...,0k) = lim log Z, = sup {61x+ﬂ2x2+-~-+6kmk}. (4.47)

n—oo n2an 0<z<1

Now, let us consider the edge-(single)-star model, i.e. H; is an edge and Hs is an
outward p-star. Thus, by Theorem

Y(B1, B2) = sup {Biz + faaP}.
0<z<1

Proposition 17.

[ = | Lo i Bt Gap <0 and 1> 0
— —P2) P
V(B F2) =1 B+ p<0andpy<0 = (44
B1 + B2 otherwise

There are second-order phase transitions across the phase transition curves {51 =
0,82 < 0} and {B1+pB2 =0, B2 < 0}. There is a first-order phase transition across
the phase transition curve {81 + B2 = 0, B2 > 0}.
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Proof. Let us define
U(x) = prx+ foa?, 0<a <L (4.49)

Then, £’(z) = Bap(p — 1)2P~2 is always non-negative if 35 is and is always non-
positive if By is. Therefore, the local maximizer on the interval [0,1] is unique.

1
Note that if S182 < 0, then, £(z) = Bi + BoprP~) = 0 gives & = (gf};)””.

1
The maximizer should be achieved in the set {O7 1, (gf}i) v } The maximizer is

1

1 1
achieved at (Ef; ) """ only if ¢/(z) < 0 and (gf};) """ <1 which is equivalent to

51> 0 and B1 + Bap < 0. One can compute that

BT _ L (—B) T A =L = i
£<<sz> )61<52p> +ﬂ2<ﬁzp> 7{29 P }(_52)51

(4.50)
Otherwise, the maximizer is achieved at either 0 or 1. To summarize, we have

D

_ p PoT
{p’fll —Pﬁ] B B+ Bep < 0and B >0

_ (=B2)p—1
VB =1 if i+ <Oand fy<0 (O
51+ B otherwise
There are three phases, with boundaries given by
(1) {B1=0,62 <0}
(2) {B1+ B2 =0,52 > 0}.
(3) {B1 +pB2=0,52 <0}
The three phases are illustrated in Figure
As 51 — O+,
prT *P”j} —— 0. (4.52)
(=B2) 7T
Therefore 1)(81, B2) is continuous across the phase transition curve
{1 =0,52 < 0}. (4.53)
Moroever,
5 - -
=1 = il =1 = i P
P pp—l _pp—1:| I S = |: p—1 —pp*1j| e S A — O, 454
91 [ (—52)ﬁ (—52)ﬁ p—1 oy
as 1 — 01 and
_pP_ S
o e ) ] A2 L
op} (—B) 7T (—Bo)TP—1p—1 ’
(4.55)

as 51 — 0T. Hence, there is a second-order phase transition across the phase
k

transition curve {8; = 0, B2 < 0}. On the other hand, we can check that 88711) =0
2

as 1 — 07 for any fixed B2 < 0 for any k =0,1,2,....
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There is a first-order phase transition, i.e. B%Qw(ﬁl, B2) is not continuous when
the parameter (5 crosses the phase transition curve

{B1+ B2=0,53; > 0}. (4.56)

First, 9(B1, B2) is continuous across this curve so there is no zeroth-order phase
transition. Second, ai,ezw changes from 1 to 0 when (5 decreases across the curve.
Hence, there is a first-order phase transition across the curve.

Finally, when (s = —'%1, we have
Br+ B2 =(1—p)Pe, (4.57)
and .
R D R R Y (4.58)
Up 3 } (—ﬁz)”‘l] :

Therefore (81, B2) is continuous across the curve {1 + pB2 = 0, B2 < 0}.
Moreover, one can compute that,

0 = = T
o b= i

b e )

=1

(4.59)

—_b1
Ba=—11

Hence, 8%21/) is continuous across the curve {f; + pfB2 = 0, B2 < 0}. Similarly, one
can check that

=1. (4.60)

’ __B
Br=—11

Hence, 8%311/1 is continuous across the curve {81 + pfs = 0, B2 < 0}.
On the other hand,

82 =1 =P f%l ‘
R pp—l —pp—l —_— (461)
65% [[ ] (—ﬂ2)pl‘| [32:—%
_[ = =z 511%1 1 p
—[p p } _ =l \p—1 p—1 _ B
( ﬂQ) Bo2=—7
_p_
_ p-1
—fB2
Similarly,
-1

BRPRTrEn A

02 = = e
oz = 1

Hence there is second-order phase transition across the curve {1 + pfa = 0, f2 <
0}. O
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0.5 Phase | h

Phase Il

-0.5
Phase Il

FIGURE 2. This is a plot of the phase diagram for the edge and

outward p-star model, where p = 2. The horizontal axis denotes

B1 and the vertical axis denotes 3. In Phase I, ¥(51,02) =

B1 + B2; in Phase II, ¥(81,82) = 0; in Phase III, ¥(81,82) =
p

{pp%ll — pp%pl] # The boundaries between the phases are
—By) P
given by {#1 = 0,82 < 0}, {#1 + B2 = 0,52 > 0}, and
{B1 + pB2 = 0,82 < 0}. There are second-order phase transi-
tions between Phase II and Phase III, and between Phase III and
Phase 1. There is a first-order phase transition between Phase I
and Phase II.

Remark 18. More generally, we can consider supoggﬂgl{ﬂlmq + Boal}, g < p. If

B =0 and B2 > 0, (B, P2) = f1 + B2. If B1 Slo and B2 <0, (B, PB2) = 0. If

B1B2 < 0, £'(x) = 0 is achieved at x = (%)H. If B1 <0, B2 > 0, then {(x)

decreases for small positive x and v = (7_5,5;11)

when B1 < 0 and B2 > 0, Y(B1,82) = 0 if p1 + B2 < 0 and Y(B1, B2) = B1 + Ba if
Bi+p2>0. If fy >0 and By < 0 and Z3L > 1, then (B, B2) = Br + Pa. If

-9 P
B1>0 and By < 0 and 2L < 1, then (51, B2) = By (%) 7" + 8, (L) "

—q . .
cannot be a maximizer. Thus
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To summarize, we have

P

()77 - ()77 2 G € Gt s <0} (1> 0)
Y8 B2) = 1 ¢ if (B1, B2) € {61 + B2 < 0} 0 {1 < 0}
B+ B2 otherwise
(4.63)
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