BOL LOOPS AND BRUCK LOOPS OF ORDER pq
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ABSTRACT. Right Bol loops are loops satisfying the identity ((zz)y)z = z((zy)z), and right Bruck
loops are right Bol loops satisfying the identity (zy) ' =z 'y~ '. Let p and g be odd primes such
that p > ¢. Advancing the research program of Niederreiter and Robinson from 1981, we classify
right Bol loops of order pg. When ¢ does not divide p? — 1, the only right Bol loop of order pq is the
cyclic group of order pg. When ¢ divides p* — 1, there are precisely (p — ¢ +4)/2 right Bol loops of
order pq up to isomorphism, including a unique nonassociative right Bruck loop B, 4 of order pq.

Let @Q be a nonassociative right Bol loop of order pg. We prove that the right nucleus of Q is
trivial, the left nucleus of @ is normal and is equal to the unique subloop of order p in @, and the
right multiplication group of Q has order p?q or p*>q. When Q = B4, the right multiplication group
of @ is isomorphic to the semidirect product of Z, x Z, with Z,. Finally, we offer computational
results as to the number of right Bol loops of order pg up to isotopy.

1. INTRODUCTION

Throughout the paper let p, ¢ be odd primes such that p > gq.

Groups of order pq are very well understood. By the Sylow theorems, any group G of order p®q
possesses a unique normal subgroup P of order p?, and is a semidirect product of P with the cyclic
group Zq. When ¢ does not divide p® — 1 then G also possesses a normal subgroup of order ¢ and
G = P x Zg. When G has order pg then either G = Zp, or ¢ divides p — 1 and G is the unique
nonabelian group of order pq (cf. [12, Section 4.4]).

In this paper we classify right Bol loops and right Bruck loops of order pq up to isomorphism,
generalizing the above result for groups. For the convenience of the reader, we summarize our main
results in the following theorem:

Theorem 1.1. Let p > q be odd primes.

(i) A nonassociative right Bol loop of order pq exists if and only if q divides p* — 1.

(ii) If q divides p*> — 1, there exists a unique nonassociative right Bruck loop By, 4 of order pq
up to isomorphism, and there are precisely (p — q + 4)/2 right Bol loops of order pq up to
isomorphism.

(iii) If ¢ divides p* —1, the (p—q+4)/2 right Bol loops of order pq can be constructed on Fy x F,,
with multiplication

(i, 5)(k, €) = (i+k, L1+ 0p) " 4 (5 + £(1+ 0,) )0 041,

where Oy, ..., 0,1 € F), are chosen as follows.
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Fiz a non-square t of I, write F» = {u+vvt|u, v €F,}, andletw € Fp2 be a primitive
qth root of unity. Let

po I ERII<y<(p+1)/2,1-77" ¢ (W)}, if q divides p— 1,
Tl {v=124mVE|0<m < (p—1)/2, 1 =y L € (W)}, if q divides p+1,

be a set of cardinality (p —q+2)/2. Then either let 6; = 1 for every i € Fy, or choose y € T
and let 0; = (yw' + (1 — y)w™) "L € F, for every i € F,,.

The choice 0; = 1 for all i results in the cyclic group of order pq. The choice v =1/2 =
(p+1)/2 results in the nonassociative right Bruck loop By, 4. If q divides p — 1, the choice
v =1 results in the nonabelian group of order pq.

(iv) Let Q be a nonassociative right Bol loop of order pq. Then Q) contains a unique subloop of
order p and this subloop is normal and equal to the left nucleus of Q. The right nucleus
and the middle nucleus of Q are trivial. The right multiplication group of Q has order p*q
or piq.

(v) The right multiplication group of By g is isomorphic to (Zy x Zy) X Zq.

The nonassociative right Bol loops of order pg will be available in the next release of the LOOPS
package [19] for GAP [10].

1.1. Related results. Bol loops were introduced in 1937 by G. Bol in [3], where he studied the
associated 3-nets. The first systematic algebraic study of Bol loops is due to D. Robinson [23, 24],
where he showed, among other results, that right Bol loops are right power alternative, and hence
that any right Bol loop of prime order is a group.

R. Burn proved in 1978 [5] that right Bol loops of order p? and 2p are groups, and classified nonas-
sociative right Bol loops of order 8. In a seminal 1981 paper [20], H. Niederreiter and K. Robinson
established a number of results for right Bol loops of order pg and came close to classifying right
Bol loops of order 3p:

Theorem 1.2 ([20]). Let p > q be odd primes.

o If q divides p*> — 1 then there exists a nonassociative right Bruck loop By, 4 of order pq, and
a non-Bruck right Bol loop of order pq.

o A right Bol loop of order pq contains a unique subloop of order p, and when q = 3 then the
unique subloop of order p is normal.

e There are at least (p + 1)/2 right Bol loops of order 3p up to isomorphism, and at least
(p+5)/6 right Bol loops of order 3p up to isotopism.

They also showed that any right Bol loop of order pg can be constructed from an ensemble of ¢
complete mappings on Z,. They were not able to establish that the unique subloop of order p is
normal even when ¢ > 3, nor that the complete mappings must be linear in order to yield a right
Bol loop. Nevertheless, they obtained additional results (see below) under the assumption that the
subloop of order p is normal and that the complete mappings are linear.

B. Sharma and A. Solarin came up with a conflicting estimate on the number of right Bol loops
of order 3p [30] but a problem with their proof was pointed out in [21]. B. Sharma also attempted
to prove that the subloop of order p in a right Bol loop of order pq is normal [27], and that a
right Bol loop of order pg must be associative when ¢ does not divide p? — 1 [28]. Both of these
results turn out to be true—as we shall see—but the proofs in [27, 28] are incorrect (there are
counterexamples to some intermediate claims made in the proofs).

R. Burn went on to prove that there exist nonassociative right Bol loops of order 4n [6]. Moreover,
for every odd prime p, there are precisely two nonassociative right Bol loops of order 2p? up to
isomorphism. (The history of this result is also convoluted: R. Burn claimed in [7] that there is a
unique nonassociative right Bol loop of order 2p?, B. Sharma constructed two examples of order 18
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[26], R. Burn accounted for the second class of examples in a correction to [7], and B. Sharma and
A. Solarin gave an independent proof in [29].)

We note that for Moufang loops, which are properly contained between groups and right Bol
loops, the Moufang theorem [15] guarantees that every Moufang loop of order pq is a group.

From a more general perspective, Bol loops find applications in differential geometry (see the
monograph [25] and the references therein). Bruck loops appear naturally in the special theory
of relativity. A. Ungar showed in [31] that Einsten’s relativistic addition of vectors gives rise to a
nonassociative Bruck loop.

L. Paige discovered an infinite family of nonassociative finite simple Moufang loops [22], and
M. Liebeck proved that no other nonassociative finite simple Moufang loops exist [14]. Although
examples of finite simple non-Moufang Bol loops were not easy to find, they abound [18] even in
the more restrictive case of Bruck loops [2, 17]. There are finite simple Bol loops of odd order p®q”
[18], for instance.

1.2. Outline of the paper. There are three main techniques present in this paper.

Standard loop-theoretical arguments (including strong results of Glauberman on right Bruck
loops) provide necessary conditions on local properties of right Bol loops of order pg, such as the
multiplication formula (3.2), but also a proof that the unique subloop of order p is normal and that
the right and middle nuclei are trivial.

Group-theoretical arguments (mostly about groups of order 2p®q®) shed light on the structure of
the right multiplication groups of right Bol loops of order pq and completely settle the structure in
the case of right Bruck loops. As a consequence we deduce the global condition that nonassociative
right Bol loops @ of order pq exist only if ¢ divides p? — 1, and also the fact that the left nucleus
of @ is of order p. From this it then follows easily that the complete mappings of (3.2) must be
linear, a key step.

In the linear (and hence general) case, the isomorphism problem reduces to a solution of the
bi-infinite recurrence relation (6.2) over F,, with period ¢, and to a classification of the solutions
modulo the equivalence (6.3). This was shown already in [20]. We solve the recurrence relation by
solving the eigenvalue/eigenvector problem for the associated circulant matrix over )2, mimicking
the standard approach to circulant matrices over complex numbers. The difficulty lies in identifying
the solutions with all entries in F;,\ {0, —1} (rather than in [F,2). The equivalence classes of solutions
are then described and counted by elementary calculations in F .

One of our goals was to present the various topics with approximately the same level of detail,
so that the paper can be read by researchers who are not experts in all three areas (loop theory,
group theory, finite fields).

2. PRELIMINARIES ON BOL LOOPS AND BRUCK LOOPS

We apply maps to the right of their arguments, and we conjugate by u’ = v~ uv. In nonasso-

ciative situations, we use the dot convention to indicate the order of multiplications. For instance,
uv - w stands for (uv)w.

2.1. Basic properties of Bol loops and Bruck loops. A nonempty set () with a binary oper-
ation - is a loop if all left translations and all right translations

Ly,:Q— Q, vL, = uv, R,:Q—Q, vR, =vu

are bijections of @, and if there is an identity element 1 € @ satisfying lu = ul = u for every u € Q.
In a loop, we write u\v = vL, ! and u/v = vR; ! for the left and right divisions, respectively.
For a loop @, the right multiplication group of @) is the group

Mlt,(Q) = (Ry | u € Q),
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and the right inner mapping group of ) is defined by

Inn, (Q) = {p € Mlt,(Q) | 1p = 1}.
The right section of () is the set
R ={Ry, |ueQ}.

The right section Rg is a transversal (both left and right) to Inn,(Q) in Mlt,(Q), cf. [4]. In
particular, every ¢ € Mlt,(Q) can be written uniquely as ¢ = ¥R, where ¥ € Inn,(Q) and u € Q.

A subgroup H of a group G is core-free in GG if H contains no nontrivial subgroups normal in G.
It is well known, cf. [4], that for any loop @, Inn,(Q) is a core-free subgroup of Mlt,(Q).

For a loop @ define the left nucleus, middle nucleus and right nucleus by

Nucy(Q) = {u € Q | u(vw) = (wv)w for all v, w € Q},
Nuc,,(Q) = {v € Q | u(vw) = (uv)w for all u, w € Q},
Nuc, (Q) = {w € Q | u(vw) = (wv)w for all u, v € Q},

respectively. Each of the three nuclei is a subloop of @), not necessarily normal in ). Note that
Nucy(Q) = {u € Q | up = u for every ¢ € Inn,(Q)}, and dually for the right nucleus.
A loop Q is right Bol if it satisfies the right Bol identity

(Bol,) ((wu)v)u = w((uv)u).
The identity (Bol,) can be restated as an identity for right translations, namely
R Ry Ry = R(uv)u

It is well known, cf. [23], that every right Bol loop @ is power associative (that is, every element
generates an associative subloop), has the right inverse property (that is, uv - v~ = u for every u,
v € Q) and, more generally, is right power alternative (that is, R}, = R, holds for every u € Q and
i € Z). Consequently, |R,| = |u| for every u € @, and if |Q)] is finite then |u| divides |Q)].

The right nucleus coincides with the middle nucleus in every right inverse property loop [4]. In
a right Bol loop @, the right nucleus is normal in @ [16, Lemma 2.1].

Finally, in a right Bol loop, the left division can be expressed in terms of the multiplication and
inverses by

(2.1) u\v = (vt vu)u,

cf. [11, Lemma 2]. Consequently, a nonempty subset of a right Bol loop is a subloop if it is closed
under multiplication and inverses.
Let @ be a loop with inverses, and let

J:Q—=Q, u—ut

be the inversion map. Since u~'¢ = (up)~! for every u € Q and p € Aut(Q), we have ¢’ = ¢ for
every ¢ € Aut(Q).
A loop @ with inverses has the automorphic inverse property if it satisfies the identity

(AIP) (wv) ™t =uto™,

or, equivalently, if R} = R,-1 holds for every v € Q.

A loop is right Bruck if it satisfies (Bol,) and (AIP). Therefore, in a right Bruck loop we have
R/ =R, =R

Let Q be a loop and ¢ € Aut(Q). Then we have (vp~!-u)p = v - up for every u, v € Q, and
thus R = R, for every u € Q.

A loop Q is right automorphic if Inn,.(Q) < Aut(Q). It is well known that right Bruck loops are
right automorphic.
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2.2. Isotopes and conjugation in right Bol loops. Two loops (Q1,-), (Q2,*) are isotopic if
there exist bijections f, g, h : Q1 — Q2 such that f(u) * g(v) = h(u - v) for every u, v € Q1. We
then say that (Q2,*) is a loop isotope of (Q1,-).

Lemma 2.1. Let Q be a right Bol loop. Then every loop isotope of Q is isomorphic to a loop
isotope of the form (Q,o.), where

(2.2) woev = (u-ve)e L

Moreover, for all u € @Q, the order of u in (Q,o.) is the length of the orbit of L, through c.
Proof. By [24, Lemma 3.4], every loop isotope of @ is isomorphic to a loop isotope (@, *.), where

u*e. v = uc- (c\v).

By (2.1), u*.v = uc- (¢t -ve)e™ = [(uc- 1) - vcle ™t = [u - ve]e™

used (Bol,) and the right inverse property.
By an easy induction, the nth power of u in (Q, o.) is 1(LS)" = (cL")c™!, where L2 denotes the
left translation by u in (@, o). O

I = w0, v, where we have also

Lemma 2.2. Let Q) be a right Bol loop. For all u, v € Q and all positive integers m,
Rup(Ry ' Ruy)™ ' = Ryp.
Proof. The case m =1 is trivial. For m = 2, we compute
RuwRy ' Ruy = RuwRy-1 Ruv = Riypy-1)un = Rucuw-
Now suppose that the result holds up to m — 1 > 1 and compute
Rupgp = Riyyypm—t = Ruuo(Ry) Rua)™
= RuyRy ' Ruo(Ryy Ruv Ry ' Ruy)™ ™ = Ruw (R, Ruy) ™,

using the induction step (with wv in place of v) in the second equality and the case m = 2 in the
third equality. O

Let T, = R, L .
Proposition 2.3. Let Q be a right Bol loop. Then for all u, v € Q and for all k > 0,
(T = (u™" - (W) LE)u ",
Proof. First, using (2.1), we can express vT,, equationally as
(2.3) T, = (vt vu?)ut,
The case k = 0 is clear. For k > 0, (2.3) yields
(T, )F = vTuquj}: = ((u? -qu)ufl)R?J_ll.wQ)u_l.

Using (Bol,), the last expression can be rewritten as

(0 ) Ry2 By (R Ryp R = (07 Ry (R Ry Ry2) R
Using the right power alternative property and Lemma 2.2, we can further rewrite this as

(™) Ryua (B Ryg2) R = (u™) Ry Ry = (- () Ly)u™,
completing the proof. O



2.3. Bruck loops and twisted subgroups. A subset S of a loop @ is uniquely 2-divisible if the
mapping z + x2 is a bijection of S. Given z € S, the unique element y € S such that 3? = z will
be denoted by z!/2.

The theory of right Bruck loops of odd order (and, more generally, of uniquely 2-divisible right
Bruck loops) has been greatly developed by G. Glauberman in 1960s. The following result is
excerpted from [11].

Theorem 2.4 ([11]). Let Q be a right Bruck loop of odd order. Then:
(i) For allu, v € Q, the identities (uv)? = (vu®)v and Ry, = (RyR2R,)Y? hold.
(ii) @ is solvable.

(iii) |[Mlt,(Q)| has the same prime factors as |Q).

(iv) For every prime p dividing |Q|, there is an element of order p in Q.

The conclusion of Theorem 2.4(iii) remains valid in the more general setting of right Bol loops
of odd order:

Proposition 2.5 ([9, 11]). Let Q be a right Bol loop of odd order. Then |Mlt,(Q)| has the same
prime factors as |Q)|.

A subset T of a group H is a twisted subgroup of H if it contains the identity element, is closed
under inverses, and is closed under the product (u,v) — uvu.

The following result appeared essentially as [11, Lemma 3]. For a proof in the more modern
terminology of twisted subgroups, see [32, Proposition 2.3].

Proposition 2.6 ([11, 32]). Let T be a uniquely 2-divisible twisted subgroup of a group H. Then

(T, 0) with multiplication wov = (vuv)'/? is a right Bruck loop. Moreover, the powers and inverses
in (T,-) and (T, o) coincide.

The right Bol identity Ry, Ry Ry = Ry.), together with R} ! = R, -1 show that in a right Bol loop
@ the right section Rg is a twisted subgroup of Mlt,(Q), and hence (Rg,o) with multiplication
R,oR, = (RvRiRy)l/2 is a right Bruck loop. Using the evaluation map ¢ — 1y, we obtain:

Proposition 2.7 ([9, 32]). Let (Q,-) be a uniquely 2-divisible right Bol loop. Then (Q, o) defined
by uowv = (vu? - v)Y2 is a right Bruck loop. Moreover, powers and inverses in (Q,-) coincide with
those in (Q,0).

When (Q, ) is a uniquely 2-divisible right Bol loop, we call the loop (@, o) of Proposition 2.7 the
right Bruck loop associated with (Q,-).

Lemma 2.8. Let Q be a uniquely 2-divisible right Bol loop and let (Q,0) be the associated right
Bruck loop. Then Mlt,.(Q,0) is conjugate to the group (LyR, | u € Q) in the symmetric group on

Q.

Proof. Let 0 : Q — @ be the squaring map, and let R be the right translation by v in (Q,o).
Then for every u, v € Q we have uRS0 = (uov)? = vu? - v = uocL,R,, so 0 'R0 = L, R,. O

Here is another source of twisted subgroups. Let H be a group and 7 € Aut(H). Then the set
Ky(r)={u€ H|ur =u"'}
of anti fixed points of 7 is a twisted subgroup of H.

Lemma 2.9 ([9, 32]). Let T be a twisted subgroup of a uniquely 2-divisible group H, let T € Aut(H),
and suppose that T < Ky (1) and (T) = H. Then T = Ky (7).
6



2.4. The group Mlt,(Q) x (J) for right Bruck loops of odd order. Recall that in a right
Bruck loop the inversion map .J acts on the right section via R} = R;'. We will investigate the
group A = Mlt,(Q) x (J) for a right Bruck loop @ of odd order and show that the isomorphism
type of A determines the isomorphism type of Q.

Lemma 2.10. Let Q be a right Bruck loop of odd order. Let G = Mlt,.(Q) and A = G x(J). Then:

(i) All elements of A\ G have even order.

(ii) Inn,(Q) coincides with the fized points of the action of J on G.

(ili) The right section Rg coincides with the set Kg(J) of anti fized points of J in G.

(iv) The mutually inverse bijections f : S+ Rg ={R, € G|ue S} andg: T — 1T = {1p |
@ € T} form a one-to-one correspondence between subloops of @ and twisted subgroups of
G contained in Rg.

(v) Let T be a twisted subgroup of G contained in Rg. Then there is a subgroup U < G such
that T = RoNU.

(vi) Let T be a twisted subgroup of G contained in Rg, and let 1T = S be the corresponding
subloop of Q. Then S<LQ if and only if T' = RgNU for some normal, J-invariant subgroup
U of G.

Proof. (i) This is clear from the fact that J is an involution and from the multiplication in G x (J).

(ii) Every element of G is of the form R, for some ¢ € Inn,(Q) < Aut(Q) and u € ). We have
(YR, =¢'R} =yR,-1. Thus R, is a fixed point of J if and only if R, = R,-1, which happens
if and only if w = ', which is equivalent to u = 1, since @ has no elements of even order.

(iii) Recall that Rg is a twisted subgroup of G = (Rg). We have Ry < Kg(J) thanks to
R} = R,-1. By Theorem 2.4, G is of odd order, hence uniquely 2-divisible. Lemma 2.9 then
implies that Rg = K¢(J).

(iv) For a subloop S of @, we claim that Sf = Rg is a twisted subgroup of G. Indeed, if u,
v € S then RyRy Ry, = Ry, € Rs and R;! = R,1 € Rg. For a twisted subgroup T of G such
that T' C R, we claim that T'g = 1T is a subloop of Q. Indeed, if R,, R, € T then R, o R, =
(RvRﬁRv)l/2 = Ryy € T by Theorem 2.4, so 1R, - 1R, = uwv = 1Ry, € 1T, and we also have
(1R,) ' =u"! =1R;! € 1T. Finally, we have Sfg = (Rg)g = S and Tgf = (1T)f = Ry =T

(v) By (iv), T'= Rg for some S < Q. Let U = (Rs) < G. f R, € U thenv = 1R, = 1R,,, - -- Ry,
for some u; € S, so v € S. This shows that RgNU = Rg =T

(vi) If T'= RonNU for some normal (not necessarily J-invariant) subgroup U of G, then S = 17" is
a normal subloop of @ by [11, Lemma 5(v)]. Conversely, suppose that 17" = .S < Q. The projection
@ — Q/S induces a surjective homomorphism « : G = Mlt,.(Q) — Mlt,.(Q/S). For any u € Q,
we have Rya = 1 if and only if v € S. Hence Rg N Ker(a) = Rg = T. Moreover, Ker(«) is
J-invariant. ]

Proposition 2.11. For i € {1,2}, let Q; be a right Bruck loop of odd order with inversion map
Ji, and let A; = Mlt,.(Q;) x (J;). Then Q1 = Q2 if and only if A) =

Proof. If Q1 = Q9 then clearly A1 = As. For the converse, suppose that f : A1 — Ay is an
isomorphism. Since (.J2) is a Sylow 2-subgroup in Ay and all Sylow 2-subgroups of Ay are conjugate,
we can compose [ with an inner automorphism of As and assume without loss of generality that
Jif = Jo. By Lemma 2.10(i), the group G; = Mlt,(Q;) is the maximal normal subgroup of odd
order in A;, hence G1f = G2. By Lemma 2.10(iii), Rg, = K¢, (J;) is the set of anti fixed points
of J;. Given ¢ € Rg,, we then have (¢ f)~1 = (=) f = (W) f = (W) f = Lf -of - Jif =
Jo - f - Jo = (Yf)2, s0 ¥f € Rg,. It follows that f induces a bijection Ry, — Rg,. Define
a: @1 — Q2 by Ryf = Rya. We claim that « is a loop isomorphism. Indeed, Ri)o = Ruwf =
(RuRyR.)'f = (Ruf(Ruf)*Ruf)'? = (RuaR}o Rua)'* = Ruava O
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We will eventually show that there is only one isomorphism type of A = Mlt,.(Q) x (J) for
nonassociative right Bruck loops of order pq, from which we deduce via Proposition 2.11 that there
is only one nonassociative right Bruck loop of order pq.

3. A FIRST GLANCE AT BOL LOOPS OF ORDER pg

Let p > ¢ be odd primes and let @ be a right Bol loop of order pg. Many results of [20] on @
were obtained under the assumption that the unique subloop of order p is normal in Q. Crucially,
the normality assumption was used in [20] to prove that Q = {ba’- & |0 <i < ¢ 0 < j < p},
where a € () is an element of order ¢ and b € () is an element of order p.

In this section we improve upon several results of [20] by removing the normality assumption.
Moreover, we then prove in Theorem 3.11 that the unique subloop of order p is normal in @. (In
Section 5 we give another proof of this fact, and we also show that ¢ divides p?> — 1 when Q is
nonassociative.) We purposely give an argument that is independent of [20] because the normality
assumption is interwoven into proofs of [20].

3.1. Uniqueness of a subloop of order p in right Bol loops of order pq.

Lemma 3.1. Let p > q be odd primes and let QQ be a right power alternative loop of order pq. Then
Q has at most one subloop of order p.

Proof. Let u, v be two elements of order p in @ such that (u) N (v) = 1. Let us consider the orbits
O(w) of w under R,. We claim that for every k we have O(v¥) N (v) = {v*}. Indeed, if v/ € O(v*)
then v/ = v* Rl = vk R, = v¥u! for some i, so u' = v*\v/ = v/ € (u) N (v) = 1, so we can assume
without loss of generality that i = 0 and k£ = j. Because @ is right power alternative, all orbits of
R, have length |u|. It follows that R, has at least p distinct orbits of length p, so |Q| > p* > pq, a
contradiction. O

Corollary 3.2 (]20, Theorem 1]). Let p > q be odd primes and let Q be a right Bol loop of order
pq. Then Q contains a unique subloop of order p. When Q) is nonassociative, then all nonidentity
elements of Q are of order p or q.

Proof. By Lemma 3.1, there is at most one subloop of order p in ). By Theorem 2.4, () contains
an element of order p. Hence @ contains a unique subloop S of order p.

Suppose that @ is nonassociative. In any right Bol loop the order of an element is a divisor of
the order of the loop. If () contains an element of order pg, it is isomorphic to Z,4, a contradiction.
Hence all elements of @ \ S have order q. O

Lemma 3.3. Let p > g be odd primes and suppose that Q is a right Bol loop containing a normal
subloop of order q. Then @ is associative.

Proof. Suppose that @ is nonassociative. Let S be a normal subloop of @ of order g, say S = (a).
By Corollary 3.2, there is b € @ such that |b] = p, and every element of @ \ (b) has order ¢q. Thus
1= (ba)? € (bS)? =115, so b? € S, a contradiction with |b] = p. O

3.2. Factorizations in right Bol loops of order pq.

Lemma 3.4. Let QQ be a uniquely 2-divisible right Bol loop. For all v € Q and m,n € 7Z the
equation uwv™ - u = v™ has a unique solution u = v(M="/2

Proof. That u = v(™~™/2 golves the equation is clear thanks to power associativity. For the
uniqueness, consider the associated right Bruck loop (Q, o) and note that the identity uv™ - u = v™
in (@,-) is equivalent to the identity (v”/ 2ou)?2 = 9™ in (Q,0). The latter equation obviously has
a unique solution u. O



Proposition 3.5 (compare [20, Theorem 1]). Let Q be a right Bol loop of order pq, where p > q
are odd primes. Then there exists an element a € Q) of order q, an element b € QQ of order p, and
whenever a, b are such elements, we have Q = {a't/ |0 <i < q, 0<j<p}={ba'|0<i<
,0<j<pt={Va ¥ |0<i<q 0<j<p}

Proof. In each case, it is enough to show that no two elements of the given form coincide, for then
there are precisely pg elements of that form. If a’®/ = a*b¢, then a’b/~¢ = aF by the right inverse
property and so b/ ~¢ = a’\a* = a¥*~*. Since (a) N (b) = 1, we must have j = £ and k = i. The
argument for the form b7a’ is similar. ‘ '

Suppose that ba’ - o = bFa’ - b¥. Then R{)RZRI]7 = Rpigii = Rppgtpp = ngRf;R’b“ and so
R, = ngﬁRﬁng*J = Ryi—jgepi—i- Hence a' = bF=Ja’ - v*J. By Lemma 3.4, we have that
b7 = ali=0/2 As above, we conclude that k = j and i = £. O

Corollary 3.6. Let p > q be odd primes and let Q be a right Bol loop of order pq. Let a € @Q be of
order q and b € Q of order p. Then Mlt,(Q) = (Rq, Ryp).

Proof. By Proposition 3.5, every u € @ can be written as u = ba' - b for some i, j. Then
Ry = Ryigips = RyRuRy = RIR\R! € (R,, Ry) by (Bol,) and the right power alternative
property. ]

3.3. Complete mappings and right Bol loops of order pg. Throughout this subsection, sup-
pose that p > g are odd primes, and let () be a right Bol loop of order pg. In addition, let a € @
be an element of order ¢, and b € Q an element of order p.

Lemma 3.7. For eachu € Q, the order of u is equal to the order of L. In particular, Ll = Lg =1.

Proof. The conclusion is certainly true when @) is associative, so we can assume that ) is not
associative. Every loop isotope of @) is then also a nonassociative right Bol loop of order pg. Thus
for each ¢ € @Q, Corollary 3.2 implies that each nonidentity element of ) has order ¢ or p in the
isotope (@, o.) defined by (2.2). By Lemma 2.1 it follows that for each nonidentity element u € Q,
the orbits of L, each have length ¢ or p.

Now for 1 # u € Q, L, has, say, r orbits of length ¢ and s orbits of length p. Then rq+ sp = pq.
If r > 0 and s > 0, then since sp = (p — r)g, it must be the case that ¢ divides sp and hence ¢
divides s. But s < ¢, a contradiction. Therefore either r = 0 or s = 0. Thus L, has order ¢ or
order p, and this coincides with the order of u which is the length of the orbit of L, through 1. [

Lemma 3.8. For allu € Q, (b)T, C (b).

Proof. Since (b) is generated by any of its nonidentity elements, it is enough to show b7, € (b). By
Proposition 2.3, we have

OT)P = (™ (W))ut =uu? ut =1,
Thus bT,, has order dividing p. Since (b) is the unique subloop of order p by Corollary 3.2, we have
bT,, € (b) as claimed. O

Let us now apply Lemma 3.8 and derive a multiplication formula for ). For every 0 <14 < g and
0 < j < p, there exists 0 < j' < p such that

(3.1) VT, =ad\(ba) ="
This gives rise to mappings 0; : Z, — Zyp, j — j' = jb;.

A bijection f of a group (G,+) is a complete mapping if the mapping = — xf + = is also a
bijection of G.

Lemma 3.9. For every 0 <i < q, the mappings 0; defined by (3.1) are complete mappings of Zy.
Moreover, 0y is the identity mapping and 00; = 0 for every i € Z,.
9



Proof. By Lemma 3.8, 6; is a permutation of Z,. Next,
Val - ¥ =a'ti% . by = o',

By Proposition 3.5, the left hand side accounts for p distinct elements of ) as j varies over Z,, and
hence so does the right hand side. Then Proposition 3.5 implies that j — j + j6; is a permutation

of Zy.
Since ¥/ = ba’ = a'% = b% we must have 0y = 1. Similarly, o’ = %’ = a'b%% implies
06; = 0. O

Proposition 3.10. The multiplication in Q is uniquely determined by the complete mappings
0; : Z, — 7y, defined by (3.1). In particular, for 0 < i, k < q and 0 < j, £ < p, we have

(3.2) At - kbt = qitkpmHGTmOT ik
where m + mé = £.

Proof. Fix i, k € Zq and j, ¢ € Z),, and let m € Z, be the unique element satisfying m + mbj, = /.
Then

a't - aFot = a'b - dFom R = @iy (aFmO b)) = a'b - (b b™)
= (a’V) - ™) - ™ = (a'TT™)aF T = (b(j+m)9i_1ai)ak o
— pUtm)O; ! ik pm ik p(Am)0; gy pm itk (G4m)0; O tm
n

Theorem 3.11. Let p > g be odd primes and let Q@ be a right Bol loop of order pq. Then the
unique subloop of order p is normal in Q).

Proof. Let a € @ be an element of order ¢ and b € () an element of order p. Define ¢ : Q — Z, by
(a'b)¢ = a'. It follows from Proposition 3.5 that ¢ is well-defined, and from Proposition 3.10 that
¢ is a homomorphism with kernel (b). O

Call a complete mapping 0 : Z,, — Z,, linear if (i+j)0 = i0+ j6 for every i, j € Z,,. Equivalently,
a complete mapping 0 : Z,, — Z, is linear if there is A\ € Z,, \ {0, —1} such that i§ = X - i for every
i €7,

We record a useful corollary of Proposition 3.10.

Corollary 3.12. If every 6; is linear and we have 0;,1 = 0,0 for every i, k, then Q is associative.
Proof. We have
Aty - aFbl = gitkpmttm)oe _ itkpmamOgt+iOe _ itkpl+it

with the usual convention on m, so @ is isomorphic to the semidirect product (Z, X Zj,*) with
associative multiplication

(1,7) % (k,£) = (i + k, 76k + 0).

4. THE BRUCK LOOPS OF ORDER pq

Let p > ¢ be odd primes. We prove that a nonassociative right Bruck loop of order pq exists if
and only if ¢ divides p? — 1, and in such case the loop is unique up to isomorphism. Our main tool is
Proposition 2.11, so we must first obtain some results on groups that can arise as A = Mlt, (Q) x (J).

10



4.1. Dihedral groups in GL(2,p). For a group N, denote by Hol(N) the holomorph of N, that
is, the semidirect product N x Aut(N) with natural action.

Consider now a semidirect product G = N x H with conjugation action o : H — Aut(N). If «
is faithful (that is, injective), then G embeds into Hol(NN) via the isomorphism nh — (n, ha).

The goal of this subsection is to show that if G = N x H, N £ Z, x Z,, H = Dy, and H
acts faithfully by conjugation on N, then ¢ divides p?> — 1 and G is uniquely determined up to
isomorphism. See Proposition 4.2.

We start by exhibiting a canonical copy of (Z, x Zy,) x Dag in GL(2,p). Suppose for a while that
q divides p? — 1. Note that then ¢ either divides p — 1 or p+ 1 but not both. Let w be a primitive
qth root of unity in Fp2. Clearly, w € F, if and only if ¢ divides p — 1.

We define o, 7 € GL(2,p) as follows. When ¢ divides p — 1, let

(w0 (0 1
7= \o w) TT\1 o)

When ¢ divides p + 1, fix an F)-basis B of 2, and let o, 7 be the matrices of the [F-linear maps
r — wx, r — P with respect to B, respectively. Straightforward calculation shows that in both
cases o, T satisfy the relations 09 = 72 = (07)? = 1. (When ¢ divides p + 1, use wP*! = 1.)

Denote by A the subgroup (o, 7) of GL(2, p) and note that A is isomorphic to the dihedral group
Do,.

Proposition 4.1. When q does not divide p*> — 1 then GL(2,p) has no subgroup isomorphic to the
dihedral group Doy. When q divides p? — 1 then any subgroup isomorphic to Do, is conjugate to A
in GL(2,p).

Proof. Let G = GL(2,p) and note that |G| = (p?> — 1)(p®> — p) = (p — 1)?*p(p + 1). When ¢ does
not divide p? — 1 then ¢ does not divide |G|, so G certainly does not contain a subgroup of order
2q. For the rest of the proof suppose that ¢ divides p? — 1, and let o, 7, A be as above. Let
S={(s,t: s1=1t*=(st)® =1) be a subgroup of G = GL(2,p) isomorphic to Da,.

Assume first that ¢ divides p — 1. Define the subgroup

U:{(S 2) : a,beF;}zZp_lxzp_l

of G. As [G: U] = p(p+1) is coprime to ¢, any ¢g-Sylow subgroup of U is a g-Sylow subgroup of G.
In particular, s is conjugate to an element of U. We can therefore assume that, up to conjugacy,

s € U and
(W 0
ST o w

for the primitive gth root of unity w in F, fixed above and for some integers 4, j. Since s is not
central in G, ¢ # j, and s has precisely two 1-dimensional invariant subspaces, namely V; = ((1,0))
and Vo = ((0,1)). The relation sts = t implies Vit = Vjsts = Vjts, and thus Vit € {V1,Va}. If ¢
fixes V1, V2 then S is contained in the abelian group F, x I}, a contradiction. Therefore, ¢ must
interchange V7 and V5. In particular, ¢t has the form

0 a!
=(a %)

for some a € F;. The relation tst = 51 is then equivalent to i = —j. With

(a0
“=\o 1)

11



we have s* = s and

. (01
. <1 0) |
Hence S is conjugate to A.

Now assume that ¢ divides p + 1. By [13, I1.7.3.(a)], G contains a cyclic subgroup U of order
p?> — 1. In fact, U consists of the F,-linear maps p, : © — xa with a € F*,. Furthermore,
Cq(U) = U and Ng(U)/U has order 2, which means Ng(U) = {pa, pa7 | a € F7,}. We claim that
any involution of Ng(U) \ U is U-conjugate to 7. On the one hand, Cy(7) = {pa | @ € F,}, hence
|7V = (p2 —=1)/(p — 1) = p+ 1. On the other hand, (7p,)% = p4*" is the identity map if and only
if aPT! = 1, which means that Ng(U) \ U has p + 1 involutions.

Since [G : U] is coprime to ¢, the ¢-Sylow subgroup of U is a ¢-Sylow subgroup of G. Up to
conjugacy, we can assume that (s) < U is the unique subgroup of order ¢ in U. Then again by [13,
I1.7.3.(a)], t € Ng((s)) < Ng(U). By our claim above, t and 7 are U-conjugates. As U centralizes
s, the subgroups (s,t) and A are conjugate. O

We will identify Hol(IF;) with the affine linear group AGL(n,p) consisting of all affine linear
maps = — b+ A, where b € F and A € Aut(F)) = GL(n,p). Recall that the socle of AGL(n,p)
is in fact the unique minimal normal subgroup of AGL(n,p), namely the group consisting of all
translations x +— b+ x.

Proposition 4.2. Let G = NH be a group such that Z, x Z, = N 4G, Dyy = H < G and
Ca(N) = N. Then q divides p* — 1 and G = F3 x A,

Proof. Since the orders of N and H are coprime, we have N N H = 1. It follows that G =2 N x H,
where the action of H on N is by conjugation. The assumption Cg(N) = N means that the
action is faithful, and we have an embedding ¢ : G — Hol(N) = AGL(2,p). The image N is
the socle of AGL(2,p), and Hy < GL(2,p). By Proposition 4.1, ¢ divides p?> — 1 and there is an
element g € GL(2,p) with (Hp)? = A. Since (N¢)9 = Ny, the map = — (z¢)Y is an isomorphism
G—TF2xA. O

4.2. Uniqueness. Throughout this section, let ) be a right Bruck loop of order pq. We prove
that either () is the cyclic group Z,,, or ¢ divides p?2 — 1 and Q is the nonassociative Bruck loop
B, 4 constructed by Niederreiter and Robinson.

We start with a special case of Theorem 3.11, giving a proof independent of most of the results
in Section 3.

Proposition 4.3. @ possesses a unique subloop of order p and this subloop is normal.

Proof. By Theorem 2.4, Q) is solvable and so its derived subloop @)’ is properly contained in Q. If
Q' =1 then Q is an abelian group of order pq and the result follows. We can therefore assume that
1Q'| € {p,q}-

If |Q'| = p, we are done, so assume that |Q'| = ¢ and Q/Q’ = Z,. Let S be the unique subloop
of order p, whose existence is guaranteed by Corollary 3.2. Recall that |u| divides |@Q| in any right
Bol loop. Consider any u € Q \ (Q' U S). Since |uQ'| divides |u| and |u@Q’| = p, it follows that p
divides |u| # p. Thus |u| = pq, Q = Z,q, and Q' = 1, a contradiction. O

Let G = Mlt,(Q). By Proposition 3.5 and Corollary 3.6, there are a, b € @ such that |a| = ¢,
|b| = p and G = (R,, Ryp).

As in Lemma 2.10, let A = G x (J). Since G < A, G/A = 75 and G is solvable of order p®q® by
Theorem 2.4, A is solvable of order 2p®q®. Let N be a minimal normal subgroup of A, necessarily
an elementary abelian r-group for some r € {2, p, ¢}.

Lemma 4.4. r # 2 and N <G.
12



Proof. Suppose first that » = 2. Then |N| = 2 because 4 does not divide |A|, and from N < A
we deduce N < Z(A). Let ¢ be the unique involution of N. If ¢ # J, then ¢J = J¢ shows that
(¢, J) is a subgroup of order 4, a contradiction. Thus N = {1,J}. But then R, = R} = R,
implies |u| < 2 for every u € @, a contradiction. Hence r # 2. Since N contains no elements of
even order, it is a subgroup of G by Lemma 2.10(i). O

Consider a vector space V over a field of odd characteristic, and let ¢ be an involutory auto-
morphism of V. Then any v € V can be written as v = v + v, where vt = (v + vp)/2 and
v~ = (v —wyp)/2. Moreover, vty =vt and v p = —v~.

Denote by NT (resp. N7) the fixed points (resp. anti fixed points) of the involutory automor-
phism J on N = F™. As above, any u € N can be written as u = ut+u~, where ut = (ou)% eENT
and u~ = (u(u')?)2 € N~. Thus N = N*N~ = Nt x N~

Lemma 4.5. N~ is a twisted subgroup of G contained in Rg, it corresponds to a normal subloop
of Q, and it has size r.

Proof. We have N~ < G by Lemma 4.4. By Lemma 2.10(iii), N~ is a twisted subgroup of G
contained in Rg. By Lemma 2.10(vi), N~ corresponds to a normal subloop of Q). Since |Q| = pq
and |[N~| is a power of r, it follows that |[N~| € {1, r}. Suppose that [IN"| = 1. Then N = NT <
Inn, (Q) by Lemma 2.10(ii). Together with N <G, this is a contradiction with the fact that Inn, (Q)
is a core-free subgroup of Mlt, (Q). O

Lemma 4.6. If Q is not associative then N~ = (Ry), INT| =p and N = Z,, X Zy,.

Proof. By Proposition 4.3, () contains a normal subloop of order p. It does not contain a normal
subloop of order ¢, otherwise @ = Z,, by Lemma 3.3, a contradiction. By Lemma 4.5, [N~| = p.
Since N~ is a twisted subgroup of G contained in Rg, we must have N~ = (Ry) because |R,| = |u]
for every v € Q.

Notice that G = (R4, Rp) = (N, R,) = N(R,) and |R,| = ¢q. If N7 is trivial, then |G| < pq,
which implies that @ is associative, a contradiction. We can therefore assume that N is nontrivial.
Let dim(N) = k as a vector space over F,,. From N = N* x N~ and dim(N~) = 1 we deduce
dim(Nt)=k—1, k> 2.

Consider Jo = J®«. Then JJy = JR;'JR, = R2. Since |R,| = ¢ is odd, we have A =
(N, Ry, J) = (N, R2, J) = (N, J, Jo). The set of fixed points of Jy in N is (NT)Re because
(ufla)fo = (y7)Fe = yFBa holds if and only if u € N*. Let M = N* N (N*t)B and note that all
elements of M are centralized by N, J and Jy. Hence M < Z(A) and, in particular, M < A.

Now, dim(M)+k = dim(M)+dim(N) > dim(NT)+dim((N*)Fa) = 2(k—1), so dim(M) > k—2.
If £ > 2 then M is a nontrivial normal subgroup of A properly contained in N, a contradiction.
Thus k =2, dim(N*1) =1 and N 2 Z, X Z,,. O

Proposition 4.7. Let p > q be odd primes, let Q be a nonassociative Bruck loop of order pq,
G =Mt (Q) and A= G x (J). Then:
(i) A= NH where N = Zy, x Zp, H = Doy, and Cyx(N) = N.
(i) q divides p* — 1.
(iii) G is isomorphic to (Zy X Zyp) X Zy.

Proof. (i) Lemmas 4.4-4.6 imply that A has a normal subgroup N = Z, x Z, with R, € N.
The subgroup H = (R,, J) is isomorphic to Dy,. A = NH holds. Since C4(N) is normal in
A, Hy = HN C4(N) is normal in H. This implies that if Hy is not trivial then it contains the
unique cyclic subgroup of order ¢ of H. In particular, R, € Hy. From R, € C4(N), Ry, € N and
Mlt, (Q) = (Ra, Rp) we deduce that Mlt,(Q) is commutative, a contradiction with nonassociativity
of Q. Hence, Hy = {1} and C4(N) = N hold.
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(ii) By Proposition 4.2, ¢ divides p? — 1.
(iii) Let K = HNG. By Lemma 2.10(i), K = Z, and both N and K are subgroups of G. O

Recall that whenever ¢ divides p? — 1, Niederreiter and Robinson constructed a nonassociative
right Bruck loop B, , of order pg.

Theorem 4.8. Let p > q be odd primes and let Q) be a right Bruck loop of order pq. Then either
Q = Zypg, or q divides p? —1 and Q = By, 4.

Proof. If @) is associative then @ = Z,,, so we can assume that @ is not associative. Let us relabel
Q as Q1, let J; be the inversion map in @, and let Ay = Mlt,.(Q1) x (J1). By Propositions 4.2
and 4.7, ¢ divides p? — 1 and A; = IE‘I?) X A.

Let Q2 = By 4, let Jy be the inversion map in ()2, and let Ay = Mlt,(Q2) % (J2). Reasoning as
before, we get Ay = ]]5‘}27 X A, too. In particular, A1 = Ay, and Proposition 2.11 implies ()1 = Q2. O

We will prove later that in every nonassociative right Bol loop of order pq we have Nuc(Q) = Zj,.
Here is a special case for right Bruck loops.

Proposition 4.9. Let p > ¢ be odd primes and let () be the nonassociative right Bruck loop of
order pq. Then Nucy(Q) = Zy,.

Proof. We first mimic the beginning of the proof of [32, Proposition 3.18]. Let S be the unique
normal subgroup of order p in . Consider the mapping f : Inn,(Q) — Aut(S), of = ¢|s,
clearly a homomorphism. The kernel of f is equal to C = {¢ € Inn,(Q) | ¢|s = idg}. Since
Aut(S) = Aut(Z,), we see that Inn,(Q)/C < Aut(S) is a cyclic group of order dividing p — 1.
However, we know that |Inn,(Q)| = p from Proposition 4.7(iii), so |Inn,(Q)/C| =1 and |C| = p.
It follows that S < Nucy(Q). O

5. SECOND GLANCE AT RIGHT BOL LOOPS OF ORDER pq

5.1. The divisibility conditions ¢ | p> — 1. We will now show that a nonassociative right Bol
loop @ of order pq exists for odd primes p > ¢ if and only if ¢ divides p? — 1. If we knew that
the associated right Bruck loop (@, o) is nonassociative, we would be done by Theorem 4.8. But it
is conceivable that (@, o) is a group and this situation must be carefully excluded. The setup we
develop here will be useful later, too. Moreover, it will allow us to give another proof of Theorem
3.11 independent of most of Section 3.

Let @ be a loop. Recall that a triple of bijections («,,7) of Q is an autotopism of @ if
ua-vf = (uv)y holds for every u, v € ). The autotopisms of () form a group under componentwise
composition, the autotopism group Atp(Q).

We claim that a loop @ is right Bol if and only if (R, !, LyRy, Ry) € Atp(Q) for every u € Q.
Indeed, the condition (R, !, L, Ry, Ry) € Atp(Q) is equivalent to the identity (w/u)(uv-u) = (wv)u,
which is equivalent to (Bol,) upon substituting wu for w.

Lemma 5.1 ([4]). Let Q be a loop and let o, 3, v be bijections of Q. Then:
(i) (id, B8,7v) € Atp(Q) if and only if B =y = Ry and w € Nuc, (Q).
(i) («,id,7y) € Atp(Q) if and only if &« = v = Ly, and w € Nucy(Q).
Denote by 7; the projection on the ith coordinate.
Lemma 5.2. Let Q be a uniquely 2-divisible right Bol loop, let N = ((R;', LyRy, R,) | u € Q) <
Atp(Q,-), and let (Q,0) be the right Bruck loop associated with (Q,-). Then:

(i) The projection w1 : N — Mlt,.(Q, ) is a surjective homomorphism and there is a subloop
W1 of Nuc,(Q, ) such that Ker(m) = {(id, Ry, Ry) | w € Nuc,(Q, -)} is isomorphic to W1.
14



(ii) The projection ma : N — (LR, | u€ Q) = Mlt,(Q,0) is a surjective homomorphism,
there is a subloop Wo of Nucy(Q,-) such that Ker(ma) = {(Luw,id, Ly) | w € Wa} is anti-
isomorphic to Wa, and Ker(my) < Z(N).

Proof. (i) It is clear that m; is onto Mlt,(Q, ). Let ¢, = (id, Ry, Ryw). By Lemma 5.1(i), there is
a subset W7 of Nuc,(Q, -) such that Ker(m) = {¢y | w € Wi}. We claim that W) is a subloop of
(Q,) and Ker(m) = Wy. If u, v € Wy then ¢y, ¢, € Ker(m1) and ¢upy, @, * € Ker(m). We have
@01 = -1 thanks to the right inverse property, and ¢, @, = pu because v € Nuc,(Q). Therefore
wo, u”t € W

(ii) It is clear that m is onto (L, Ry | v € @), which is isomorphic to Mlt,(Q, o) by Lemma
2.8. Let ¢ = (Ly,id,Ly). By Lemma 5.1(ii), there is a subset W of Nucy(Q,-) such that
Ker(ma) = {¢w | w € Wa}. We claim that W3 is a subloop of (@, -) and Ker(my) is anti-isomorphic
to Wa. If u, v € Wy then vy, 1, € Ker(m2) and 1,10y, ;! € Ker(ms). We have 1,1, = 1., since
v € Nucy(Q, -), and ;1 = 1),,-1 thanks to u € Nucy(Q,-). Therefore vu, u=t € Wj.

Finally, the condition w € Nucy(Q, -) is equivalent to L, R, = R, Ly, for every u € Q. It follows
that v, commutes with every (R, !, L, Ry, Ry), hence Ker(m) < Z(N). O

Proposition 5.3. Let (Q,-) be a Bol loop of odd order. If the associated right Bruck loop (Q, o) is
associative then Mlt,.(Q, -) is nilpotent of class at most 2.

Proof. Let N, w1 and 7o be as in Lemma 5.2. Then Ker(mg) < Z(N), and N/Ker(m) = Mlt, (Q, 0) =
(Q,0) is an abelian group by assumption. Therefore N is nilpotent of class at most 2. Since
m1(N) = Mlt,(Q, -), we are done. O

Recall that in a finite nilpotent group the Sylow subgroups are normal, and the maximal sub-
groups are normal of prime index.

Lemma 5.4. Let G be a finite nilpotent group and H a core-free subgroup of G. Then for any
prime divisor r of |G|, there is a normal subgroup M < G such that H < M and r = |G/M|.

Proof. We use induction on |G|. Let N; be a maximal subgroup of G containing H. Then Nj is
normal in G of prime index p. If r = p then we are done. Assume r # p. By induction hypothesis,
N; has a normal subgroup N2 with H < Ny and r = |[N;/Ns|. Let P be a Sylow p-subgroup of G
and define M = Ny P. Since H is core-free and P < G, we see that P is not a subgroup of Ny and
|M/Na| = p. This implies that |G/M| = r, M is maximal in G and hence M <G. O

Lemma 5.5 ([1, 2.12]). Let Q be a loop and M a group with Inn,(Q) < M IMlt,(Q). Then
S={xe€Q| Ry e M}=1M is a normal subloop of Q. Moreover, Q/S = Mlt,(Q)/M holds.

Proposition 5.6. Let Q be a finite loop such that Mlt,.(Q) is nilpotent. Then for any prime r
dividing |Q| there is a normal subloop of Q with index r.

Proof. Put G = Mlt,(Q) and H = Inn,(Q). Since H is core-free in G, there is a normal subgroup
M of G of index r containing H by Lemma 5.4. We are done by Lemma 5.5. g

Theorem 5.7. Let p > q be odd primes and let (Q be a nonassociative right Bol loop of order pq.
Then q divides p*> — 1.

Proof. Let (Q, o) be the associated right Bruck loop. Suppose first that (@, o) is associative. Then

(Q,0) is in fact an abelian group due to the automorphic inverse property, and G = Mlt,.(Q, ) is

nilpotent by Proposition 5.3. Proposition 5.6 yields a normal subgroup S of index p (hence of order

q) in (Q,-), a contradiction with Lemma 3.3. Therefore (Q, o) is nonassociative, and we are done

by Theorem 4.8. O
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Lemma 5.8. Let p > q be odd primes and let Q be a nonassociative right Bol loop of order pq.
Let N be as in Lemma 5.2. Then |N| = p'¢? with i < 3, j <2, and N contains a unique Sylow
p-subgroup.

Proof. Let (Q,0) be the associated right Bruck loop, and let Ky = Ker(my). By Lemma 5.2,
N/K> = Mlt,(Q,0) and Ks corresponds (in cardinality) to a subloop of Nuc,(Q). If (Q,0) is
associative then |[Mlt,(Q, o)| = pq, otherwise |Mlt,(Q, o)| = p?q by Proposition 4.7. Thus |N| = p'¢’
with i < 3, j < 2. Since p does not divide ¢> —1 = (¢ — 1)(¢ + 1), N contains a unique Sylow
p-subgroup. O

Remark 5.9. Here is an alternative proof of Theorem 3.11 that does not require most of Section 3.
We can assume that Q is a nonassociative right Bol loop. Let us resume the argument of Lemma
5.8. Let P be the unique Sylow p-subgroup of N. We have N' < P because |[N/P| € {q, ¢*}.

Let Ky = Ker(m). If K1 # 1 then Nuc,(Q, -) is nontrivial by Lemma 5.2, necessarily a normal
subloop of order p by Lemma 3.3. We can therefore suppose that K1 = 1. Let G = Mlt,(Q,-).
Lemma 5.2 yields N = G, so N' =2 G’ is a p-group. Consider the normal subgroup M = Inn,(Q, -)G’
of G. Since Inn,(Q, -) is core-free in G, it does not contain G' and |M| = p|Inn,(Q, )| = |G|/q. By
Lemma 5.5, S = 1M is a normal subloop of Q such that |Q/S| = |G/M|=q, so|S| =p.

5.2. Triviality of the right and middle nuclei. Recall that in every right inverse property
loop @ the right nucleus coincides with the middle nucleus. In this subsection we prove that in a
nonassociative right Bol loop of order pg the right and middle nuclei are trivial.

Lemma 5.10. Let Q be a loop, let S < Nuc,(Q) N Nuc,,(Q), and suppose that for some u € Q we
have ST, = S. Then Ty|s is an automorphism of S.

Proof. For ¢, ¢ € S, we have u(c1Ty, -c2Ty,) = (u-c1Ty,) - 2Ty, = cru-coTy = c1(u-coTy) = ¢1-cou =
cicg - u. Thus 1T, - 2Ty = (c102)Ty, as claimed. O

Lemma 5.11. Let QQ be a right Bol loop. Then:

(i) For each u € Q, Tulnue, (@) s an automorphism of Nuc,(Q).
(ii) For each u € Nuc,(Q), v € Q and n > 0 we have uTyn = uT).

Proof. Part (i) follows immediately from Lemma 5.10. Let us prove (ii) by induction on n, the case
n = 0 being obvious. Using the fact that u € Nuc,(Q) = Nuc,,(Q), part (i), the inductive step and
the right power alternative property, we see that v "1 . Tt = o™ (v - wTPY) = V(T - v) =
(" uTMv = w™ - v = uv™ L. O

Theorem 5.12. Let p > q be odd primes and let Q) be a nonassociative right Bol loop of order pq.
Then Nuc,(Q) = Nuc,,(Q) = 1.

Proof. We know that Nuc,(Q) is a normal subloop of Q. If |[Nuc,(Q)| = 1, we are done. If
INuc, (Q)| = g then @ is associative by Lemma 3.3, a contradiction. We can therefore assume that
INuc, (Q)| = p, and we must have Nuc,(Q) = (b), using the notation of Section 3. By Lemma 5.10,
we get,

V% = BT, = (bT,:) = (bTE) = (b'%)7 = b7 101,
Thus j60; = j - 16% for every i, j. ' '
Now, if we set ¢ = 16;, then we claim that 167 = ¢* for all ¢ > 0. This is clear for i = 0, so
assuming it for i > 0, we have 1077 = 1010, = t'0; =t - 10; = t'+1.
Summarizing, we have j6; = t'j. By Corollary 3.12, Q is associative, a contradiction. O
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5.3. The left nucleus. Let p > ¢ be odd primes and let Q be a nonassociative right Bol loop of
order pqg. In this subsection we prove that |[Mlt,(Q)| € {p?q, p*¢} and that Nuc,(Q) is a normal
subloop of ) isomorphic to Z,.

Proposition 5.13. Let p > q be odd primes and let Q be a nonassociative right Bol loop of order
pq. Let G = Mlt,(Q). Then:

(i) G contains a unique Sylow p-subgroup.
(ii) |G| = p*q, where k € {2, 3}.

Proof. (i) Let N, w1, m2 be as in Lemma 5.2 and recall that m; is onto G, Ker(m;) is isomorphic to
a subloop of Nuc,(Q, ), and Nuc,(Q,-) = 1 by Theorem 5.12. Therefore N = G and we are done
by Lemma 5.8.

(ii) Let P be the unique Sylow p-subgroup of G. Let a, b € (Q,-) be such that |a| = ¢ and
|b| = p. Then G = (R,, Rp) by Corollary 3.6. Since |R,| = q and |Ry| = p, we have G = (R,)P
and |G| = pFq with 1 < k < 3. The case |G| = pq leads to Q = Z,,, a contradiction. O

Theorem 5.14. Let p > q be odd primes and let QQ be a nonassociative right Bol loop of order pq.
Then Nucy(Q) =2 Zy,.

Proof. By Proposition 5.13, G = MIt,(Q) is of order p?q or p3q. Since |G| = |Q| - [Inn,(Q)], it
follows that Inn,(Q) is a p-group. Consequently, every orbit of Inn,(Q) has a size that is a power
of p. Since 1 is a fixed point of Inn,(Q), there must be at least p — 1 additional fixed points of
Inn,(Q). Now, Nucy(Q) consists precisely of the fixed points of Inn,.(Q).

We have shown that |Nuc,(Q)| > p, so either |[Nucy(Q)| = p and we are done, or |[Nucy(Q)| = pg,
Nucy(Q) = @, a contradiction. O

5.4. The complete mappings 6; are linear. Niederreiter and Robinson obtained a number of
results for right Bol loops of order pg for which every complete mapping 6; of (3.2) is linear. We
now prove that every 6; must be linear should (3.2) yield a right Bol loop.

Lemma 5.15. Let p > q be odd primes, and let Q be a groupoid defined on Zq x Z, = (a) x (b) by
(3.2), where every 6; is a complete mapping of Z,. Then b - akbt = bak - bt holds for every j, £ if
and only if 0y is linear.

Proof. First note that (3.2) implies a’b* - b* = a’b*** for every i, k, £. Now fix j, k, £ and let m
be such that m + m#éy, = ¢. Then b/ - a¥bt = kb Um0 while bak - b = aFbi% . bt = gFpi%rte,
Therefore b - a*b’ = ba* - b holds if and only if m + (j + m)0 = j0r + £ = j0) + m + mby, or,
equivalently, (j +m)0 = j0, + mby. Note that as £ ranges over Z,, so does m. O

Theorem 5.16. Let p > q be odd primes and let QQ be a right Bol loop of order pg. Then all
complete mappings 0; of (3.2) are linear.

Proof. By Theorem 5.14, Nuc,(Q) contains a subloop of order p. Since (b) accounts for all elements
of order p in @, we have (b) < Nucy(Q). We are done by Lemma 5.15. O

6. THE RIGHT BOL LOOPS OF ORDER pq UP TO ISOMORPHISM
In this section we present a classification of right Bol loops of order pg up to isomorphism.

6.1. An abstract construction. The following is motivated by Lemma 3.9 and Proposition 3.10.
Let p > ¢ be odd primes, and let © = {6; | i € Z,} be a collection of complete mappings of Z,
such that 6y = 1 and 00; = 0 for every i € Z;. Define multiplication on Z, x Z, by

(i,5)(k, €) = (i + k, m+ (j +m)0; " 0;41),

where m 4+ m = /.
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We have (0,0)(k,€) = (k,m +mfy0;) = (k,m + mb), where m + mé, = £, so (0,0)(k,£) =
(k,£). Similarly, (i,5)(0,0) = (i,n + (j + n)8;'6;) = (i,2n + j), where 2n = n + nfy = 0, so
(7,7)(0,0) = (i, 7). Therefore (0,0) is the identity element.

We claim that all right translations biject. Given (k,¢), (u,v), we need to find (i, 7) such that
(i,§)(k, ) = (i + k,m + (§ +m)0; 0;1%) = (u,v), where m + mfy, = £ is determined by k, £. We
must take i = u—k, and we need a j such that m+(j+m)6; 0, = v, that is, j = (v—m)0;0; —m.

However, the left translations are not necessarily bijections. We claim that all left translations are
bijections if and only if 6, 10j is a complete mapping for every i, j € Z,. Indeed, given (i, j), (u,v),
we need to find (k, ) such that (i, j)(k,€) = (i+k,m+(j+m)0; *0; 1) = (u,v), where m+mfy, = £.
We must take k = u—i, and we want ¢ such that —j+(m+3)+(m+75)0; *0, = v, where m+m#fy, = £.
Now, as £ ranges over Zg,, so does m, so we need an m such that (m + j) + (m +j)0;10u =v+7.
We will be always able to find such an m if and only if 8, 19, is a complete mapping.

Therefore, for odd primes p > ¢, let © = {6; | i € Z,} be a collection of complete mappings such
that 0y = 1, 00; = 0 for every ¢ € Z,, and 9;10j is a complete mapping for every i, j € Z,. Then,
and only then, will we define Q(0) on Z, x Z, by

(6.1) (i, ) (k. €) = (i + &, m+ (5 +m)0; i),
where m + m#j, = £. We have proved above that Q(0) is a loop.

We would like to know when Q(©) is a right Bol loop. This problem was resolved by Niederreiter
and Robinson when © consists of linear complete mappings. We can restate their results as follows:

Theorem 6.1 (compare [20, Theorems 6, 8 and 11]). Let p > ¢ be odd primes. Let Q(©) be the
loop defined by (6.1), and suppose that 0; is linear for every i € Zy. Then Q(O) is a right Bol loop
if and only if there exists a bi-infinite sequence {u;} with u; € F), solving the recurrence relation

(6.2) Un42 = AUp41 — Up,

for some A € F),, and we have up =1, u;luj e F,\ {0,—1} for every i, j, and 0; = u,;l whenever
i =k (mod q).

Suppose that two right Bol loops correspond to the bi-infinite sequences {u;} and {v;}, respectively.
Then the loops are isomorphic if and only if there is 0 # s € Zy such that u; = vs; for every i € Zqg,
and the loops are isotopic if and only if there are 0 # s € Zy and v € Zq such that u; = v, Mgy,
for every i € Zy.

Finally, the obtained right Bol loop is a right Bruck loop if and only if u; = u_; for all i € Z,.

Proof. Theorem 6 of [20] applies as long as we verify the following properties in our abstract loop
Q(©): (4,0)(k,0) = (i + k,0), (0,7)(0,€) = (0,5 + £), (i,0)(0,¢) = (i,£), (0,7)(%,0) = (4, jb;), and
{(0,7) | j € Zp} is a normal subloop of Q(O). These conditions are routinely verified from (6.1),
where we note that {(0,7) | j € Z,} is the kernel of the homomorphism (i, j) > <.

(Our assumption on © that 6, 1¢9j is complete for every i, j is somewhat suppressed in [20,
Theorem 6], perhaps being implicit in the fact that their coefficient R(j,¢) = (6,+1)* (9j+49;1 +1)
must be invertible. In any case, we have seen that this assumption is necessary in order to obtain
a loop, so we must also enforce its counterpart ui_luj ¢ {0,—1} for the solutions of the recurrence

relation.)
The isomorphism and isotopism problems for bi-infinite sequence are solved in [20, Theorem 11].
The claim about right Bruck loops is [20, Theorem 8§]. O

Theorem 6.1 in combination with Theorem 5.16 allows us to attack the classification of right Bol
loops of order pq.
Given u = {u;}, v = {v; }, write
(6.3) U~
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if and only if there is 0 # s € Z, such that u; = vy for every i.

6.2. The eigenproblem for a circulant matrix. We will solve the recurrence relation (6.2) in
several steps. First, since we demand 6; = u;l whenever ¢ = k (mod gq), the solution {u;} must be
periodic with period g. Moreover, the constant 0 # A € F,, is part of the problem.

Let A = (a;;) be an n x n matrix with rows and columns indexed by elements of Z,,. Then A
is a circulant matriz if a(;41) mod ¢, (j+1) mod ¢ = Gi,j for every i, j € Zy. It is clear that a circulant
matrix is determined by its first row.

Let P be the permutation matrix corresponding to the g-cycle (1,2,...,q), and let A = P+ P!,
Then A is a g X ¢ circulant matrix with first row equal to (0,1,0,...,0,1). Once we rewrite the
recurrence (6.2) as up4+2 — Aupt1+uy, = 0, we see that solving (6.2) with period ¢ for some constant
A is equivalent to solving the eigenvalue problem Au = Au.

We will follow the standard approach to real circulant matrices [8]. Since we will need to work
in 2, let us first recall some basic facts about quadratic extensions.

Let p be an odd prime, and let ¢ be any element of IF,, that is not a square modulo p. Then
F,2 can be represented as {u + vVt | u, v € Fp} with addition (u1 + vivt) + (ug + v2Vt) =
(u1 +usz)+ (v1+v2)v/t and multiplication (u1 +v1v/#)(us+v2v/t) = (uius +v1vat) + (ugva +v1uz) V.

Let @ = u+ vVt € F,2. The conjugate of « is the element a* = u — vy/t. The norm of « is
given by N(a) = aa* = u? — v?t, giving rise to a multiplicative map N : F,2 — ). The trace of «
is given by tr(a) = a + o* = 2u, giving rise to an additive map tr : F,2 — I,. The characteristic
polynomial of « is the polynomial 2 — tr(a)x + N(«) over F,, which has both a and o* as roots.

Lemma 6.2. Let p > q be odd primes such that q divides p> — 1, and let w be a primitive qth root
of unity in Fp2. Then w + wle Fp.

Proof. There is nothing to prove when ¢ divides p — 1 since then w € IF,,. Suppose that ¢ does not
divide p—1. Since w is a (primitive) gth root of unity in IF2, we have 1 = N(1) = N(w?) = N(w).
Since q does not divide p— 1, it follows that N(w) = 1, and with w = 2 +yv/f we get w™! = 2 —y/t
andw+w‘1:21:EIFp. 0

Lemma 6.3. Let p > q be odd primes such that q divides p*> — 1. Let A be the q x q circulant
matriz with first row equal to (0,1,0,...,0,1). Let w be a primitive qth root of unity in F,. For

0<i<gq,let \j=w +w™ and v; = (1,0, w?,. .. ,w(q_l)i)T.

(i) For every 0 <1i < g, \; is an element of the prime field of Fp2.
(ii) For every 0 <i < g, \; is an eigenvalue of A over F . with eigenvector v;.
(ili) For0<i<j<gq, \s=2Ajifandonlyifi+j =0 (mod q). In particular, Ao has multiplicity
1, and every \; with 1 <1i < (q—1)/2 has multiplicity 2.
(iv) For 0 <i < (q—1)/2, the eigenvectors v;, vq—; are linearly independent.

Proof. Part (i) follows from Lemma 6.2. For (ii), let us index the rows and columns of A by elements
of Zg, and let e; be the row vector whose only nonzero entry is 1 in position j. The jth row of
A — NI is equal to ej_1 — A\iej + €41, where the subscripts of e are taken modulo g. We have
(ej-1 — Niej +ejr1) - o] = wl=DF — (wi 4w w4+ wl i = 0.

(iii) We clearly have A\; = A;—;. Suppose that there are 0 <i < j < ¢ — 1 such that A\; = \; = A
Then w’, w™* and w’ are roots of the characteristic polynomial #2 — Az + 1. Therefore j € {i, —i}.

(iv) The vectors vj, vq4—; have the same first coordinates but different second coordinates, so they
are linearly independent. (Il
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6.3. Identifying valid solutions. Suppose that ¢ divides p?> — 1. We have now solved the recur-
rence relation (6.2) in F2 subject only to the restriction that it be periodic with period g. While
the eigenvalues happen to lie in F,, the eigenvectors need not have all components in F,, when ¢
divides p + 1.

Let us leave the solution for A\g = 2 aside for now. By Lemma 6.3, the general solution for the
eigenvalue \; with ¢ > 0 is of the form u = yv; + dv_;, where v, § € Fp2.

Following Theorem 6.1, we are only interested in solutions u such that ug = 1 and u; luj €
F, \ {0, —1}. Finally, we need to understand the solutions modulo the equivalence (6.3). We will
deal with all these requirements at the same time.

The final solutions will eventually be described by a certain set I'; a subset of

I — Fp, if ¢ divides p — 1,
T 1/2+Fp/t,  if g divides p + 1.

Lemma 6.4. Let p > q be odd primes such that q divides p*> — 1, and let w be a primitive qth root
of unity in Fo. Let v € Fp2. Then yw + (1 —y)w™ " € Fy if and only if v € T”.

Proof. Let w = x + yv/t and v = u + vy/t. Suppose that ¢ divides p — 1, so w = z € Fp. Then
yw 4 (1 —y)w™t = (u+vvt)z + ((1 — u) —vv/t)z ™! is of the form r + sv/t, where s = v — vr 1.
We see that s = 0 if and only if v = 0 or z — 2~! = 0, but the latter condition cannot occur since
22 =w? # 1.

Now suppose that ¢ divides p + 1, so w = z + yv/t for some y # 0. Then yw + (1 — y)w™! =
(u+vvt) (z+yvt)+((1—u)—vvt) (2 —y\/t) is of the form r+sv/t, where s = uy+ve—(1—u)y—vzr =
(2u — 1)y. Since y # 0, we conclude that s = 0 if and only if 2u — 1 =0 (mod p). O

Lemma 6.5. Let 0 < j, k < q—1. Then for every v, 0 € Fp2 we have yv; + dv_; ~ yvp + dv_.

Proof. Let s = s(j,k) = jk~! (mod q), and note that s(j, k) = s(—j, —k). Then for every 0 <
t < g — 1 we have vj; = Wi = itkTk = (isk Vg, and, similarly v_;; = v_p 5. Therefore
(’yvj + 5U_j)z‘ = Yvj; + (51)_]'71' = YVksi + 5?),]{’51' = (’y’l)k + 51),]6)52'. O
Lemma 6.6. Let 0 < j, k < ¢ — 1. Let uj = {u;j;} be a solution to Au; = \ju; such that
uj; € Fp\ {0,—1} and ujo = 1. Then there is a solution up = {uy;} to Aup = A\puy such that
up; € Fp \ {0, =1}, upo =1 and uj ~ .

Proof. Since Auj = Ajuj, we have u; = yv; + dv_; for some v, 6 € F,2. We have u;o = 1 by
assumption and vjg = v_jo = 1 always, which forces § = 1 —v. Lemma 6.4 therefore applies.

Let ug, = yvi + (1 —v)v_g. Obviously, uy solves Auy = Apug. Moreover, Lemma 6.4 implies that
ug; € Iy for every i and ug o = u;jo = 1. By Lemma 6.5, uj ~ u. Since the coordinates of u are
merely the permuted coordinates of u;, we also get uy; ¢ {0, —1}. O

We are therefore interested in the solutions
u(y) = v+ (1 = 7)o
to Au = \ju, where v € T".
Lemma 6.7. Let F be a field and z, y € F such that y*> # —1. Then xy+ (1 —x)y~! = 0 if and
only if zy? + (1 —2)y 2 = —1.
Proof. Note that zy? +1+ (1 —2)y 2 = (zy + (1 —2)y H(y +y71). O
Set I/ ={yeI"|1-y1¢ W}
Lemma 6.8. The solutions to Au = \u such that u; € Fp \ {0,—1} and ug = 1 are precisely the

p — (g — 1) solutions {u(y) | v € I'}.
Moreover, u(1/2) is a solution, and u(y) is a solution if and only if u(1 — ) is a solution.
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Proof. A vector u solves Au = Aju and satisfies ug = 1 if and only if u = yv; + (1 — v)v_;. Every
w! with 1 < i < ¢ — 1 is a primitive gth root of unity in F,2, so Lemma 6.4 shows that u; € F, for
every i if and only if v € T

By Lemma 6.7, u; = 0 for some ¢ if and only if us; = —1. It therefore suffices to investigate the
condition u; = 0. Call v € Fj2 bad if u; € {0, —1} for some i. If 7 is bad then yw' + (1 — y)w™" €
{0,—1} C I, for some ¢, and thus v € IV by Lemma 6.4. Moreover, v = 0 is not bad (since w has
odd order).

The following conditions are therefore equivalent: « is bad, yw' = (7 — 1)w™* for some i, yw?' =
v —1 for some i, 1 —y~! = w? for some i. Thus « is bad if and only if 1 —~! € (w). The mapping
x> 1 — 21 is a bijection Fj2 \ {0} — Fp2 \ {1}, hence precisely ¢ — 1 values of v € I'” are bad.

We have now established that the solutions are precisely the elements of {u(y) | v € I"}. We
note that 1/2 € I'” is not bad because 1 — (1/2)"! =1 -2 = —1 & (w). Note that if v € T” then
1—~ €T, Also note that if 1 — 4~ = w/ for some j, then 1 — (1 —~)~! = w™7. Thus, if u(y) is a
solution then v € I implies 1 — v € I'”, which in turn means that u(1 — ~) is a solution. O

p?s

Lemma 6.9. Let vy, § € Fj2. Then u(y) ~u(d) if and only if y =6 or vy =1-4.

Proof. If vy = & then obviously u(y) ~ u(8). Also, for every i we have u(y); = yw! + (1 — y)w ™t =
u(l =), so u(y) ~u(l —v) via s = —1.
Suppose that there is 0 # s € Z, such that u(vy); = u(d)s; for every i. In particular,

yw+ (1 —)w™t =6w + (1 - dw™?,
w4+ (1 = y)w = 6w + (1 — 6)w®,

and summing up these equations yields w + w™' = w® + w™*. It follows from Lemma 6.3 that
s = £1. The choice s =1 yields v = §, and the choice s = —1 yields v =1 — 4. U

Finally, set

r— {rel"|1<y<(p+1)/2}, if ¢ divides p — 1,
Tl {v=12+mVtel’ |0<m< (p—1)/2}, if ¢ divides p+ 1.

Note that I' is a set of representatives of the equivalence classes of ~ on I".

Lemma 6.10. If u = u(vy) for some v € ', then ui_luj # —1 for every i, j € Zq.

Prooft Suppose that um}l = —1 for some 7, j. Then u; = —Uj, SO yw' + (1 - y)w‘_i = —yw! — (1 -
y)w™7. Note that we have v # 0. Dividing by v, we get w! + (v} = DNw ™ = —w? — (y71 = 1w ™.
Solving for 1 — 71, we get
o W
1 'Y - w*" +w*j =w € <OJ>7
a contradiction. O

We can now finish the proof of Theorem 1.1:

Let p > ¢ be odd primes. Focusing on nonassociative right Bol loops @) of order pq, we can
assume that ¢ divides p? — 1 by Theorem 5.7. By Lemma 3.9, Proposition 3.10 and Theorem 5.16,
Q = Q(O), where every 6; is linear, 6y = 1, and 0, '6; # {0,—1} for every i, j. By Theorem
6.1, we instead solve the recurrence relation (6.2) with period ¢ subject to the conditions uy = 1,
u;luj € F, \ {0,—1}, and modulo the equivalence ~.

To obtain period ¢ in the solution, we solve the system Au = Au, where A is the ¢ x ¢ circulant
matrix with first row (0,1,0,...,0,1). The eigenvalues and eigenvectors are given by Lemma
6.3. The eigenvalue \g = 2 has eigenvector vg = (1,1,...,1), which is a valid solution, and this
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solution cannot be equivalent to any other solution modulo ~ since it is the only solution where all
coordinates are the same. It is obvious from (6.1) that this solution yields the cyclic group Z,.

We showed above that up to ~ it suffices to consider solutions for the eigenvalue A;. These
solutions are precisely the elements of S = {u(y) | v € I'}, we have u(1/2) € S, and if u(y) € S
then u(1 — ) € S. The involutory action u(vy) — u(1 — v) of Lemma 6.9 therefore restricts to S.
The unique fixed point of the action is u(1/2) € S. The remaining p — (¢ — 1) — 1 = p — ¢ points
of S are paired up modulo ~.

We have obtained 1+ 1+ (p —¢q)/2 = (p — ¢+ 4)/2 solutions up to ~.

When ¢ divides p — 1, the solution u(1) yields a (nonabelian) group by Corollary 3.12. The
solution u(1/2) yields a right Bruck loop by Theorem 6.1. Since we have already accounted for
all groups of order pq, this right Bruck loop must be nonassociative. All other solutions yield
nonassociative non-Bruck right Bol loops, by Theorem 4.8.

7. OPEN PROBLEMS

Problem 7.1. Let p > q be odd primes such that q divides p> — 1, and let Q be a nonassociative
right Bol loop of order pq. Is the order of the right multiplication group of Q equal to p*q?

Problem 7.2. Let p > q be odd primes such that q divides p*> — 1. Classify right Bol loops of order
pq up to isotopism.

Conjecture 7.3. Let p > 3 be a prime. Then the number of right Bol loops of order 3p up to
isotopism is equal to | (p+5)/6] + 1.

We have verified Conjecture 7.3 for all primes p less than 1000 by means of Theorem 6.1.
Problem 7.4. Let p > q be odd primes. Classify right Bol loops of order p?q.
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