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COSETS OF BERSHADSKY-POLYAKOV ALGEBRAS AND RATIONAL
W-ALGEBRAS OF TYPE A

TOMOYUKI ARAKAWA, THOMAS CREUTZIG AND ANDREW R. LINSHAW

ABSTRACT. The universal Bershadsky-Polyakov algebra W* at level k # —3 is freely gen-
erated by fields J, T, G*, G~ of weights 1,2, 2, 3, respectively. The simple quotient of W* is

denoted by W, and forp = 5,7,9..., W, /Qfg 2is known to be Cs-cofinite and rational. We
prove the following results. First, the commutant of .J inside W* is of type W(2,3,4,5,6,7)
forall k # —1,—3. Next, W, »_3 contains a lattice vertex algebra V;, with L = /3p — 9Z,
and Vy, and its commutant Cp,/»_5 = Com(Vy, W, /2_3) form a dual pair inside W, 5_3. Fi-
nally, C,/_3 is isomorphic to the principal, rational W (sl,_3)-algebra with central charge
c = —%(p — 4)%. This was conjectured in the physics literature over 20 years ago. As a
byproduct, we construct a new family of rational, Ca-cofinite vertex superalgebras from
W, /2—3 with even generators in weights 1, 2, 3, and two odd generators in weight 2.

1. INTRODUCTION

A longstanding problem in vertex algebra theory is to classify rational and Cs-cofinite
vertex algebras. Well-known examples include those associated to even positive definite
lattices [D], and simple affine vertex algebras at positive integral level [FZ]. More recently,
Kac and Wakimoto conjectured the Cs-cofiniteness and rationality of many quantum
Hamiltonian reductions based on the modularity of their characters [KWII], and these
conjectures were proven for the minimal series principal VV-algebras in [ArIV,|ArV]. New
examples beyond this conjecture and still associated to quantum Hamiltonian reductions
have also been found [Ka), [ArM]. The classification problem seems to be out of reach at
present, but it is still of great interest to find new examples and constructions of such
vertex algebras.

There are some standard ways to construct new vertex algebras from old ones. First,
the orbifold construction begins with a vertex algebra V and a group of automorphisms
G, and considers the invariant subalgebra V¢ and its extensions. The Moonshine vertex
algebra is constructed in this way; its full automorphism group is the Monster, which
is the largest of the sporadic simple finite groups, and its graded character is j(7) — 744
where j(7) is the modular invariant j-function [FLM]. It is widely believed that if V is
Cy-cofinite and rational, and G is a finite group, V¢ will inherit these properties. This is
known in many examples, but so far there are few general results of this kind. Miyamoto
has established the Cy-cofiniteness of V¥ when G is either cyclic or solvable [Mil], but the
rationality is still out of reach.

Similarly, the coset construction associates to a vertex algebra V and a subalgebra 4, the
subalgebra Com(.A, V) C V which commutes with A. This was introduced by Frenkel and
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Zhu in [FZ]], generalizing earlier constructions in representation theory [KP] and physics
[GKO], where it was used to construct the unitary discrete series representations of the
Virasoro algebra. It is believed that if both A and V are Cs-cofinite and rational, these
properties will be inherited by Com(.A, V). In the case where V is a rational affine vertex
algebra and A is a lattice vertex algebra, this has been proven recently in [DR], building
on [ALY, DLY, DIWY, DWI, DWII, DWIII].

In this paper, we consider cosets of the Bershadsky-Polyakov algebra. This algebra ap-
peared originally in the physics literature [Ber| [Pol], and is the WV-algebra corresponding
to the quantum Hamiltonian reduction of sl; for the non-principal nilpotent embedding
of sly. The universal Bershadsky-Polyakov algebra W* at level k # —3 is freely generated
by fields J, T, G*, G~ of weights 1, 2, %, %, and we denote its simple quotient by W;. For
k=p/2—3wherep=5,7,9,..., the C,-cofiniteness and rationality WV, ,_; were proven
in [Arll]. Let

C* = Com(H, W),
where H is the Heisenberg algebra generated by J. It was conjectured over 20 years ago
in the physics literature [BEHHHII] that C* should be of type W(2, 3,4, 5, 6, 7) for generic
values of k; in other words, a minimal strong generating set consists of a field in these
weights. In this paper it was also conjectured that when k = p/2 — 3 forp =5,7,9,... as
above, the simple coset
Cp/g_g = Com(?—l, Wp/2_3)

should be the principal W(sl,_3)-algebra with central charge ¢ = —%(p — 4)?, which is
rational by [ArV]]. So far, this has been proven only very recently by Kawasetsu in the
case p = 5. These conjectures imply a uniform truncation property of this family of sim-
ple W(sl,_3) algebras for p > 9; they are expected to be of type W(2,3,4,5,6,7), even
though the universal W(sl,_;)-algebra is of type W(2,3, ..., p — 3). This can only happen
if there exist decoupling relations expressing the generators of weights 8,9,...,p — 3 as
normally ordered polynomials in the ones up to weight 7. The existence of a singular
vector of weight 8 in the universal algebra has been known for many years [BEHHHI],
and provides further evidence for these conjecture.

In this paper we shall prove all of these conjectures. We begin by studying the U(1)-
orbifold (W*)V® in Section Bl Typically, an orbifold of a vertex algebra A* with structure
constants depending continuously on a parameter £ will have a minimal strong gener-
ating set that works for generic values of k. This was established in [CLI] when A" is
a tensor product of affine and free field algebras, and a similar approach works for W*.
We show that (W*)VM) is of type W(1,2,3,4,5,6,7) for generic values of k, and we give a
complete description of nongeneric set, where additional generators are needed; it consists
only of {—1, —2}. In general, it is an important problem to characterize the nongeneric set
for such orbifolds, and we expect that our methods will be applicable in a wider setting.
In Section[6], using the description of (W*)V(), we obtain

Theorem 1.1. C* = Com(H, W*) is of type W(2,3,4,5,6,7) for all values of k except for —1
and —2. Here H is the Heisenberg algebra generated by J.

In Section [7, we show that the Heisenberg algebra # C W, ,_; is actually part of a
rank one lattice vertex algebra Vi, for L = /3p — 9Z. Moreover, V;, and C,/>_3 form a
Howe pair, i.e., a pair of mutual commutants, inside WV, ,_3. By a theorem of Miyamoto,
this immediately implies the C5-cofiniteness of C,/>_3. In Section 8, we consider a certain
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simple current extension of W(sl,_3) ® V;, and show that it is isomorphic to W, ,_3. This
implies our main result:

Theorem 1.2. C,»_3 is isomorphic to the principal, rational W(sl,_s3)-algebra with central charge
c=—3(p—4)~
p

We immediately obtain the uniform trunctation property of this family of W(sl,_3)-
algebras, and also a new proof of the C,-cofiniteness and rationality of W, /,_3, since it
is a simple current extension of a rational, C>-cofinite vertex algebra. The appearance of
principal, rational JV-algebras as cosets of nonprincipal ones is a remarkable coincidence,
and it indicates that the principal rational WW-algebras may be important building blocks
for more general rational W-algebras. In Section [0 we obtain some nontrivial character
identities as a consequence of the above isomorphism. Finally, in Section [I0]we consider
cosets of the Heisenberg algebra inside W* ® £ where € denotes the rank one bc-system.
We obtain a new deformable vertex superalgebra with even generators in weights 1,2, 3
and two odd generators in weight 2, whose simple quotients for £ = p/2 — 3 form a new
series of rational, Cs-cofinite vertex superalgebras with integer conformal weights.

Coset vertex algebras have various applications in physics. One of the most interest-
ing recent developments in the AdS/CFT correspondence is the relation between two-
dimensional coset conformal field theories and higher spin gravity on three dimensional
Anti-de-Sitter space. The main examples are the JVy-minimal models [GG] and their su-
per conformal analogues [CHR]. Recall that the Bershadsky-Polyakov algebra coincides

with the case n = 3 in the family of Wf)-algebras constructed by Feigin and Semikhatov
[ES], which were studied this context [ACGHR]. In that article it was observed that the
Wf)-algebra at level —7/3 is just a rank one lattice vertex algebra and hence rational. We

expect that for all n > 4, there is a similar series of rational Wf)-algebras which contain a
rank one lattice vertex algebra V7, and that the coset of V;, will give rise to another series of
principal, rational W-algebras of type A with a uniform truncation property. Finally, we
expect that the appearance of W-algebras of type A as cosets of the Bershadsky-Polyakov
algebra is not limited to the rational levels, and also occurs for certain families of nonra-
tional levels. These ideas will be explored in another paper.

Another reason to study cosets Cj, at nonrational levels is that they have some interest-
ing connections to logarithmic conformal field theories, which are associated to nonrational
Cy-cofinite vertex algebras whose representation category is not semisimple. The best
studied examples are the so-called W(p)-triplet algebras, see e.g. [AM, TW]. Interest-

ingly, W(p) is related to the coset Com(H, WI(,Z_)I) where H is a Heisenberg algebra. In
particular, W(4) is a simple current extension of our coset C, with k = —2 [CRWI.

2. VERTEX ALGEBRAS

We will assume that the reader is familiar with the basics of vertex algebra theory,
which has been discussed from several different points of view in the literature (see for
example [Bor|, FLM, K|, [FBZ]). We will follow the formalism developed in [LZ] and partly
in [Lil], and we will use the notation of the previous papers of the second and third
authors. By a vertex algebra, we mean a quantum operator algebra .4 in which any two
elements a, b are local, i.e., (z — w)V[a(2), b(w)] = 0 for some positive integer N. Here A is
assumed to be Z/2Z-graded, and [, | denotes the super bracket. This is well known to be
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equivalent to the notion of vertex algebra in [FLM]. The operators product expansion (OPE)
formula is given by

a(z)b(w) ~ Z a(w) o, b(w) (z —w) ™.

n>0

Here ~ means equal modulo terms which are regular at = = w, and o,, denotes the n'
circle product. A subset S = {a;|i € I} of A generates A if A is spanned by words in the
letters a;, o, for i € I and n € Z. We say that S strongly generates A if A is spanned by
words in the letters a;, o,, for n < 0. Equivalently, A is spanned by

{:0May - 0"a;, i i1, im €1, ky,... km > 0}.

We say that S freely generates A if there are no nontrivial normally ordered polynomial
relations among the generators and their derivatives. As a matter of notation, we say
that a vertex algebra A is of type W(dy,...,d,) if it has a minimal strong generating set
consisting of one field in each weight d;, . .., d,.

3. THE BERSHADSKY-POLYAKOV ALGEBRA

The universal Bershadsky-Polyakov algebra W* at level k # —3 is freely generated by
fields T', J,G*, G~ of weights 1, 2, %, %, satisfying the following nontrivial OPE relations.

J()J(w) ~ 2 . S w)? GECEwW) ~0,  J(2)GEw) ~ £GEw) (2 — w),
T()T(w) ~ — 2 ;?f’;* D (2 w) 27 () (= — )2 + 0T (w) (2 — ),

T(:) G (w) ~ gGi(w)(z —w) 4+ 0G* (w) (= — w)

T(2)J(w) ~ J(w)(z —w) 2+ 0J(w)(z —w) ™",

G (2)G™ (w) ~ (k+1)(2k +3)(z —w) > +3(k + 1) J(w)(z — w) ™2

+(3  J(w)J(w) +3(k2+ D,

0J(w) — (k + 3)T(w)) (z —w)™h.

This algebra is isomorphic to the W-algebra W*(sl3, f) associated to sl; with its mini-
mal nilpotent element fy. Alternatively, it arises as the algebra W?EZ) in the family Wy
constructed by Feigin and Semikhatov [ES].

For k = £ — 3 withp = 3,5,7,..., the ideal generated by (G*)?~? is nontrivial, and we
denote by W, the quotient of W* by its maximal ideal. For p = 3, W,»_3 = C and for
p=>5,7,..., W,/-_3is Cs-cofinite and rational [Arll]. For notational convenience, we will
replace k with / = k+%. Then ¢ = (p—3)/2,s0p =5,7,...,correspondsto ¢ = 1,2, .... For
the rest of this paper, we will use the notation W' to denote W**+3/2, and for ¢ = 1,2, ...
we denote by W, the simple rational quotient.
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4. WEAK INCREASING FILTRATIONS

A good increasing filtration on a vertex algebra A is a Z>-filtration

4.1) Aoy CAqy CAg C -+, A= U A
d>0
such that A) = C,and forall a € A, b € A(,), we have
A(r+s) n <0
4.2) ao,be {A(r—l-s—l) n>0"

We set A1) = {0}, and we say that a(z) € A(q) \ A(4-1) has degree d. The key property of
such filtrations is that the associated graded algebra gr(A) = @ -0 A/ Aw@-1) is a Z>o-
graded associative, (super)commutative algebra with a unit 1 under a product induced
by the Wick product on \A. For r > 1 we have the projection
4.3) O A(T) — A(r)/.A(r_l) C gr(A).

The assignment A — gr(A) is a functor from R to the category of Z--graded (su-
per)commutative rings with a differential 0 of degree zero, which we call J-rings. A
0-ring is just an abelian vertex algebra, that is, a vertex algebra V in which [a(z), b(w)] = 0
forall a,b € V. A O-ring A is said to be generated by a set {a;| i € I} if {0%a;| i € I,k > 0}
generates A as a ring. The key feature of R is the following reconstruction property [LL].
Lemma 4.1. Let A be a vertex algebra in R and let {a;| i € I} be a set of generators for gr(A) asa
0-ring, where a; is homogeneous of degree d;. If a;(z) € Aq,) are elements satisfying g, (a;(2)) =
a;, then A is strongly generated as a vertex algebra by {a;(z)| i € I}.

In this paper, we will need filtrations with weaker properties. We define a weak increas-
ing filtration on a vertex algebra A to be a Z-filtration

(4.4) A(o) C .A(l) C A(Q) (IR A= U .A(d)
d>0

such that for a € A, b € A(,), we have

(4.5) ao,be A s, n € 7.

This condition guarantees that gr(A) = @ -, A/ A1) is a vertex algebra, but it is
no longer abelian in general. As above, a strong generating set for gr(.A) consisting of
homogeneous elements always gives rise to a strong generating set for A.

We define an increasing filtration
W(go) C W(gl) (@I
on W' as follows: Wf_l) = {0}, and Wfr) is spanned by iterated Wick products of the
generators J, T, G* and their derivatives, such that at most  of G* and their derivatives

appear. It is clear from the defining OPE relations that this is a weak increasing filtration.
Clearly W[, is the Virasoro algebra with generator 7¢ = T'— g : J.J 1, it follows that W,

is the tensor product of H and the Virasoro algebra with generator 7.
The associated graded algebra
grOV') = D Wi Wiam)
>0
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is not abelian since it contains W) as a subalgebra, but G*(2)G~ (w) ~ 0 in this algebra.

5. THE U(1) INVARIANTS IN W*

The action of the zero mode J; integrates to a U(1) action on W', and the invariant
subalgebra (W)Y coincides with the kernel of J,. Since J,T lie in W* and Jy(G*) =
+G#, it is immediate that (W*)U() is spanned by all normally ordered monomials of the
form

(5.1) (OUT) - (YO T) - - (A YOI GF) - - (9 GHYOMGT) - (9 G -,

wherer > 0and 0 < ¢y < - < q;, 0 < by < --- <b;,0< g <--- < ¢, and
0<d < <d, Wesay that w € WH)YW is in normal form if it has been expressed
as a linear combination of such monomials. Since W* is freely generated by T, J, G*,
these monomials form a basis of (W)Y, and the normal form is unique.

The filtration on WY restricts to a filtration
W9 c WS -
on (W17, where (W) = (W)U N WY, Define
(5.2) Uy =:0'GHIG™ e W)Y,

which clearly has weight i +j +3. Since G and G~ commute with each other in gr(W"), it
follows by induction on filtration degree that each standard monomial can be written
as a normally ordered polynomial in {J, T, U, ;| i, j > 0} and their derivatives. Therefore
{J,T,U;;| i,j > 0} is a strong generating set for (W)Y, Letting A,, be the span of
{U; ;| i + j = m} and using the relations 0U; ; = U1 ; + U, j+1, we see that

Am = 0(Am_1) S¥) <U0,m>7

where (Uy,,) denotes the span of Uy ,,,. Then span({U; ;| i,j > 0}) = span({0'Uy,| i,7 >
0}). It follows that (W*)V( is strongly generated by the more economical set

5.3 {J,T,Upm| m > 0}.

In terms of the generating set (5.3), (WZ)EJZ S})) is spanned by elements with at most - of the
fields U, and (W), = (W)(L).

(2r+1) —
Observe next that (W*)Y() is not freely generated by (5.3). The first weight in which
a normally ordered polynomial relation among these generators occurs is weight 8, and
this relation has the form

1
(54) . U070U171 Ll U071U170 L= @€(2€ - ].)U075 4+

The remaining terms lie in (W* )E]z()l) and are normally ordered monomials in {.J. T, Uy ;| 0 <
i < 4} and their derivatives. For the reader’s convenience, this relation is written down
explicitly in the Appendix. As we shall see, the coefficient &-¢(2¢ — 1) of Uy s is canonical
in the sense that it does not depend on any choices of normal ordering of any of the terms
appearing in this relation. Since this coefficient is nonzero for all ¢ # 0, 1, it follows that
Up 5 can be expressed as a normally ordered polynomial in {J,7,Uj;| 0 < i < 4} for all
such ¢.



In order to construct more “decoupling relations” of this kind, we introduce a certain
invariant of elements of (Wg)é()l). Given w € (Wg)é()l) of weight n + 7, write w in normal
form. Fori = 0,1,...,n + 4, let C,,;(w) denote the coefficient of : (9'G™")(0"™'G™) :
appearing in the normal form. Define

n+4
(5.5) Co(w) = (—1)'Cpi(w).

i=0
Next, since {J, T, Uy;| i > 0} strongly generates (W)Y and since Uy, has weight i + 3,
we may express w as a normally ordered polynomial P,(J, T, Uy, Uy, ..., Uyn+a) in the
subset {J,T,Uy;| 0 < i < n+ 4} and their derivatives. Since there exist relations among
the generators {J, T, Up;| 0 < i < n + 4}, as well as different choices of normal ordering,
such an expression for w is not unique. In particular, the coefficients of Uy ,,14—; fori > 0
will depend on the choice of normal ordering in P, (J, T, Uy o, Up 1, - - -, Uy n+a). We will see
that for any w, the coefficient of Uy ,,+4 in P,(J, T, Uy, Uo1, - - -, Upnt+a) is independent of
all choices of normal ordering, and coincides with (—1)"C,,(w). In order to prove this, we
need several technical lemmas.

Lemma 5.1. The coefficient of Uy ,a in P,(J,T,Uoo,Uo1, ... ,Upnia) is independent of all
choices of normal ordering in P, (J,T, Uy, Upy, . .., Uy nta), and coincides with (—1)"C,(w).

Proof. Let J° ¢ (W'Y denote the subspace spanned by elements of the form : adb :
with a,b € WH)YW. Tt is well known that Zhu’s commutative algebra C'((W*)V®W) =
WHYW /7% is a commutative, associative algebra with generators corresponding to the

strong generators {7, J, Uy ,,| n > 0}. In particular, given w € (Wz)g()l) of weight n+7, and
given two expressions

W = Pw<J7 T7 U0,07 U0,17 LIRS U07n+4) = Qw(J7 T7 UO,O; U0,17 CI) UO,n+4)

where P, () are normally ordered polynomials, we have P, — Q, € J*. In particular, the
component of P,, — (), which is a linear combination of U; ,,+4_; for i = 0,...,n + 4 must
be a total derivative. It follows that the coefficient of Uy ,,+4 in P, and @), is the same. The
last statement follows from the fact that

Uinya—i = Z(—l)HT (r) 0" Upnta—r-

r=0

0

Corollary 5.2. The coefficient of Uy 5 in coincides with —C4(: Uy oUy1 : — : UpaUsp ) and
is independent of all choices of normal ordering.

Theorem 5.3. For all ¢ # 0 or &, (W*)Y Y has a minimal strong generating set
{']7 T7 U0,07 U0,17 U0,27 U0,37 U0,4}7
and in particular is of type W(1,2,3,4,5,6,7).

Proof. 1t suffices to construct decoupling relations of the form
U07n+4 = Pn(J7 T7 U0,07 U0,17 U0,27 U0,37 U074)7
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foralln > 1 and ¢ # 0,3, since we already have such a relation for n = 1. Since G*

commute in grOWV), : UpoUrpn : — @ UpnUip : lies in Wé), and we can express it as a

normally ordered polynomial in the generators J, T, U ,,, and their derivatives. We have
U oUry t = Up U i = ClUppga + - -+,

where C,, = C,,(: UpoUi,, : — : Up Uy @), and the remaining terms are normally ordered
polynomials in{J,T, Uo 0:U01, .-, Upnta_1} and their derivatives. It suffices to show that
C, # 0 forall ¢ # 0 or 3; the clalm then follows by induction on 7.

First, we have
:UooUrn i — :UppUrg:=: (: GYG™ 2)(: (0GT)O"G™ :) : — : GTG™(0GT) "G~ :
+: GG (0GN)"G™ : —: GTG(0"G™)(0G™) :
+:GTG7(0"GT)(OGT) : — : GT(O"GT)G~(0G™) :
+:GT(O"GT)G(0GT) : — : GT(I"G™)(0GT)G™ :
+:GHO"GT)(OGTG™ : —: : GHO"G7) )(: (0GH)G™ ) :.
It is immediate that C,,;(: GTG~(9"G™)(0G™) : —: GT(0"G~)G~(0G™T) :) = 0. Let

ch —Cm< (: GTG™ )(: (0GHI"G~ :):—:G*G‘(@G*)&"G‘:),
ci,=C < GG (0G)9"G :G+G—(anc;—)(aa+);),
CﬁiZC%¢<G+QWG‘X?18G+)w—:G*QWG‘M&G*ﬂ?‘:),

Cri= C'm-( :GHO"GT)OGT)GT i = GT(O"GT) )(: (0GT)G™ 2) - ),
so that C,, = 377, 2"+4( 1)7C;, ;. Using the OPE formulas, one can check that

1 1 (3+2£)(4+4£+n+2£n) 1 3(3+20)
Cn,O = 07 Cn,l = 4(2 + n)(3 i n) ) Cn,2 = _m7
3+20 34100+ 6n+ 4in
on+2  12(0+n)

(3+20)(5+6¢) 3+ 100+ 6n+ 4ln

48 48 ’

1 (3+100+6n+4ln)n! .
Cp;= A= j=5,...,n,
3+ 10f + 6n + 4ln 3+ 10f + 6n + 4ln

12(1+n) ’ 414+n)(24+n) ’

3+ 104 + 6n + 44n o 3(5b+ 20+ 2n)
2(1+n)(2+n)@3 +n)’ T L+ n) 2+ n)B+n)(d+n)
Similarly, we have

1 _
Cn,3 -

1 _
Cn,4__

1 _
Cn,n—i—l -

1 _
Cn,n—i—Z -

1 _
Cn,n+3 -

18 — 40 + 3n + 2(n

Cho = 2(1+n)(2+n)(3+n)(4+n)’
o 6(n!) j=1 n
T T A= G
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R SO 3 o 6
14+n’ mynt2 (1+n)(2+4+n)’ oyt (1+n)(24+n)(3+n)
—15—20 —6n+ 4n

2 —
Cn,n+1 -

2
C%M4:_m1+m@+nx&+m@+ny
Next, we have
o3 18 — 40 + 3n + 2(n o8 6
0 20+n)(2+n)3+n)4+n)’ 1) 2+n)(3+n)
3 1 D l
Chz = 1+n)2+n) Cna=1i, = ap
Ca,=0, b5<i<n+4
Finally, we have
3(4+n) ((—=30 — 10n +n?) 2

4 4 _
Cro=0 O =T mE e R G 8

3(6 + 40 —n + 2(n)
8(2+ n) ’

4
Cn,2 -

4 _
Cn,n—i-?) -

(—1)"(45 + 400 + 120% + 25n + 470n + 220°n + 144n? + 120°n* — n® + (n3 + 20°n3)
2(14+n)(2+n)(3+n)(4+n) ’

Then C,,(: Up Ui+ — : UpUrp 1) = Z?:l Z;”rg C’fm. Considerable cancellation occurs,

and this turns out to be given by the simple expression

n(n+7)(n+2)!
4l(n 4 4)!

4 _
Cn,n+4 -

Cn(l U070U1,n Ll UO,nUl,O Z) = £(2£ — 1),

%. It follows that for all n, we have a relation
2n(n4+7)(n+2)!
Al(n +4)!
where the remaining terms depend on {J, T, Uy, Up 1, Us 2, Uos, Upa} and their deriva-
tives. 0

which is clearly nonzero for ¢ # 0,

. UO,OUl,n L UO,nUl,O = (—1) €(2€ — 1)U0,n+4 + - 5

6. THE STRUCTURE OF COM(H, W")

Let # C W’ denote the copy of the Heisenberg vertex algebra generated by J, and let
C* denote the commutant Com(#H, W*). Clearly we have

WH"O =H e

and C! has a Virasoro element

3
¢ =T —T" T = = . JJ:.
’ 40



Theorem 6.1. For 0 < i < 4, and { # 0, there exist correction terms w; € (Wé)g()l) such that
US = Uy + wi lies in C*. Therefore C* has a minimal strong generating set {T¢, US| 0 < i < 4},
and is therefore of type W(2,3,4,5,6,7) for € # 0, 1. Moreover, when ( is also not a root of any
the following quadratic polynomials

602> — 104z — 51, 282% — 104z — 107, 4% — 20z — 23, 24x? — 22z + 9,
842% — 2202 — 183, 622 — 292 — 33, 602% — 52z + 27, 13222 — 832z — 1017,

there exist a unique correction term w; € (Wé)g()l) such that US = Uy, + w; lies in C* and is
primary of weight i + 3 with respect to T°.

Proof. The existence and uniqueness of the terms w; satisfying the above properties is a
straightforward computer calculation. In the explicit formulas for U(‘ii fori=1,2,3,4,all
coefficients of normally ordered monomials in J, T, Uy ; are rational functions of ¢, whose
denominator only contains the above quadratic factors together with ¢. O

An alternative realization of C’. Feigin and Semikhatov [FS] constructed a family of ver-

tex algebras which they call Wf)-algebras, and the case n = 3 is the Bershadsky-Polyakov
algebra. Their first construction is as a centralizer of some quantum super group action
and the second is in terms of a coset associated to V (sl(n|1)), that is the affine vertex
super algebra of s[(n|1) at level k. One consequence is

Theorem 6.2. Let k and k' be complex numbers related by (k + 2)(k" + 2) = 1. Then for generic
values of k,

Com (Vi (gls) , Vie (G| =, £=h+
Proof. Feigin and Semikhatov consider Vj, (s((3|1)) ® V},, where V, is a certain rank one
lattice VOA. They find that the coset by Vj. (sl3) ® H for a certain rank one Heisenberg
sub VOA H contains as subalgebra a VOA with same OPE algebra as W* for ¢ = k + 3.
Since the Bershadsky-Polyakov algebra is generically simple [Arll, [Arl] the two must be
isomorphic for generic level k. Furthermore,

Com (Vi (gl3) , Vir (s1(3]1))) = Com (Vi (gls) @ H, Vi (sI(3|1)) @ V1)

since the Heisenberg coset of a rank one lattice VOA is one-dimensional. In [CLI] we
prove that the left-hand side for generic level is of type W(2, 3,4, 5,6, 7). This completes
the proof since a vertex subalgebra YW C V with same strong generating set as }V implies
w=V. 0

7. THE STRUCTURE OF COM(H, W,)

For ¢ # —%, let Z, denote the maximal proper ideal of WY, and let W, denote the simple
quotient W*/Z,. Let C; denote the quotient C*/(Z, N C*).

Lemma 7.1. C, = Com(H,W,) where H C W; is the Heisenberg algebra generated by J. In
particular, C, is simple.

Proof. This is immediate from the fact that W* is completely reducible as an H-module,
and 7, is an H-submodule of W*. O

10



As shown by Arakawa [Arll], in the case ¢ = 1,2,..., Z; is generated by (G*)?***!, and
W, is Cy-cofinite and rational.

Theorem 7.2. For all positive integers £, W, contains a rank one lattice vertex algebra V, with
generators J, (G*)*, where L = /6/Z. Moreover, Com(Com(H, W,)) = V;, so V;, and C, form a

Howe pair inside WV,.
Proof. In W* we have
J(2)(GF)* (w) ~ £20(GF)* (w) (2 — w) 7,
so (G*)?* are both primary with respect to J in W¥, and similarly in W,. It suffices to show
that (G*)? both lie in the double commutant Com(Com(H,W,)). Equivalently, we need
to show that (G*)?* both commute with T7¢ = T — T™ in W,. We have the following OPE

relations in WY.
Tg—L<G:I:)2£ — 3€(G:I:)2Z’ TO(G:I:>2Z — 3£(Gi)2£,
so TS (G*)? = 0 in W*. Similarly,
TG = 35 J(G s Ta(GE = oG,
so0 T¢ (GF)* = 0(G*)* F 3 : J(G*)* .. Finally,
ser1 _ (20+1)

G o (GT) 5 O(G)*) =3 J(GH)* ),
s0 O((GT)?*) —3: J(GT)* : = 0in W,. Similarly,
& o (62 = = o) 432 a6 ),

s0 ((G7)?*) +3 : J(G7)* : = 0in W). It is straightforward to check that for all £ > 1,
T(GF)?* = 0 and T}*(G*)* = 0 in W*, and hence in W, as well. It follows that (G*)%*
commutes with 7€ in W,. O

Corollary 7.3. For all positive integers {, C; is Cy-cofinite.
Proof. This follows from Corollary 2 of [Mil]. O

Since C* has strong generators {T°, U, US,, U, USs, US .} for € # 0, 1, it follows that
for ¢ =1,2,...,C, is generated by the images of these fields in WW,, which we also denote
by {T€, US,, U§ 1, US,, US 5, US4} by abuse of notation. For ¢ > 4 this is a minimal strong
generating set, but for ¢ = 1,2, 3 there are additional decoupling relations and a smaller

generating set suffices.
Recently, Kawasetsu proved the following result in the case ¢ = 1 [Ka].

Theorem 7.4. (Kawasetsu) C, is isomorphic to the rational Virasoro vertex algebra of central
charge c = —2 generated by T°.

An alternative proof of this result can be given as follows. One can check by computer
calculation that for i = 1,2,3,4, U§; € C' lies in Z; N C', where Z; C W' denotes the
maximal ideal. In particular, US, = 0 as an element of Cy, so C; is strongly generated by

T°. Being simple it must be the rational Virasoro algebra with ¢ = —2.

Similarly, in the case / = 2, one can check that Uf, vanishes in C,, and that U§, and
US4 can be expressed as normally ordered polynomials in {T°, US,, US,}. Since there

11



are no relations of weight less than 5, it follows that C, is of type W(2,3,4) and has a
minimal strong generating set {7, US,, U, }. In the case ¢ = 3, one checks that U§, can
be expressed as a normally ordered polynomial in {T°,U§,| i = 0,1,2,3}. Since there
are no relations of weight less than 6, Cs is of type W(2,3,4,5,6). Finally, for ¢ > 3, the
element of Z, N C* of minimal weight is (GTo;)**(G7)?*!), which has weight 2¢ + 1.
Therefore none of the generators of C; decouple, so C; is of type W(2,3,4,5,6,7).

In this paper our focus is on C; when / is a positive integer, but there are other interest-
ing levels as well. For example,

Lemma 7.5. Let A(3) be the rank three symplectic fermion algebra. Then

1

AB)E® = ¢, 1= -5

Proof. A(3)%F®) is of type W(2,3,4,5,6,7) [CLII] and as an orbifold of a simple vertex

algebra it is itself simple [DM]. Using the notion of deformable family of vertex algebras
introduced in [CLIII] it has been proven [CLI] that

klim Com (Vi (gls) , Vi (s1(3]1))) = A(3)L®).

By Theorem 6.2, both A(3)9~® and C~2 have the same OPE algebra and hence their sim-
ple quotients must coincide. O

8. WW-ALGEBRAS OF TYPE A

In this section, we prove our main result that for all ¢ > 1, C, is isomorphic to the
principal, rational W(sly)-algebra with central charge ¢ = —3(2¢ —1)?/(2¢+ 3), which has
level (2¢ + 3)/(2¢ + 1) — 2(. In the case ¢ = 2, using the fact that C, is of type W(2, 3,4),
one can verify by computer calculation that the OPE relations of the generators coincide
with the OPE relations of W(sl,), which appear explicitly in [CZh]. However, for ¢ > 2 s
is not practical to check this directly, and a more conceptual approach is needed.

Let V' be the universal W(sly) at level (2¢ + 3)/(2¢ + 1) — 2¢ and let V, its simple quo-
tient. Its rationality has been proven [ArV]. Simple modules of V, are labelled by inte-
grable positive weights of sly at level 3. We denote the fundamental weights of sl by
Ao, Ay, ..., Ay—q. By Theorem 4.3 of [FKW] (see also [AvE]) V, has a simple current Lsy,
of order 2/ and both Ls,, and its inverse LL35,, , are generated as V, modules by a single
lowest-weight state of conformal dimension 2 — 3. Further the conformal dimension of
the lowest-weight-state of both L3, and Lsy,, . for 1 <s < (is 3 — %. Let L = V6(Z
and V;, the lattice vertex algebra associated to L. Then V;, has a simple current V; , % of

order 2¢ with lowest-weight state of conformal dimension . It follows that

20—1
(8.1) B, = @0 Lss, ® Vi oo

is a simple current extension of V, ® V;. A priori it is not clear that B, is a VOA, but one
purpose of [CKL] was to develop a framework (extending earlier works [C, [LaLaY]) that
decides this type of question.

Lemma 8.1. B, can be given the structure of a VOA.

12



Proof. This follows from [CKL]: A simple current extension is either a VOA or a super
VOA by Theorem 3.12 of [CKL] and if the tensor category of the underlying VOA is
modular the parity question is decided by the categorical dimension of the generating
simple current by Corollary 2.8 of [CKL]. This follows directly from Huang’s work on the
Verlinde formula [Hu2|] and is explained in [CKL]. Since a lattice VOA is a unitary VOA
any of its simple currents has categorical dimension one, so we have to determine the
categorical dimension of Ls,,. By Proposition 4.2 together with Proposition 1.1 of [FKW]
the categorical dimension is given by

qdim(Lsa, ) = RIINETYS = €(3A;) = (—1)2Mlp)

B S3A0,3A0

but (n = 2¢ and a4, ..., o, are the simple roots of sl,,)

1

A1 = g ((n — 1)041 -+ (n — 2)062 + ...+ an—l)
so that
Inn—=1) (n—1)
A = — =

(A1lp) n 9 9

it follows that qdim(Lsy,) = (—1)™"Y = —1 since n = 2/ is even. Odd quantum dimen-

sion and odd twist (half-integer conformal dimension) of a simple current imply that the
extension is a VOA by Corollary 2.8 together with Theorems 3.9 and 3.12 of [CKL]. [

We would like to show that B, = W,. Denote the vertex operator associated to the
vector of lowest conformal dimension of Lz, ® V. 2 by F'* and the one associated to
62

the vector of lowest conformal dimension of Lgp,, , ® V, 483 by F~.
64

Lemma 8.2. The subalgebra of B, generated under operator product algebra by F* has the same
OPE algebra as W"°.

Proof. Let
J(2) =) Lz GEe) =D Gia TP T(z) =) Loz

nez nez nel

be the mode expansion of the corresponding fields of W*. Here T¢ denotes the Virasoro
field of C*. Itis related to the Virasoro field of W* by T' = T+ 3(J)? where (J)? denotes the
normal ordered product of J with itself. We can thus read of the commutation relations

of the mode algebra from the operator product algebra of the fields given in section 3, see
also [ArV]. These are

20
[Jma Jn] - gén—l—m,o
[Jma Gr:lz:] = :l:GTjL:—‘rm

9 1 3 1 3
+ -1 _ 7 = 2 < = o o < c
GT,G ]_46 (Z 2)(J )n+m+2 (ﬁ 2) (m—n—1)Jnin (£+2> Ly ..+
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Here we omit the Virasoro algebra relations as they are standard. We want to show that
the modes of the fields F* together with those of the Heisenberg field H of V, and the
Virasoro field S of V, have the same commutation relations. Let

H(z) = Z Hyz" F*(z) = ZFfZ_n_g/z, S(z) = Z S 2

ne” nez nez

be the mode expansion of the corresponding fields. We can normalize H, such that
H =) FE(w) ~ +(z — w) " F¥(w),
with this normalization the operator product of H with itself is

H(2)H(w) ~ 2;(2 —w)2

The following commutation relations follow

20
[HmaHn] = §5n+m,07 [Hm7Fr:Lt] = :l:Fr:Lt+m'
Since the state of lowest conformal dimension of both L3y, ® V; . e and Lsy,, , ® V] o

has dimension three the operator product of /'* with itself as well as the one of F'~ with
itself is regular. The operator products involving the Virasoro fields are of course the
same as the corresponding ones of W*. It remains the operator product of F™ with F~.
The known operator product algebra of lattice VOAs leaves us with two free coefficients
a, b for the moment:

F(2)F~(w) ~ (= — w)~a (1 + 2%(2 — W) H + (2 — w)? (% (2%) (H?) + %%8H>> 4

b(z —w)™'S.
We will see that these coefficients are uniquely determined by the Jacobi identity for the
Lie algebra of the modes. First a # 0 by Proposition 4.1. of [CKL]. We can now rescale the
fields F= so that a = 2{(¢ — 1). It remains to show thatb= —(¢ + 2). Setb = — (¢ + 2) + \.
Then using that the Jacobi identity of W* holds we get

0=[Rn, [Fn—iz_v Eol+ [Fn—iz_> [F Rl + [F, [Ry, Fr—ni_]] = )‘%(ng = 1)0ntmer0-
Hence A = 0. We thus have shown that the mode algebra of W* and the VOA generated
by F* coincide, hence their operator product algebras coincide. O

Theorem 8.3. The coset C, is isomorphic to the simple rational YW-algebra of sly, , W(sly,) at level
(20+3)/(20+1) — 2¢.

Proof. By the previous Lemma B, is a module for W* and it contains a homomorphic
image of W' and hence the generators of weight 2,3, 4,5, 6,7 that strongly generate the
corresponding homomorphic image of C*. But under operator product algebra already
the dimension two and three fields of V, generate 1, hence the homomorphic image of C*
must be V. Since it is simple, we have C, = V). O

Corollary 8.4. W, is rational and Cs-cofinite.

Proof. W is a simple current extension of a rational and C,-cofinite VOA of CFI-type,
hence itself has these properties [Y]. O
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In other words, we have found a very different proof of the main result of [ArII].

Corollary 8.5. The simple rational VW-algebra of sly , W(sly) at level k = (20+3)/(20+1) —2¢
is a W-algebra of type W(2,3,4,5,6,7) for ¢ > 3. For { = 1 it is of type W(2), for { = 2 it is of
type W(2,3,4) and for { = 3 it is of type W(2, 3,4, 5,6).

Proof. We have just proven that the simple rational W-algebra of sly, W(sly) at level
k = (20+3)/(2¢+ 1) — 2¢ is isomorphic to C,, but the latter is of the corresponding type as
proven in the last section. O

9. A CHARACTER IDENTITY

We first recall the known characters of W, and V, and their simple currents Ls, . In this
section ¢ = e(7), z = e(u) and 7 in the upper half of the complex plane, and u € C.

Characters of rational Bershadsky-Polyakov algebras. Recall that ¢ = k + 3. Let W, =
Wi (sls, fp), the simple Bershadsky-Polyakov algebra at level k. We have

Wy = H%S,f@ (Li(sl3))

provided that k ¢ Z, ([Arl). Here Hpg [ (?) is the Drinfeld-Sokolov reduction with
respecto to the nilpotent element f, ([KRW]) and Ly (sl3) is the simple affine vertex algebra
associate with sl3 at level k. This gives

chW,:= tryy, (ZJoqLo_ﬁ)

c 1
=q 22 | ch Ly(sl 1—e™™
E | hbutel) ] 0= e ||
[ISVANAS n>0 € —q,
+ = el 5= 1g=1/2,
92 —5zq~1/2
On the other hand if £ is admissible we have [KWI]
Z eu}okAo
we/‘/‘?(kl\o)
h L(\) = —
¢ ( ) H (]_ _ e—a)dlmga’
aceAL

where W (kA,) is the integrable Weyl group of kA, generated by reflections s, such that
(kAo, ") € Z. The nontrivial rational levels are k = p/2 — 3 =(—3/2withp =5,7,9, ...
and thus / = 1,2,3,... Then kA, is admissible and

W(kAg) =W x 2Q¥(=W =W x Q),
where W = &3 and QY is the coroot lattice of g = sl3. Thus

o 1 6wokAo
T < 2 )

e 9q,
weW x2QVY e sz 1g=1/2,
6012—)2(171/2
where
I(ru) = [J1 =) [J(1 = 2¢"*H) (1 = 27>, () == [J(1 = o).
i>1 i>1 i>1
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Characters of simple modules over W, (sl,,). Let Wj(sl,) be the simple principal W-

algebra associated with s, at level k. We consider the special case k + n = 2*2 (for

n+1
us p = 3). Then [FKW, [ArIII, [ArV],
P? = {simple W¥(sl,)-modules}, A+ Ly := Hyg (L (B —p)Ao)),

where 13_’; is the set of dominant integrable weight of g = sl,, level p, and

<n+p)<n+1> wAtp) _ 2
ChL)\ n ol E n+p n+1

Here W is the affine Weyl group of sl,,.

Lattice VOA characters. We also need the characters of the lattice VOA V, they are just
quotients of theta and eta functions:

1 l(\/6€n+ s )2 3£(n+,i) 93(7'7 u)
chlV s |(T,u) = — E q*? vet) z 3t/ =: .
[ L+ /76!]( ) 77(7_) ~ /)7(7-)

Decomposing the character of 1V,. We can now put everything together to decompose
the character of the VOA W,.

Theorem 9.1. The character of the simple current U® of the type A W-algebra V, is in terms of
the character of the simple Bershadsky-Polyakov algebra W,

20—1
chlLanJ(7) = gigrgs 3 € 2 chiw ( ;E)

Proof. By Theorem [8.3]together with equation (8.1) we have that

ch[W,| (1, u) = Z_ ch[Lsa,](7) ch[VLJrJ%](T, w).

The theorem now follows directly by using e =20,/ (7, u + &) = e~ 2=, (7, u) which
implies
20—1 20—1

26 Z —27I'Zt89 (,7_ U+ — 36 26 Z —2mit(s—s’ 7_ u) _ 555’9 (,7_ u)
U

Plugging in the explicit form of the characters, we get the identities of different lattice
theta functions:

Corollary 9.2. For s =0, ...,2( — 1 the following identity holds

120=1 _onits

()t 1) | wBhste) o |2 1 ()" e wokAo
2 clwla T s );%L)( 2 )

weW 14 weW x2QV

e— 90

_%q7
6a1_>e*2§7étq71/2’
2 —)6%[]71/2
where on the left-hand side we have the affine Weyl group of sl,, while on the right-hand side it is

the Weyl group and coroot lattice of sl;.
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10. A FAMILY OF SUPER W-ALGEBRAS

We consider the tensor product W ® &, where € is the rank one be-system, or equiva-
lently the lattice vertex algebra V7. It has odd generators b, ¢ satisfying

b(2)e(w) ~ (z = w)™,
a Heisenberg element J¢ = — : bc : and a Virasoro element 7¢ = — : bdc : + : (0b)c : of
central charge 1, under which b, ¢ are primary of weight 7.
Let J4% = J + J¢ € W' ® € denote the diagonal Heisenberg element, which satisfies
3+ 20

Jdiag(Z)Jdiag(w) (Z . w)—Z‘

We will be interested in the commutant Com (/48 W*® £). As with our study of C¢, we
begin by describing (W' ® £)V() where the action of U(1) is generated by the zero mode
of J428_ Tt is easy to see that (W’ @ £)V( has the following strong generating set

{T7 J7 Jga UO,na SO(—)i_,na QO(;,n| n > 0}7
where ¢, = : b0"G* :and ¢, =: cO"G™ -
Observe that ¢y, = + : ¢y,J 1, and ¢g, = £ : ¢y, J° :, for n > 0, so the generators

{©on| n > 0} are not necessary. From the previous relations, we know that {Uy,| n > 5}
are not necessary as long as ¢ # 0 or 1. In fact, we have the relation

Uoy = —: @govoo: —: I Uoo : —g : JJOJE +3+T% - TOJE +3_T6€ L (D)DJE
+1_T2£ L JORJE +£_2742€283Jg + 9o +g cJJJEJE —3_T6£ (D) JEJE
_B_TM - J(OJEVIE _6—242@ N (0T JEJE _# (P
N +1_T% P JJEJETE —3%% L TJETE

so for all ¢ # —%, Up.1 is not necessary. We have similar relations

Upsr = (=1)" = (@ (T (T (@) ) 1 = Vo + -

for all n > 1, where the remaining terms depend only on J, T, J¢ and their derivatives,
and have coefficients given by polynomials in ¢. This proves

Lemma 10.1. For all £ # —2, (W' @ €)Y has a minimal strong generating set
{SOGEO? UO,07 Tv Jv Jg}

Let D denote the commutant Com(J4% W' © £). Note that
(WZ ® E)U(l) ~ YR D€7

where H is generated by J4%. Also, D has a Virasoro element

_3
2(3 + 20)
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and a Heisenberg field

JP=J— %EJE.

The odd weight 2 elements ¢* = ¢y, as well as the even weight 3 element U” = Uf,,
are easily seen to lie in D* as well. As in the previous section, Lemma [I0.0] implies the
following result.
Theorem 10.2. D’ has a minimal strong generating set
{JD7 TD7 Sp:tv UD}

The full OPE algebra of D' is easy to compute from the explicit formulas for the gener-
ators, and it would be interesting to relate it to a super W-algebra associated to s[(3|1).

Next, we consider the simple vertex algebra W, ® £, and we let D, denote the commu-
tant Com (/48 W, @ £). By Corollary 2 of [Mil], D, is Cy-cofinite for all £ € Z-q.

Theorem 10.3. D is rational for all positive integers (.

Proof. D, is an extension of C;, @ V Nererrs The lattice vertex algebra is rational and for
¢ = 1,2 we also know that C, is rational. The discriminant Z/2¢(2¢ + 3)Z of the lattice
\/2((2¢ + 3)Z acts on D, as automorphism subgroup. The orbifold is C; ® V Nerers: and

as a module for the orbifold
20(20+3)—1

)
D, = @ My,
n=0

where each M, is a simple C, @ V Wz—module [DM]. It is in fact also C'j-cofinite as

20+3
the orbifold is Cs-cofinite, hence Proposition 20 of [Mill] implies that each M, is a simple
current. We thus have a simple current extension of a rational, C5-cofinite vertex algebra
of CFT-type and hence by [Y] the extension is also rational. O

Remark 10.4. D, is an example of a rational, Cy-cofinite vertex superalgebra whose conformal
weight grading is by N, not 1N.
11. APPENDIX

Here we give the explicit relation of minimal weight 8 among the generators of (W)Y,

:UgoUry i — : UpaUsg : —% (0 JJT 43 (02I)(0) T T - —Z (02 ))(0* )] J -

H18 : (P)(D)(8)J - —%(—1 +20) (P I)J - _1%(_1 +20) - (9 T)(DT) :

20 (@) @0)07 +1l—2(—1 +20) : (2) (8210 +1—16(3 +20) 1 (9T)J -

_(g +0) (OPT)(OT)T : —(3/2+£) : (OT)(* ) J - —%(3 +20) : (0T)(0*J)dJ :

1 1
+§(3 +20) : TO*J)J - +§(3 +20) - T*J)0J +§(3 +20) - T(0%J)0*J :

_27—36€+28£2 _93—84£+52€2 3+ 0+ 202
960 640

(0%)J (0°))0J : — (0% ))0*T
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_3+£+2W

_ _ Ap? _ _ A2
o (PP T —% : (0°T)J : fﬂ# (0*T)0J
— 40 — 402 — 40 — 402 120 4 40°
% (0PT)0* T —% 1 TOPJ —W L (0'T)T
94120 +402 . 3130+ 1607 — 40 L 30— A2 — 43
g (@T)IT s + 5310 O =0T

— (P JUpg : =3 : (0*T)(0J)Ung : +3: (0*°J)JUgy = +3 : (0J)(0)Uy, :
+3: (8J)J82U0,0 :—6: (8J)J8U0,1 43 (8J)JUO,2 Tt JJ83U070 : —g : JJ82U071 .

+g : JJOUp g« — : JJUpz : — (g + g) (0P T)Uo, —2(3 +20) : (0°0)0*Uyy

9 3¢ 27  9¢ 3
_<Z + 5 ) (82J)8U071 : —|—<§ + 1 ) (82J)U0,2 : _1(3 + 26) : (8J>83U0,0 :

(24 T) @nevn+ (- 0nothe: -2+ 20 70000

+(2 + 26) : J83U0,1 . —<§ 3€) J82U02 (- - —> J&U(]g

4 2
1 7 1
+g—7) IVoas +12(3+2€) T)Uoy : TV, -
1 9 3 l
—1(34— 2€) : (8T)8 U()70 L+ 5 ‘l‘g (0T)8U01 — Z + = 9 (aT)UOQ
1 3 ! 3 !
—6(3 + 26) : T83U0,0 : —|—<1 + 5) : T82U0,1 : —(1 + 5) : T8U072 :
1 7/ 45 + 58( + 2402 8 4 130 + 6/?
+<§ + §> :TUy3 - +< 120 )85Uo7o — <—8 )54(]0,1
7+ 140 4 82 3+ 70+ 602 (1 — 20 (1 —2¢
+(T)83U°’2 - (T)aQUw - (%)W + (%) U
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