QUANTUM ULTRAMETRICS ON AF ALGEBRAS AND THE
GROMOV-HAUSDORFF PROPINQUITY

KONRAD AGUILAR AND FREDERIC LATREMOLIERE

ABsTrRACT. We construct quantum metric structures on unital AF algebras with
a faithful tracial state, and prove that for such metrics, AF algebras are limits of
their defining inductive sequences of finite dimensional C*-algebras for the quantum
propinquity. We then study the geometry, for the quantum propinquity, of three natu-
ral classes of AF algebras equipped with our quantum metrics: the UHF algebras, the
Effros-Shen AF algebras associated with continued fraction expansions of irrationals,
and the Cantor space, on which our construction recovers traditional ultrametrics.
We also exhibit several compact classes of AF algebras for the quantum propinquity
and show continuity of our family of Lip-norms on a fixed AF algebra. Our work thus
brings AF algebras into the realm of noncommutative metric geometry.
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1. INTRODUCTION

The Gromov-Hausdorff propinquity [24, 21, 19, 23, 22|, a family of noncommutative
analogues of the Gromov-Hausdorff distance, provides a new framework to study the
geometry of classes of C*-algebras, opening new avenues of research in noncommutative
geometry. We propose to bring the class of AF algebras into this nascent research project
by constructing natural quantum metrics on AF algebras endowed with a faithful tracial
state. We prove first that AF algebras endowed with our quantum metrics are indeed
limits of some sequence of finite dimensional quantum compact metric spaces for the
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quantum propinquity. The main application of our AF quantum metrics is the construc-
tion of a natural continuous surjection, for the quantum propinquity, from the the space
of irrational numbers in (0, 1) onto the class of the Effrés-Shen AF algebras built in [8]
from continued fraction expansion of irrational numbers — these AF algebras were of
course famously employed by Pimsner-Voiculescu in [29] to complete the classification
of the irrational rotation C*-algebras. We also construct another continuous map from
the Baire Space onto the class of UHF algebras, and we prove that our construction of
quantum metrics, when applied to the Cantor space, recover many standard ultrametrics
on that space. Due to this observation, we name our metrics on AF algebras quantum
ultrametrics. Moreover, we exploit some of the topological properties of the Baire Space
to exhibit many compact sets of AF algebras for the quantum propinquity.

Various notions of finite dimensional approximations of C*-algebras are found in
C*-algebra theory, from nuclearity to quasi-diagonality, passing through exactness, to
name a few of the more common notions. They are also a core focus and major source
of examples for our research in noncommutative metric geometry. Examples of finite
dimensional approximations in the sense of the propinquity include the approximations
of quantum tori by fuzzy tori [16, 18] and the full matrix approximations C*-algebras of
continuous functions on coadjoint orbits of semisimple Lie groups [32, 34, 37]. Moreover,
the existence of finite dimensional approximations for quantum compact metric spaces,
in the sense of the dual propinquity, were studied in [23], as part of the discovery by
second author of a noncommutative analogue of the Gromov compactness theorem [11].

Among all the types of finite approximations in C*-algebras, Approximately Finite
(AF) algebras occupy a special place. Introduced by Bratteli [3], following on the work
of Glimm [9] on UHF algebras, AF algebras are inductive limits, in the category of C*-
algebras, of sequences of finite dimensional algebras. Elliott initiated his classification
program with AF algebras, and this project brought K-theory into the core of C*-algebra
theory. Among many problems studied in relation of AF algebras, the fascinating ques-
tion of when a particular C*-algebra may be embedded into an AF algebra has a long
history, with the classification of irrational rotation algebras as a prime example. Thus,
the question of making inductive sequences of finite dimensional algebras converge to
AF algebras, not only in the sense of inductive limit, but also in terms of the quantum
propinquity, is very natural and the seed of this paper.

In order to address this question, we must provide a natural construction of quantum
metrics on AF algebras. A quantum metric is provided by a choice of a particular semi-
norm on a dense subalgebra of a C*-algebra [30, 31, 17], called a Lip-norm, which plays
an analogue role as the Lipschitz seminorm does in classical metric space theory. The key
property that such a seminorm must possess is that its dual must induce a metric on the

state space of the underlying C*-algebra which metrizes the weak* topology. This dual
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metric is a noncommutative analogue of the Monge-Kantorovich metric, and the idea of
this approach to quantum metrics arose in Connes’ work [5, 6] and Rieffel’s work. A pair
of a unital C*-algebra and a Lip-norm is called a quantum compact metric space, and can
be seen as a generalized Lipschitz algebra [39]. However, recent developments in noncom-
mutative metric geometry suggests that some form of relation between the multiplicative
structure of C*-algebras and Lip-norms is beneficial [33, 34, 35, 36, 24, 21, 19, 23]. A
general form of such a connection is given by the quasi-Leibniz property [23]. As such,
we require our quantum metrics on AF algebras to be given by quasi-Leibniz Lip-norms.

Quantum metrics on AF algebras, in turn, allow us to raise further questions, such
as the continuity of various important constructions of AF algebras, such that Effros-
Shen AF algebras, or Glimm’s UHF algebras. These later problems helped guide us to
our proposed construction in this paper. We restrict ourselves to the class of unital AF
algebras with a faithful tracial state, on which we construct Lip-norms from inductive
sequences, the faithful tracial state, and any choice of sequence of positive numbers
converging to 0. The natural sequences to consider are given by the dimension of the
C*-algebras constitutive of the inductive sequences. The requirement of a faithful tracial
state allows us to construct conditional expectations from which our Lip-norms are built.

We are then able to prove that, equipped with our metrics, and topologizing the class
of quasi-Leibniz quantum compact metric spaces with the quantum propinquity, the class
of UHF algebras is the continuous image, in a very natural way, of the Baire space, i.e.
the space of sequences of nonzero natural numbers equipped with a standard ultrametric.
We then prove that the function which, to any irrational number in (0, 1), associates the
Effros-Shen AF algebra, becomes continuous as well. This result actually involves the
fact that the set of irrational numbers in (0, 1) is homeomorphic to the Baire space, and
then uses an argument constructed around the continuity of a field of Lip-norms on a
well-chosen finite dimensional piece of the Effrés-Shen AF algebra. This argument relies,
in turn, on computations of certain traces on these finite dimensional algebras, using a
K-theory argument.

We also prove that our construction for quantum metrics, when applied to the Abelian
AF algebra of the C-valued continuous functions on the Cantor space, recover standard
ultrametrics on that space. The importance of this observation is that our construction
can be seen as a generalization of ultrametrics to the context of AF algebras, which are,
informally, zero dimensional quantum compact spaces. We should note that for any two
states ¢, in the state space .(2) of a unital C*-algebra 2, the function ¢ € [0,1] —
to+(1—t) is a continuous function to .7 (2A) equipped with the weak* topology. Thus, no
metric which gives the weak* topology on the state space of a unital C*-algebra can be an
ultrametric (as it would imply that the segment between ¢ and ¢ would be disconnected,

which would be a contradiction). Thus, Lip-norms never induce actual ultrametrics on
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state spaces, and thus our terminology will not create any confusion, and rather provide
interesting candidates of possible quantum ultrametrics.

We also address a question which has proven an interesting challenge in general: the
identification of certain compact classes of quasi-Leibniz quantum compact metric spaces
for the quantum propinquity. It is unclear that any of the classes of AF algebras which we
study in this paper are closed for the quantum propinquity, and moreover the quantum
propinquity is not known to be a complete metric, so for a set, being totally bounded and
closed together would not be sufficient for the set to be compact in general — hence the
challenge in finding compact classes for the quantum propinquity. The dual propinquity
is complete [21], which provides a better framework for the study of compactness, but
as the dual propinquity is weaker than the quantum propinquity, the question of finding
the closure of classes of AF algebras is generally delicate. However, in this paper, we
do exhibit natural infinite compact classes of AF algebras for the quantum propinquity,
using the topology of the Baire space.

Our construction should be compared with a previous attempt at the construction of
natural quantum metrics on AF algebras. In [1], Antonescu and Christensen introduced
spectral triples of AF algebras endowed with a faithful state. As their spectral triples are
ungraded and their Dirac operators are positive, they only contain metric information.
However, the metrics obtained from these spectral triples, when restricted to the Cantor
space, are not explicit and do not agree with the usual metrics for that space. Moreover,
no convergence result is proven using the metrics associated with these spectral triples
when working with noncommutative AF algebras, and it is not clear how one would
proceed to prove such results, because the construction of these spectral triples rely on
various constants which are not necessarily easy to compute. Our work takes a different
perspective: quantum metrics arise naturally from Lip-norms, which need not be defined
via spectral triples. Instead, we aim at obtaining natural metrics for which we can actually
prove several interesting geometric results, in particular in regards with the quantum
propinquity.

Our paper begins with a brief section on the notions of quantum compact metric
spaces, quasi-Leibniz Lip-norms, and the quantum Gromov-Hausdorff propinquity. We
then construct our Lip-norms for AF algebras. The next two sections establish our main
continuity results: first for UHF algebras and second for Effr6s-Shen AF algebras. We then
exhibit some interesting compact classes of AF algebras for the quantum propinquity. In
its most general form, our construction of Lip-norms on AF algebras involve a sequence
of nonzero natural numbers. We conclude our paper with the proof that our construction

is in fact continuous with respect to this parameter.
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2. QUANTUM METRIC GEOMETRY

We begin our exposition with a brief description of the tools of quantum metric
geometry which we will use in this paper. We refer the reader to [22] for a survey of this
area. A by-product of this exposition is also the introduction of notations which we will

use throughout our paper.

Notation 2.1. When F is a normed vector space, then its norm will be denoted by |- || z

by default.

Notation 2.2. Let 2 be a unital C*-algebra. The unit of 2 will be denoted by 1g. The
state space of 2 will be denoted by .7 (2l) while the self-adjoint part of 2 will be denoted
by sa ().

The core objects of noncommutative metric geometry are the quantum compact met-
ric spaces, which are noncommutative generalizations of the algebras of Lipschitz func-
tions over compact metric spaces. The key requirement in the following definition —
that the Monge-Kantorovich metric metrizes the weak* topology on the state space —
is due to Rieffel. The idea to employ the Monge-Kantorovich metric as a means to work
with noncommutative metrics is due to Connes [5] and was the inspiration for Rieffel’s
work. The quasi-Leibniz property is the second author’s added requirement, itself largely
based on Kerr’s similar notion of the F-Leibniz property [15], but used for a very differ-
ent reason — the quasi-Leibniz property is used to ensure that the Gromov-Hausdorff
propinquity has the desired coincidence property, while Kerr used a similar notion to
study the completeness of a version of his matricial distance. In [23], the notion of a

quasi-Leibniz Lip-norm is more general than given below, but this will suffice for this

paper.

Definition 2.3 ([30, 24, 23]). A (C, D)-quasi-Leibniz quantum compact metric space

(2, L), for some C' > 1 and D > 0, is an ordered pair where 2l is unital C*-algebra and L

is a seminorm defined on some dense Jordan-Lie subalgebra dom(L) of sa () such that:
(1) {a €sa(A):L(a) =0} =Rlg,

(2) the seminorm L is a (C, D)-quasi-Leibniz Lip-norm, i.e. for all a,b € dom(L):

max {L (52 ) L () b < Clalalo) + Bllat @) + DL@L®)

2 21

(3) the Monge-Kantorovich metric defined, for all two states ¢, € .#(2), by:

mku (¢, ¢) = sup {|(a) — ¢(a)| : a € dom(L), L(a) < 1}

metrizes the weak™ topology of #(21),

(4) the seminorm L is lower semi-continuous with respect to || - ||a-

The seminorm L of a quantum compact metric space (2, L) is called a Lip-norm.
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Convention 2.4. When L is a seminorm defined on some dense subset F' of a vector

space F, we will implicitly extend L to E by setting L(e) = co whenever e ¢ F.

Rieffel initiated the systematic study of quantum compact metric space with the
following characterization of these spaces, which can be seen as a noncommutative form

of the Arzéla-Ascoli theorem.

Theorem 2.5 ([30, 31, 28]). Let 2 be a unital C*-algebra and L a seminorm defined on
a dense subspace of sa (), such that L(a) = 0 if and only if a € Rly. The following two

assertions are equivalent:

(1) the Monge-Kantorovich metric mk. metrizes the weak™ topology on .77 (),

(2) for some state p € (), the set:
{a € sa(A):L(a) <1,pula) =0}

is totally bounded for || - ||u-

Our primary interest in developing a theory of quantum metric spaces is the intro-
duction of various hypertopologies on classes of such spaces, thus allowing us to study
the geometry of classes of C*-algebras and perform analysis on these classes. A classical
model for our hypertopologies is given by the Gromov-Hausdorff distance. While sev-
eral noncommutative analogues of the Gromov-Hausdorff distance have been proposed
— most importantly Rieffel’s original construction of the quantum Gromov-Hausdorff
distance [38] — we shall work with a particular metric introduced by the second author.
This metric, known as the quantum propinquity, is designed to be best suited to quasi-
Leibniz quantum compact metric spaces, and in particular, is zero between two such
spaces if and only if they are isometrically isomorphic (unlike Rieffel’s distance). We now

propose a summary of the tools needed to compute upper bounds on this metric.

Definition 2.6. The 1-level set .71 (D|w) of an element w of a unital C*-algebra D is:
{r e (@) :p((1 —w'w)) = p((1 —ww?)) = 0}.

Definition 2.7. A bridge from 2 to B, where 2 and B are unital C*-algebras, is a
quadruple (D, 7y, T3, w) where:

(1) D is a unital C*-algebra,

(2) the element w, called the pivot of the bridge, satisfies w € ® and % (D|w) # 0,

(3) my : A = D and 7wy : B — D are unital *-monomorphisms.

There always exists a bridge between any two arbitrary quasi-Leibniz quantum com-
pact metric spaces [24, 23]. A bridge allows us to define a numerical quantity which
estimates, for this given bridge, how far our quasi-Leibniz quantum compact metric
spaces are. This quantity, called the length of the bridge, is constructed using two other

quantities we now define.
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In the next few definitions, we denote by Hausq the Hausdorff (pseudo)distance in-
duced by a (pseudo)distance d on the compact subsets of a (pseudo)metric space (X, d)
[14].

The height of a bridge assesses the error we make by replacing the state spaces of the
Leibniz quantum compact metric spaces with the image of the 1-level set of the pivot of

the bridge, using the ambient Monge-Kantorovich metric.

Definition 2.8. Let (2, Ly) and (B, Ly ) be two quasi-Leibniz quantum compact metric
spaces. The height ¢ (y|La, La) of a bridge v = (D, my, 7, w) from 2A to B, and with
respect to Ly and L, is given by:

max { Hausm, (7(2), 7.4 (9])), Hausmi,, (7 (B), 7 (71 (D1w) }

where 73 and 7y, are the dual maps of my and mg, respectively.

The second quantity measures how far apart the images of the balls for the Lip-norms

are in A @ *B; to do so, they use a seminorm on 2 & B built using the bridge:

Definition 2.9. Let (2, Ly) and (B,Ly) be two unital C*-algebras. The bridge semi-
norm bny () of a bridge v = (D, 7y, ,w) from A to B is the seminorm defined on
A BB by:

bn (a,b) = [lma(a)w — wmre (b)[|

for all (a,b) € A D B.

We implicitly identify A with 2 @ {0} and B with {0} ® B in A & B in the next

definition, for any two spaces 2 and ‘B.

Definition 2.10. Let (2, Ly ) and (B, Ly ) be two quasi-Leibniz quantum compact metric
spaces. The reach o (y|Ly, L) of a bridge v = (D, my, 75, w) from A to B, and with

respect to Ly and Lo, is given by:

Hauspn () ({a € sa(™A) : La(a) < 1},{b € s5a(B) : Ls(b) < 1}).

We thus choose a natural quantity to synthesize the information given by the height

and the reach of a bridge:

Definition 2.11. Let (2, Ly ) and (B, Ly ) be two quasi-Leibniz quantum compact metric
spaces. The length A (y|Ly, Ly) of a bridge v = (D, mg, 75, w) from A to B, and with

respect to Ly and L, is given by:
max {g (’Y“-Q‘a L%)7 0 (7“—917 L‘B)} .

While a natural approach, defining the quantum propinquity as the infimum of the
length of all possible bridges between two given (C, D)-quasi-Leibniz quantum compact
metric spaces, for some fixed C > 1 and D > 0, does not lead to a distance, as the

triangle inequality may not be satisfied. Instead, a more subtle road must be taken, as
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exposed in details in [24]. The following theorem hides these complications and provide

a summary of the conclusions of [24] relevant for our work:

Theorem-Definition 2.12 ([24, 23]). Fix C > 1 and D > 0. Let QOCMS¢c p be the
class of all (C, D)-quasi-Leibniz quantum compact metric spaces. There exists a class

function N¢.p from QOCMSe p x QOCMSc p to [0,00) C R such that:
(1) for any (A, Lg), (B,Ly) € QQCMSc p we have:

Ac,p((%,La), (B, Le)) < max {diam (. (A), mky, ), diam (& (B), mkL, )},
(2) for any (U, Ly), (B, Le) € QOCMSc.p we have:
0 <Ac,p((¥,La), (B, Ls)) = Ac,p((B,Ls), (A L))
(3) for any (U, Ly), (B, Ly), (€, Le) € QOCMSc.p we have:
Ac,p (L), (€, Le)) < Ac,p (2, La), (B,Le)) + Ac,n((B,Ls), (€, Le)),

(4) for all for any (A, Ly), (B,Ly) € QOCMSc,p and for any bridge v from A to

B, we have:
Ac,p((, Lar), (B, L)) < A(v[La, L),
(5) for any (A, L), (B,Ly) € QOCMSc,p, we have:
Ae,p((A; L), (B, Ly)) =0

if and only if (A, Ly) and (B, Ly) are isometrically isomorphic, i.e. if and only
if there exists a *-isomorphism w : A — B with Ly o m = Lg, or equivalently
there exists a *-isomorphism 7 : A — B whose dual map 7 is an isometry from
(Z(B), mkLy ) into (L (A), mkr,),

(6) if 2 is a class function from QACMSc.p x QOCMSc, p to [0,00) which satisfies

Properties (2), (3) and (4) above, then:
E((Ql, I—Ql)’ (%a L‘B)) < /\C’,D((Q’lv I—Ql)a (%7 L’B))

for all (A, Ly) and (B,Ly) in QACMSc p

Thus, for a fixed choice of C > 1 and D > 0, the quantum propinquity is the
largest pseudo-distance on the class of (C, D)-quasi-Leibniz quantum compact metric
spaces which is bounded above by the length of any bridge between its arguments; the
remarkable conclusion of [24] is that this pseudo-metric is in fact a metric up to isometric
isomorphism. The quantum propinquity was originally devised in the framework on Leib-
niz quantum compact metric spaces (i.e. for the case C' =1 and D = 0), and as seen in
[23], can be extended to many different classes of quasi-Leibniz compact quantum metric
spaces.

Moreover, we showed in [24] that we can compare the quantum propinquity to natural

metrics.
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Theorem 2.13 ([24]). Ifdist, is Rieffel’s quantum Gromov-Hausdorff distance [38], then
for any pair (A, Ly) and (B, L) of quasi-Leibniz quantum compact metric spaces, we

have:
diStQ((le LQl)a (%a L‘B)) < A((le LQl)a (%7 L‘B))'

Moreover, for any compact metric space (X,dx), let La, be the Lipschitz seminorm
induced on the C*-algebra C(X) of C-valued continuous functions on X by dx. Note
that (C(X),Lay) is a Leibniz quantum compact metric space. Let € be the class of all
compact metric spaces. For any (X,d,), (Y,dy) € €, we have:

A ((C(X)v de) ) (C(Y)v Ldy)) < GH((X’ dX)’ (Y’ dy))

where GH is the Gromov-Hausdorff distance [11, 12].

Furthermore, the class function YT : (X,dx) € € = (C(X),Lay) is a homeomorphism,
where the topology on € is given by the Gromov-Hausdorff distance GH, and the topology
on the image of T (as a subclass of the class of all Leibniz quantum compact metric

spaces) is given by the quantum propinquity .

As we noted, the construction and many more information on the quantum Gromov-
Hausdorff propinquity can be found in our original paper [24] on this topic, as well as in
our survey [22]. The extension of our original work to the quasi-Leibniz setting can be
found in [23]. Two very important examples of nontrivial convergences for the quantum
propinquity are given by quantum tori and their finite dimensional approximations, as
well as certain metric perturbations [16, 18, 20] and by matrix approximations of the
C*-algebras of coadjoint orbits for semisimple Lie groups [34, 35, 37]. Moreover, the
quantum propinquity is, in fact, a special form of the dual Gromov-Hausdorff propinquity
[21, 19, 23], which is a complete metric, up to isometric isomorphism, on the class of Lei-
bniz quantum compact metric spaces, and which extends the topology of the Gromov-
Hausdorff distance as well. Thus, as the dual propinquity is dominated by the quantum
propinquity [21], we conclude that all the convergence results in this paper are valid for
the dual Gromov-Hausdorff propinquity as well.

The present paper establishes new examples of convergence for the quantum propin-
quity by constructing quantum metrics on certain AF algebras. All our quantum metrics
will be (2, 0)-quasi-Leibniz quantum compact metric spaces. Thus, we will simplify our

notation as follows:
Convention 2.14. In this paper, A will be meant for A .

3. AF ALGEBRAS AS QUASI-LEIBNIZ QUANTUM COMPACT METRIC SPACES

We begin by observing that conditional expectations allow us to define (2,0)-quasi-

Leibniz seminorms on C*-algebras.
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Definition 3.1. A conditional expectation E (-|B) : 2 — B onto B, where A is a C*-
algebra and B is a C*-subalgebra of 2L, is a linear positive map of norm 1 such that for

all b,c € B and a € 2 we have:

E (bac|B) = bE (a|B)c.

Lemma 3.2. Let A be a C*-algebra and B C A be a C*-subalgebra of A. If E (-|B) :

A — B is a conditional expectation onto B, then the seminorm:
S:aeUAw|la—TE(a|B)|u

is a (2,0)-quasi-Leibniz seminorm.

Proof. Let a,b € 2. We have:
S(ab) = [|ab — E (ab|B)]|«

< [lab — aE (b]B)]|a + [|alE (0]B) — I (ab|B) ||

< llaflal|b — T (b]B)]|
+ [|aE (b]B) — E (aE (b|B)|B) + E (a(IE (b]B) — )[B) |«

< lallalo = (6]B)lla + [la — E (a]B)) || [1E (5]B) |«
+ |E (a(b—E (b%))|B) ]|«

< lallalo — B (6]B)lla + lla — E (a|B)||2[1E (5]B)]|«
+ llallallb — E (b]B)|«

< 2[|alla[b — E (5]B) o + [|a — E (a]B))||[|bll2

< 2(lall«S() + [[bll2S(a)) -

This proves our lemma. U

Note that the seminorms defined by Lemma (3.2) are zero exactly on the range of
the conditional expectation. Now, our purpose is to define quasi-Leibniz Lip-norms on
AF C*-algebras using Lemma (3.2) and a construction familiar in Von Neumann theory,
which we recall here for our purpose.

We shall work with unital AF algebras [4] endowed with a faithful tracial state. Any
unital AF algebra admits at least one tracial state [25, Proposition 3.4.11], and thus
simple AF algebras admit at least one faithful tracial state. In fact, the space of tracial
states of unital simple AF algebras can be any Choquet simplex [10, 2]. On the other
hand, a unital AF algebra has a faithful trace if, and only if it is a C*-subalgebra of a
unital simple AF algebra [26, Corollary 4.3]. Examples of unital AF algebras without a
faithful trace can be obtained as essential extensions of the algebra of compact operators
of a separable Hilbert space by some full matrix algebra. Thus, our context could be
stated as the study of certain Lip-norms on unital AF algebras which can be embedded

in unital simple AF algebras.
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Our main construction of Lip-norms on unital AF algebras with a faithful tracial

state is summarized in the following theorem.

Notation 3.3. Let Z = (U, @, )nen be an inductive sequence with limit 2 = liLnI. We

denote the canonical *-morphisms 2,, — 2 by o£> for all n € IN.

Convention 3.4. We assume that for all the inductive sequences (2, @y )nen in this
paper, the C*-algebras 2l,, are unital and the *-morphisms «,, are unital and injective

for all n € IN.

Theorem 3.5. Let 2 be an AF algebra endowed with a faithful tracial state p. Let
T = (A, an)nen be an inductive sequence of finite dimensional C*-algebras with C*-
inductive limit A, with Ay = C and where o, is unital and injective for all n € IN.

Let 7 be the GNS representation of 2 constructed from p on the space L*(2, p).

For alln € N, let:

E <~‘o£>(2ln)) LA A

be the unique conditional expectation of 2 onto the canonical image oii (2A,) of Ay in A,
and such that poE ( cf}(%{,ﬂ) = /.

Let 8: IN — (0,00) have limit 0 at infinity. If, for all a € sa(A), we set:
a—TE (a %”(an))

B(n)

HlenelN

then (2[, Lgﬂ) is a 2-quasi-Leibniz quantum compact metric space. Moreover for all n €
IN:
A ((mn L2 o oi;) : (m L%#)) < B(n)
and thus:
Tim A (2015, 007), (2L5,)) =0.
Proof. To begin with, we note that, from the standard GNS construction, we have the
following:
(1) since p is faithful, the map £ : @ € A — a € L3(2, p) is injective,
(2) since [|§(a)lz2ea,) = v/ i(a*a) < |lally for all @ € A, the map ¢ is a continuous
(weak) contraction,

(3) by construction, £(ab) = 7(a)é(b) for all a,b € A,

(4) if wis &(1y), then w is cyclic and £(a) = 7(a)w.

Let n € IN. We denote the canonical unital *-monomorphism from 2, into 2 by
OLT;. Thus € o CLT; : A, — L?(A, p) is a linear, weakly contractive injection. Since A, is
finite dimension, £ o (1_7;(21”) is a closed subspace of L2(2, u). Let P, be the orthogonal
projection from L?(2, 1) onto & o OLT;(an)

We thus note that for all a € 2, we have P,(£(a)) € o oﬁ)(mn), thus, since £ is
injective, there exists a unique Ey(a) € o (Ay) with {(En(a)) = Pn(§(a)).
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Step 1. We begin by checking that the map E,, : A — oﬁ(%{n) is the conditional expec-
tation E (

04.7;(%”)) of A onto o' (An) which preserves the state pu.

To begin with, if a € 2, then Pnﬁ(oii(a)) = f(a_’i(a)) so E,(a) = oi;(a). Thus E,, is
onto oy (An), and restricts to the identity on o/y(%,,).
We now prove that P, commutes with 7(a) for all a € ot (%y,). Let a € o'(2Ay,). We

note that if b € ay () then m(a)§(b) = &(ab) € 5(@)(%”)) since a”(2,,) is a subalgebra

%
of 2. Thus 7(a) (g(oi;(mn))) C £(a7(An)). Since o”(A,) s closed under the adjoint
operation, and 7 is a *-representation, we have W(a*)é(oi;(gln)) C §(o£>(2[n)) Thus, if

we let x € f(oz.")(Ql”))l and y € f(oﬁ(i’ln)), we then have:
(r(a)z,y) = (z,m(a")y) =0,

ie. W(a)(g(oi;(mn))ﬂ C §(O£(an))J-. Consequently, if z € L*(A, ), writing x = P,z +

Pz, we have:
P.r(a)x = P,m(a)Pyx + Pyr(a)Pla = w(a) Py

In other words, P,, commutes with 7(a) for all a € o ().

As a consequence, for all a € a_’;(an) and b € A:

§(Bn(ab)) = Pam(a)§(b) = m(a)Pf(b) = m(a)S(En (b)) = £(aly (b)).

Thus E, (ab) = aE,(b) for all a € oi;(an) and b € 2.
We now wish to prove that IE,, is a *-linear map. Let J : {(z) — £ (2*). The key

observation is that, since p is a trace:

(JE(x), JE(y)) = plyx™) = p(z™y) = (x,y)

hence J is an conjugate-linear isometry and can be extended to L2(2, u). It is easy to
check that .J is surjective, as it has a dense range and is isometric, in fact J = J* = J 1.
This is the only point where we use that u is a trace.

We now check that P, and J commute. To begin with, we note that:
(JP,J)(JP,J)=JPR,J
and thus the self-adjoint operator JP,J is a projection. Let a € 2. Then:
JP,J¢(a) = JP,&(a") = JE(En(a®)) = £(En(a”)") € £(a(An)).

Thus JP,J = P,, so P, and J commute since J? = lo(r2(,))-

Consequently for all a € 2:
g(En(a*)) = Png(a*) = Pan(a) = Jpng(a) = Jg(En(a)) = E(En(a)*)a

so E,(a*) = E,(a)*.

In particular, we note that for all « € 2 and b,c € %”(Q[n) we have:

E, (bac) = bE, (ac) = bE,(c*a*)* = b(c*E,(a)*)*) = bE,(a)c.
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To prove that [E,, is a positive map, we begin by checking that it preserves the state

1. First note that 1o € 04.")(91”) sow € §(oﬁ>(an)), and thus P,w = w. Thus for all a € 2:

p(En(a)) = (r(En(a))w,w)

=
= ((En(a)),w) = (Paé(a),w)
= (¢(a), Pyw) = (m(a)w, Prw)
= (m(a)w,w) = p(a).
Thus IE,, preserves the state . More generally, using the conditional expectation property,

for all b,c € of(Ay) and a € A:

(BB (a)c) = p(bac).
We now prove that IE,, is positive. First, p restricts to a faithful state of OL")(!ZIH) and
L*(at(An), p) is given canonically by &(a’t(%y)). Let now a € sa () with a > 0. We

now have for all b € Ol;(mn) that:

(B (@)$(5), (1)) = u(b"E,(a)b) = u(b*ab) > 0.

Thus the operator E, (a) is positive in a_’;@(n). Thus E,, is positive.
Since E,, restricts to the identity on CL")(QI,L), this map is of norm at least one. Now,
let a € sa () and ¢ € . (A). Then p o, is a state of 2 since |, is positive and unital.

Thus |p o Ey(a)] < ||alla. As E,(sa () C sa (2A), we have:
(3.1) Va€sa(@) |En(a)ly = supflpoBn(a)l: ¢ e L)} < llafla-

Thus E,, restricted to sa (2) is a linear map of norm 1.
On the other hand, for all a € 2, we have:
0< By ((a— Eq(a))” (o~ By(a)))
=E, (a"a) — E, (E,(a)*a) — E, (a*E,(a)) + E,, (E,(a)*E,(a))
=E, (a"a) — E,(a)"E,(a).
Thus for all a € 2 we have:
IEn (@3 = [En(a) En(a)lly
< |En(a*a)
< |la*alls = ||al|3 by Inequality (3.1).
Thus I, has norm 1. We conclude that IE,, is a conditional expectation onto oi;(an)
which preserves p.
Now, assume 7" : 2 — oi;(an) is a unital conditional expectation such that poT = p.
As before, we have:
p(bT (a)c) = p(bac)
for all ¢ € A and b,c € OL’;(an) Thus, for all z,y € L2(0L">(an),u) and for all @ € A, we

compute:

(T(a)r,y) = w(y"T(a)r) = w(y*az) = p(y*En(a)z) = (En(a)z, y)
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and thus E, (a) = T'(a) for all a € 2. So E,, is the unique conditional expectation from

A onto o'y (A,) which preserves pi.

Step 2. The seminorm Lg u s a (2,0)-quasi-Leibniz Lip-norm on A, and E,, is weakly

contractive for Lgﬂ and for alln € IN.

We conclude from Lemma (3.2) and from Step 1 that Lg . 18 a (2,0)-quasi-Leibniz
seminorm.

If a € sa (A) and Lgu(a) = 0 then |[a—TEq(a)||e = 0 and thus a € sa (OL?(C)) = Rlg.

We also note that if a € sa () with Lg#(a) < 1 then |ja — Eg(a)||a < 5(0). Note
that Eg(a) = p(a)ly as Eg preserves p.

For all n,p € IN we have E, o E, = Enjn{np) by construction (since P,P, =

P, ). Thus, if n < p and a € sa (A) then:

in{n,p}
(3.2) [En (a) — Ep(En(a)))lla = 0.

In particular, we conclude that the dense Jordan-Lie subalgebra sa (UHE]N %”(an)) of
sa () is included in the domain dom(LgH) of L%u and thus dom(Lgu) is dense in sa (2A).
On the other hand, if p <n € IN and a € sa (), then:

(3-3) 1B (a) = Ep(En(a))lla = [[En(a - Ep(a))lla < lla = Ep(a)]a-
Thus, by Expressions (3.2) and (3.3), for all a € sa (),
(3.4) L7 (E,(a) < LY, (a).
Z,p\n A7)
Last, let € > 0. There exists N € IN such that for all n > N we have 3(n) < §. Let:
By = {a € sa(@Ay) : LF, (0" () < 1, u(a) = o} .
Since Eg = p(-)1g, we conclude:
By C {a € sa(@An) : [lalla < B0)},

and since a closed ball in sa () is compact as Ay is finite dimensional, we conclude
that B is totally bounded. Let §n be a §-dense subset of B .

Let now a € sa () with pu(a) = 0 and L%H(a) < 1. By definition of Lg,u we have
la—En(a)|la < B(N) < 5. Moreover, there exists a’ € §n such that ||Ex(a)—a'|la < 5.
Thus:

lla —a'lla < e.
Thus:
{a €sa(): L5 (a) < 1,p(a) = o}
is totally bounded. Thus Lg uisa Lip-norm on 2.
We conclude with the observation that as the pointwise supremum of continuous

functions, Lg u is lower semi-continuous.
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Step 3. Ifn € N, then (2, L%# o a_"}) is a (2,0)-quasi-Leibniz quantum compact metric
space and N\ ((an, L%H o Oi;) , (91, Lg,u)) < B(n).

The restriction of Lg . to OL’;(an) is a (2, 0)-quasi-Leibniz lower semi-continuous Lip-
norm on a_’i(%{n) for all n € IN.

Fix n € IN. We now prove our estimate on A ((an, LLM o oﬁ) , (Ql, LLM))'

The spaces (2, Lg 1 © oﬁ}) and (OLT;(Q[n), Lg ,.) are isometrically isomorphic and thus

at distance zero for A. Therefore:

AL, (Hh, 0an)) = A ((12,)  (an@,.12,))

Let id : 2 — 2 be the identity and let ¢, : cﬁ(%{n) — 2 be the inclusion map. The
quadruple v = (2, 1g(, t,1d) is a bridge from 't (An) to 2A by Definition (2.7). We note
that by definition, the height of v is 0 since the pivot of 7 is 1g. Thus, the length of v is
the reach of ~.

If a € sa () with L7 ,(a) <1, then:

la —En(a)lla < B(n).
Since E,, is positive, we thus have E,(a) € sa (oﬁ(%ﬁ) . By Equation (3.4):
Lg,u (E'ﬂ (CL)) <

(2A,,) is contained in A, we conclude that the reach of 4 is no more than 5(n).

1.

Since a"
—

We thus conclude, by definition:

A((an@) L2, (215,)) < Ben).

As (B(n))nen converges to 0, we conclude that:

(i oar). (a12,)) =0

and thus our theorem is proven. O

Remark 3.6. We may employ similar techniques as used in the proof of Theorem (3.5)
to show that AF algebras, equipped with the Lip-norms defined from spectral triples in
[1], are limits of finite dimensional C*-subalgebras. We shall see in this paper, however,
that the Lip-norms we introduce in Theorem (3.5) provide a very natural framework to

study the quantum metric properties of AF algebras.

Theorem (3.5) provides infinitely many Lip-norms on any given unital AF-algebra
2, parametrized by a choice of an inductive sequence converging to 2 and a sequence
of positive entries which converge to 0. A natural choice of a Lip-norm for a given AF
algebra, which will occupy a central role in our current work, is described in the following

notation.

Notation 3.7. Let Z = (2,,, @, )nen be a unital inductive sequence of finite dimensional

algebras whose inductive limit 2 = liﬂ(?ln, o )nen has a faithful tracial state p. Assume
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that 2 is infinite dimensional. Let k € IN, £ > 0 and 8 = ( . We note that

1
dim (2L, )F ) nelN
limy, 8 = 0. We denote the Lip-norm Lg# constructed in Theorem (3.5) by L%#. Ifk=1,

then we simply write Lz, for L7 .

Our purpose is the study of various classes of AF algebras, equipped with Lip-norms

constructed in Theorem (3.5). The following notation will prove useful.

Notation 3.8. The class of all 2, 0-quasi-Leibniz quantum compact metric spaces con-
structed in Theorem (3.5) is denoted by AF. We shall endow AF with the topology
induced by the quantum propinquity A.

Furthermore, for any k& € (0, 00), let:

AT € Sdhotrveyes A =limT
AFFE = 0 (A, Ly) € AF| Ju faithful trace on 2 such that Ly = L%u

2 is infinite dimensional

where za/m%/é/ is the class of all unital inductive sequences of finite dimensional

C*-algebras whose limit has at least one faithful tracial state.

A first corollary of Theorem (3.5) concerns some basic geometric properties of the

class AF":

Notation 3.9. We denote the diameter of any metric space (X, d) by diam (X, d).
For any quantum compact metric space (2,L), we denote diam (7 (2(), mk_) by
diam* (3, L).

Corollary 3.10. Let Z,J € t/fw/m{zw//and B, 8" be two sequences of strictly positive
real numbers, converging to 0. Let p, v be faithful tracial states, respectively, on @I

and h_n;j. Then:
diam” (I 7,17, ) < 28(0)
and:
A(m,12,,), (lm 7,15 ,)) < max{5(0),5(0)}.

In particular, for all k € (0,00):
diam (.A]:k,/\) < 1.

Proof. Let 2 = liglI and B = ligj.
Let a € sa () with Lgﬂ(a) < 1. Then |ja—u(a)||a < B(0). Thus for any ¢, 1) € (),

we have:
lp(a) —¥(a)| = [p(a — p(a)lu) — ¥(a — p(a)la)| < 28(0).
Now, let ©® = 2 x B be the free product amalgamated over Clg and Clg. Let

m:A =D and p: B — D be the canonical unital *-monomorphism. The quadruple

v=(9,1p,m,p) is a bridge from A to B.
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: B .
Let a € sa () with L7 ,(a) < 1. Then:

Im(a)lo —1op(u(a)ls)llo = lla — pla)lalla < 5(0).

The result is symmetric in 2 and 8. Thus the reach of +y is no more than max{/3(0), 3’(0)}.
As the height of v is zero, we have proven that:

A((limz,L2,,), (lm 7,15, ) < max{8(0), 8'(0)}.
Note that this last estimate is slightly better than what we would obtain with [24,
Proposition 4.6].
We conclude our proof noting that if (2, Lz) € AF* then (0) = 1. O

4. THE GEOMETRY OF THE CLASS OF UHF ALGEBRAS FOR A

Our purpose for this section is to study the topology of the class of uniformly hyper-
finite algebras equipped with the Lip-norms from Theorem (3.5). We begin this section
with an explicit computation, in this context, for the conditional expectations involved
in our construction in Theorem (3.5). We then establish our main result for this section,
by constructing a continuous surjection from the Baire space to the subclass of AFF

consisting of UHF algebras.

Notation 4.1. For all k € (0,00), we let UHF" be the subclass of AF* of (2,0)-quasi-
Leibniz quantum compact metric spaces of the form (2, L) with 2 a UHF algebra.

4.1. An expression for conditional expectations.

Notation 4.2. For all d € IN, we denote the full matrix algebra of d x d matrices over

C by M(d).

Let B = @, M(n(j)) for some N € N and n(1),...,n(N) € N\ {0}. For each k €
{1,...,N} and for each j,m € {1,...,n(k)}, we denote the matrix ((677))u,v=1,..n(k)

by ek, ;m, where we used the Kronecker symbol:

st — lifa=0,
“ ) 0 otherwise.

We note that for all j,m,j’,m’ € {1,...,n(k)} we have:

{n(lk)ifj:j’andm:m’,

o (ez’j’mek’j/’m/) - 0 otherwise
when tr is the unique tracial state of M(n(k)).

Now, let p be a faithful tracial state on B. Then p is a convex combination with pos-
itive coefficients of the unique tracial states on M (n(0)),...,M(n(N)). We thus deduce

that:
{exjm :ke{l,....N},jme{l,...,n(k)}}

is an orthogonal basis of L?(%B, p1).
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Let us further assume that we are given a unital *-monomorphism « : 8 < 2l into a
unital C*-algebra 2 with a faithful tracial state. The restriction of p to a(B8) is thus a
faithful tracial state on a(B). We will use the notations of the proof of Theorem (3.5):
let 7 be the GNS representation of 2 defined by u on the Hilbert space L?(2A, i) and let
EraeA—ac L p).

We then can regard L?(a(B), u) as a subspace of L*(2, 1) (as noted in the proof of
Theorem (3.5), L?(a(B), 1) is a(B), endowed with the Hermitian norm from the inner
product defined by p). Let P be the projection of L2(2l, 1) on L?(a(B), i). Then for all

a € A, we have:
N n(k) n(k)

(@) Sy Y e )

kel j=1m=1H ekjmekﬁm))

We also note that, if E(-|a(8B)) is the conditional expectation of 2 onto «(B)
which preserves p constructed from the Jones’ projection P as in Theorem (3.5), then

E(E (a|a(B))) = P&(a) for all a € A.

4.2. A Hoélder surjection from the Baire Space onto UHF k. A uniform, hyperfinite
(UHF) algebra is a particular type of AF algebra obtained as the limit of unital, simple
finite dimensional C*-algebras. UHF algebras were classified by Glimm [9] and, as AF
algebras, they are also classified by their Elliott invariant [7]. UHF algebras are always
unital simple AF algebras, and thus they admit a faithful tracial state. Moreover, the
tracial state of a UHF algebra 2l is unique, as is seen by noting that it must restrict to
the unique tracial state on the full matrix subalgebras of 21 whose union is dense in 2.

Up to unitary conjugation, a unital *-monomorphism «a : 8 — 2 between two unital
simple finite dimensional C*-algebras, i.e. two nonzero full matrix algebras 2 and B,
exists if and only if dim A = k% dim B for k € IN, and o must be of the form:

A
(4.2) AeBr— e
A
It is thus sufficient, in order to characterize a unital inductive sequence of full matrix

algebras, to give a sequence of positive integers:

Definition 4.3. Let Z = (2, @ )nen be a unital inductive sequence of unital, simple

finite dimensional C*-algebras, with (o = C.

The multiplicity sequence of I is the sequence (1 / (m) of positive integers.
nelN

A multiplicity sequence is any sequence in IN\ {0}. A UHF algebra is always obtained

as the limit of an inductive sequence in the following class:

Notation 4.4. Let .S%.x Fui? Siticssie be the set of all unital inductive sequences of full
matrix algebras whose multiplicity sequence lies in (IN \ {0,1})N and which starts with

C.
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UHF algebras have a unique tracial state, which is faithful since UHF algebras are
simple. We make a simple observation relating multiplicity sequences and tracial states of

the associated UHF algebras, which will be important for the main result of this section.

Lemma 4.5. Let T = (A, ap)nen in Torsite For Fnittsotie. Let A = ligI and let pg be
the unique tracial state of 2A. Let ¥ be the multiplicity sequence of I.

(1) Ifa € A, then:

BETIOR
where Tr is the unique trace on A, which maps the identity to dim%A,,.

(2) Let T = (B, &) nen in ot Tul? Sndtioctie and, set B = lim J. Let pss the
unique tracial state of B. If the multiplicity sequences of T and J agree up to
some N € IN, then for all n € {0,..., N}, we have 2, = B,, and moreover, for
all a € A, = B, we have:

a0 0"(a) = i 0 0" (a).

Proof. Assertion (1) follows from the uniqueness of the tracial state on 2, for all n € IN.

Assertion (2) follows directly from Assertion (1). O

The set of sequences .4~ of positive integers is thus a natural parameter space for the
classes UHF®. Moreover, .# can be endowed with a natural topology, and we thus can

investigate the continuity of maps from the Baire space to (Z/IH}" k. /\).

Definition 4.6. The Baire space 4 is the set (IN'\ {0})N endowed with the metric d
defined, for any two (z(n))nen, (¥(n))nen in A, by:

0 if z(n) = y(n) for all n € N,
9~ min{n€N:z(n)#y(n)} gtherwise.

d ((z(n))nen, (Y(n))nen) = {

Remark 4.7. We note that it is common, in the literature on descriptive set theory, to
employ the metric defined on .4 by setting on (z(n))nen, (¥(n))nen € A
0 if z(n) = y(n) for all n € N,

&' (2(n)) e (4(n))ner) = {

1 .
T (nENT 2y ()T otherwise.

It is however easy to check that d and d’ are topologically, and in fact uniformly equivalent

as metrics. Our choice will make certain statements in our paper more natural.

We now prove the result of this section: there exists a natural continuous surjection

from the Baire space .4 onto UHF" for all k € (0, 00). We recall:

Definition 4.8. A function f: X — Y between two metric spaces (X,dx) and (Y,dy)

is (¢, r)-Holder, for some ¢ > 0 and r > 0, when:

dy(f({L‘), f(y)) < CdX(x>y)r

for all z,y € X.
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Theorem 4.9. For any 8 = (B(n))nen € A, we define the sequence X3 by:

1ifn=0,
[T (8(j) + 1) otherwise.
We then define, for all B € A, the unital inductive sequence:

&ﬁnE]N»—>{

Z(B) = (M(KB(n)) , n) e

where M(d) is the algebra of dx d matrices and for alln € N, the unital *-monomorphism
ay, 18 of the form given in Expression (4.2).

The map u from A to the class of UHF algebras is now defined by:

(ﬁ(n))nelN €N +— u((ﬂ(n))neﬂ\l) = h_I)nI(B)

Letk € (0,00) and B € A . Let L’g be the Lip-norm Lg(ﬁ)# on u(pB) given by Theorem
(3.5), the sequence ¥ : n € N+ KB(n)*¥ and the unique faithful trace u on u(B).

The (2,0)-quasi-Leibniz quantum compact metric space (u(ﬁ),LE) will be denoted
simply by ubf (6, k).

For all k € (0,00), the map:

ubf (- k) : N — UHF"

is a (2, k)-Holder surjection.

Proof. We fix k € (0,00). Let 5 € A" and write Z(5) = (U, an)nen. Note that A, =
M(XB(n)) for all n € N. Moreover, we denote ubf (3, k) by (A, Ly).
We begin with a uniform estimate on the propinquity.

Fix n € IN. By definition, ®3(n) > 2". By Theorem (3.5), we conclude:

AR, L), (o

o (U,), La)) < BB(n)F < 27",

Now, ((1.7;(91“), Ly) and (A, Ly o ()4_7;) are isometrically isomorphic, so:

(4.3) M@, Lar), (An, Ly 0 @) < 277

Let now n € A and write Z(n) = (B, ), )nen. Note that B, = M(Kn(n)) for all
n € IN. Moreover, we denote ubf (n, k) by (B, Lay).

Let N = —log,d(8,n) —1 e NU{-1}.

If N = —1 then the best estimate at our disposal is given by Corollary (3.10), and

we conclude:

A2, L), (B, L)) < max{X5(0), Kn(0)} =1 =d(n, ).
Assume now that N > 0. By definition, 8(j) = n(j) for all j € {0, ..., N}. By Lemma

(4.5), we note that Ay = By = M(KB(N)), and moreover:

J— j
] = o
HaL © Q= [ O QY

for all j € {0,...,N}.
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We now employ the notations of Section (4.1). For all j € {0,..., N}, we thus fix the
canonical set {eg,,m, € M(XB())) : k,m € I;} of M(KP(5)), where:

I ={(k,;m) e N* : 1 < k,m < KB(j)}.

From Expression (4.1), for all a € M(B(N)) we note:

LS
S
I
=
—~
LS
&
8.
£
—
Il
LS
S
I
=
2
—

A

i (d (ae))
= ||la — - €1
IeT; Mt (Oﬁ)(efez)) ——
pss (' (aep)
)

B

= 4@ —E ((@]a()) |,
Consequently, by definition:
Lyoa™ =Lygo cﬂ),
SO:
(4.4) M@y, Lao af), (B, Ls 0 a'X)) = 0.

Hence, by the triangle inequality applied to Inequalities (4.3) and (4.4):

AT (3, ), ubf (1, 1)) < 5z < 20(5,m)"

Last, we show that the map ubf(-, k) is a surjection. If 4l is a UHF algebra, then
there exists an inductive sequence Z = (U, ay)nen of full matrix algebras whose limit
is 4l and such that 21y = C, while the multiplicity sequence 5 of Z is in IN \ {0,1}. Thus
u((8(n) — 1)pen) = 4k Moreover, any Lip-norm L on 4 such that (4,L) € UHF" can be
obtained, by definition, from such a multiplicity sequence.

This concludes our theorem. O

Remark 4.10. Inequality (4.3) is sharp, as it becomes an inequality for the sequence

B8=1(1,1,1,...) € A, and we note that the UHF algebra u(f) is the CAR algebra.

Remark 4.11. Since d is an ultrametric on .4, we conclude that d* is a topologically
equivalent ultrametric on .4 as well. Hence, we could reformulate the conclusion of

Theorem (4.9) by stating that ubf (-, k) is 2-Lipschitz for d*.
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5. THE GEOMETRY OF THE CLASS OF EFFROS-SHEN AF ALGEBRAS 24§y FOR A

The original classification of irrational rotation algebras, due to Pimsner and Voicu-
lescu [29], relied on certain embeddings into the AF algebras constructed from continued
fraction expansions by Effrés and Shen [8]. In [18], the second author proved that the
irrational rotational algebras vary continuously in quantum propinquity with respect to
their irrational parameter. It is natural to wonder whether the AF algebras constructed
by Pimsner and Voiculescu vary continuously with respect to the quantum propinquity
if parametrized by the irrational numbers at the root of their construction. We shall

provide a positive answer to this problem in this section.

5.1. Construction of AF, for all § € (0,1)\ Q. We begin by recalling the construction
of the AF C*-algebras g,y constructed in [8] for any irrational 6 in (0,1). For any
6 €(0,1)\ Q, let (r;)jew be the unique sequence in IN such that:

1

(5].) f = lim o +
n—00

T+
ro + 1

r3 + 1

_— .
The sequence (r;);en is called the continued fraction expansion of 8, and we will simply
denote it by writing 8 = [rg,71,72,...] = [r;]jen. We note that ro = 0 (since 6 € (0, 1))

and r, € N\ {0} for n > 1.

We fix 0 € (0,1)\ Q, and let § = [r;];en be its continued fraction decomposition. We

0
then obtain a sequence (%)nG]N with p? € IN and ¢? € IN\ {0} by setting:

P! qf _[romt 1 n
Py b ro 1
(5.2) 0 0 , 1 0 ]
pn«(;l qnzl — [l 5” g" for all m € N\ {0}.
Dn qn 1 0 Prn—1 qn—1

]
We then note that (p—g) converges to 6.
nelN

n

Expression (5.2) contains the crux for the construction of the Effros-Shen AF algebras.

Notation 5.1. Throughout this paper, we shall employ the notation t @y € X ®Y to
mean that x € X and y € Y for any two vector spaces X and Y whenever no confusion

may arise, as a slight yet convenient abuse of notation.

Notation 5.2. Let § € (0,1)\ Q and 6 = [r;]en be the continued fraction expansion of
0. Let (p%)nen and (¢2)nen be defined by Expression (5.2). We set 2T = C and, for
all n € IN\ {0}, we set:

Q[g&n = m(qg) S5 m(qg,—l)a
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and:

Qgpnad be Q[%gm — K Dac Q[397n+1,
a

b
where a appears 7,41 times on the diagonal of the right hand side matrix above. We also

set ap to be the unique unital *-morphism from C to AFg 1.

We thus define the Effrés-Shen C*-algebra gy, after [8]:
AFe = lim (AT0.ns @6,n) -

In [29], Pimsner and Voiculescu construct, for any 6 € (0, 1)\ Q, a unital *-monomor-
phism from the irrational rotation C*-algebra 20y, i.e. the universal C*-algebra generated
by two unitaries U and V' subject to UV = exp(2in8)VU, into AF. This was a crucial
step in their classification of irrational rotation algebras and started a long and fascinating
line of investigation about AF embeddings of various C*-algebras.

In order to apply our Theorem (3.5), we need to find a faithful tracial state on 20§y,

for all # € (0,1) \ Q. This is the matter we address in our next subsection.

5.2. The tracial state of 2F,. We shall prove that for all § € (0,1) \ Q, there exists
a unique tracial state on 2F, which will be faithful as AF, is simple (note that there
must exists at least one tracial state on any unital simple AF algebra). The source of our
tracial state will be the K-theory of 2Ag,.

We refer to [7, Section VI.3| for the computation of the Elliott invariant of 2Fy, which

reads:

Theorem 5.3 ([8]). Let 6 € (0,1)\ Q and let Cy = {(z,y) € Z*> : Ox +y > 0}. Then
Ko(AFg) = Z* with positive cone Cy and order unit (0,1). Thus the only state of the
ordered group (Ko(2Fg), Cy, (0,1)) is given by the map:

(z,y) € Z* — Oz + .

Thus AFe has a unique tracial state, denoted by oy.

Notation 5.4. Let 6 € (0,1) \ Q and k € (0,00). The Lip-norm L} on 2Fy is the lower
0, defined in Notation (3.8) based
on Theorem (3.5), where Z(6) = (AFo,n, @9,n)nen as in Notation (5.2).

semi-continuous, (2,0)-quasi Leibniz Lip-norm Lg(e)

As Theorem (3.5) provides Lip-norms based, in part, on the choice of a faithful tracial
state, a more precise understanding of the unique faithful tracial state of 2AgFy is required.

We summarize our observations in the following lemma.

Lemma 5.5. Let 6 € (0,1) \ Q and let oy be the unique tracial state of ATy, and fix
n € N\ {0}. Using Notation (5.2), let:

Ogn = 0p © Oég.
—
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Let try be the unique tracial state on MM(d) for any d € N. Then, if (p?)nen and (¢2)nen
are defined by Expression (5.2), then:

Oon 1 a®bE AFg,, — t(0, n)trge (a) + (1 — t(0,n))trge (),
where

t(0,n) = (=1)"""¢% (05 —p%_1) € (0,1).

Proof. The map oy, is a tracial state on AFg,, = M(¢?) & M(¢f_,), and thus there
exists t(n, ) € [0, 1] such that for all a ® b € AFy

oon(a®b) =t(0,n)trge (a) + (1 —t(0,n))tree (D).

Let o, : Ko(AF9) — R be the state induced by og on the Ky group of AF,. We then

have:
t(0,n) = 007n(19ﬁ(qﬁ) @ 0)
(5.3) =9 © 24 (lam(at) ©0)

~ .05 (o) (%))

where K (a@l) is the map from Ko(AFp.,) = Z? to Ko(AFy) = Z* induced by CLT;. By
.)

construction, following [7, Section VI1.3], we have:

o (o) () = o (S ) (3)

for all (z1,22) € Z2. Therefore:

0 0 0
_ (_1\n—1 qn—l 7Qn qn
e (%, ) 6)
0 0
— _1 n—1 . qn—lqn >>
™o ((pz_lqz
=(-1)"'q% (04%_, —p0_,).

Since 0 is irrational, t(6,n) # 0. Since lon(ge) @ 0 is positive in ATy, and less than
lag, ., we conclude t(6,n) € (0, 1].
To prove that ¢(6,n) < 1, we may proceed following two different routes. Applying a

similar computation as in Expression (5.3), we get:
6 o _ .6
06,n (O ® 1m(q,271)) = (_l)nqn—l (oqn _pn) )

and again as 6 is irrational, this quantity is nonzero. As 1 = og,, (1m(qg) @ 19;,1(,1971)),

our lemma would thus be proven.
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Instead, we employ properties of continued fraction expansions and note that since
Podn—1 — Ph_1dp = (=1)"
1—#(0,n) =1—(=1)""" 9(9% L= Dh1)
= (=" ! (( n - QZ(aqul _prJ))
= (=1)""* (phdn—1 — Ph—10n — ¢n(Bdp_1 — P)_1))
= (=1)" ((0g5_1) — Phay—1)
= (=1)"dqn_y (045, — 7).

which is nonzero as 6 is irrational, and is less than one since ¢(6,n) > 0. This concludes

our proof. O

Remark 5.6. We may also employ properties of continued fractions expansions to show
that ¢(6,n) > 0 for all n € IN. We shall use the notations of the proof of Lemma (5.5).
We have:

0 0
p

p—ﬁ” << =2t

9oy d2n41

and thus 6q9, — p%, > 0 and p%, ; — 0¢%,,1 > 0, which shows that ¢(6,n) > 0 for all
n € N (note that ¢ € IN\ {0} for all n € IN since 6 > 0).

We wish to employ Expression (4.1) and thus, we will find the following computation

helpful:

Lemma 5.7. Let 0 € (0,1)\ Q and let n € N\ {0}. Let {e1,j,m € AFpn : 1 < jym < g0}
and {e2jm € UTon : 1 < jym < ¢¥_1} be the standard family of matriz units in,
respectively, M(q%) and M(q’_,) inside AFp,, = M(¢%) & M(¢%_,), as in Section (4.1)
and with (2 )new and (¢2)new defined by Expression (5.2).

For1<j3,m qu, we compute:

— 7] 0
o9 (el ymersm)) = (1" Oafhy — )
while, for 1 < j,m < q¢%_;:
oo(a (€3 jme24m)) = (—=1)"(0a;, — pf).

Proof. Let 1< j,m < ¢%. By Lemma (5.5), we have:

00 (€1 jmerim)) = 0, m)trgs (€1 ) merjon) + (1= 4(6,m) -0

= (*1)7%1(9%0;—1 - pr—l)'

And, a similar argument proves the result for the other matrix units. O
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5.3. Continuity of 6 € (0,1) \ Q — 2AFy. Our proof that the map 6 € (0,1)\ Q —
(AFg, Ly) is continuous for the quantum propinquity relies on a homeomorphism between
the Baire space of Definition (4.6) and (0,1)\ @, endowed with its topology as a subspace
of R. Indeed, the map which associates, to an irrational number in (0,1), its continue
fraction expansion is a homeomorphism (see, for instance, [27]). We include a brief proof
of this fact as, while it is well-known, the proof is often skipped in references. Moreover,

this will serve as a means to set some other useful notations for our work.

Notation 5.8. Define cf : (0,1) \ Q — A4 by setting cf(0) = (by)nen if and only if
0 = [0,bg, b1, ...]. We note that cf is a bijection from (0,1) \ @ onto 4", where .4 is the
Baire space defined in Definition (4.6). The inverse of cf is denote by ir : A" — (0,1) \ Q.

Notation 5.9. We will denote the closed ball in (.4#7,d) of center z € .4 and radius
27N by A [z, N] for N > 0. It consists of all sequences in .#" whose N first entries are

the same as the N first entries of x.

Proposition 5.10. The bijection:
cf ((0,D\NQ,[-]) — (A,d)

is a homeomorphism.

Proof. The basic number theory facts used in this proof can be found in [13]. Since
every irrational in (0,1) has a unique continued fraction expansion of the form given
by Expression (5.1), and every sequence of positive integers determines the continued
fraction expansion of an irrational via the same expression, cf is a bijection.
We now show that cf is continuous.
Let b = (by)nenw € A and let:
0 = lim €(0,1)\ Q.

n—oo 1

bo +
b+ ——

Let V = A[b, N] for some N € IN\ {0}.
Let n € cf (V) and let (z,,)nen = cf(n). Thus, for all j € {0,..., N — 1}, we have

Ty, = by. Define Iy, as the open interval with end points:

1 1
and

byt byt
b + — b1 +

and let Oy, = Inn \ Q.
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By construction, Oy, is open in the relative topology on (0,1) \ Q, and since 7 is
irrational, we conclude n € Oy, \ Q. Furthermore, cf(Oy,,,) C V, which concludes the
argument since the set of open balls in .4 is a topological basis for 4.

Next, we show continuity of ir by sequential continuity. Let (b™),cw be a sequence in
A, where, for all n € N, we write b" = (b}, )men. Assume (b"),enN converges to some
be for d.

For each n € IN, define:

N(b",b) = min{m € NU {oco} : b, # b },

in which N(b™,b0) = oo if b™ = b. Let 8 = ir(b) € (0,1) \ Q. By Definition (4.6) of our

metric d on A4, we conclude that:

(5.4) lim N(b",b) = 0.

n—oo
We choose, in particular, M € IN such that for all n > M, we have N(b™,b) > 1.

We also note that if 6, = ir(b™) for n € IN, then, using Notation (5.2), we conclude
that p?, = pf» and ¢¢, = ¢%" for all m € {0,..., N(b",b) — 1}. Thus, for all n € IN with
n > M, standard estimates for continued fraction expansions lead to:

: n n (@ 6 6 6
lir(d") — b") — pN(b”,b)—l/QN(b",b)—l JrPz\/(bn,b)—1/qN(bn,b)—l - ‘9’
)

6| = ‘ir(
< ‘ir(b" - p?\f(b",b)—l/q]ev(b’hb)—l‘ + ‘p?\f(b",b)—l/qle\f(b",b)—l - 9’

On — p‘lg\?(b",b)fl/qlg\?(b",b)—l‘ + ‘P?V(bn,b)q/Q?V(bn,b)q - 9‘
2 2
On
<1/ (qN(b",b)—l) +1/ (qJQV(b",b)—l)
2
=2/ (‘J?v(bn,b)—1) .

Thus by Equation (5.4), we conclude that lim,,_, ir(b™) = 6 = ir(b) as desired, and our

proof is complete. O

Our main result will be proven in four steps. We begin by observing that the tracial

states of AFy provide a continuous field of states on various finite dimensional algebras.

Lemma 5.11. Let 0 € (0,1)\ Q and N € N. Let (p?)nen and (¢%)new be defined from
cf(0) using Expression (5.2). For alln € {0,..., N}, the map:
(5.5) Sn: (z,a) € A[cf(0), N + 1] x ATy, — Tir(a) (ag(mg (a))

is well-defined and continuous from A [cf(0), N + 1] X (AT, [| - [[ag,.,.) to R.

Proof. Let x,y € A[cf(f), N] and set n = ir(z) and & = ir(y). Since d is an ultrametric
on .4, we note that d(z,y) < 2%

We note that the result is trivial for n = 0 since sy is the identity on C = 2§, o for
all z € A .



28 KONRAD AGUILAR AND FREDERIC LATREMOLIERE

We now use the notation of Expression (5.2). The key observation from Expression
(5.2) is that the functions:
2 € N [Cf(0), N +1] > (¢4, pi)
are constant for all n € {0,..., N}, equal to (¢%,pf) — since d(z,cf(6)) < zx7r implies
that the sequences x and cf(f) agree on their first N entries.
Thus, setting B,, = ATy ,,, we have:
M(gp) © M(g5—1) = B

for all n € {0,..., N}, and the maps defined by Expression (5.5) are well-defined.
Let now n € {1,...,N} be fixed. Let a € B,, and write a = o’ ® a” € M(¢?) @
M(q?_,). By Lemma (5.5), we compute:

n

760 0f(0) = 7 0 a3 (@) = |(HE:m) = tn.m))(1rg (0) =ty ()
< 2[t(6,n) — t(n,n)l|lalls,
=2|gn(Egn—1 — Pr—1) — dn(ndp_y — i_1)lllalls,
= 2|gndn_1l1€ —nllalls,
= 2lqndn_1lir(y) — ir(2)| ] al|s,,-
Asn < N is fixed, and ir is a homeomorphism, we conclude that if (¥, )men is a sequence
in A[0, N + 1] converging to z then:

lim
m— 00

Tir(ym) © aﬁ(ym;(a) — oo Oﬁ(a) =0.
Thus we have established that the partial function s, (-, a) are continuous for all @ € 9B,,.

We now prove the joint continuity of our maps. Let a,b € 9B, and 7,£ as above.

Then:

o1 (50) = (50) +u () o (40
o c19) oo )
o1 (40) o< (+0)

o (50) o (+0)]

It follows immediately that the map s, defined by Expression (5.5) is continuous as

desired. O

< lla = bfla, +

Our second step is to prove that, thanks to Lemma (5.11), the Lip-norms induced
from AFy on their finite dimensional C*-subalgebras form a continuous field of Lip-norms
[38]. Moreover, we obtain a joint continuity result for these Lip-norms, which are thus in

particular continuous rather than only lower semi-continuous.
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Lemma 5.12. Let 0 € (0,1)\ Q and N € N. Let (p?)nen and (¢%)new be defined from
cf(0) using Expression (5.2). For alln € {0,...,N} and k € (0,00), the map:

(5.6) ln : (z,0) € A[cF(0), N +1] X AFg.n — Ly <o&;(a)>

defined using Notation (5.4), is well-defined and continuous from A [cf(0), N+1]x (B, ||
ls,.) to R.

Proof. We note that the proof of Lemma (5.11) also establishes, by a similar argument,
that the maps |,, are well-defined for all n € {0, ..., N}. We also note that | is constantly
0, and thus the result is trivial for n = 0.

Fixn e {1,...,N}. Let z,y € A[cf(0), N + 1] and write n = ir(z) and £ = ir(y). As
within the proof of Lemma (5.11), we note that ¢/ = ¢7 = ¢§ and similarly, p? = p? = p&
(using the notations of Expression (5.2) ).

We set B, = AFy,,, = AT,;,n = Ae,,- We employ the notations of Section (4.1) and
thus, we have a set {e1 j.m,» € B, : 1 < j,m < ¢,} of matrix units of M(g,) C B, and a
set {e2 jm : 1 < j,m < gp—1} of matrix units for M(g,—1) C B,

To lighten our notations in this proof, let:

IL={(1,7,m) eN*:1<jm<qn}, o ={(2,5,m) eN*: 1 <j,m < qn_1}
and [ = I U L.

Let a,b € B,,. By Expression (4.1) we have:

o - E (ag@|agcs.)) at(®) - B (az)

AF,,

N
3
—
&
\
)

3
/N
\LJQ

3

—~

]
<k
3 ~—
N———
3
~—~
Q)
<
S~—
3
=
S~—
\
S)

ey
/N
s

3
=
D

SLx

S—
N~
3

AF e

o bl 1 Z oy (ﬁ(atﬁ)) ) o¢ (%’)(bej))

B,

B

Sn<$7 ae*“) Sn(yv be#)
— lla— b, + Z( i) j )

S\anair(@) — o gair() —

N Z( Sa(w,ach)  sa(y,bel) ) |

03 — 0 0 _ 0
jGIQ qnlr(‘r) pn qur(y) pn »

n

where we used Lemma (5.7) in the previous to the last equation above, and s,, is defined

by Expression (5.5). Now, since ir is a homeomorphism from .4, and the map s, is
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continuous by Lemma (5.11), we conclude that as I = I; U I5 is finite:
(5.7)
1

(5,0) € H[EF(O), N+ 1] x B — 2o

a:;@;(%n))
AT'ir(2)

i@~ E (ot @
02"

1
((@9)2+(af
Last, we note that since for all j > n we have:

E (%(a) %(%Q,j)) = %(@,

the function |, is the maximum of the functions given in Expression (5.7) with n ranging

over {0,...,N}.

is continuous, where (n) =

As the maximum of finitely many continuous functions is continuous, our lemma is

proven. O

Our third step establishes a bound for the propinquity between finite dimensional
quantum compact metric spaces which constitute the building blocks of the C*-algebras

ATg.

Lemma 5.13. Let 0 € (0,1)\ Q and N € N. Let (p?)nen and (¢%)new be defined from
cf(0) using Expression (5.2). For alln € {0,...,N} and k € (0,00), setting B,, = AFq »,
the map:

(5.8) Qn : @ € N[cf(0), N + 1] — (%n, Li e © aﬁ(xg)

defined using Notation (5.4), is well-defined and continuous from (A ,d) to the class of
(2,0)-quasi-Leibniz quantum compact metric spaces metrized by the quantum propinquity
A.

Proof. The statement is obvious for n = 0.

Let n € {1,...,N}. Let 20 be any complementary subspace of Rly in sa (B,) —
which exists since sa (%B,,) is finite dimensional. We shall denote by & the unit sphere
{a € W : ||a||s, = 1} in 20. Note that since 2 is finite dimensional, & is a compact set.

We let € A[cf(6), N+1]. Let (ym)mew be a sequence in A [cf(6), N+1] converging
to x. Let:

S={z,ym - melN} x6&

which is a compact subset of .4 x 2. Since the function:

ln : (z,a) € A[cf(0), N] x B, —> Likr(w) (%(a))

is continuous by Lemma (5.12), |, reaches a minimum on S: thus there exists (z,¢) € S
such that ming |, = |,(2, ¢). In particular, since Lip-norms are zero only on the scalars,
we have |,,(z,¢) > 0 as ||c|lay = 1 yet the only scalar multiple of 19, in 20 is 0. We denote
mg = In(2,¢) > 0 in the rest of this proof.

Moreover, |, is continuous on the compact S so it is uniformly continuous.
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Let € > 0. As |, is uniformly continuous on S, there exists M € IN such that for all

m > M and for all a € S we have:
[l (Y, a) — In(z,a)] < m%s.

We then have, for all a € & and m > M:

I I I
a— n(ymva)a — |n(y77“a) (x a)|||a||%1v
ln(z,a) ®, I (2, a)
2
< £ <mge.
mg
Similarly:
I (2, a)
(5.9) Ha R < mge.
In(yrm a) B,

We are now ready to provide an estimate for the quantum propinquity. Let m > M

be fixed. Writing id for the identity of %8,,, the quadruple:
Y= (%TH 1%na lda ld)

is a bridge from <%n, Li’j(ym) o O‘ﬁ(ym to <%n, Lﬁ(ym) o aﬁ(ym

As the pivot of 7 is the unit, the height of 7 is null. We are left to compute the reach
of .

Let a € B,,. We proceed in four steps.

Step 1. Assume that a € Rlg,,.
We then have that |,,(ym,a) = 0 as well, and that |la — al|s, = 0.
Step 2. Assume that a € G.

We note again that |,,(z,a) > mg > 0. By Inequality (5.9), we note that:

Ha B lln(ama) "

() <emg < ely(z, a),
n m

B

while I, (ym, ln (2,0) a) = l,(z,a).

In (Ym,a)

Step 3. Assume that a = b+tly, withbe 6.

Note that I,,(z,b) = |,(x, a). Therefore, let b’ € sa (9B,,) be constructed as in Step 2.
We then check easily that:

la— @ +tls,)

s, = (16— V]|, <éeln(x,a)

while I, (Y, b + tls ) = ln(ym, V') < In(z, a).

Step 4. Let a € sa(B,,).
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By definition of & there exists r,¢t € R such that a = rb+ tly, with b € &. Let
b € sa(2A) be constructed from b as in Step 3. Then set o’ = rb’. By Step 3, we have
ln(Ym, 0') < Lp(z,a’) and ||a’ — Vs, <elp(z,d).

Thus by homogeneity, we conclude that:

(5.10) Va €sa(B,) Fd’ €sa(B,) |a—d|s, <el(z,a) and |, (ym,a’) < 1, (2, a).
By symmetry in the roles of x and ¥,, we can conclude as well that:

(5.11) Va € sa(B,) FJa’ €sa(B,) |a—d|s, <el(ym,a) and |, (2, a’) < ly(ym, a).

Now, Expressions (5.10) and (5.11) together imply that the reach, and hence the
length of the bridge - is no more than €.

Therefore, for all m > M, we have:

A ((%m In(x7 ))7 (%m In(yma ))) <e

which concludes our proof. O

We are now able to establish the main result of this section.

Theorem 5.14. For all k € (0,00) and using Notations (5.2) and (5.4), the function:
€ (0,1)\Q— (AFp, L) € AF*

is continuous from (0,1) \ Q, with its topology as a subset of R, to the class of (2,0)-

quasi-Letbniz quantum compact metric spaces metrized by the quantum propinquity N\.

Proof. The golden ratio ¢ = 1+2\/5 and P=¢—1= % be its reciprocal. The continued

fraction expansion of ® is given by:

b =

1+
1+
1+

1

1+
and AFq is sometimes called the Fibonacci C*-algebra [7]. Its importance for our work
is that the associated sequence (¢F),cn defined by Expression (5.2) is the least possible
sequence of the form (¢?),,c given by the same expression, over all possible § € (0,1)\ Q
(where the order is defined entry-wise).

Let 8 € (0,1) \ Q. By Theorem (3.5), we have for all n € IN:

k k
1 1
(512 A ng 7Lk ) Q['S ,n;ln(ea' < () < () )
) M(@ForLa). (455 ) (@5) + (1) (a)? + (ap-1)?
where |,, is defined in Lemma (5.12).
We are now in a position to conclude. Let (6,,)men be a sequence in (0,1) \ Q

converging to 6. Let € > 0.
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To begin with, let N € IN such that for all n > N, we have:

We thus have, for all m € IN, that:

(5.13) A ((AFg,Lp), (ATp,., L5 ) <+ A ((AFon. In(0,)), (ATe,, N:IN(Om, ) -

Now, let z,, = cf(6,,) for all m € IN and = = cf(#). Since cf is a continuous, the
sequence (T, )men converges to x in 4. Thus there exists M; € IN such that, for all
m > My, we have d(z, ) < 5557, Le. T € A [z, N +1].

We thus apply Lemma (5.13) to obtain from Expression (5.13) that:

A ((AFo, L), (Ao, L5, ) <e+A(an(8),an(0m)) -

Now, Lemma (5.13) establishes that qy is continuous. Hence:

lim sup A (A, Lp), (A3, Lgm)) Se

m—ro0

As £ > 0 was arbitrary, our Theorem is proven. O

6. SOME COMPACTNESS RESULTS FOR AF ALGEBRAS

The search for compact classes of quantum compact metric spaces for the quantum
propinquity is a delicate yet interesting challenge. The main result on this topic is given
by the following analogue of the Gromov compactness theorem, proven in [23] by the
second author; we quote it only for the case of (C, D)s-quasi-Leibniz quantum compact
metric space rather than the more general quasi-Leibniz quantum compact metric spaces

of [23] as this suffices for our current setting.

Definition 6.1 ([23]*Definition 4.1). Let C > 1 and D > 0. The covering number
covc,py (U, Lle) of an (C, D)-quasi-Leibniz quantum compact metric space (2, L), for
some ¢, is:

inf {dim B - (B,Lwy) is a (C, D)-quasi-Leibniz quantum compact metric space }
C . .

A((le L)v (%a L‘B)) <e

Theorem 6.2 ([23|*Theorem 4.2). Let A be a class of (C,D)-quasi-Leibniz quantum
compact metric spaces, with C = 1 and D > 0, such that covc,py ((2,L)]e) < oo for all
e >0 and (A, L) € A. The class A is totally bounded for the quantum propinguity Ac.p

if and only if the conjunction of the the following two assertions hold:

(1) there exists A > 0 such that for all (A,L) € A:
diam* (2, L) < A,
(2) there exists G : (0,00) — IN such that for all (2,L) € A and all € > 0, we have:

cov(o,p) (U, Lle) < Ge).
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Our construction in Theorem (3.5) is designed so that AF algebras with faithful tracial
states are indeed limits of finite dimensional quasi-Leibniz quantum metric spaces, so we

may apply Theorem (6.2) to obtain:

Theorem 6.3. IfU,L: IN — IN\ {0} are two sequences in N\ {0} such that lim., L =
limo, U = 0o while L(n) < U(n) for alln € N, and if k € (0,00), then the class:

7 = (A, p)nen A= ligl
k| Ao=0C
VYneN L(n) <dimA, < U(n)
du faithful tracial state on A Loy = L%M

is totally bounded for the quantum propinquity.

AFF(L,U) = { (A, Ly) € AF

€

If (A, L) € AF*(L,U) then by definition, A = lim 7 where 7 = (A, o) such that
U(n) =2 dim¢®,, > L(n) for alln € N and L = Lgu for some faithful tracial state u of
2.

Therefore, by Theorem (3.5):

Proof. Let € > 0. Let N € IN such that for all n > N we have L(n) > {“/I

1 1
A2, L), Ay, Loa™)) < < <e.
Thus cov(z,0) (%, L|e) < U(N). Moreover, diam™ (2, L) < 2, and thus by Theorem (6.2),

the class AF"(L,U) is totally bounded for A. O

The quantum propinquity is not known to be complete. The dual propinquity [21],
introduced and studied by the second author, is a complete metric and the proper formu-
lation of Theorem (6.2) can thus be used to characterized compactness of certain classes
of quasi-Leibniz compact quantum metric spaces. However, we face a few challenges when
searching for compact subclasses of AF".

As the quantum propinquity dominates the dual propinquity, Theorems (3.5), (4.9)
and (5.14) are all valid for the dual propinquity, as is Theorem (6.3). However, we do
not know what is the closure of the classes described in Theorem (6.3) for the dual
propinquity, and thus we may not conclude whether these classes are, in general, compact.
It should be noted that, as shown by the second author in [23], there are many quasi-
Leibniz quantum compact metric spaces which are limits of finite dimensional quasi-
Leibniz quantum compact metric spaces for the dual propinquity.

Moreover, we do not know what the completion of the classes in Theorem (6.3) are
for the quantum propinquity either. Thus it is again difficult to describe compact classes
from Theorem (6.3).

Yet, the situation is actually quite interesting if looked at from a somewhat different
perspective. Indeed, Theorems (4.9) and (5.14) provide us with continuous maps from
the Baire space to subclasses of AF k. Thus, knowledge about the compact subsets of

A provides actual knowledge of some compact subclasses of AF* for the quantum

propinquity.
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To illustrate this point, we begin by giving a theorem characterizing closed, totally
bounded, and compact subspaces of the Baire space. This theorem is well-known in
descriptive set theory; however the proofs of these results seem scattered in the literature
and, maybe more importantly, rely on a more complex framework and terminology than
is needed for our purpose. We thus include a short proof for the convenience of our

readers.

Notation 6.4. If z € .4 and n € IN then we denote the finite sequence (z, ..., x,) by

Theorem 6.5. The Baire Space 4 is complete for the ultrametric d, defined for all
x,y € N by:
d(l’, y) _ 2—min{nE]NU{oo}:x|n;éy|,,,}.

Thus the compact subsets of N are its closed, totally bounded subsets. Moreover, for any
XCcun:

(1) the closure of X is the set:

{reN :VneNTyeX zlp,=yl}
(2) X is totally bounded if and only for all n € IN:
{z|n:2z € X}
is finite.

Proof. We prove each assertion of our theorem in each of the following step.

Step 1. The space (A, d) is complete.

Let (™) men be a Cauchy sequence in (4, d). For all n € I, there exists M € IN such
that, if p,q > M, we have d(zP, 29) < 2% Since d is an ultra-metric, we have equivalently

that d(z,2?) < 5 for all p > M: thus for all m > M we have ™|, = 2?|,. In

m

™) men is an eventually constant function for all n € IN. It is then trivial to

particular, (z

check that the sequence (lim,, o0 2I"*)nen is the limit of (2™)men-

Step 2. The closure of X C A is:
Y={zeN :VneNIyeX z,=yln}

Note that by definition, X C Y. We now check that Y is closed. Let (2™),,en be a
sequence in Y converging to some z € 4. By definition of d, for all N € IN, there exists
M € N such that for all m > M we have d(2™, z) < 5i. Thus 2M|y = z|x by definition.
So z € Y as desired, and thus Y is closed.

Let now y € Y. Let n € IN. By definition, there exists 2™ € X such that x"|,, = y|n,
ie. d(z™y) < % Thus (z™),en converges to y. Thus Y is contained in the closure of X.
Since Y is closed, it follows from the minimality of closures that Y is indeed the closure

of X.
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Step 3. A characterization of totally bounded subsets of the Baire Space.

Assume now that X is totally bounded. Then for all n € IN there exists a finite subset
X, of X such that for all x € X there exists y € X,, with d(z,y) < 2%, or equivalently,
such that z|, = y|n. Thus {z|, : x € X} = {z]|, : z € X,,}, the latter being finite.
Conversely, note that X,, converges to X for the Hausdorff distance Hausy, and thus if

(X )nen is finite for all n € IN, we conclude easily that X is totally bounded. O

Remark 6.6. Theorem (6.5) is well-known in descriptive set theory, though the proof
is often presented within a much more elaborate framework. Our assertion about the
closure of sets is often phrased by noting that a subset of .4 is closed if and only if
it is given as all infinite paths in a pruned tree. In this context, a tree over the Baire
Space is a subset of the collection of all finite sequences valued in IN \ {0} with a simple
hereditary property: if a finite sequence is in our tree, then so is its sub-sequence obtained
by dropping the last entry. A pruned tree is a tree T such that every sequence in it is a
proper sub-sequence of another element of T'. Last, a path is simply a sequence z € A~
such that x|, € T for all N. This relation makes the translation between Theorem (6.5)
and the terminology of certain branches of set theory.

Moreover, a tree is finitely branching when given a finite sequence = of length n in
the tree, there are only finitely many possible finite sequences of length n + 1 whose n
first entries coincide with x. It is easy to see that Theorem (6.5) exactly states that a
subset of the Baire space is compact if and only if it consists of all infinite paths through

a pruned tree with finite branching (and our theorem makes the tree explicit)

We now apply Theorem (6.5) to identify certain compact subclasses of UHF algebras
and Effrés-Shen AF algebras.

Corollary 6.7. For all k € N and all sequence B : N — IN\ {0} with Bgz:)l) €
IN\ {0,1} for all n € IN, the class:

UHF" N AF*((2")nen, B)

is compact for the quantum propinquity N.

Proof. Let:

X=loe#vmen 2, +1<,/22tDL
B(n)

By construction, ubf (X, k) = UHF* N AF*((2")nen, B) (the lower bound on the dimen-
sion of the matrix algebras was observed in the proof of Theorem (4.9)). On the other
hand, by Theorem (6.5), the set X is compact and by Theorem (4.9), the map ubf (-, k)
is continuous. So UHF* N AF*((2")nen, B) is compact. O

We also obtain:
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Corollary 6.8. Let C, B € ./, and set:

X=40€(0,1)\Q:0= lim

n— oo 1

andVn e N C(n) <1, < B(n)

Then the set:
{(m, L) € AFF: 2 € msx}

is compact for the quantum propinquity N.

Proof. This follows from Theorem (6.5) and the continuity established in Theorem (5.14).
O

We were thus able to obtain several examples of compact classes of quasi-Leibniz
quantum compact metric spaces for the quantum propinquity and consisting of infinitely
many AF algebras, which is a rather notable result. We also note that since the dual
propinquity [21] is also a metric up to isometric isomorphism and is dominated by the
quantum propinquity, the topology induced by the quantum propinquity and the dual

propinquity on these compact classes must agree.

7. QUANTUM ULTRAMETRICS ON THE CANTOR SET

The Gel’fand spectrum of Abelian AF algebras are homeomorphic to compact sub-
spaces of the Cantor set. In this section, we will explore the Monge-Kantorovich metrics
induced by the Lip-norms defined in Theorem (3.5) on the Cantor set itself. We will
prove, in particular, that the standard ultrametrics on the Cantor set can be recovered
directly from our construction.

There are many standard presentations of the Cantor set, and we shall pick the

following for our purpose:

Notation 7.1. Let Zs = {0, 1} with the discrete topology. The Cantor set is given by:
C={(zn)n €N:n€Z} =[] Z
nelN

with the product topology.

In order to fit the Cantor set inside the framework of this paper, we shall explicit a
natural inductive sequence of finite dimensional Abelian C*-algebras converging to the

C*-algebra C(C) of C-valued continuous functions on C.
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Notation 7.2. For all n € IN, we denote the evaluation map (z,,)men € C — 2, by ny,.
Note that 1, € C(C) is a projection and u,, = 21, — lg(c) is a self-adjoint unitary in
c(0).

We set Ay = Clg(cy and, for all n € IN'\ {0}, we set:

A, = C* ({1C(C)a Ug, . . . ,Un—1}) .

By definition, 2, is a finite dimensional C*-subalgebra of C'(C), with the same unit
as C(C). Moreover, 2,, C 2,1 for all n € IN. Last, it is easy to check that [J, o 2n is a
unital *-subalgebra of C'(C) which separates points; as C is compact, the Stone-Weierstraf
theorem implies that:

C(C) = closure ( U an> .

neN
If we denote the inclusion map 2, < 2,11 byean for all n € IN, then C(C) = liﬂT
where T = (2, o). We note that of course, OLT; is just the inclusion map of 2, into
C(C) for all n € IN; whenever possible we will thus omit the maps «,, and ot from our
notations.

We now have our standard description of C(C) as an AF algebra, and a specific
inductive sequence to use in Theorem (3.5). We also require a particular choice of a
faithful tracial state; as C(C) is Abelian, we have quite some choice of such states. We

will focus our attention on a specific construction.

Notation 7.3. The set C = [] Zs is a group for the pointwise addition modulo

neN
1. As C is compact, there exists a unique Haar probability measure, which defines by
integration a faithful tracial state A on C(C).

It is easy to check that, for any finite, nonempty F' C IN, we have:

AMTIw ) —2#

JEF
where #F is the cardinal of F. Indeed, [] jer i is simply the indicator function of the
subset:

{(zn)new €C:Vje F z;=1}.

It is then easy to check that C is the union of 2#% disjoint translates of F.

The primary advantage of our choice of tracial state is illustrated in the following

lemma.

Lemma 7.4. We shall use Notations (7.2) and (7.3). If we endow C(C) with the inner
product:

(f,9) € C(C) = A(f9),
then u, € AL for all n € N. Moreover (HjeF uj)F 2 where F is the set of nonempty
€
finite subsets of IN, is an orthonormal family of L?(C(C), \).
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Proof. We let, for all n € IN'\ {0}:
B, =1 loe), H u; : F' is a nonempty subset of {0,...,n — 1}
JEF
We note that 98,, is a basis for 2(,,. We also note that (HjGF uj) is a Hamel basis
FeF

of the space [ J,, ¢ 2
Now, let n € N and F C {0,...,n — 1} be nonempty. We have:

A ug H uj | =AM | (20 — Loe)) H(2’7j — o)
JEF jEF

=A H (20 — 1o(e))

jeEFU{n}
() S N B
GCFU{n} jea
_ CO\HFH1—#G o #Go—#G
(—1) 2#Cy
GCFU{n}
4F 41 .
- (" )ew
JjEFU{n} J

=(1-1)# =0,

Since B, is a basis for 2,,, we conclude that indeed, u,, € Qlf;
Moreover, we note that Expression (7.1) also proves that 9 is an orthogonal family
in L2(C(C), \). As the product of unitaries is unitary, our definition of the inner product

then shows trivially that the family B is orthonormal. O

We now have the tools needed to state our main theorem for this section: Lip-norms
defined using Theorem (3.5) with the ingredients described in this section naturally lead

to ultrametrics on the Cantor space via the associated Monge-Kantorovich metric.

Theorem 7.5. Let 5 : IN — IN\{0} be a decreasing sequence with lims, 8 = 0. Identifying
the Cantor space C with the Gel’fand spectrum of C(C), and using Notations (7.2) and
(7.3), we have, for all x,y € C:

mk s (1) = 0ife=y,
LY = 2B(min{n € N : z,, # y,}) otherwise.

By construction, mk s is an ultrametric on C.
TA

Proof. In this proof, we will denote by I (-|2,,) the conditional expectation from C(C)
onto 2, which leave A invariant.

Fix x # y € C. By Theorem (3.5):

mis (0,9) =sup {If(@) = FW)l s f € CO,LF (N <1}



40 KONRAD AGUILAR AND FREDERIC LATREMOLIERE

Our computation relies on the following observation. Let n > k € N. Since u,, € A
in L?(C(C), \) by Lemma (7.4), we conclude that I (u,|;) = 0. Of course, if k >n € IN
then I (uy|A) = upn. Thus we have for all n € IN:

lunllce
L8 Up) =maxs ————= : k<n
Talin) { 5H)

1
=max<{ ——— : k <n, asu, is unitary,
{/3<k+1> } i

= —— as [ is decreasing.

B(n)
We thus have L?r)\(ﬂ(n)un) < 1foralln e N,
Let N =min{n € N : z,, # y,}. Then |uy(z) — un(y)| = 2 and thus:

mk s (z,y) > BIN)un (@) — un(y)] = 26(N).

On the other hand, for all n € IN, the C*-algebra 2,, is the C*-subalgebra generated
by the evaluation maps 7; for j = 0,...,n and the identity. Therefore, for any f € C, we
have E (f|2,)(x) = E (f|2,)(y) for all n < N.

Let f € C(C) with L’Br,k(f) < 1. Then for all n < N:

1f (@) = f(y)l = [f(z) = E(f[An)(2) = (f(y) — B (f|2n)(y))]
<2f =Ef 1) llce
< 268(n+1).

Since ( is decreasing, we thus get:
[f(z) = f(y)] < 2min{B(n+1) : n < N} = 25(N).
We thus conclude that:
mhs (29) = 26(N),

as desired. It is easy to check that mk s defines an ultrametric on C since 3 is decreasing.
TA

O

We thus recognize standard ultrametrics on the Cantor set:

Corollary 7.6. Letr > 1, and set 5, : n € N — %r‘”. Then, for any two x,y € C,

using the notations of Theorem (7.5), we have:

ka?,J:)\ (IE, y) - r— min{n€N:z, #yn

} otherwise.
8. FAMILY OF LIP-NORMS FOR A FIXED AF ALGEBRA

In this section, we consider the situation in which we fix a unital AF-algebra with
faithful tracial state and consider the construction of the Lip-norm from Theorem (3.5),
in which we vary our choices of the sequence 5. From this, we describe convergence in
quantum propinquity with respect to this notion. We note that Section (5) essentially

provides an outline for the process.
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Notation 8.1. Let g : IN — (0,00) be a positive sequence that tends to 0 at infinity.

Denote the space of real-valued sequences that converge to 0 as ¢o(IN, R). Define:
cg={r €c(lN,R) :Vne N, 0 <z(n) < B(n)}.

Theorem 8.2. Let 2 be an AF algebra endowed with o faithful tracial state p. Let
T = (A, an)nen be an inductive sequence of finite dimensional C*-algebras with C*-
inductive limit A, with Ay = C and where o, is unital for alln € N. If 5 : IN — (0, 00)

is a positive sequence that tends to 0 at infinity and (xk) U{z} C cg such that z*

keN
converges point-wise to x, then using the notations of Theorem (3.5):

tim A ((2L5),),(2L5,)) = 0.

k—o0

Proof. The proof follows the procedure from Section (5). We begin by verifying some
details.

Let 8: IN — (0,00) be a positive sequence that tends to 0 at infinity.

Assume that (a:k)kG]N U {z} C cg such that z* converges point-wise to z. Next, we
show convergence of the finite dimensional spaces 2, for all n € IN. Thus, fix N € IN.

Let y € cg, so that y(n) > 0 for all n € IN, and let a € Ap. Then:

|o%5(@ ~ B (0% (0) o3 2) |
y(n)

L7, 0 cﬂ(a) = max

i’1:n€]N,n<N

Define RY = {y = (y(0),y(1),...,y(N)) e RN+ :vn € {0,1,...,N},y(n) > 0}. For
z,y € RY, we define do (2, y) = max {|z(n) — y(n)| : n € {0,1,...,N}}. Thus, (RY,dw)
is a metric space. Define ¢ : Rf x Ay — R by:
|a¥(@) B (a%(a)

y(n)

an (@) |
- )m:nE]N,ngN ,

9(y,a) = max

which is finite by definition of Ri\_f . Therefore, it follows that:
g9+ (RY,dsc) x (An, || llay) = R

is continuous. Denote the class of all (2, 0)-quasi-Leibniz quantum compact metric spaces

by QOCMSs . Next, define G : Rf — QOCMS; o by:

G(y) = RAn,9(y,-)),

which is well-defined by definition of g. Thus, following the proof of Theorem (5.13),
we conclude that G : (Rf7doo) — (QQCMS3,N) is continuous. If y € RN, then we
denote y|n = (y(0),y(1),...,y(N)). Since (xk)kG]NU{x} C cg, we have that (ack'|N)k€]NU
{z|n} C Rf . Furthermore, the assumption that z* converges pointwise to 2 implies that

limy, 00 doo (xk|N, x|N) = 0. Therefore:

lim A (G (z"|n), G (z|n5)) = 0.

k—o0
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But, for all £ € IN:

A ((mN e og) : (mN, ER 05_N>)> =A (G (2"|n), G (z]n)) .
We thus have:

(8.1) lim /\((QLN,LgHoa_J (Q(N,LI# _>))—0

k—o0

As N € IN was arbitrary, we conclude that Equation (8.1) is true for all n € IN.
We are now ready to prove convergence. Let € > 0. There exists M € IN such that for

alln > M , B(n) < e/2. Hence, if n > M, then by Theorem (3.5) and definition of cg:

A((2n L5 0at) (L5, ) <ab(n) < Bn) <e/2
for all k € IN and:

((%L,Lzuoa) Q[LI“) (n) <e/2.

By the triangle inequality and Equation (8.1), we thus get:

lim sup A ((m L%L) (2, L%M)) <e.

k—o0

As € > 0 was arbitrary, limg_,o A ((Q[, L%’;) , (Q[, Lgu)) =0. O

In particular, for the Cantor set, we can use this result to discuss continuity in
quantum propinquity of the continuous functions on the Cantor set with respect to the
quantum ultrametrics discussed in Section (7). All that is required is a sequence in cg,
which converges point-wise to some element in cg. We present this in the case of the
standard ultrametrics, and note that although we are using the same C*-algebra, C(C),
if 7 # s, then the associated standard ultrametrics on the Cantor set are not isometric.
This implies that the function defined in the following Corollary (8.3) is not constant up

to isometric isomorphism.
Corollary 8.3. Letr > 1, and set B, :n € N — %r‘”. Using the notations of Theorem
(3.5) along with Notations (7.2) and (7.3), the function:
u:r e (1,00) — (C(C),L?f))
is continuous from (1,00) to the class of (2,0)-quasi-Leibniz quantum compact metric

spaces metrized by the quantum propinquity N.

Proof. Let (ry)nenw U{r} C (1,00) such that lim,_, |7, — 7| = 0. Since (r,)nenw U {r} is
a compact set, there exists some a > 1 such that for all n € N, r,,, 7 € [a, 00). Therefore,
for all n € IN, we have that 3, , 08, € cg,. The sequence (8, )nen converges point-wise
to B, since:
. _ — 1 1l.—m _ 1,.—m| _
Jim |8, (m) = Br(m)| = lim_ [5r,™ — 377" =0
for all m € IN. Hence, by the Theorem (8.2),
nl;rrgo A(u(ry),u(r)) = 0.

Thus, sequential continuity provides the desired result. O
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