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ABSTRACT. We provide conditions for when quotients of AF algebras are quasi-
Leibniz quantum compact metric spaces building from our previous work with F.
Latrémoliere. Given a C*-algebra, the ideal space may be equipped with natural
topologies. Next, we impart criteria for when convergence of ideals of an AF al-
gebra can provide convergence of quotients in quantum propinquity, while intro-
ducing a metric on the ideal space of a C*-algebra. We then apply these findings to
a certain class of ideals of the Boca-Mundici AF algebra by providing a continuous
map from this class of ideals equipped with various topologies including the Ja-
cobson and Fell topologies to the space of quotients with the quantum propinquity
topology. Lastly, we introduce new Leibniz Lip-norms on any unital AF algebra
motivated by Rieffel’s work on Leibniz seminorms and best approximations.
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1. INTRODUCTION

The Gromov-Hausdorff propinquity [29, 26, 24, 28, 27], a family of noncommu-
tative analogues of the Gromov-Hausdorff distance, provides a new framework
to study the geometry of classes of C*-algebras, opening new avenues of research
in noncommutative geometry by work of Latrémoliere building off notions intro-
duced by Rieffel [37, 45]. In collaboration with Latrémoliere, our previous work
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in [1] served to introduce AF algebras into the realm of noncommutaive metric
geometry. In particular, given a unital AF algebra with a faithful tracial state, we
endowed such an AF algebra, viewed as an inductive limit, with quantum metric
structure and showed that these AF algebras are indeed limits of the given induc-
tive sequence of finite dimensional algebras in the quantum propinquity topology
[1, Theorem 3.5]. From here, we were able to construct a Holder-continuous from
the Baire space onto the class of UHF algebras of Glimm [16] and a continuous
map from the Baire space onto the class Effros-Shen AF algebras introduced in
[13] viewed as quantum metric spaces, and therefore both these classes inherit the
metric geometry of the Baire Space via continuous maps. We continue this journey
in this work by focusing on the ideal structure of AF algebras. In particular, we
produce a metric geometry on the space of ideals of an AF algebra and provide cri-
teria for when their quotients are quantum metric spaces and when convergence
of ideals provide convergence of quotients in quantum propinquity. Thus, provid-
ing a metric geometry for classes of quotients induced from the metric geometry
on the ideal space.

This paper begins by providing useful background, definitions, and theorems
from quantum metric geometry, in which a core focus is that of finite-dimensional
approximations — a motivating factor in our interest of applying the notions of
quantum metric geometry to the study of AF algebras. Introduced by Rieffel
[37, 38], a quantum metric is provided by a choice of a particular seminorm on a
dense subalgebra of a C*-algebra, called a Lip-norm, which plays an analogue role
as the Lipschitz seminorm does in classical metric space theory (see also [22] for
the notion of quantum locally compact metric spaces). The key property that such
a seminorm must possess is that its dual must induce a metric on the state space of
the underlying C*-algebra which metrizes the weak-* topology. This dual metric is
anoncommutative analogue of the Monge-Kantorovich metric, and the idea of this
approach to quantum metrics arose in Connes” work [7, 8] and Rieffel’s work [37].
A pair of a unital C*-algebra and a Lip-norm is called a quantum compact metric
space, and can be seen as a generalized Lipschitz algebra [46]. However, recent
developments in noncommutative metric geometry suggests that some form of
relation between the multiplicative structure of C*-algebras and Lip-norms is ben-
eficial [40, 41, 42, 43, 29, 26, 24, 28]. A general form of such a connection is given
by the quasi-Leibniz property [28], which are satisfied by our Lip-norms for unital
AF algebras equipped with faithful tracial state constructed in [1].

Various notions of finite dimensional approximations of C*-algebras are found
in C*-algebra theory, from nuclearity to quasi-diagonality, passing through exact-
ness, to name a few of the more common notions. They are also a core focus and
major source of examples for our research in noncommutative metric geometry.
Introduced by Latrémoliere, the Gromov-Hausdorff propinquity [29, 26, 24, 28,
27, 31], provides a new avenue to study finite-dimensional approximations and
continuous families of noncommutaive spaces via quantum metric structures. Ex-
amples of convergence and finite dimensional approximations in the sense of the
propinquity include the approximations of quantum tori by fuzzy tori as well as
certain metric perturbations [21, 23, 25] and the full matrix approximations C*-
algebras of continuous functions on coadjoint orbits of semisimple Lie groups
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[39, 41, 44]. And, in our previous work [1], we established that finite dimensional
subalgebras of an AF algebra provide finite dimensional approximations in the
sense of propinquity [1, Theorem 3.5] along with various continuous families.

Before we discuss our analytical relationship between ideals and quotients, we
develop some useful generalizations to our work in [1] in Section (3). In particular,
we note that the given a unital AF algebra with faithful tracial state, the Lip-norm
constructed in [1] is constructed by three structures: the inductive sequence, the
faithful tracial state, and a positive sequence vanishing at infinity, which is usually
taken to be some form of the reciprocal of the dimensions of the finite dimensional
subspaces of the inductive sequence. From this, we provide suitable notions of
convergence for all of these three structures, which all together imply convergence
of families of AF algebras, in which we introduce the notion of fusing families
of inductive limits. This also imparts a generalization that implies the continuity
results of [1] pertaining to the UHF and Effros-Shen AF algebras. The results of this
section also greatly simplifies the task of providing convergence of AF algebras in
the quantum propinquity topology, which proves useful in Section (6) and should
prove useful in future projects.

In Section (4), we develop a metric on the ideal space of any C*-inductive limit.
In general, this space is a zero-dimensional ultrametric space. The main applica-
tion of this metric is to provide a notion of convergence for inductive sequences
that determine the quotient spaces as fusing families (Definition (3.4))- a first step
towards convergence in quantum propinquity. But, this topology on ideals has
close connections to the Fell topology on the ideal space formed by the Jacobson
topology on the primitive ideal space. The Fell topology was introduced by Fell
in [15] as a topology on closed sets of a given topology. Fell then applied this
topology to the closed sets of the Jacobson topology in [14] to provide a compact
Hausdorff topology on the set of all ideals on a C*-algebra. The metric on the ideal
space of C*-inductive limits introduced in this paper is always stronger than the
Fell topology. Furthermore, in the AF case, Section (5) produces a formulation of
the metric on ideals in terms of Bratteli diagrams that yields the result that the met-
ric space on ideals is compact, and therefore, its topology equals the Fell topology.
We make other comparisons including taking into consideration the restriction to
primitive ideals and comparison of the Jacobson topology as well as an analysis
on unital commuative AF algebras.

Next, Section (6) provides an answer to the question of when convergence of
ideals can provide convergence of quotients. This essentially comes as a combina-
tion of Section (3) and Section (5). In Section (6.1), we define the Boca-Mundici AF
algebra [4, 33], which arises from the Farey tessellation. Next, we prove some basic
results pertaining to its Bratteli diagram structure and ideal structure, and then ap-
ply our criteria for quotients converging to a subclass of ideals of the Boca-Mundici
AF algebra, in which each quotient is *-isomorphic to an Effros-Shen AF algebra.
In [4], Boca proved that this subclass of ideals with its relative Jacobson topology is
homeomorphic to the irrationals in (0, 1) with its usual topology, which provided
our initial interest in our question about convergence of quotients. The main result
of this section, Theorem (6.20), provides a continuous function from a subclass of
ideals of the Boca-Mundici AF algebra to its quotients as quantum metric spaces
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in the quantum propinquity topology, where the topology of the subclass ideals
can either be the Jacobson, metric, or Fell topology. Thus, providing an example
of when a metric geometry on quotients is inherited from a metric geometry on
ideals.

Lastly, in Section (7), we approach the question of Lip-norms for AF algebras
via best approximations instead of conditional expectations. An immediately ad-
vantageous consequence of this is that by Rieffel’s work in [42], we may produce
Leibniz Lip-norms for any unital AF algebra with or without faithful tracial state.
Furthermore, these Lip-norms still provide convergence of finite-dimensional sub-
spaces to the AF algebra. We finish this section and this paper with a comparison
of the best approximation Lip-norms and the conditional expectation Lip-norms
of [1] as a consequence of Latrémoliére’s work in [30].

2. QUANTUM METRIC GEOMETRY AND AF ALGEBRAS

The purpose of this section is to discuss our progress thus far in the realm of
quantum metric spaces with regard to AF algebras, and thus places more focus on
the AF algebra results, but we also provide a cursory overview of the material on
quantum compact metric spaces. We refer the reader to the survey by Latrémoliere
[27] for a much more detailed and insightful introduction to the study of quantum
metric spaces.

Notation 2.1. When E is a normed vector space, then its norm will be denoted by
| - ||g by default.

Notation 2.2. Let 2 be a unital C*-algebra. The unit of A will be denoted by 1g.
The state space of 2 will be denoted by .7 (2() while the self-adjoint part of 2 will
be denoted by sa ().

Definition 2.3 ([37, 29, 28]). A (C, D)-quasi-Leibniz quantum compact metric space
(2, L), for some C > 1 and D > 0, is an ordered pair where 2 is unital C*-algebra
and L is a seminorm defined on some dense Jordan-Lie subalgebra dom(L) of
sa () such that:

(1) {a€sa(A):L(a) =0} =Rly,
(2) the seminorm L is a (C, D)-quasi-Leibniz Lip-norm, i.e. for all a,b € dom(L):

max {L (P57 ) L (57 ) | < CUlallat ) + [blaL@) + DLLb),

(3) the Monge-Kantorovich metric defined, for all two states ¢, ¢ € .7 (2), by:

mk(¢, ) = sup {[¢(a) — p(a)| : a € dom(L), L(a) < 1}
metrizes the weak* topology of .7 (2),
(4) the seminorm L is lower semi-continuous with respect to || - ||g.

The seminorm L of a quantum compact metric space (2, L) is called a Lip-norm.

A primary interest in developing a theory of quantum metric spaces is the intro-
duction of various hypertopologies on classes of such spaces, thus allowing us to
study the geometry of classes of C*-algebras and perform analysis on these classes.
A classical model for our hypertopologies is given by the Gromov-Hausdorff dis-
tance [17, 18]. While several noncommutative analogues of the Gromov-Hausdorff
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distance have been proposed — most importantly Rieffel’s original construction of
the quantum Gromov-Hausdorff distance [45] — we shall work with a particular
metric introduced by Latrémoliere, [29], as we did in [1]. This metric, known as
the quantum propinquity, is designed to be best suited to quasi-Leibniz quantum
compact metric spaces, and in particular, is zero between two such spaces if and
only if they are isometrically isomorphic. We now propose a summary of the tools
needed to compute upper bounds on this metric.

Convention 2.4. When L is a seminorm defined on some dense subset F of a vector
space E, we will implicitly extend L to E by setting L(e) = oo whenever e ¢ F.

Definition 2.5 ([29, Definition 3.1]). The 1-level set .1 (D |w) of an element w of a
unital C*-algebra © is:

{pe7(®):0((01-ww)) =9((1-ww")) =0}.

Next, we define the notion of a Latrémoliere bridge, which is not only crucial
in the definition of the quantum propinquity but also the convergence results of
Latrémoliere in [23] and Rieffel in [44]. In particular, the pivot of Definition (2.6) is
of utmost importance in the convergence results of [23, 44].

Definition 2.6 ([29, Definition 3.6]). A bridge from 2 to B, where 2 and B are
unital C*-algebras, is a quadruple (D, 7ty, 773, w) where:
(1) © is a unital C*-algebra,
(2) the element w, called the pivot of the bridge, satisfies w € © and .} (D|w) #
o,
(3) o : A — D and 7y : B — D are unital *-monomorphisms.

In the next few definitions, we denote by Hausyq the Hausdorff (pseudo)distance
induced by a (pseudo)distance d on the compact subsets of a (pseudo)metric space
(X,d) [20].

Definition 2.7 ([29, Definition 3.16]). Let (2, Ly) and (B, Lgs ) be two quasi-Leibniz
quantum compact metric spaces. The height ¢ (y|Lg(, Ly ) of a bridge
¥ = (D, Ty, T, w) from A to B, and with respect to Ly and L, is given by:

max { Hausiy, (/(2), 764 (7 (D)), Hausp, (7 (B), 1 (71 (0]w)))
where 715 and 713, are the dual maps of 7r9 and 7193, respectively.

Definition 2.8 ([29, Definition 3.10]). Let (2, Ly ) and (23, Ly) be two unital C*-
algebras. The bridge seminorm bn., (-) of a bridge v = (D, 7wy, 7w, w) from 2A to B
is the seminorm defined on 2 @ 5 by:

bny (a,b) = || (a)w — wmes (b) || o
for all (a,b) € A D B.

We implicitly identify 2 with 2A® {0} and B with {0} & B in 2 & B in the next
definition, for any two spaces 2 and 5.
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Definition 2.9 ([29, Definition 3.14]). Let (2, Ly ) and (B, Ly ) be two quasi-Leibniz
quantum compact metric spaces. The reach ¢ (7y|Ly, Les ) of abridge v = (D, 7y, 75, w)
from 2 to B, and with respect to Ly and Lg, is given by:

Hauspn, () ({2 € sa (A) : La(a) <1}, {b € 5a(B) : Ly (b) <1}).

We thus choose a natural quantity to synthesize the information given by the
height and the reach of a bridge:

Definition 2.10 ([29, Definition 3.17]). Let (, Ly ) and (B, L ) be two quasi-Leibniz
quantum compact metric spaces. The length A (7y|Ly, Ly ) of abridge v = (D, g, 15, w)
from 2 to B, and with respect to Ly and Lg3, is given by:

max {¢ (7|La,Ls) 0 (7[La L)} -

Theorem-Definition 2.11 ([29, 28]). Fix C > 1and D > 0. Let QQCMScp be
the class of all (C, D)-quasi-Leibniz quantum compact metric spaces. There exists a class
function A¢ p from QOCMScp x QACMSc p to [0,00) C R such that:

(1) forany (A, Ly), (B,Ly) € QACMSc p we have:

/\C,D((Q'[/ Lg[), (%, L%)) < max {dlam (5”(9[), kam),diam (Y(‘B), ka%)} ,
(2) forany (A, Ly), (B,Ly) € QACMS p we have:
0 < Acp((2 Lar), (B, L)) = Ac,p((B, L), (U, Lar))

(3) forany (A, Ly), (B,Ly), (¢, Le) € QACMS p we have:

Ac,p (% La), (€ Le)) < Acp (2 La), (B, Ly)) +Aco((B,Ls), (¢ L)),

(4) for all for any (A, Ly), (B,Ly) € QACMS ¢ p and for any bridge y from A to

B, we have:
Ac,p (U, Lar), (B, L)) < A(7|La, L),
(5) forany (A, Ly ), (B, Ly) € QQCMSc p, we have:

Ae,o((2, La), (B, L)) =0

if and only if (A, Ly ) and (B, L) are isometrically isomorphic, i.e. if and only
if there exists a *-isomorphism 7v : 2 — B with Lez o 71 = Ly, or equivalently
there exists a *-isomorphism 7t : A — B whose dual map 7v* is an isometry from
(Z(B), mky,, ) into (' (), mkr, ),

(6) if B is a class function from QQCMScp x QACMSc p to [0, c0) which sat-
isfies Properties (2), (3) and (4) above, then:

E((2 La), (B,Les)) < Acp(( La), (B, Lx))
forall (A, Ly ) and (B, L) in QOCMSc p

The quantum propinquity is, in fact, a special form of the dual
Gromov-Hausdorff propinquity [26, 24, 28] also introduced by Latrémoliére, which
is a complete metric, up to isometric isomorphism, on the class of Leibniz quantum
compact metric spaces, and which extends the topology of the Gromov-Hausdorff
distance as well. Thus, as the dual propinquity is dominated by the quantum
propinquity [26], we conclude that all the convergence results in this paper are valid
for the dual Gromov-Hausdorff propinquity as well.
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In this paper, all our quantum metrics will be (2,0)-quasi-Leibniz quantum
compact metric spaces, except for Section (7). Thus, we will simplify our nota-
tion as follows:

Convention 2.12. In this paper, A will be meant for A except for Section (7).

Now that the quantum Gromov-Hausdorff propinquity is defined, we provide
some results from [1]. For our work in AF algebras, it turns out that our Lip-norms
are (2,0)-quasi-Leibniz Lip-norms. The following Theorem (2.15) is [1, Theorem
3.5]. But, first some notation.

Notation 2.13. Let Z = (2, ay),en be an inductive sequence, in which 21, is a
C*-algebra and &, is a *-homomorphism for all # € IN, with limit 2 = limZ. We
denote the canonical *-homomorphisms 2, — 2 by oc_”> for all n € N, (see [34,
Chapter 6.1]).

Definition 2.14. A conditional expectation E (-|B) : 20 — B onto B, where 2 is a
C*-algebra and ‘B is a C*-subalgebra of |, is a linear positive map of norm 1 such
that forall b,c € 8 and a € 2 we have:

E (bac|B) = bE (a|B)c.
Theorem 2.15 ([1, Theorem 3.5]). Let A be a unital AF algebra endowed with a faithful
tracial state p. Let T = (2, an)nen be an inductive sequence of finite dimensional C*-
algebras with C*-inductive limit A, with Ay = C and where w,, is unital and injective for

alln € IN.
Let 7 be the GNS representation of 2 constructed from y on the space L2(2A, ).

Foralln € IN, let:
IE(~ a_’;(mn)) L9 -

be the unique conditional expectation of 2 onto the canonical image oc_”> (A) of Ay in A,
and such that y o E ( ’oc_’;(i)ln)) =
Let B : IN — (0, c0) have limit 0 at infinity. If, for all a € sa (UHE]Noc_”> (an)), we set:

Lg,y(ﬂ) = sup { Hu —b (2(%(%)) HQ{ NS ]N}

and Léy(a) = oo foralla € sa (Ql \ Unena’y (91,1)), then (521, Léy) is a 2-quasi-Leibniz
quantum compact metric space. Moreover, for all n € IN:

(@t o) (32,)) < 0

Jim A ((an Lgl‘ ° “—n>> ’ (9(, Léu)) =0
The fact that the defining finite-dimensional subalgebras provide approxima-
tions of the inductive limit with respect to the quantum Gromov-Hausdorff propin-
quity allowed us to prove that both the UHF algebras and the Effros-Shen AF
algebras are continuous images of the Baire space with respect to the quantum
propinquity. First, we recall the definition of the Baire space.

and thus:



8 KONRAD AGUILAR

Definition 2.16 ([32]). The Baire space ./ is the set (N \ {0})N endowed with the
metric d defined, for any two (x(1))nen, (¥(1))nen in A, by:

4 ((x(m)) e, (v () nen) = {gmm{nem:xwy(ﬂ)} if ¥n € N, x(n) = y(n),

otherwise.
Now, for our UHF algebra result.

Theorem 2.17 ([1, Theorem 4.9]). For any B = (B(n))new € A, we define the se-
quence X by:

R =neNs ifn =0,
p=nel— H]”:_Ol(,ﬁ(]) +1)  otherwise.

We then define, for all B € A, the unital inductive sequence:

Z(B) = (M (XB(n)), an) e

where M (d) is the algebra of d x d matrices and for all n € N, the unital *-monomorphism
&y is the canonical map.
The map u from A" to the class of UHF algebras is now defined by:

(B(n))new € A —> u((B(n))nen) = Im Z ().

Let k € (0,00) and B € A. Let Lg( By be the Lip-norm on u(B) given by Theorem

(2.15), the sequence & : n € IN +— XB(n)* and the unique faithful trace y on u(B).
The (2,0)-quasi-Leibniz quantum compact metric space (u(ﬁ), Lg( ) will be de-
noted simply by ubf (B, k).
Forall k € (0,00), the map:

B)u

ubf (-, k) : (A, d) — (QQACMSs0,N)
is a (2, k)-Holder surjection.

Thus, we may provide explicit estimates for distances between UHF algebras,
and if k = 1, the map ubf (-, 1) is 2-Lipschitz.

Moving on to the Effros-Shen AF algebras, The original classification of irra-
tional rotation algebras, due to Pimsner and Voiculescu [36], relied on certain em-
beddings into the AF algebras constructed from continued fraction expansions by
Effros and Shen [13]. In [23], Latrémoliere proved that the irrational rotational al-
gebras vary continuously in quantum propinquity with respect to their irrational
parameter. It is natural to wonder whether the AF algebras constructed by Pim-
sner and Voiculescu vary continuously with respect to the quantum propinquity
if parametrized by the irrational numbers at the root of their construction. We
provided a positive answer to this question in [1, Theorem 5.14] stated shortly as
Theorem (2.20).

We begin by recalling the construction of the AF C*-algebras 2§y constructed
in [13] for any irrational 6 in (0, 1). Forany 6 € (0,1) \ @, let (a;);c be the unique
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sequence in IN such that:

2.1) 0= nlgr.}o agp + = lim [ag, a1, ...,a,)].

1 n—00

{Ill“r

as +
as +

1

. 1
o
an

The sequence (4;) e is called the continued fraction expansion of 6, and we will
simply denote it by writing 6 = [ag, a1, a2, . ..] = [a;];cv. We note that ag = 0 (since
6 €(0,1))and a, € N\ {0} forn > 1.
We fix 6 € (0,1) \ Q, and let§ = [a;]jciy be its continued fraction decomposition.
0

We then obtain a sequence ( Z—g) N with pf € Wand 4% € IN\ {0} by setting:
n/ne

(p? q‘f) _ <a0a1 +1 a1>
pg ‘78 ap 1
<pn-9%1 qan) = ( ntl ) ( Z" Z” ) foralln € IN\ {0}.
Pn dn 1 0 Pu-1 dn-1

0 0
We then note that 5—3 = lag,ay,...,a,) for all n € WN, and therefore (5—5’) con-
n n/ nelN

verges to 6 (see [19]).
Expression (2.2) contains the crux for the construction of the Effros-Shen AF
algebras.

Notation 2.18. Throughout this paper, we shall employ the notationx ®y € XY
to mean that x € X and y € Y for any two vector spaces X and Y whenever no
confusion may arise, as a slight yet convenient abuse of notation.

Notation 2.19. Let 6 € (0,1) \ Q and 6 = [aj];ey be the continued fraction ex-

pansion of 6. Let (p),ew and (49),en be defined by Expression (2.2). We set
AFpo = Cand, forall n € IN\ {0}, we set:

AT, = M(q5) & M(q5_1),

and:

gy ad be 52[59,” — K Dac mg@,n—&-l/

b

where a appears a,,,1 times on the diagonal of the right hand side matrix above.
We also set ag to be the unique unital *-morphism from C to gy ;.
We thus define the Effros-Shen C*-algebra 2§y, after [13]:

ATy = Lm (AT, 20,n) ey = 1im Zp.

We now present our continuity result for Effros-Shen AF Algebras from [1].
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Theorem 2.20 ([1, Theorem 5.14]). Using Notation (2.19) , the function:

0 €((OD\Q|-])— (%3015, ) € (QQCMS20,1)

is continuous from (0,1) \ Q, with its topology as a subset of R, to the class of (2, 0)-quasi-
Leibniz quantum compact metric spaces metrized by the quantum propinquity N, where
oy is the unique faithful tracial state, and By is the sequence of the reciprocal of dimensions
of the inductive sequence, Zy.

In [1], the approaches to proving Theorem (2.17) and Theorem (2.20) were some-
what different in nature. The purpose of this was to provide a more powerful con-
tinuity result in Theorem (2.17) via a Holder map. But, if the purpose of Theorem
(2.17) and Theorem (2.20) is viewed as to only provide continuity, then we will
see in Section (3) that an appropriate generalization (Theorem (3.9)) can provide
continuity for both Theorem (2.17) and Theorem (2.20) as a consequence. Now,
this generalization will not only serve as a pleasing insight to the quantum metric
structure of AF algebras with our conditional expectation Lip-norms but as a tool
to provide continuity of many more classes of AF algebras as we will see in Section

(6).

3. CONVERGENCE OF AF ALGEBRAS WITH QUANTUM PROPINQUITY

Taking stock of our construction of Lip-norms for unital AF algebras with faith-
ful tracial state in Theorem (2.15), it is apparent that the construction relies on the
inductive sequence, faithful tracial state, and some positive sequence converging
to 0. Thus, this section provides suitable notions of convergence for all 3 of these
structures, which in turn produce convergence of AF algebras in the quantum
propinquity. This is motivated by our arguments of continuity in [1] for the UHF
and Effros-Shen AF algebras, and therefore, provides these continuity results as a
consequence of Theorem (3.9). First, some useful notation.

Notation 3.1. For all 4 € IN, we denote the full matrix algebra of d X d matrices
over C by M(d).

Let B = 69]N:19ﬁ(n(])) for some N € N and n(1),...,n(N) € N\ {0}. For
each k € {1,...,N} and for each j,m € {1,...,n(k)}, we denote the matrix
(((5{,’,";))%0:1,“_,,1(,() by ey j m, where we used the Kronecker symbol:

b 1 ifa=0b,
S .
0 otherwise,
where {ey;, € B:ke€{l,...,N},jm € {1,...,n(k)}} is called the set of matrix
units of B.

Notation 3.2. Let N = INU {co} denote the Alexandroff compactification of N with
respect to the discrete topology of N. For N € N, let N>y = {k € N: k > N}, and
similarly, for N> y.

Proposition 3.3. Let B be a unital C*-algebra. Let 2 be a finite-dimensional unital C*-
subalgebra of B such that 2 = @j]\il‘m(n(]’))for some N € Nand n(1),...,n(N) €
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IN'\ {0} with *-isomorphism « : @]I\Llfm(n(])) — 2. Let E be the set of matrix units for
@M (n(f)) of Notation (3.1).

If{t" : B — C} i is a family of faithful tracial states, then for alln € N,b € B:

n %
E(0) = ¥ Tecdale),
oct T (a(ere))

where E" : B — U is the unique T"-preserving conditional expectation.

Furthermore, If (T"),en converges to T in the weak-* topology on ./ (B), then the
map:

(n,b) e Nx B +— [[b—E"(b)||s €R,

is continuous with respect to the product topology on N x (B, || - ||3)-
Proof. For n € IN, by [1, Section 4.1] and [1, Expression 4.1], we have that for each
neN:

By — ¥ D)D)

—ale)
oot T (a(e*e))
since 7" is a faithful tracial state on 9B. By faithfulness, for e € eg and b € B:
: n * . oo *
nlg{}or (a(e*e)) = t°(a(e’e)) >0

by weak-* convergence. Since our sum is finite by finite dimensionality, again by
weak-* convergence:

(31) A, L o))

. |y et o @)
IE0) =Bl =| B 7@ ~ E ooy )|
™ (a(e)*b) Tt (a(e)*b)
s (ZE i(a(ere)) T (a(ee)) )C'

and lim,, ;. ||E"(b) — E(b)| | = 0 by Expression (3.1).
Fix n,m € Nand b,b’ € B. Then, as conditional expectations are contractive:

1o =E"(b) [ — b = E"(0) ||| < [[(b =" (b)) — (' —E" (1))l
< |[E" (D) — E"(b) + E(0) — B (V) [l
+ b= bl
<2 = ls + B () — E"(2) |5,
and continuity follows. O

We now introduce a notion of convergence of inductive sequences in Definition
(3.4).

Definition 3.4. We consider 2 cases of inductive sequences in this definition.

Case 1. Closure of union
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For each k € NN, let 2* be a C*-algebras with 21F = mw‘ﬂk such that
U* = (Ay ) ,cpy is @ non-decreasing sequence of C*-subalgebras of 2, then we say
{2k : k € N} is a fusing family if:

(1) There exists (¢y)nev € IN non-decreasing such that limy, . ¢, = o0, and
(2) forall N € N, if k € N>, then ., = Ueo foralln € {0,1,...,N}.

Case 2. Inductive limit

For each k € IN, let Z(k) = (k ,, %k »)new be an inductive sequence with induc-
tive limit, AX. We say that the family of C*-algebras {2 : k € I} is an IL-fusing
family of C*-algebras if:

(1) There exists (¢y)nenv € IN non-decreasing such that limy, . ¢; = o0, and
(2) forall N € N, if k € N3, then (Ug,,, k) = (Aoon, Keon) for all n €
{0,1,...,N}.
In either case, we call the sequence (¢, ) e the fusing sequence.

Remark 3.5. The results in this section are phrased in terms of IL-fusing families
since our propinquity convergence results are all in terms of inductive limits. But,
we note that all the results of this section are valid for the closure of union case as
well with appropriate translations. We will see the closure of union case appear
when working with ideals in Sections (4 - 6). Also, note that any IL-fusing family
may be viewed as a fusing family via the canonical *-homomorphisms of Notation
(2.13), which is why we don’t decorate the term fusing family in the closure of union
case.

Hypotheses (2) and (3) in the following Lemma (3.6) introduce the remaining
notions of convergence that together with fusing families will imply convergence
of quantum propinquity of AF algebras in Theorem (3.9). Indeed, (2) is simply an
appropriate use of weak-* convergence for the faithful tracial states in relation to
fusing families, and (3) is an appropriate use of pointwise convergence of the se-
quences that provide convergence of the finite dimensional subspaces in Theorem
(2.15).

Furthermore, Lemma (3.6) provides that the Lip-norms induced on the finite
dimensional subspaces form a continuous field of Lip-norms, a notion introduced
by Rieffel in [45].

Lemma 3.6. For each k € N, let Z(k) = (Ug, A n)nen be an inductive sequence of
finite dimensional C*-algebras with C*-inductive limit X, such that Ao = Ao = C
and ay ,, is unital and injective for all k, k' € N,n € IN. If:

(1) {A*: k € N} is an [L-fusing family with fusing sequence (cy)nen,

@) {7F:AF — C} g is a family of faithful tracial states such that for each N € N,

we have that | T o a converges to T o aX in the weak-* topology on
—/ keN3ey —
S (Ao N), and

@) {ff: N — (0,00) by is a family of convergent sequences such that for all
N € Nifk € Nx,, then B5(n) = B°(n) foralln € {0,1,...,N} and there
exists B : IN — (0, 00) with B(co) = 0and g™ (1) < B(I) forall m,l € NN,
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then forall N € N, ifn € {0,1,..., N}, then the map:

— k
N (k,a) € Wagy X oo — Lg(k) wouf(a) R

is well-defined and continuous with respect to the product topology on

™N k
IN X (oo, || - |26, ), where Lg

()t is given by Theorem (2.15).

Proof. First, we establish a weak-* convergence result implied by (2). Let N € .

Claim 3.7. <’L’k o af) converges to T o a in the weak* topology on . (Ueo,m)
— kG]N)CN —

foreachm € {0,1,...,N}.

Letm € {0,1,...,N}. The case m = N is given by assumption. So, assume that
N >1landm € {0,...,N —1}. Fixa € 2, we have by definition of inductive
limit and IL-fusing family:

k

T oap(a) = o oc,l{\](zxk,N,l oo y,(a)) = *
- —

0 &} (Koo N_10 "+ 0 loom(a))
—>

koalN converges to T o ay

for k € N>, which proves our claim since | T
»/ k GINZC N

in the weak* topology on . (s N)-
Next, we establish a more explicit form of our Lip-norms on the finite-dimensional
subspaces. Fix N € Nand n € {0,1,...,N}. I is well-defined by definition of a

IL-fusing family. Furthermore, as It <

txi(%lk,j)> is a conditional expectation for

allk € N, j € IN, we have that:

B (o0

o (3)) = (o)

forj>=2n,a € U .

Therefore:
(3.2)
all (a) —E | af (a)|a (Aoo,m)
IN(k,a) = max - <;§oo(m)_k> ) 2 mel0,...,n—1}y,

which will allow use to apply Proposition (3.3).

Fixm € {0,...,n—1},k > N,a € e . Since Aoy is finite dimensional, the
C*-algebra e, = @]I\ilim(n(])) for some N € N and n(1),...,n(N) € N\ {0}
with *-isomorphism 7y : ea].ilzm(n( 7)) — Uoom- Let E be the set of matrix units
for eajfilim(n (7). Now, define ay ;1 = &k 1 © - - - © &k ,, and by definition of
IL-fusing family, we have that ay ;, ;1 = &com—n—1. Therefore, by the definition
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of inductive limit and Proposition (3.3):

(o) — & (w1 (0)|of (o)) |
L daperen@)
B Dﬁ‘»(a)_QGZE Tk(vé_,’(")O’Y(e*e)) %OIY((?) o
) (@ (@ (7(0))2)
3.3) - Dﬁ‘)(a)_eezE Tk("in(“k,manfl(’)/(e*e))) "i(“k,men—l('ﬂe))) w

( Tk(ﬂil(“oom—m 1(’)’( )*)IZ))

" Wl () ““’m%“”(ew

Ak

Tko‘zn(“oo m—n—1 o’y(e*)a)
=|la— Koo oy(e
e;ﬂ"”‘_@(wmw EEC it W
Hence, by Claim (3.7) and Proposition (3.3), the map:
all(a) —E | af (a)|a’ (Uoo,m)
f i) (@ )|
(k,a) € Nxcy X oo — 5 () L eRr

is continuous for each m € {0,...,n —1}. As the maximum of finitely many con-
tinuous real-valued functions is continuous, our lemma is proven by Expression

(3.2).

The proof of the following Theorem (3.8) follows the same process as the proof
of [1, Lemma 5.13], but we include the proof for convenience and clarity. This

Theorem (3.8) establishes convergence of the finite dimensional subspaces.

Theorem 3.8. For each k € IN, let Z(k) = (g, Xk n)neN be an inductive sequence of
finite dimensional C*-algebras with C*-inductive limit X, such that Ao = Ao =C

and ay ,, is unital and injective for all k, k' € N,n € N. If:
(1) {A*: k € N} is an [L-fusing family with fusing sequence (cy)nen,

@) {7*:AF — C} g is a family of faithful tracial states such that for each N € N,

we have that | ™ o aN
— kGIN}CN

S (Uso,N), and

converges to T o kY in the weak-* topology on
%

B3) {B : N — (0,00)}, 5 is a family of convergent sequences such that for all
N € Nifk € Nx.,, then p¥(n) = p*(n) forall n € {0,1,...,N} and there

exists B : IN — (0, 00) with B(co) = 0and p™(I) < B(I) forall m,l € NN,
then for every N € Nand n € {0, ..., N}, the map:

— k
EN ke Wop, (mk L k%)) (QOCMSa0,M)
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is well-defined and continuous, and therefore:

. Bk B® _

where Lgk(m L 1s given by Theorem (2.15).

Proof. Fix N € Nand n € {0,...,N}. If n = 0, then .y = s = C and since
Lip-norms vanish only on scalars by Definition (2.3), the map F} is constant up to
quantum isometry and therefore continuous.

Assume thatn € {1,...,N} and k > cn. Set B, = A, = Yeo,n by definition
of IL-fusing family. Let 20 be any complementary subspace of Rly in sa (B,) —
which exists since sa (B,) is finite dimensional. We shall denote by & the unit
sphere {a € 2 : |jal|ls, = 1} in 2. Note that since 20 is finite dimensional,
G is a compact set. Set S = N>, x &, which is a compact set in the product
topology. Therefore, since the function 1Y is continuous by Lemma (3.6), it reaches
a minimum on S. Thus, there exists (K,c) € S such that: ming I} = IN(K,c). In
particular, since Lip-norms are zero only on the scalars, we have I (K,c) > 0 as
l|c|lay = 1 yet the only scalar multiple of 1g3, in 20 is 0. We denote mgs = I (K, a) >
0 in the rest of this proof.

Moreover, the function InN is continuous on the compact set S, and thus, it is uni-
formly continuous with respect to any metric that metrizes the product topology.
In particular, consider the max metric, denoted by m, with respect to the norm
on & and the metric on N defined by da(1n,m) = |1/(n+1) —1/(m + 1)| for all
n,m € IN with the convention that 1/ (o0 + 1) = 0, in which the metric dp metrizes
the topology on N.

Lete > 0. As I is uniformly continuous on the metric space (S, m), there exists
6 > 0 such that if m(s,s’) < 4, then |IN(s) — IN(s")| < m%e. Now, there exsits
M € Ny, suchthat1/M < é. Letm > M and a € &, then by definition of m and
d Al

m((m,a),(c0,a)) =1/(m+1) <1/m<1/M < 6.
Thus, for all m > M and for all 2 € & we have:

IN(m,a) — 1N (co,a)| < mie.
We then have, for all 2 € & and m > M, since I is positive on S:

’ H _ [ (m,a) — 1 (oo, Do,

IN(oo a)
3.4) 2
< 75 < mgée

S

Similarly:
IN(co,a) H

3.5 — 17, < mge.
(3.5) H N (m,a) " ||y, °

We are now ready to provide an estimate for the quantum propinquity. Let
m = M be fixed. Writing id for the identity of B, the quadruple:

¥ = (B 1s,,id,id)
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is a bridge in the sense of Definition (2.6) from (%n, Lgm o a_ﬁ; ) to

(m),r’”
/gOO
(%n, LI(OO),TO" o) DC;%)

As the pivot of 7 is the unit, the height of y is null. We are left to compute the
reach of 7.
Leta € sa (B,). We proceed with three case.

Case 1. Assume that a € Rlg, .
We then have that I (c0,a) = IN(m,a) = 0, and that ||a — a|s, = 0.
Case 2. Assume thata € G.

N
We note again that I (c0,a) > mg > 0. Thus, we may define a’ = :’}\,Ezg

a. By
Inequality (3.5), we have:

IN(co,a)

o —a'll, = H“ W), Sems < ehi(eoa),

H%n

while IN (m,a’) = 1Y (m, %%a) = N (o0, a).
Case 3. Assume that a € sa (By,).

By definition of & there exists r,t € R such thata = rb + tly, with b € &.
We may assume r # 0 since this case would reduce to Case 1. If r < 0, then
—r>0,-b € Sanda = —r(—b)+ tly,. Hence, we may assume that r > 0.

Since Lip-norms vanish on scalars, note that I (co,a) = IN(co,rb). Let V' €
sa (By,) be constructed from b € & as in Case 2. Now, consider a’ = b’ + t1ay,,.
Thus, by Case 2 and r > 0:

|a—a'|l, = |rb+ 11y, — (10 +tly,)
=rb =1,
< rel,ﬂ\](oo,b)
= el (00, 7b) = €l (c0,a),
while I (m,a’) = N (m,rb") = rIil (m,b") < rIl¥(c0,b) = 1N (c0,rb) = I¥(c0,a) by
Case 2, r > 0, and since Lip-norms vanish on scalars.
Thus, from Case 3, we conclude that:

(3.6)
Va € 5a(B,), 3a’ € sa (B,) with ||a —a'||s, < el (c0,a), 1N (m,a") <IN (co,a).

s,

By symmetry in the roles of co and m and Inequality (3.4), we can conclude as
well that:
3.7)

Va € sa(B,), 3a' € sa(By,)with|la —a'[|xs, < el (m,a), I (c0,a") <IN (m,a).

Now, Expressions (3.6) and (3.7) together imply that the reach, and hence the
length of the bridge - is no more than e.
Thus, by definition of length and Theorem-Definition (2.11), we gather:

A (B, (00,), (B, (m,))) <&
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for all m > M, which concludes our proof. O

Next, we are now in a position to provide criteria for convergence of AF alge-
bras.

Theorem 3.9. For each k € IN, let Z(k) = (g, Xk n)neN be an inductive sequence of
finite dimensional C*-algebras with C*-inductive limit X, such that Ao = Ao =C
and ay ,, is unital and injective for all k, k' € N,n € N. If:

(1) {A*: k € N} is an [L-fusing family with fusing sequence (cy)nen,

@) {7F: 2k — ¢} rein 18 a family of faithful tracial states such that for each N € I,

we have that | ™ o zx,lc‘]

converges to T o al in the weak-* topology on
— kEIN)CN —

S (Ao N), and
3) {B : N — (0,00)},c5x is a family of convergent sequences such that for all
N € Nifk € Nx,, then B5(n) = B°(n) foralln € {0,1,...,N} and there
exists B: IN — (0, 00) with B(oo) = 0and ™ (1) < B(I) forall m,l € N
then, for each N € IN, we have for all k > cn:

38 A ((mk Lgk(k)lrk) ) (2{°°, Lﬁ?m)lrw» < B(ZN) +A (F{\}] (k), EN (oo)) )

k
wherel P L« is given by Theorem (2.15) and FN (k) is given by Theorem (3.8).

Z(k),
. kBt oo | B¥ _
o (0 (37 5001 )) -0

Furthermore:
Proof. Fix N € N. Then, for all k € IN:

kB B N 1 1
(3 ) (et o8) ) < ey <
by assumption and Theorem (2.15). And, by the triangle inequality:

ko B o 1 B
A ((m ,LI(k),Tk> (2 ,LI(OO)’TOJ)
2 ﬁk N ‘BOO N
< W +A (<Q[k,N, LI(k),Tk o oc_k>> ’ <Q(oo,1\], LI(oo),-rN o 044.0

Now, assume k > cp. Then, we have:

kB o | B 2 N N
A ((Ql ’ LI(k),rk) ' (Ql , Lz(oo),roo>> S sy A (FN (k), Fn (00)) ,

. kB o | B 2
lim sup A ((Ql ’LI(k),Tk> , (Q( ,LI(OO),T“,)) < B(N)’

k—oc0
kelNch

and:

since FII\}I is continuous by Theorem (3.8). And, thus:

. ko B 0 | B 2
(3.9) limsup A ((Ql ’LI(k),rk) , (Ql ’LI(oo),Tm)> < m

k—o0
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Hence, as the left hand side of Inequality (3.9) does not depend on N, we gather:

: kB o | B i 2
limsup A ((Ql ’ LI(k),rk> ’ (QL ’ Lz(@;w)) S B(N) v

k—o0

which concludes the proof. O

Theorem (3.9) provides a satisfying insight to the quantum metric structure of
the Lip-norms of Theorem (2.15). Indeed, hypotheses (1), (2), and (3) of Theorem
(3.9) are simply appropriate notions of convergence relying on the criteria used to
construct the Lip-norms of Theorem (2.15) and nothing more.

Another powerful and immediate consequence of Theorem (3.9) is that, in the
Effros-Shen AF algebra case, since the proof of Theorem (2.20) in [1] uses sequen-
tial continuity and convergence of irrationals in the Baire Space .4" (Definition
(2.16)), it is not difficult to see how one may use this Theorem (3.9) to achieve the
same result. For the, UHF case (Theorem (2.17)), one could also apply Theorem
(3.9) to achieve continuity, but although, Theorem (3.9) does not directly provide
the fact that the map in Theorem (2.17) is Holder, one may use Inequality (3.8) in
the statement of Theorem (3.9), to deduce such a result.

4. METRIC ON IDEAL SPACE OF C*-INDUCTIVE LIMITS

For a fixed C*-algebra, the ideal space may be endowed with various natural
topologies. We may identify each ideal with a quotient, which is a C*-algebra itself.
Now, this defines a function from the ideal space, which has natural topologies, to
the class of C*-algebras. But, if each quotient has a quasi-Leibniz Lip-norm, then
this function becomes much more intriguing as we may now discuss its continuity
or lack thereof since we now have topology on the codomain provided by quan-
tum propinquity. Towards this, we develop a metric topology on ideals of any
C*-inductive limit. The purpose of this is to allow fusing families of ideals to pro-
vide fusing families of quotients in Proposition (4.15) — a first step in providing
convergence of quotients in quantum propinquity. But, our metric is greatly moti-
vated by the Fell topology on the ideal space and is stronger than the Fell topology.
Hence, we define the Fell topology on ideals and prove some basic results. But, to
discuss the Fell topology, we must first introduce the Jacobson topology. As the
definition is quite involved, we do not provide a complete definition of the Jacob-
son topology, but we provide a reference and a characterization of the closed sets
in Definition (4.1).

Definition 4.1. Let A be a C*-algebra. Denote the set of norm closed two-sided
ideals of 2 by Ideal(2l), in which we include the trival ideals @, 2. Define:

Prim(2l)
= {J € Ideal(2) : ] = ker 7, 7t is a non-zero irreducible *-representation of 2A} .

The Jacobson topology on Prim(2(), denoted Jacobson is defined in [34, Theorem
5.4.2 and Theorem 5.4.6]. Let F be a closed set in the Jacobson topology, then there
exists Iy € Ideal(2) such that F = {] € Prim(2) : ] D Ir} [34, Theorem 5.4.7].
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Convention 4.2. Given a C*-algebra, 2, and I € Ideal(2), an element of the quo-
tient A /I will be denoted by a + I for some a € 2. Furthermore, the quotient norm
will be denoted ||a + I||g/; = inf {||a +b||y : b € I}.

Now, we may define the Fell topology, which is a topology on all ideals of a
C*-algebra. Once again, we do not provide a complete definition, but we will soon
be able to characterize net convergence in the Fell topology in Lemma (4.4), which
in turn determines the closed sets of the Fell topology.

Definition 4.3 ([14]). Let 2 be a C*-algebra. Let C(Prim(%()) be the set of closed
subsets of (Prim(2), Jacobson) with compact Hausdorff topology, T¢(prim(a1)), given
by [14, Theorem 2.2], where 2l = Prim(21). Let fell : Ideal(2) — C(Prim(2)) de-
note the map:

fell(I) = {J] € Prim(A) : ] D I},
which is a one-to-one correspondence [34, Theorem 5.4.7]. The Fell topology on
Ideal(2), denoted Fell, is the initial topology on Ideal(2) induced by fell, which
is the weakest topology for which fell is continuous. Equivalently,

Fell = {U C Ideal(2) : U = fell ™ (V), V € Te(prim(an)
and (Ideal(2l), Fell) is therefore compact Hausdorff since fell is a bijection.

The following Lemma (4.4) is stated in [2, Section 2], where the Fell topology,
Fell, is denoted ;. We provide a proof.

Lemma 4.4. Let 2 be a C*-algebra. Let (1) yen S Ideal(2) be a net and I € Ideal ().

The net (IV)y ca converges to I with respect to the Fell topology if and only if the net

(||a + I#Hm/[y) A C R converges to ||a+ I||g,; € R with respect to the usual topol-

ogyon R foralla € 2.

Proof. By [14, Theorem 2.2], let Y € C(Prim(2)), define:
My:aedAr—sup{lla+I|y, : €Y} ER,

since in Fell’s notation, given an ideal S, we have S, = a + S according to his
definition of transform in [14, Section 2.1] in the context of the primitive ideal space
9= Prim(2). But, by the first line of the proof of [14, Theorem 2.2], we note that
Nieyl € Ideal(A) and:

(4.1) My(a) = lla+ NieyIlloy oy -
foralla € 2.

Let P € Ideal(2), then fell(P) = {J € Prim(2A) : ] O P} € C(Prim(2))
by Definition (4.3). Note that N pyH = P by [34, Theorem 5.4.3]. Thus, by
Expression (4.1):

(4.2) Mge(py(a) = |la+ Pllayp-

Now, assume that (I,,)y ca C Ideal(2l) converges to I € Ideal(2A) with respect

to the Fell topology. Since fell is continuous, the net (fell (Iﬂ))y ca € C(Prim(2A))
converges to fell(I) € C(Prim(2)) with respect to the topology on C(Prim(%)).
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By [14, Theorem 2.2], the net of functions (M fell(1, )) |, converges pointwise to
] ne
Me1(1), which completes the forward implication by Equation (4.2).

For the reverse implication, assume that ( ||a + || C R converges to
klle/n) en

la+1||s/1 € R with respect to the usual topology on R for all € 2 and for some
net (Iy)y ca € Ideal(2A) and I € Ideal(2). But, then by Equation (4.2) and assump-

tion, the net (Mfell(lﬂ) ) yen converges pointwise to My, By [14, Theorem 2.2],

the net (fell (Iﬂ))yeA C C(Prim(2)) converges to fell(I) € C(Prim(2)) with re-
spect to the topology on C(Prim(2)). However, as fell is a continuous bijection
between the compact Hausdorff spaces (Ideal(2l), Fell) and

(C (Prim(21)), TC(Prim(Ql)))/ the map fell is a homeomorphism. Thus, we conclude

that ( Iy)y c converges to I with respect to the Fell topology. O

Now, the Fell topology induces a topology on Prim(2) via its relative topology.
But, the set Prim(2() can also be equipped with the Jacobson topology. Thus, a
comparison of both topologies is in order in Proposition (4.5), which can be proven
using Lemma (4.4).

Proposition 4.5. The relative topology induced by the Fell topology of Definition (4.3) on
Prim(2() contains the Jacobson topology of Definition (4.1) on Prim ().

Proof. Let F C Prim(2) be closed in the Jacobson topology. Then, there exists a

unique Ir € Ideal(2A) such that F = {] € Prim(2) : ] D Ir} by Definition (4.3).
Let ] € Prim(A) such that there exists a convergent net (J#),ca C F that

converges to | € Prim(2) in the Fell topology. Let x € Ir, then x € ] for all

i € A. Thus, the net (||x+ V‘Hm/n) A (0)4uea, which is a net that converges
ne

to [|lx + J|lg,; by Lemma (4.4). Thus, the limit [|x + J[lo ;; = 0, which implies that
x € J. Hence, | O Ir and since | € Prim(®2l), we have | € F.

Thus, F is closed in the relative topology on Prim(2() induced by the Fell topol-
ogy, which verifies the containment of the topologies. g

The next two Lemmas concern the question of how the Jacobson and Fell topolo-
gies behave with respect to *-isomorphic C*-algebras. First, we discuss the Jacob-
son topology.

Lemma 4.6. If A, B are C*-algebras that are *-isomorphic, then using notation from Def-
inition (4.1), the topological spaces (Prim(21), Jacobson) and (Prim (B ), Jacobson) are
homeomorphic.

In particular, if o« : A — B is a *-isomorphism, then:

a;: I € Prim(2A) — a(I) € Prim(B)
is well-defined and a homeomorphism from (Prim(2l), Jacobson) to (Prim (B ), Jacobson).
Proof. Leta : 24 — B be a *-isomorphism. We begin by establishing that «; is well-
defined. Let I € Prim(2(). By Definition (4.1), there exists a non-zero irreducible

*-representation 717 : 2 — B(H) such that ker 77; = I, where B(H) denotes the
C*-algebra of bounded operators on some Hilbert space, H. But, the composition
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mroa~!: B — B(H) is a non-zero irreducible *-representation on % since a ! is

a *-isomorphism and 7 is a non-zero irreducible *-representation. We show that
the kernel of 7r; o a1 is a(I).

Consider a(I) C 2. The set a(I) € Ideal(2l) since « is a *-isomorphism. How-
ever:

aca(l) < a(a) el

— a(a)"! € kerm;

<= aekermoal,

and thus, the ideal a(I) = ker 717 o a~! € Prim(2() by Definition (4.1).
Therefore, the following map is well-defined:

;I € Prim(2A) — a(I) € Prim(B),

and is injective since « is a *-isomorphism. For surjectivity, let I € Prim(3). The
fact that a=!(I) € Prim(2A) follows the same argument for proving that &; is well-
defined. Also, the image a;(«~1(I)) = a(a~!(I)) = I since « is a bijection. Hence,
the map «; is a well-defined bijection.

Now, we establish continuity. Let F C Prim(8) be closed. By Definition (4.1),
there exists an I € Ideal(®8) such that F = {J € Prim(®B) : ] D Ir}. Consider
a;l(F) = {I € Prim(2) : a;(I) € F}. Assume that [ € lefl(F). Then, we have that

a;(I) € Prim(2) by well-defined, and moreover:

a(I) D Ir = a(a Y(Ir)) = 12D a Y(Ip) € Ideal(2)
since  is a bijection and a~! is a *-isomorphism. Next, assume that I € Prim (%)
such that I D rx‘l(lp), then a(I) DO Ir since « is a bijection, which implies that
aj(I) € Fand I € zx;l(F) by well-defined. Combing the inclusions, the set
a;'(F) = {I € Prim(2) : I 2 a~!(If)}, which is closed by Definition (4.1). The
continuity argument for a;l follows similarly, which completes the proof. O

Let’s continue by proving that the Fell topology also satisfies the conclusions of
Lemma (4.6), which will prove useful later in Corollary (5.14) by showing that the
metric topology we develop is preserved homeomorphically by *-isomorphisms
in the case of AF algebras.

Lemma 4.7. If A, B are C*-algebras that are *-isomorphic, then using notation from Def-
inition (4.3), the topological spaces (Ideal(2(), Fell) and (Ideal(B), Fell) are homeomor-
phic.
In particular, if o : A — B is a *-isomorphism, then:
a;: I € Ideal(A) — a(I) € Ideal(B)
is well-defined and a homeomorphism from (Prim(2(), Fell) to (Prim(B), Fell).

Proof. Let & : 2 — B be a *-isomorphism, then the map «; : I € Ideal(2) —
a(I) € Ideal(B) is a well-defined bijection. Assume that (Ig[) A C Ideal (%) is
a net that converges with respect to the Fell topology to Iy EyId(Ql). We show
that («xi (IgJ)yGA C Ideal(8) converges with respect to the Fell topology to
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a; (Iy) € Ideal( ). Letb € B, then a~!(b) € A. Thus, by Lemma (4.4), we
have H () + I}, H converges to ||a~1(b) + Iy
A/ T, A/ peN

A/ Iy But, fix 4 € A,

then since a is a *-isomorphism:
-1 _ 1
H«x (b) + I} gy = nf{Hzx +aH ca€l }

fA0b+a(a)qy : ueI”}

mf{Hb—l—b/H% V€ zx(IgL)}

o+ (18) o)

and similarly, the limit Ha‘l (b) +IngQl/Lzl = [|b+a; ( IQI)H%Mi(Im)‘

Hence, the net (Hb + (IV) H%/a )> converges to ||b + «; (Lzl)”%/ﬂéi(lg[)'
HEA

Therefore, since b € B was arbitrary, the net (txi (Ig)) A C Ideal(8) converges
e

with respect to the Fell topology to «; (Iy) € Ideal(8) by Lemma (4.4). Thus,
a; is continuous, and since both topologies are compact Hausdorff, the proof is
complete. O

As stated earlier, it is with the Fell topology for which we will provide a no-
tion of convergence of quotients from ideals of AF algebras. But, it seems that a
metric notion is in order to move from fusing family of ideals to a fusing family of
quotients as we will see in Proposition (4.15).

Next, we develop a metric on the ideal space on any inductive limit in the sense
of Notation (2.13). But, first, a remark on our change in the language of inductive
limits for some of the following results.

Remark 4.8. By [34, Chapter 6.1], if Z = (2, a&n)yen is an inductive sequence
with inductive limit 2 = lim 7 as in Notation (2.13), then ( oc_’;(an))nelN is a non-

decreasing sequence of C*-subalgebras of 2, in which 2 = Un@Nzx_’;(an) I HQ‘. Thus,
in some of the following definitions and results, when we say, "Let 2 be a C*-
algebra with a non-decreasing sequence of C*-subalgebras U = (2;;),cw such that

A = Upe | 1" we are also including the case of inductive limits. The purpose
of this will be to avoid notational confusion later on if we were to work with mul-
tiple inductive limits (see for example Proposition (4.15)), and the purpose of this
remark is to note that this does not weaken our results.

The following Proposition (4.9) is key for defining our metric.

Proposition 4.9. Let 2 be a C*-algebra with a non-decreasing sequence of C*-subalgebras
U = (Ay)pen such that A = m“m. The map:
i(-,U) : I € Ideal(A) — (INAy),cy € [ ] Ideal(2Ay,)
nelN

is a well-defined injection.
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Proof. Since I € Ideal(2) and 2, is a C*-subalgebra for all n € N, we have that
INA, € Ideal(Ay,) for all n € IN. Thus, the map i(-,U) is well-defined.

Next, for injectivity, assume that I,] € Ideal(2l) such that i(L,U) = i(],U).
Hence, the sets I N2, = ] N, for all n € IN, which implies that U,en(IN2A,) =

Unen (J N2y ). Therefore, the closures Uy, (I N %n)‘l'um = Upen(J ﬂan)H'Hm. But,
by [10, Lemma III.4.1], we conclude I = J. O

With this injection, we may define a metric.

Definition 4.10. Let 2 be a C*-algebra with a non-decreasing sequence of C*-

subalgebras U = (;)new such that A = Une]NanH'Hm. We define a map from
Ideal(2l) x Ideal(2!) to [0,1] such that for all I, | € Ideal(2!):

(L) = {0 HImEN TN = N,
WO 7 27 ifn = min{m € N: 1Ny £ J N Ay}

Proposition 4.11. If 2 is a C*-algebra with a non-decreasing sequence of C*-subalgebras
U = (Ap)nen such that A = UnelNanH'Hm, then:

(Ideal(Ql), mi(u))
is a zero-dimensional ultrametric space, where my(y is given by Definition (4.10).
Proof. Consider the metric on [,y Ideal(2,,) defined by:

0 if v N, I, =],
m ((In)nen, (Jn)new) = { e J .

27" ifn=min{m € N: L, # |}
Thus, (IT,ew Ideal(2,), m) is a zero-dimensional metric space since it metrizes
the product topology on [T,,cy Ideal(2,,), in which Ideal(2l,,) is given the discrete
topology foralln € IN. But, the identification m;;) = mo (i(-,U) x i(-,U)) implies

that (Ideal(%l), mi(u)> is a zero-dimensional metric space since i(-,U/) is injective
by Proposition (4.9). O

Remark 4.12. 1f 2 is any C*-algebra, then, 2 = Une]NanH'HQ‘, where 20, = 2 for all
n € IN. If we set Y = (An)nen. then, the metric m;q,) of Proposition (4.11) is a
metric on the ideal space of any C*-algebra, but we see in this case that this metric
simply metrizes the discrete topology. However, the metric of Proposition (4.11)
is not always trivial as we shall see in the case of AF algebras (Theorem (5.12)), in
which the metric spaces will always be compact. In particular, if an AF algebra
were to contain at least infinitely many ideals (see Section (6.1) for an example of
such an AF algebra), then the metric of Proposition (4.11) could not be discrete.
Furthermore, this implies that the conclusion of Theorem (4.16) is not trivial.

Remark 4.13. The metric of Proposition (4.11) can be seen as an explicit presenta-
tion of a metric on a metrizable topology on ideals presented in [3], where this
metrizable topology is presented only in the case of AF algebras and metrizes the
Fell topology in the AF case, which we also prove for the metric of Proposition
(4.11) via a different approach in Theorem (5.12). But, we note that the metric of
Proposition (4.11) is more general as it exists on the ideal space of any C*-inductive
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limit — and on any C*-algebra by Remark (4.12)—, and in the AF case (Section (5)),
we define a metric entirely in the graph setting of a Bratteli diagram on the space of
directed and hereditary subsets of the diagram (Theorem (5.12)), which in turn is
isometric to the metric of Proposition (4.11). This allows us to explicitly calculate
distances between ideals in Remark (6.12), and therefore, make interesting com-
parisons with certain classical metrics on irrationals. And, in Proposition (4.15),
the metric of Proposition (4.11) will explcitly provide fusing families of quotients.

In the context of this paper, the main motivation for the metric of Proposition
(4.11) is to provide a fusing family of quotients via convergence of ideals. First,
for a fixed ideal of an inductive limit of the form 2 = U,,en2As Il , we provide an
inductive limit in the sense of Notation (2.13) that is *-isomorphic to the quotient.

The reason for this is that given I € Ideal(2), then 2 /I has a canonical closure of

union form as A/I = Uyen (A + I)/I)H'le (see Proposition (4.15)), but if two
ideals satisfy I N, = J N2, for some n € IN, then even though this provides
that (2, + I)/I is *-isomorphic to (A, + J)/] as they are both *-isomorphic to
(2, /(IN2Ay)) (see Proposition (4.15)) , the two algebras (2, + J)/J and (2, +
I)/I are not equal in any way if I # ], yet, equality is a requirement for fusing
families (see Definition (3.4)). Thus, Notation (4.14) will allow us to present, up to
*-isomorphism, quotients as IL-fusing families as we will see in Proposition (4.15)
from convergence of ideals in the metric of Proposition (4.11).

Notation 4.14. Let 2 be a C*-algebra with a non-decreasing sequence of C*-subalgebras
U = (An)nen such that A = Upen@y ™. Let I € Ideal(2). For n € N, define:

YVin:a+IN2A, €A/ (INA) —s a+1€Apyr/(INAysq),

which is an injective *-homomorphism by the same argument of Claim (4.17). Let
Z(A/T) = (An/(INAn), Y1,1) pen- and denote the C*-inductive limit by lim Z(A/I).

Proposition 4.15. Let A be a C*-algebra with a non-decreasing sequence of C*-subalgebras
U = (Ay)nen such that A = Un@NQ[nH‘HQ‘. Using Notation (4.14), if I € Ideal(2l), then
there exists a *-isomorphism ¢y : hg Z(A/I) — /I such that for all n € IN the follow-
ing diagram commutes:

n
A/ (1N A,) — = limy Z(A/1) ,
id’l
of

where for all n € W, the maps ¢} 1 a+ Ay /(INAy) = a+1e (A +1)/1 CA/I
are injective *-homomorphisms onto (A, + 1)/1, in whichA, + [ = {a+b e A :a €
Ay, b € I} a C*-subalgebra of A is and Upew (A + 1) /1) is a dense *-subalgebra of A/ I
with (A, + I)/I) e non-decreasing.

Furthermore, if (I"),enw C Ideal(2A) converges to I1®° € Ideal(A) with respect to
m ) of Proposition (4.11), then using Definition (3.4), we have
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{I” = Ueen a1 e W} is a fusing family with respect to some fusing se-
quence (cn)neN Such that {h_l’];l Z(A/IM) in € W} is an IL-fusing family with fusing
sequence (Cn)neN-

Proof. Let I € Ideal(2). Fix n € NN, then ¢] is an injective *-homomorphism by
Claim (4.17). Leta € ;. We have that ¢} (a + 2,/ (INA,)) = a+A/I. Also,
the composition ¢} (v, (a + An/(INA))) = ¢ a4+ i1/ (INAyp)) =
a+2/I. Therefore, for all n € IN, the following diagram commutes:

Yin
W/ (1N Ay) = A1 /(10 Apysr) -

n+1
9 id)’
A/1

Hence, by [34, Theorem 6.1.2], there exists a unique *-homomorphism
¢r m Z(A/I) — A/Isuch that for all n € IN the diagram in the statement of this
theorem commutes.

Now, since the maps 7, are injective for all n € IN, then so are the maps ’yj
for all n € IN by definition [34, Chapter 6.1]. Hence, we have by the commuting
diagram in the statement of the theorem that ¢; is an injective *-homomorphism
on the dense *-subalgebra Unem'ﬁ(mn/(l N2Ay,)) of lim Z(2/I). Thus, ¢; is an

isometry on Unemﬁ(mn/(l N2Ay)), and therefore, is an isometry on lim Z(A/1),

and thus an injective *-homomorphism on m Z(A/T).

Furthermore, fix n € IN. As I € Ideal(2), note that A, + 1 = {a+b € A :
a € Ay, b € I} is a C*-subalgebra of 2 that contains I € Ideal(2, + I). Next,
letx € (A, +1)/Isothatx = a+b+ I, wherea € 2,,b € I. Thus, we have
a+b—a=bel = x—(a+1)=0+1 = x = a+ [. But, then, the image
¢} (a+ I) = x. Hence, the map ¢} is onto (A, + I)/I. We thus have:

o (unemﬁwn/(mmm) — Unen (2 + 1)/1),

in which the right-hand side is a dense *-subalgebra of (/I by continuity of the
quotient map and the assumption that U,ew®, is dense in 2. Hence, since lim 7 (2A/1)
is complete and ¢; is a linear isometry on hg Z(2/I), we have ¢; surjects onto
2U/1. Thus, the function ¢; : lim 7 (A/I) — 2A/I1is a *-isomorphism.

Next, assume that (I"), . € Ideal(2) converges to I® € Ideal(2) with re-
spect to m; (). Thus, we have lim,, .« M) (I",I®) = 0. From this, construct an
increasing sequence (by,),eny € IN'\ {0} such that:

mi(Z/{) (Ik, Ioo> < 27(1’14’1)
for all k > by. In particular, if N € N, then kN, =I1°NA, ifn € {0,...,N}

and k > by, which implies that {I” = UrenI"N Qlka in € N} is a fusing family
with fusing sequence (b, ),cw by Definition (3.4).
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Let ¢, = b, for all n € IN. Then, the sequence (c,) e is a fusing sequence
for {I" = Uen " Ay e N} Fix N € N,n € {0,..., N}, and k € Ny,

Then, the equality N, =I1°NY, implies that A/ (IFNA,) = A/ (I°NYAy).
But, also, we gather 7, = 7~ since A1/ (TF N Apyq) = Ay /(I° N Ay )

as ¢, = by11. Hence, the familiy of inductive limits {hgq ZA/IM) n e N} is an
IL-fusing family with fusing sequence (¢, )nen.

For the ideal space, Proposition (4.11) provides a zero-dimensional Hausdorff
space metrized by an ultrametric. We will see that if the sequence of C*-subalgebras
() new are all assumed to be finite dimensional (or if 2 is AF), then the metric
space of Proposition (4.11) will be compact in Theorem (5.12). But, we will ap-
proach this by first providing a compact metric on the directed hereditary subsets
of a Bratteli diagram in Proposition (5.9), and then translating this metric back to
the setting of Proposition (4.11), which will provide compactness with ease. Thus,
providing another in the line of many applications of the novel Bratteli diagram.
But, before we continue in this path, we see that in the very least, the Proposition
(4.11) metric can be utilized as a tool to provide convergence in the Fell topology
as the metric topology is stronger. This is the content of following Theorem (4.16).
Later on, this will show in the AF algebra case that the Fell and metric topologies
agree by maximal compactness in Theorem (5.12).

Theorem 4.16. If 2 = Une]NmnH.Hm is a C*-algebra in which U = (Upn)pen is an
non-decreasing sequence of C*-subalgebras of 2, then on Ideal(2), the Fell topology is
contained in the metric topology of m;qy).

Proof. First, we prove the following claim to provide norm calculations.
Claim 4.17. Let | € Ideal(2(). For each k € IN, the map:

(4.3) PfratTnA €A/ (JNA) —>a+] €A/

is an injective *-homomorphism.

Assume that 4,0 € 2 such that a + [N A, = b + ] N Ay, which implies that
a—be Ny €] = a+] = b+ ], and thus, <p’]‘ is well-defined. Next,
assume that a,b € Ay such that a + ] = b + J, which implies thata — b € J. But,
wehavea—b € dy = a—b e JNYanda+ JNA = b+ JNA, which
provides injectivity. Thus, for each k € IN, we have 4)7]‘ is a well-defined injective
*-homomorphism since | is an ideal. Hence, the map qb]]‘ is an isometry for each
k € IN and any ] € Ideal(2), which proves the claim.

Let F C Ideal(2) be closed with respect to Fell. We show that F is closed with re-
spect to the metric topology of m; ). Since the topology is metric, we may use se-

quences. Thus, let (Il)l N C Fand I € Ideal () such that lim; e m;() (I[, I) =
€

0. Now, we claim that this sequence converges with respect to the Fell topology,
and thus, we will approach by Lemma (4.4).

Let e > 0,a € 2. By density of U,cn?,; in ¥, there exists N € N such that
ay € Ay and [|a — ayn||y < /2. By convergence in m;(,), there exists ky € N such

that I' NN = INAy foralll > ky. Furthermore, since (])?II is an isometry by Claim
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(4.17), we have that HaN +1'n mNH = HuN + 1 HMI foralll > ky. But,

An/ (I'N2Ay

we have HHNJFIZVWLNH = [lan + INAN oy (ray) = llan + Illo/g

An/ (I'NAy)
for all I > kjp since I'n An = I NAy. Therefore, for [ > kp, we conclude:

(4.4) HﬂN+IlH = [lan + Iflg /g -

A/1
Now, let I > ky, then by Expression (4.4) and the fact that any quotient norm of A
with respect to || - ||g is bounded above by || - ||o, we gather:

! ! !
Ha+l Hm/ﬂ —lla+Illar| < HQJFI Hm/ﬂ B HQN+I Hm/ﬂ
!
|l 2| = llan o+ Tl
+ [llan + Illgy ;= lla =+ Il
!
< HﬂN +1 Hm/ﬂ —llan + Illg /s
!
+ Ha —an+1T Hm/ﬂ +la —an + Iy,
1
<2fla—aylla + |||an + |, = lan + Tl
<e+0
Therefore, we may conclude lim;_, 4, Hu + IZHQI/I’ = |la+ I|ly/;, and by Lemma

(4.4), since a € A was arbitrary, the net (I l) converges with respect to the Fell

€
topology to I. But, as F is closed in Fell, we have that I € F. Thus, F is closed with
respect to m; (). This completes the containment argument. O

5. METRIC ON IDEAL SPACE OF C*-INDUCTIVE LIMITS: AF CASE

In this section, the ultrametric of Proposition (4.11) is greatly strengthened in
the AF case. For instance, its induced topology will be compact. The notion of
a Bratteli diagram will prove quite useful in providing these advantages. Thus,
for the moment, we introduce a new metric based entirely on the diagram struc-
ture. And, we will see in Theorem (5.12) that, when AF algebras are reintroduced,
the inductive limit metric and diagram metrics are isometric and form a topology
that equals the Fell topology on ideals. First, we recall the definition of a Bratteli
diagram.

Definition 5.1 ([5]). Let D = (V?,EP) be a directed graph with labelled vertices
and multiple edges between two vertices is allowed. The set VP C IN? is the set
of labeled vertices and EP € IN? x IN? is the set of edges, which consist of ordered
pairs from V?. For each n € IN, let 2 € IN.

Define VP = UHE]NVZ), where for n € IN, we let:

VP — {(n,k) ENxN:ke {o,...,v,?}},

and we denote the label of the vertices (1,k) € VP by [n,k]p € N\ {0}.
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Next, let EP ¢ VP x VP, Now, we list some axioms for VP and EP.
(i) Foralln € IN,if m € N\ {n + 1}, then ((n,k), (m,q)) & EP forall k €
{o,...,90} g€ {0,...,00}.
(i) If (n,k) € VP, then there exists ¢ € {0,...,
1,q9)) € EP.
(ili) If n € N\ {0} and (n,k) € VP, then there exists g € {0,...,v> ;} such
that ((n —1,4), (n,k)) € EP.
If D satisfies the all of the above properties, then we call D a Bratteli diagram,
and we denote the set of all Bratteli diagrams by #2.
We also introduce the following notation. For each n € NN, let:

EP = (VP x VP )NEP,

oP 1} such that ((n,k), (n +

which by axiom (i), we have that EP = U,cEP. Also, for ((n,k), (n+1,9)) € EP,
we denote [(n,k),(n+1,9)]p € N\ {0} as the number of edges from (1, k) to
(n+41,q). Let (n,k) € VP, define:

RP = {(n+1,q) e VP, ((nk),(n+1,9)) € ED},

which is non-empty by axiom (ii). Also, for n € IN, we refer to VnD , EnD , and
(VnD , EZ? ) as the vertices at level 1, edges at level 1, and diagram at level #, re-
spectively.

Remark 5.2. 1t is easy to see that this definition coincides with Bratteli’s of [5, Sec-
tion 1.8] in that we simply trade his arrow notation with that of edges and number
of edges. That is, given a Bratteli diagram D, the correspondence is: (n,k)
(n+1,q) if and only if ((n,k), (n +1,9)) € EP and [(n,k), (n +1,9)]p = p.

One of the first of many useful properties of Bratteli diagram is that given a
Bratteli diagram there exists a unique AF algebra up to *-isomorphism associated
to the diagram [5, Section 2.8], [10, Proposition II1.2.7]. How we associate a Bratteli
diagram to an AF algebra is described in the following Definition (5.3) following
[5, Section 1.8].

Definition 5.3 ([5]). LetZ = (2, &n)nen be an inductive sequence of finite dimen-
sional C*-algebras with C*-inductive limit 2, where a; is injective for all n € IN.
Thus, 2 is an AF algebra by [34, Chapter 6.1]. Let D}, (2) be a diagram associated
to %A constructed as follows.

Fix n € IN. Since 2,, is finite dimensional, 2,, = EBz”:ODJT(n(k)) such thata,, € IN
and n(k) € N\ {0} fork € {0,...,a,}. Define:

vnD”(Q[) = a,, VHD”(Q[) = {(n,k) eEN?:ke { vnDh( )}},

and label [1, k|p, () = +/dim(M ) fork € {O UEb(Ql)}.

Let A, be the a1 +1 x a, + 1—part1al multiplicity matrix assocaited to a;, :
A, — Ay, 1 with entries (An)i,]- eNied{l,...,ap1+1}j e {1,...,a,+1}
given by [10, Lemma I11.2.2]. Define:

E7 = {((n k), (n4+1,0)) € N x N2 (An)gia401 # 0},
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and if ((n,k),(n+1,9)) € EP*™)  then let the number of edges be [(n,k), (n
1/‘1)}&,(21) = (An)q+l,k+1-

Let VDo) = U, x VP BP0 — U, EPP ™) and Dy (21) = (VP6(2), EPo (W),
By [5, Section 1.8], we conclude Dy, (1) € £ is a Bratteli diagram as in Definition
(5.1).

If A is an AF algebra of the form A = U,enUy Il where Y = () e is a non-
decreasing sequence of finite dimensional C*-subalgebras of 2, then the diagram
Dy, (2) has the same vertices, and the edges are formed by the partial multiplicity
matrix built from the partial multiplicities of the inclusion mappings ¢, : 4, —
A, foralln € IN.

Remark 5.4. We note that the converse of the Definition (5.3) is true in the sense
that given a Bratteli diagram, one may construct an AF algebra associated to it.
The process is described in [5, Section 1.8], and in particular, one may construct
partial multiplicity matrices from the edge set, which then provide injective *-
homomorphisms to build an inductive limit.

As an example, which will be used in Section (6.1), we display the Bratteli dia-
gram for the Effros-Shen AF algebras of Notation (2.19).
Example 5.5. Fix 0 € (0,1) \ Q with continued fraction expansion 6 = [a;]jcn
using Expression (2.1) with rational approximations (d) given by Expres-
neN

sion (2.2). Let AFy be the Effros-Shen AF algebra from Notation (2.19). Thus,

D A Dy (A

gt = 0 and V) = {(0,0)} with [0,0)p, (a5, = 1. Forn € N\
{0} we have va(m%) — 1 and V(S0 _ {(n,0), (n,1)} with [n,0]p, (5, =
2, [n, Up, 25, = q°_,. The partial multiplicity matrix for n = 0 is:

a
()

and letn € IN'\ {0}, then the partial multiplicity matrix is:

a 1
An:<nf1 O)r

by Notation (2.19) and [10, Lemma III.2.1], which determines the edges. We now
provide the diagram as a graph, where the label in the edges denotes number of
edges and the top row contains the vertices (1,1) with their labels with n increas-
ing from left to right with the bottom row having vertices (n,0) with their labels
with 7 increasing from left to right. Letn > 4 :

1 ‘7n 1
1 —ﬂ1> ql —a—> q2 43» q3 —ap—> q9 4;z+1> qn+1

Returning to the diagram setting, we define what an ideal of a diagram is.
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Definition 5.6. Let D = (V?, EP) be a Bratteli diagram defined in Definition (5.1).
We call D(I) = (V!, E!) an ideal diagram of D if V! C VP, E! C EP and:
(i) (directed) if (n,k) € VIand ((n,k), (n+1,q)) € EP, then (n +1,9) € V..
(ii) (hereditary) if (n,k) € VP and Ra’k) C VI, then (n,k) € VL.
(iii) (edges) If (n,k), (n +1,9) € V! such that ((n,k),(n+1,q)) € EP, then
((n,k),(n+1,q)) € EL
Furthermore, if (n,k) € VP N VI, then [n,k]p = [n,klpr). And, if ((n,k), (n +
1,q)) € EPNE! then [(n,k), (n+1,9)]p = [(n,k), (n +1,9)]pr)-
Also, for n € N, denote V! = VP N V! and E} = EP NE! with I, = (V,E}) to
also include all associated labels and number of edges, and we will refer to V;/ as
the vertices at level n of the diagram. Let Ideal(D) denote the set of ideals of D.

Directly, from this definition, we may prove a Lemma that will serve us later.

Lemma 5.7. Using Definition (5.1), let D = (VP,EP) be a Bratteli diagram. Using
Definition (5.6), if I,] € Ideal(D) such that there exists n € I with V| # @ and
VnI = VnI, then Iy, = ] for all m < n.

Proof. Assume that n € IN\ {0} and V! = V] # @. Let (n —1,k) VI .. By

directed, for all (n,q) € Rai1 xy, We have that (n,q) € VI = V. Therefore, the

set R(anl,k) - Vy{ . Hence, by hereditary, we have that (n — 1,k) € VLl. Thus, the
set anfl C Vr{_l and the fact that the argument is symmetric in the other direction
implies that V! | = V;{—l' We may continue in this fashion to show that vertices
of the ideals agree up to n. By the edge axiom in Definition (5.6), we thus have
that Ef, = EJ, for all m < n—1, but by the directed property, we also have that

El = E}. As the labels of vertices and number of edges for both I and | are both
inherited from D, our proof is finished. O

We now define a metric on ideals of a Bratteli diagram.

Definition 5.8. Using Defintion (5.1), let D € %% be a Bratteli diagram and for
D
eachn e N, let Z p = HZ"ZO Z,.

Let Cp = [lyew Z,p- Denote an element in x € Cp by x = (x(0),x(1),...),
where x(n) = (x(n)o,x(n)1,...,x(n),p) € Z,p foralln € IN. Define a metric on
Cp by:

0 if x(n) =y(n),vne N
me(ey) =40, LX) =)
2 ifn =min{m € N:x(n) #y(n)}.
We note that it is a routine argument that m¢ is a metric. Furthermore, if each
Z,p is given the discrete topology and Cp is given the product topology, then m¢
metrizes this topology. As each Z p is finite and nonempty, (Cp, m¢) is a Cantor
space, a nonempty perfect zero-dimensional compact ultrametric space.

Proposition 5.9. Using Definition (5.1), let D be a Bratteli diagram. Using Definitions
(5.6, 5.8), if we define:
in(-, D) :1deal(D) — Cp
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coordinate-wise in the following way:

1 if(nk)eV!

im(IrD)(n)k = {0 lf(i/l,k) c VD\VI ’

then iy, (-, D) is a well-defined injection such that (i, (Ideal(D), D), m¢) is a zero-dimensional
compact ultrametric space.
Furthermore, let m; (py = me o (im (-, D) X im(:, D)). Then, the metric space

(Ideal(D), m;,.(p) ) is a zero-dimensional compact ultrametric space.

Proof. The map iy (-, D) is well-defined by construction. For injectivity, assume
that there exist I, ] € Ideal(D) such that i,,(I, D) = iy (], D). By definition, this
implies that i,,(I, D)(n) = in(], D)(n) for each n € NN, and therefore, the vertices
vl = V] for each n € IN. Thus, applying Lemma (5.7), we have that I = J.

For compactness of (i,,(Ideal(D), D), m¢), we need only to show that
im(Ideal(D), D) is closed as (Cp, m¢) is compact. Thus, assume j € Cp such that
there exists (J"),en C Ideal(D) with limy, o me (i (J", D), j) = 0. With this, con-
struct an increasing sequence (¢, )nev C IN such that for fixed n € IN, we have:

me (im(J', D), j) < 270D

foralll > c,.
By definition of m¢, for each n € N,p € {0,...,n}, we gather that j(p) =
in(J',D) (p) for all I > c,. In particular, we also have that:

(G.1) j(p) = im(J*, D) (p) = im(J**1, D) (p)
foralln € N,g € Np € {0,...n} since (¢y)nen is increasing. Thus:

Jen __ Icn+
(5.2) Vo =V,

forallg € N,n € N, p € {0,...n} by definition of i,,(-, D). Thus, for each n € NN,
define V,{ = Vn]cn. Now, let:
vi= v
nelN
Form E/ by imposing the edge axiom (iii) from Definition (5.6). For | = (VI,E/ ),
inherit the vertex labels and number of edges from D as done in Definition (5.6).
We claim that | € Ideal(D) and that i, (], D) = j.

First, let (n,k) € VJ such that ((n,k), (n +1,9)) € EP. But, (n,k) € VJ " =
Vn]C"Jrl by Equation (5.2). Since VI is an ideal, by the directed axiom (i), we
have that (n +1,9) € V/™"'n VP, = Vr{ii; ' C VJ, which provides directed
axiom (i) for J.

Next, for the hereditary axiom (ii), let (1, k) € VP and R? . C V/. Now, the set

(nk)

R(Dn 0 C Vn] ff " Thus, since V™! is an ideal, then (n,k) € Vn] = Vn]m C Vlby
Equation (5.2), which proves the hereditary axiom (ii) for J. Axiom (iii) for edges is
given by construction. Furthermore, as the labels of vertices and number of edges

are inherited from D, we have that | € Ideal(D) by Definition (5.6).

n+1



32 KONRAD AGUILAR

Next, fixn € N,k € {0, .. .,vnD},thenby Equation (5.1), wehave j(n) =1 <=
in(Jon, D)(n)y =1 <= (nk) € V" = mk) eVl =V CcV —
in(], D) (n)k = 1.

Now, assume that j(n); = 0. Then, by Equation (5.1), we have 0 = j(n), =
im(J°, D) (n)y implies that (n,k) € VP \ VI = nje (VD \ Vl]m) . Thus, the ver-

tex (n,k) € VP\ v]" =vP \ V). However, for all m € IN'\ {n}, the set VJ, does
not contain a vertex of the form (1,1) for any I, and thus the vertex (11,k) & V}}, for
allm € N\ {n} as well. Hence, the vertex (1,k) € VP\ VI <= i,,(],D)(n); = 0.

For the reverse implication, assume that iy, (J,D)(n); = 0, then (n,k) € VP \

VI =Nen (VD \ Vl]”). Hence, it must be the case that (1, k) ¢ Vn]cn =V Again,

the vertex (n,k) ¢ V)" forallm € N \ {n} as well. Thus, the vertex (n,k) €
VP\ V™, which implies that j(1); = iy (], D)(n)x = 0 by Equation (5.1). Hence,
we conclude j(n)y =0 <= in(J,D)(n)y = 0forn € N,k € {0,...,vP}.
Therefore, we have iy, (], D)(n) = j(n) for all n € IN. Hence, the space
(im(Ideal(D), D), m¢) is a compact metric space. Zero-dimensional is inherited

from (Cp, m¢). The fact that the metric space (Ideal(D), mim(p)> isa

zero-dimensional compact metric space follows from the fact that i, (-, D) is injec-
tive and that i,, (Ideal(D), D) is compact in (Cp, me). O

The metric of Proposition (5.9) is stated entirely in the setting of Bratteli diagram
without acknowledging an AF algebra. But, we would like utilize Proposition
(5.9) to provide compactness of the metric of Proposition (4.11) in the case of AF
algebras. Thus, we now begin this transition.

Notation 5.10. Let 2 = UnelNanH'HQ‘ be an AF algebra where U = (), is a
non-decreasing sequence of finite dimensional C*-subalgebras of 2. Let Dj,(2) be
the diagram given by Definition (5.3).

Let I € Ideal(2) be a norm closed two-sided ideal of 2, then by [5, Lemma 3.2],
the subset A of Dy(2) formed by I is an ideal in the sense of Definition (5.6), and
denote this by D, (2)(I) € Ideal(D,(2)), where Ideal(D,(2)) is the set of ideals
of Dy () from Definition (5.6).

We state the following classic result for notation and convenience.

Proposition 5.11. [5, Lemma 3.2] Let 2 = Une]l\&ln“‘“Ql be an AF algebra where
U = (Ay)nen is a non-decreasing sequence of finite dimensional C*-subalgebras of 2
and Bratteli diagram Dy, (1) from Definition (5.3). Using Notation (5.10) and Definition
(5.6), the map:

i(+, Dp()) : I € Ideal(A) — Dp(A)(I) € Ideal(Dy(2A))
given by [5, Lemma 3.2] is a well-defined bijection, where the vertices of VnD b(@)(D)
determined by I Ny, for each n € IN.

are

We are now prepared to strengthen Proposition (4.11) in the case of AF algerbas.

Theorem 5.12. If 2 = Uneﬂ\ﬂlnH'HQl is a C*-algebra in which where U = (Ay)yen is a
non-decreasing sequence of finite dimensional C*-subalgebras of 2, and is thus AF, then
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using Definition (4.10), we have that the map i(-, Dy (L)) of Proposition (5.11) is an isom-
etry from the metric space (Ideal(Ql), mi(u)) of Proposition (4.11) onto the metric space

(Ideal(Db(Ql)), mim(Db(m))> using notation of Definition (5.3) and Proposition (5.9).

Therefore, the space (Ideal(?(), mi(u)) is a zero-dimensional compact ultrametric space,

and moreover, the topology induced by m() on Ideal() is the Fell topology, Definition
(4.3).

Proof. The isometry is given by Proposition (5.11). Indeed, since the vertices of

VnDb(Ql)(I) are determined by I N2, for each n € IN for any I € Ideal(),if I, ] €
Ideal(2), then i(I, Dy(2A))(n) = i(J,Dp(A))(n) if and only if IN A, = JN A, by
Lemma (5.7). Thus:

i(+, Dp()) : I € Ideal(A) — Dp(A)(I) € Ideal(Dy(2A))
is an isometry from (Ideal(Ql), m,»(u)) onto the metric space

(Ideal(Db(Ql)), mim(Db(Ql))> . Therefore, (Ideal(i’l), mi(u)) is a zero-dimensional com-
pact ultrametric space. But, by Theorem (4.16), the metric topology of

(Ideal(%l), mi(u)> is a compact Hausdorff topology that contains the compact Haus-
dorff topology, Fell. Therefore, by maximal compactness, the two topologies equal.

We now begin a sequence of Corollaries that highlight the consequences of The-
orem (5.12). All of these Corollaries are phrased in terms of m;), but can be trans-
lated in terms of the diagram metric m; (p) by Theorem (5.12), and we note that
m;,(p) Will prove useful in its own right in the proof of Theorem (5.21), Proposi-
tion (6.11), and the main result of Section (6.1), Theorem (6.20), as many results
and constructions with regard to AF algebras are phrased diagramatically. First,
Theorem (5.12) provides the same comparison with the Jacobson topology as the
Fell topology.

Corollary 5.13. If 2 be a C*-algebra with a non-decreasing sequence of finite dimensional
C*-subalgebras U = (A )new such that A = UHGJN%H'HQL, then using notation from
Proposition (4.11), the space (Prim(m), mi(u)) is a totally bounded zero-dimensional ul-

trametric space in which the relative topology on Prim(2) induced by the metric topology
M) or the Fell topology contains the Jacobson topology on Prim(2L).

Proof. Apply Theorem (5.12) to Proposition (4.5). And, since total boundedness
and zero-dimensionality are hereditary properties, the proof is complete. O

Another immediate consequence of Theorem (5.12) is that, although the metric
is built using a fixed inductive sequence, the metric topology with respect to an in-
ductive sequence is homeomorphic to the metric topology on the same AF algebra
with respect to any other inductive sequence. In particular, concerning continuity
or convergence results, Corollary (5.14) provides that one need not worry about
the possibility of choosing the wrong inductive sequence, and therefore, one may
choose any inductive sequence without worry to suit the needs of the problem at
hand.
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Corollary 5.14. Let 2,B be C*-algebras with non-decreasing sequences of finite dimen-
sional C*-subalgebras Uy = (An)nen,Uss = (Bn)nen, respectively, such that A =
Unen®n 1% and % = U, en By,

If A and B are *-isomorphic, then the metric spaces (Ideal(%l), mi(u@) and

(Ideal(%), mi(u%)) are homeomorphic.

In particular, if % = Une]NQll,n”'HQ‘ = UnelNle,nH'Hm, where Uy = (A1) nen, Us =
(2, )new are non-decreasing sequences of finite dimensional C*-subalgebras of 2, then

the metric spaces (Ideal(Ql), mi(ul)) and (Ideal(Ql), mi(u2)> are homeomorphic.
Proof. Apply Lemma (4.7) to Theorem (5.12). O

Furthermore, as another consequence of Theorem (5.12), we may strengthen
Proposition (4.14) with the Fell topology in the case of AF algebras.

Corollary 5.15. Let 2 be a C*-algebra with a non-decreasing sequence of finite dimen-

sional C*-subalgebras U = (Ap, ) e such that A = m”‘“i’{
If (I")new C Ideal(2l) converges to I € Ideal(A) with respect to my(y) or the

Fell topology, then using Definition (3.4), the family {I” = UgenI"N A e N}
is a fusing family with fusing sequence (cy)new such that {@ Z(A/I") :n € W} is an
IL-fusing family with fusing sequence (cy)neN-

Proof. Apply Theorem (5.12) Proposition (4.14). O

Now, that we have this identification with the Fell topology, we finish our dis-
cussion of the metric topology by considering it in the commutative case. The rea-
son for this is because if 2 is a commutative C*-algebra, then the Jacobson topology
on the primitive ideals of 2 is homeomorphic to the maximal ideal space with its
weak-* topology, which is a classic result for which we provide a proof of in the
unital case, Theorem (5.18). Furthermore, in the unital case, we will show that the
relative topology on the primitive ideals induced by the metric topology will be
compact, which will provide that this metric topology agrees with the Jacobson
topology since it is compact in the unital case. This result rests on a characteriza-
tion of Bratteli diagrams associated to unital commutative AF algebras provided
by Bratteli as [6, Expression 3.1] along with his diagrammatic characterization of
primitive ideals found as [5, Theorem 3.8], [6, Expression 2.7]. We begin with some
classical results about the ideal space of unital commutative C*-algebras.

Lemma 5.16. Let (X, T) be a compact Hausdorff space. If U C X, then Iy = {f €
C(X):Vuel,f(u) =0} € 1deal(C(X)) and I;z= = Iy, where U" denotes the closure
of U with respect to T.

Proof. Fix x € X. Consider Ij,. It is routine to check that I;,, € Ideal(C(X)).
Now, let U C X. It is clear that I is a two-sided ideal. But, note that I}; =
Nyeul {x} is the intersection of closed sets and is therefore closed. Hence, the ideal
Iy € Ideal(C(X)).

The ideal I;;r C Iy since U C U'. Let f € I. Letv € U, then there exists a net
(p)ren C U converging to v. Hence, we have f(u,) = 0 for all A € A, and since
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f is continuous, we conclude f(v) = 0. Therefore, the function f € N 7 I} =
L. Thus, the ideal ;= = Iy

Proposition 5.17. Let (X, T) be a compact Hausdorff space. If I € Ideal(C(X)), then
F={xeX:VYfelf(x)=0}isclosed and I = If of Lemma (5.16). Moreover,
F — If establishes a one-to-one correspondence between closed subsets of (X, T) and
Ideal(C(X)).

Proof. Let F C X be closed. By Lemma (5.16), we have that Ir € Ideal(C(X)).

Next, assume [ € Ideal(C(X)). If I = {0} or C(X), then F = X or F = @,
respectively. Also, if I were maximal, then by [9, Theorem VIL.8.7], the ideal I =
Ifyy for some x € X. Assume that I € Ideal(C(X)) and not maximal with {0} C
I C C(X). Define:

(5.3) F={xeX:Vfelf(x)=0}=nNsf '({0}),

which shows that F is closed since each f € I is continuous. As in the statement
of the proposition, define Ir = {f € C(X) : Vx € F, f(x) = 0} € Ideal(C(X)) by
Lemma (5.16).

First, we show that I C Ir. Let f € I. Let x € F, then by definition of F, we
have f(x) = 0. Since x € F was arbitrary, the function f € Ir by definition and by
Lemma (5.16) since F is closed.

For the reverse containment, assume f ¢ I. LetI : C(X)/I — C(M) denote
the Gelfand transform, which is a *-isomorphism map given by evaluation, where
M the space of multiplicative linear functionals associated to maximal ideals of
C(X)/I as kernels [9, Theorem VIIIL.2.1]. Since f ¢ I, we have f + I # 0+ I. Thus,
I'(f+1) #0 = f/—i—\I # 0. So, there exists ¢, € M, where ker ¢, = m, a
maximal ideal of C(X)/I, such that:

(5.4) 0# f+1(gm) = gulf +1).

In particular, we have f + I & ker ¢, = m.

From this, define m’ = {g € C(X) : (¢ +I) € m}. Cleary, the ideal I C m'. But,
the set m’ is closed since quotient map is continuous and m is closed. Also, we
have m’ is a two-sided ideal since m and I are two-sided ideals. Thus, the set m’ €
Ideal(C(X)). Therefore, the quotient m’/ I is well-defined and it is routine to check
that m’/I = m. Furthermore, by [11, Proposition 2.11.5] along with commutativity
and [34, Theorem 5.4.4], the ideal m’ is maximal since m is maximal. Therefore, by
[9, Theorem VIL8.7], there exists y € X such that m’ = I,y = {g € C(X) : g(y) =
0}. But, the containment I C m’ = I, implies that g(y) = 0 for all ¢ € I. Thus,
we gather that y € F by definition of F in Expression (5.3). Now, Expression (5.4)
implies that f + I ¢ m, but then, the function f ¢ m’ = I, by definition of m'.
Hence, we have f(y) # 0, but y € F. Hence, since F is closed, we have f & Ir
by Lemma (5.16), and thus, the ideal Ir C I, which completes the argument for
I=1I.

Lastly, we have already established that the map I + Ir is well-defined and
onto. What remains is injectivity. Assume F # E are closed subsets of X, then
choose e € E such that e ¢ F. By Urysohn’s lemma, there exists f € C(X) such
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that f(v) = 0 for all v € F, but f(e) # 0. Since F is closed, we have f € Ir by
Lemma (5.16). But, also, we have that f ¢ Ir. Thus, the ideal I # If. O

We can now present a classical result for convenience.
Theorem 5.18. If (X, T) is compact Hausdorff space, then the map:
CPrim,X : X € X+— I{x} € Prim(C(X))

is a homeomorphism from (X, T) onto Prim(C(X)) with its Jacobson topology (Definition
(4.1)), which is therefore compact Hausdorff.

Moreover, let 2 be a unital commutative C*-algebra, if Mgy denotes its maximal ideal
space with its weak-* topology, then the map:

¢ € My — ker ¢ € Prim(21).

is a homeomorphism onto Prim () with its Jacobson topology, and therefore Prim (1)
with its Jacobson topology is a compact Hausdorff space.

Proof. By [34, Theorem 5.4.4], the set Prim(C(X)) is the set of maximal ideals. Fur-
thermore, by [9, Theorem VIIL.8.7], every maximal ideal is of the form I {x) for some
x € X, and I,y = Iy, if and only if x = y by Proposition (5.17). Therefore, the
map cprim,x is a well-defined bijection.

We continue with continuity of cpym x. Let P be a closed set in the Jacobson
topology of Prim(C(X)). Thus, there exists an ideal I C C(X) such that P = {J €
Prim(C(X)) : J 2 I} by Definition (4.1). But, by Proposition (5.17), we have that
there exists a closed set F C X such that I = Ir. Next, let (x;),ea C ¢pei (P) be
a net that converges to some y € X. Hence, for each € A, we have | {(xa} 2 IF-
Now, fix f € I, this implies f(x,) = 0 for all 4 € A. But, as f is continuous
and the net converges to y, we conclude f(y) = 0. Therefore, the ideal Iy, 2
Irand y € c;rlim,X(P), which implies that c;rlim,X(P) is closed, which establishes
continuity of cpyim, x.

Next, we establish continuity of Cl:rlim,X' Let F C X be closed. Then, the set

(c;rlimlx)_l(F) = cprimx (F) = {I{x} € Prim(C(X)) : x € F} as Cprim, x is a bijec-
tion. Consider the ideal I € Ideal(C(X)). By Definition (4.1), we have P = {] €
Prim(C(X)) : ] 2 Ir} is closed. We claim that P = cpyim (F). Clearly, the image
cprim,x (F) € P. Assume that | € P. Thus, by [9, Theorem VIL.8.7], there exists
y € X such that | = I{y}, which implies that Ir C I{y}. But, then [ C IFU{y} CIr
and Ir = Ipy(,). However, as F U {y} is closed, the set F = F U {y} by Proposition
(5.17), which implies y € F. And thus, the ideal ] = I, € ¢prim, x (F), which es-
tablishes P = c¢pyim x (F) is closed, which completes the continuity argument and
homeomorphism.

Lastly, let 2 be a unital commutative C*-algebra. By [9, Theorem VIIL.2.1], the
Gelfand transform: T : a € 2A — 4@ € C(My) is a *-isomorphism, where 4 denotes
evaluation and where My is the maximal ideal space of 2 with its weak-* topology,
which is compact Hausdorff. By Lemma (4.6), the map Ti_l : I € Prim(C(Mygy)) —
I~1(I) € Prim(2A) is a homeomorphism with respect to the associated Jacobson
topologies.
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But, since we have already verified that cpyiny x is @a homeomorphism given any
compact Hausdroff space X, we gather that:

rflocpﬁmﬂ®l:¢<zAAm+——>r—1<1“4> € Prim(2)

1

is a homeomorphism onto Prim(2) with its Jacobson topology. However, fix ¢ €
Mgy, then:

I (L) = {e e urae Iy}
={acA:a(p) =0}
={acA:¢a) =0}
= ker ¢,
which completes the proof. O

Now, that sufficient classical results are established, we return to diagrams and
some notation common with respect to Bratteli diagrams.

Notation 5.19. Let D € £ % be a Bratteli diagram of Definition (5.1). For (n,k), (m,r) €
VP, m > n, we write (n,k) || (m,r) if there exists a sequence ((n,kp))p=n C %4
such that (n,k,) = (n,k) and (m,r) = (m,ky) and ((n,kp), (p +1,kp11)) € EP for
allpe{n,...,m—1}.

We require more information for the diagram associated to the AF algebra as a
quotient of an ideal of an AF algebra. This is Remark (5.20).
Remark 5.20. Let 2 be a unital C*-algebra with a non-decreasing sequence of finite
dimensional unital C*-subalgebras U = (2,;),en such that A = U, cn anH'HQl. Let
I € Ideal(2()). Recall the map, i(-, D, (2) defined in Proposition (5.11). We define
the graph D(2/I) = (VDb(m) \ VilLD(2)), EQ‘/I) , where E*/1 is all edges from
EPs() between vertices in VP(2) \ Vi(LP(1) along with the induced labels and
number of edges from Dy, (2). By [5, Proposition 3.7], the diagram D (/) satisfies
axioms (i), (ii),(iii) of Definition (5.1). Furthermore, the diagram D (2 /1) forms the

diagram associated to the Bratteli diagram D, (/1) from Definition (5.3) up to
shifting the placement of vertices as done in [5, Proposition 3.7].

Thus, we are now in a position to compare the relative metric topology with the
Jacobson topology on the primitive ideals of a unital commutative C*-algebra.
Theorem 5.21. Let A be a unital C*-algebra with a non-decreasing sequence of unital
finite dimensional C*-subalgebras U = (Ay,)pe such that A = m“iuﬂ.

If A is commutative, then the metric space (Prim(Ql), mi(u)) with relative topology
induced by the metric topology of m;qy) (Proposition (4.11)):

(1) is a zero-dimensional compact ultrametric space,

(2) has the same topology as the Jacobson topology or the relative Fell topology on
Prim(21), and

(3) is homeomorphic to the maximal ideal space of 2, with its weak-* topology, denoted
My, in which the homeomorphism is given by:

¢ € My — ker ¢ € Prim(2).



38 KONRAD AGUILAR

Proof. We start by verifying conclusion (1). For this, we show that Ideal(2() \
Prim(2l) is open in (Ideal(%l),mi(u)). Note that 2 € Ideal(2) is not primitive
by Definition (4.1). Thus, we approach the proof in two cases.

Case 1. Assume [ = 2L
We show that 2 is isolated. Note that {P € Ideal(21) : m;) (P, 2) < 2_1} isa
basic open set such that {2} C {P € Ideal(A) : m; (P, 2A) < 2_1}. However, let

K € {P € Ideal (A) : m;) (P, 2A) < 2_1}, then by definition of m;,), we have
Ap = ANAg = KN Ay and thus K would be unital, which implies that K = 2.
Hence, the ideal I € {2} = {P € Ideal(2) : mjq)(P,2) <271} C Ideal(2() \
Prim(21).

Case 2. Assume I € Ideal(2A) \ Prim(2) such that I # 2

Recall the map i(-, Dy(2l)) defined in Proposition (5.11). By [6, Expression 2.7],
since I is not primitive:

there exists N; € IN such that for all m > Ny, (m,r) € VP6(3)\ yilLDs(20))

(5.5) A
there exists (Nj, k) € VP \ VIUP() such that (Np, k) I (m,7)

using Notation (5.19).

Next, we consider the vertives of I, where I # 2. Assume by way of con-
tradiction that there exists k € IN such that V}, APy () - VkD ¢ then by defini-
tion of i(I, Dy(2A)), this would imply that I N Qlk = 2. Since 2y is unital, then I
would contain the unit, and thus, theideal I = 2, a contradiction to our assump-
tion that I # 2 of Case 2. Therefore, we have that @ C V \ V (L Dy() -
Vﬁb(m) for all M € N. Therefore, at Nj + 1, there exists (N} +1,7) € V() \
VillDy(A)), By Expression (5.5), since I is not primitive, there exists (Np, k) €
VP \ ViIEPe(A)) such that (N1, k) §f (N7 +1,7). Let D(2/I) denote the diagram
associated to /I defined in Remark (5.20). Thus, since D (/1) satisfies axiom
(iii) of Deﬁnition (5.1) and (Np, k) { (N;+1,r), we have that there must exist
(Ng, l) Db \ Vl(l Do) such that (N1, 1) § (N;+1,7), and so the cardinality

of V \ V ID”( )) is greater than or equal to 2.
Thus cons1der the basic open set

Binig (1,2—<Nz+2>) - { J € Ideal () : my)(L,]) < 2—<N1+2>} Let
J € Bmy, (I 2’(N1+2)>. Therefore, since i(-, Dy(2()) is an isometry by Theo-

rem (5 12) we have V(I Db( )) — V[i\EII/Db(ﬂ)) and V p(20) \V IDb( )) _ V]\Z])lb(Ql)\
Vl\gllDb( ))

1
exists (N, k), (N, 1) € Vﬁb(m) \ V;;;{],D,,(%l)) such that k # I.

We claim that | € Ideal(2) \ Prim(2). Assume by way of contradiction that
J € Prim(21). Thus by [6, Expression 2.7], there exist m > Njand (m,r) € VPs(2)\
ViU Pe() such that (N7, k) |} (m,r) and (N7, 1) | (m,7).

, which thus has cardinality greater than or equal to 2, and so there
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Let ((NI,kp))’;:NI C V() and ((Nl,kl))zi:NI C VDo) be the sequences
defined by (N, k) || (m,r) and (Ny,1) || (m,r), respectively, and Notation (5.19).
Thus, the vertices (m, k) = (m,r) and (m,l,,) = (m,r). Hence, since (N, k) #
(N1, 1), there exists p € {N; +1,...,m} such that (p — 1,k,_1) # (p —1,1,1) and
(p.kp) = (p,1p) lest the condition |} not be satisfied. But, then, the edges ((p —
Lkp-1),(p.kp)), ((p =1, 1,-1), (p,kp)) € EP»(A), Since the diagram Dy (2) is a
Bratteli diagram of a unital commutative AF algebra, by Bratteli’s characterization
of Bratteli diagrams of unital commutative AF algebras as [6, Expression 3.1], we
have reached a contradiction since (p —1,k,-1) # (p —1,1p—1). Therefore, the

ideal J € Ideal(2) \ Prim(2) and I € B, (1,2*<N1+2>) C Tdeal(2) \ Prim ().
Combining Case 1 and Case 2, the set Ideal(2) \ Prim(2!) is open and Prim(2)
is closed in the zero-dimensional compact metric space (Ideal(%), mi(u)), which

is compact by Theorem (5.12). Thus, the space (Prim(%l), mi(u)) isa
zero-dimensional compact metric space with its relative topology.

For conclusion (2), the comment about the relative Fell topology is already es-
tablished by Theorem (5.12). By Theorem (5.18) and Corollary (5.13), we have that
the Jacobson topology on Prim(2() is a compact Hausdorff topology contained in

the compact Hausdorff topology given by (Prim(%l), mi(u))’ which is compact
Hausdorff by part (1). By maximal compactness, the topologies equal.

For conclusion (3), by Theorem (5.18), the set Prim(2() with its Jacobson topol-
ogy is homeomorphic to the maximal ideal space on 2 with its weak-* topology.

Thus, by part (2), we conclude that (Prim(%l), mi(u)) is homeomorphic to the

maximal ideal space on 2l with its weak-* topology by the described homeomor-
phism. g

6. CONVERGENCE OF QUOTIENTS OF AF ALGEBRAS WITH QUANTUM
PROPINQUITY

In the case of unital AF algebras, we provide criteria for when convergence
of ideals in the Fell topology provides convergence of quotients in the quantum
propinquity topology, when the quotients are equipped with faithful tracial states.

But, first, as we saw in Corollary (5.15) and Proposition (4.15), it seems that
an inductive limit is suitable for describing fusing families with regard to con-
vergence of ideals. Thus, in order to avoid the notational trouble of too many
inductive limits, we will phrase many results in this section in terms of closure of
union. Hence, we now display a version of Theorem (2.15) in the setting of closure
of union.

Theorem 6.1. Let 2 be a unital AF algebra with unit 19 endowed with a faithful tracial
state . Let U = (Un)new be an increasing sequence of unital finite dimensional C*-

subalgebras such that A = unemmn”'”m with Ay = Cly.
Let 7 be the GNS representation of 2 constructed from y on the space L2(2A, ).
Foralln € IN, let:
E(: ) A=A
be the unique conditional expectation of 2 onto U, , and such that yo E (-|Ay) = .
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Let B : IN — (0, c0) have limit 0 at infinity. If, for all a € sa (U,en2Ay), we set:

Lf,/u(a) = sup { la _]};EZ')%)'Q‘ ‘ne IN}

and Lf{,y(a) = oo forall a € sa(A\ UpenUy), then (Ql, LZ;‘) is a 2-quasi-Leibniz
quantum compact metric space. Moreover, for all n € IN:

A ((an LZ#) ’ (Ql LZV)) S Bln)

and thus:
: p B —
Tim A ((20LF,) (0L,)) =0
Proof. The proof follows the same process of the proof of Theorem (2.15) found in
[1, Theorem 3.5]. Il

Now, when a quotient has a faithful tracial state, it turns out that the
*-isomorphism provided in Proposition (4.15) is an isometric isomorphism
(Theorem-Definition (2.11)) between the induced quantum compact metric spaces
of Theorem (2.15) and Theorem (6.1), which preserves the finite-dimensional struc-
ture as well in Theorem (6.2). The purpose of this is to apply the results of Section
(3) pertaining to fusing families directly to the quotient spaces.

Theorem 6.2. Let A be a unital AF algebra with unit 1o such that U = (Ay ) e is an in-

creasing sequence of unital finite dimensional C*-subalgebras such that A = Uyen2y Il
with Ay = Cly. Let I € Ideal(A) \ {~A}. By Proposition (4.15), the C*-algebra A/1 =

Unen (20, + I)/I)H.”m“ and denoteU /I = ((An +I) /1) e, and note that
(Ao +1)/1 = Clyyy.

If A/ 1 is equipped with a faithful tracial state, u, then using notation from Proposition
(4.15), the map y o ¢y is a faithful traical state on 1@1(2[/ I).

Furthermore, let B : IN — (0, 00) have limit O at infinity. Ing(m/I) oy is the (2,0)-
quasi-Leibniz Lip norm on imZ (A/I) given by Theorem (2.15) and LZ /1, 15 the (2,0)-
quasi-Leibniz Lip norm on 2/ I given by Theorem (6.1), then:

-1, B ; P
o1 (QL/I, LU/LM) - (hﬂﬂmﬂ)’l‘l@l/!),uo%)

is an isometric isomorphism of Theorem-Definition (2.11) and:

. B B _
A ((hﬂl(m”)"-z(m/z)me ’ (2(/1, LU/L#)) =0
Moreover, for all n € IN, we have:
A ((mn/(mmn), Lg(wm oﬁ) , ((an +D/1, Lz’f{/z,y)> =0

Proof. Since I # 2, the AF algebra 2(/I is unital and (g + I)/I = Clgy; as
Ap = Cly. Since yu is faithful on /I, we have yu o ¢; is faithful since ¢ is a *-

isomorphism by Proposition (4.15). Thus, we may define Lg(m /1) iogy O th(Ql /1)

and LZﬁ//LV on2/1.
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Fixm € N,a € (U, + I)/1. Let n € N. Since 2,/ (I N 2,) is finite dimensional,
the C*-algebra 2,/ (IN%2A,) = @]I\ilim(n(])) forsome N € Nand n(1),...,n(N) €
IN'\ {0} with *isomorphism 7 : ea]ilzm(n(])) — A,/ (IN%2Ay,). Let E be the set
of matrix units for @]N:gm(n(])) given in Notation (3.1). Define E; = {m(b) €
A,/ (INA,) 1 b € E}.

By Proposition (3.3) and the commuting diagram of Proposition (4.15), we gather
that ¢y o fyj = ¢7 and:

] ¢r'(a) —E (¢71(a>

ﬁ (an/(lﬁﬁzln)))

limZ (2 /1)

opr (7 (e) ¢ (a)
-k ygﬁ(am) )ﬁ@

limZ (2A/1)

. v r(ef(e)a)
| egnw

o i (o]} (e)*a)
ol )
= |la—E(a|(An +1)/1)lg /-

¢7 (e)

A/1

Thus, since n € IN was arbitrary, we have:

B “1y (B
LI(Q(/I),;w(pI o¢y (a) = Lu/l,y (a)

forall a € (A, + I)/1. However, since ¢; o 7' = ¢}' by Proposition (4.15), we
_>

thus have:

V(2 / (1020)) = 911 0 ¢f" (An/ (10 2)) = ¢ (A + /1)

B . . .
Therefore, we have (’y_?”) (A /(INAp)), LI(Q{ /1) 0 ¢1> is isometrically isomor-
phic to ((le +1)/1, Lf{” y) by the map ¢; ! restricted to (2, + I)/I. However,

the space (’y.?; (A /(INAy)), Lg(m I ¢1) is isometrically isomorphic to

<(Q(m /(INA)), Lg(m /1), pog © 'y}”) by the map 7}". Since isometric isomorphism
’ — —
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is an equivlance relation, we conclude that:

A ((mm/(l N W), Lg(m”)’yow o 7_;';) , ((le +1)/1, Lfm,y» =0

by Theorem-Definition (2.11).
But, as m € IN was arbitrary, we have that Lg(m“) yoy © I—l(a) = LZ/I y(a) for
alla € Upen((Am +1)/1). Hence:

¢ (9[/1, Lé/l,y) - (@I(Wl)'L§<m/l),uo¢z>

is an isometric isomorphism by Theorem-Definition (2.11). O

Thus, the isometric isomorphism, ¢;, of Theorem (6.2) is in some sense the best
one could hope for since it preserves the finite-dimensional approximations in the
quantum propinquity. Next, we give criteria for when a family of quotients con-
verge in the quantum propinquity with respect to ideal convergence.

Theorem 6.3. Let A be a unital AF algebra with unit 1o such that U = (2Ay, ) e is an in-

creasing sequence of unital finite dimensional C*-subalgebras such that A = U,cn2y Il ,

with Ay = Cly. Let (I"), 5 C Ideal(A) \ {A} such that {p; : A/I¥ — C : k € N}

is a family of faithful tracial states. Let QX : A — 2/ I* denote the quotient map for all
ke N. If:
(1) (I")new C Ideal(A) converges to I*° € Ideal (A) with respect to m; of Defi-
nition (4.10) or the Fell topology (Definition (4.3)) with fusing sequence (cy)neN
for the fusing family {I” = U2 1o e W},
(2) for each N € N, we have that (#k o Qk) . Comverges 0 poo © Q% in the

kENscy
weak-* topology on .~ (A ), and

@) {fF: N - (0,00) }renx is a family of convergent sequences such that for all
N € Nifk € Nx,, then B5(n) = B°(n) foralln € {0,1,...,N} and there
exists B : IN — (0, 00) with B(co) = 0and p™ (1) < B(I) forall m,l € NN,

then using notation from Theorem (6.2):

I () (745 1)) =0

Proof. By Corollary (5.15), the assumption that (I"),eny C Ideal(2() converges to
I* € Ideal(2) with respect to m; ;) of Definition (4.10) or the Fell topology implies
that:

{I"=Gnrnay 1% . n e N}

is a fusing family with some fusing sequence (¢, ),en such that
{h& Z(A/I") :n € W} is an IL-fusing family with fusing sequence (¢, )nenN-

Fix N € Nand k € Nx,. Let x € 2y, and let Q§, : Ay — An/(IFN2AN)
and QF : An — ™An/(I*® N2Ay) denote the quotient maps, and let Let ¢ :
lim 7 (A/1¥) — A/IF denote the *-isomorphism given in Proposition (4.15) and
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recall that Z(2/1F) = (an/(lk N2Ay), v n) N from Notation (4.14). Now, by
"/ ne

Proposition (4.15) and its commuting diagram, we gather:

H o P o 'r_% o QN (x) = o Y 0 QK (%)
= u(x + IF)
= 0 Q" (x).

Therefore, by hypothesis (2), the sequence (yk oo ’y?,f ° Qll‘\,> converges
— kENscy

t0 oo © Py 0 YN, 0 QF in the weak-* topology on 2. Hence, the sequence
—

(Hk oo 7?{) converges to Joo © Py © YN in the weak-* topology on
—/ keNs, —

< (An/(I°NAN)) by [9, Theorem V.2.2]. Thus, by hypothesis (3) and by The-
orem (3.9), we have that:

S N (B 200 U ) - (B3 2/ 1), U 1)) ) = ©

But, as 4)17,1 is an isometric isomorphism for all n € N by Theorem (6.2), we con-
clude:

i, A ((m/ln' Lﬁ/mm) ’ (QL/I‘”, Lf{jl%m)) =0

which completes the proof. O

6.1. The Boca-Mundici AF algebra. The Boca-Mundici AF algebra arose in [4]
and [33] independently and is constructed from the Farey tessellation. In both
[4], [33], it was shown that the all Effros-Shen AF algebras (Notation (2.19)) arise
as quotients up to *-isomorphism of certain primitive ideals of the Boca-Mundici
AF algebra, which is the main motivation for our convergence result. In both
[4], [33], it was also shown that the center of the Boca-Mundici AF algebra is *-
isomorphic to C([0,1]), which provided the framework for Eckhardt to introduce a
noncommutative analogue to the Gauss map in [12].

We present the construction of this algebra as presented in the paper by F. Boca
[4]. We refer mostly to Boca’s work as his unique results pertaining to the Jacobson
topology (for example [4, Corollary 12], which is the result that led us to begin this
paper) are more applicable to our work (see Proposition (6.11)).

As in [4], we define the Boca-Mundici AF algebra recursively by the following
Relations (6.1). We note that the relations presented here are the same as in [4,
Section 1], but instead of starting at n = 0, these relations begin at n = 1, so that
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this formulation of the Boca-Mundici AF algebra as an inductive limit begins at C.
(6.1)

a(1,0) = g(1,27 ) =1, p(n,0) =0, p(n,2" ) =1 ne N\ {o};
g(n+1,2k) = q(n,k), p(n+1,2k) = p(n,k), n e N\ {0},
ke{o,...,2""1};
gn+1,2k+1) =q(n, k) +q(nk+1), nelN\{0},
ke{o,...,2"" 1 -1}
p(n+1,2k+1) =p(nk)+pnk+1), n e N\ {0},
ke {0,...,2"71 —1};
r(n k) = g, nelN\ {0},
ke{o,...,2"1 —1}.

We now define the finite dimensional algebras which determine the inductive limit

3.
Definition 6.4. For n € IN'\ {0}, define the finite dimensional C*-algebras,
on—1
3n = & M(q(n,k)) and Fo = C.
k=0
Next, we define *-homomorphisms to complete the inductive limit recipe. We

utilize partial multiplicity matrices.

Definition 6.5. For n € IN\ {0}, let F, be the (2" + 1) x (2"~! + 1) matrix with
entries in {0, 1} determined entry-wise by:

1 if (h=2k+1,ke{0,....2" 1}, Aj=k+1)
(En)nj = V(h=2kke{l,..., 27 YA (j=kVj=k+1));
0 otherwise.

10
F=|11|,B=
01

We would like these matrices to determine unital *-monomorphisms, so that our
inductive limit is a unital C*-algebra, which motivates the following Lemma (6.6).

For example,

S O = =
O R = =0
= _= 0 O O

o

Lemma 6.6. Using Definition (6.5), if n € IN\ {0}, then:

q(n,0) g(n+1,0)
g(n,1) gn+1,1)

n . -

g(n, 2" 1) g(n+1,2").
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Proof. Letn € N\ {0}. Letk € {1,...,2""1} and consider q(n + 1,2k — 1). Now,
by Definition (6.5), row 2k — 1+ 1 = 2k of F, has 1 in entry k and k4 1, and 0
elsewhere. Thus:

((Fa)aks- -0 (Fn)aon-141) - : =q(nk=1)+q(nk—-1+1)

q(n,2"71)
=q(n+1,2k—-1)

by Relations (6.1). Next, let k € {0,...,2""!} and consider gq(n + 1, 2k). By Defini-
tion (6.5), row 2k + 1 of F, has 1 in entry k + 1 and 0 elsewhere. Thus:

q(n,0)
q(n,1)
((Fn)akr1r- - (Fn)oggapn141) - : = q(n,2k) = q(n +1,2k)
q(n,2"71)
by Relations (6.1). Hence, by matrix multiplication, the proof is complete. 0

Definition 6.7 ([4, 33]). Define ¢ : Fo — §1 by ¢o(a) = a @ a. Forn € IN\ {0},
by [10, Lemma II1.2.1] and Lemma (6.6), we let ¢, : § — §,+1 be a unital *-
monomorphism determined by F, of Definition (6.5). Using Definition (6.4), we
let the unital C*-inductive limit (Notation (2.13)):

s = hg'l(gn/ qon)ne]N

denote the Boca-Mundici AF algebra.
Let §" = ¢"(§x) foralln € N and Uz = (F")nen, which is a non-decreasing
%

sequence of C*-subalgebras of § such that § = UnE]NS”H'”s, where § = C1 5 (see
[34, Chapter 6.1]).

We note that in [4], the AF algebra § is constructed by a diagram displayed as
[4, Figure 2], so in order to utilize the results of [4], we verify that we have the same
diagram up to adding one vertex of label 1 at level n = 0 satisfying the conditions
at the beginning of [4, Section 1].

Proposition 6.8. The Bratteli diagram of §, denoted Dy,(F) = (VP(3), EPv(3)) of Def-
inition (5.3) satisfies for alln € IN'\ {0}:

@) VP = {(mk) ke {0,...,2n"1}}

(i) ((n,k),(n+1,1)) € E,?b(g) if and only if |2k — 1| < 1. And, there exists only
one edge between any two vertices for which there is an edge.

Proof. Property (i) is clear by Definition (6.4). By [10, Section III.2 Definition Brat-
teli diagram], an edge exists from (n,s) to (n + 1,t) if and only if its associated
entry in the partial multiplicity matrix (Fy)+1,+1 iS non-zero.

Now, assume that |25 — t| < 1. Assume t = 2k + 1 for some k € {0,...,2" "1 —
1}. We thushave [2s —t| <1 < k<s<k+1 < s € {kk+1}, since
seN.
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Next, assume that t = 2k for some k € {0, ..., 2”’1}. We thus have
25—t <1 <= —-1/2+k<s<1/24+k < |s—k| <1/2 < s = ksince
s € IN. But, considering both t odd and even, these equivalences are equivalent to
the conditions for (F;);41s+1 to be non-zero by Definition (6.5), which determine
the edges of Dy (F). Furthermore, since the non-zero entries of F, are all 1, only
one edge exists between vertices for which there is an edge. U

Next, we describe the ideals of §, whose quotients are *-isomorphic to the
Effros-Shen AF algebras.

Definition 6.9 ([4]). Let6 € (0,1) \ Q. We define the ideal Iy € Ideal(§) diagram-
matically.

By [4, Proposition 4.i], for each n € IN \ {0}, there exists a unique j,(0) €
{0,...,2""1 — 1} such that r(n,j,(8)) < 8 < r(n,ju(6) + 1) of Relations (6.1). The
set of vertices is defined by:

VPN ({(1,u(0)), (n,ju(0) +1) : m € N\ {0} U{(0,0)})

and we denote this set by VDo), Let EP(o) be the set of edges of Dy (F), which are
between the vertices in VP(#) and let D(Iy) = (VD(IH), ED(19)> . By [4, Proposition

4.i], the diagram D(Iy) € Ideal(Dy(F)) is an ideal diagram of Definition (5.6).
Using Proposition (5.11), define:

Iy =i(-, Dy(A)) L (D(Ip)) € Ideal ().

By [4, Proposition 4.i],if n € N\ {0,1} and 1 < j, () <2"~! — 2, then:
003" = ¢ (@' Ma(nk)) @ {0} (0} © (0F) ), ,M(q(n,K) ) )
If j,(6) = 0, then:
lpN§" = ¢" ({0} {0} & (&2 (92T (q(mK)) ) ) .
LN k:];1(9)+2 4

If j, (0) = 2"~1 — 1, then:

n_ n jn(0)—1

g = ¢ (10 Mg(n b)) & {0} & {0}),

andifn € {0,1}, then I N§" = {0}. We note that Iy € Prim(2) by [4, Proposition
4i].

Before we move on to describing the quantum metric structure of quotients of
the ideals of Definition (6.9), let’s first capture more properties of the structure of
the ideals introduced in Definition (6.9), which are sufficient for later results.

Lemma 6.10. Using notation from Definition (6.9), ifn € N\ {0},0 € (0,1) \ Q, then
jn+l (9) € {Zjn(e),Zjn(G) + 1}'

Proof. We first note that the vertices VP¢(%) \ VP(l) determine a Bratteli diagram
associated to the AF algebra §/ Iy, which we will denote D;, (2 / Iy), as in Definition
(5.3) by [5, Proposition 3.7] up to shifting vertices, in which the edges for Dy (2 /Iy)
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are given by all the edges from EP¢(%) between vertices all vertices in VPs(%) \
VPe), Thus, by Defintion (6.9), the vertex set for Dy, (2/ Iy) is:

(6.2) V() \ yPle) — {(n,jn(G)), (1,ju(0) +1) e N2 :n € N\ {o}} U {(0,0)},

and in particular, this vertex set along with the edges between the vertices satisfy
axioms (i),(ii), (iii) of Definition (5.1).

Consider n = 1. Since there are only 3 vertices at level n = 2, the conclusion
is satisfied since j»(6),j2(0) +1 € {0,1,2} and j;(6) = 0 since there are only 2
vertices at level n = 1.

Furthemore, note by definition, we have j,(#) < 2"~! — 1 since j,() +1 €
{0,...,2" 11,

Case 1. For n > 2, we show that j,11(0) = 2j,(6).

We note that if j,(6) = 0, then clearly j,.1(0) > 0 = 2j,(6). Thus, we may
assume that j,(#) > 1. Hence, we may assume by way of contradiciton that
jn+1(0) < 2j,(8) — 1. Consider j,(0) + 1. By Expression (6.2), the only vertices
at level n + 1 of the diagram of §/Iy are (n +1,j,41(0)) and (n+1,,41(60) + 1).
Consider j,,+1(6) + 1. Now:

12(ja(6) +1) = (Gn412(0) + )| = [2ju(0) = ju41(0) + 1.

But, our contradiction assumption, we have 2j,(0) — j,+1(6) +1 > 2j,(6) +1 —
2ju(0) +1 = 2. Thus, by Proposition (6.8), there is no edge from (1, j,(0) + 1)
to (n+1,j,41(0) +1). Next, consider j,1(0). Similarly, we have 2(j,(6) +1) —
Jn1(0)| = 12ju(0) — ju41(0) + 2|. However, the indices 2j,(0) — j,+1(0) +2 >
2j,(0) +1 —2j,(0) +2 = 3. And, again by Proposition (6.8), there is no edge
from (n,j,(0) + 1) to (n+1,j,.1(0)). But, by Expression (6.2), this implies that
(n,ju+1(0) + 1) is a vertex in the quotient diagram §/ Iy in which there does not
exist a vertex (n + 1,1) in the diagram of §/Ip such that ((n,j,+1(0) + 1), (n +
1,1)) is an edge in the diagram of §/ Iy, which is a contradiction since the quotient
diagram is a Bratteli diagram that would not satisfy axiom (ii) of Definition (5.1).
Therefore, we conclude j,+1(68) > 2j,(8).

Case 2. Forn > 2, we show that j,,11(0) < 2j,(0) + 1.

Now, if j,(8) = 2""1 —1, then j,1(0) +1 < 2" = 2(2""! — 1) + 2 and thus
jni1(0) < 221 —1)+1 = 2j,(8) + 1 and we would be done. Thus, we may
assume that j, () < 2"~! — 2 and we note that this can only occur in the case
that n > 3, which implies that the case of n = 2 is complete. Thus, we may
assume by way of contradiction that j,1(0) > 2j,(6) + 2. Consider j,(0). Asin
Case 1, we provide a contradiction via a diagram approach. Consider j,,11(6) +
1. Now, we have [2j,(0) — (ju+1(0) +1)| = [2ju(0) — ju+1(6) — 1|. But, by our
contradiction assumption, we gather that 2j,(0) — j,4+1(0) — 1 < 2j,,(0) — 2j,(0) —
2—1= —3and |2j,(0) — (ju+1(0) +1)| = 3. Thus, by Proposition (6.8), there is
no edge from (n,j,(0)) to (n+1,,+1(6) + 1). Next, consider j,.1(0). Similarly,
we have 2j,(6) — u-1(6) < 2ju(6) — 24s(6) —2 = —2 and [2}u(6) — jus1 (6)] > 2.
Thus, by Proposition (6.8), there is no edge from (1, j,(8)) to (n+1, j,,+1(6)). Thus,
by Expression (6.2) and the same diagram argument of Case 1, we have reached a
contradiction. Hence, j,11(0) < 2j,(6) + 1.
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Hence, combining Case 1 and Case 2, the proof is complete. g

Next, on the subspace of ideals of Definition (6.9), we provide a useful topologi-
cal result about the metric on ideals of Proposition (4.11), in which the equivalence
of (1) and (3) is a consequence of [4, Corollary 12], which is unique to Boca’s work
on the AF algebra, §.

Proposition 6.11. If (6,),.x € (0,1) \ Q, then using notation from Definition (6.7)

and Definition (6.9), the following are equivalent:

(1) (64)new converges to 8 with respect to the usual topology on R;

(2) (cf(6n))nen converges to cf (80 ) with respect to the Baire space, A and its met-
ric from Definition (2.16), where cf denotes the unique continued fraction expan-
sion of an irrational;

(3) (Ip,)new converges to Ig with respect to the Jacobson topology (Definition (4.1))
on Prim(F);

(4) (Ig, )new converges to Ip_ with respect to the metric topology of Mi(uy) of Propo-
sition (4.11) or the Fell topology of Definition (4.3).

Proof. The equivalence between (1) and (2) is a classic result, in which a proof can
be found in [1, Proposition 5.10]. The equivalence between (1) and (3) is immediate
from [4, Corollary 12]. And, therefore, (2) is equivalent to (3). Thus, it remains to
prove that (3) is equivalent to (4).

(4) implies (3) is an immediate consequence of Corollary (5.13) as the Fell topol-
ogy is stronger. Hence, assume (3), then since we have already established (3)
implies (2), we may assume (2). For each n € N, let cf(6,) = [a;?] jew- By as-
sumption, the coordinates aj = 0 for all n € IN. Now, assume that there exists
N € IN\ {0} such that 4} = a7 foralln € Nand j € {0,..., N}. Assume without
loss of generality, assume that N is odd. Thus, using [4, Figure 5], we have that:

(63) Lﬂ’ffl o] Rag O-++0 Larli] = Lﬂio—l o) Rago O-++0 Lalovo

for all n € IN. But, Equation (6.3) determines the verties for the diagram of the
quotient /Iy, for all n € N by [4, Proposition 4.i] (specifically, the 2nd line of
paragraph 2 after [4, Figure 5] in arXiv v6). But, the vertices of the diagram of the
quotient §/ I, are simply the complement of the vertices of the diagram of I by
[10, Theorem III.4.4]. Now, primitive ideals must have the same vertices at level
0 of the diagram since they cannot equal by Definition (4.1) and are thus non-
unital. But, for any 7 € (0,1) \ Q, the ideals I, must always have the same vertices
at level 1 of the diagram as well since the only two vertices are (1,0), (1,1) and
r(1,0) =0 < 6 <1=r(1,1) by Relations (6.1) forall 6 € (0,1) \ Q. Thus, Equation
(6.3) and the isometry of Theorem (5.12), we gather that Iy N § = Ip, N &/ for all

n € IN and:
N
j€ {0,...,max{l,a§’°—1+ <Ea,§]>}},
k=2

where max {1, a® =1+ (ZIILZ ai‘] ) } > N as the terms of the continued fraction
expansion are all positive integers for coordinates greater than 0. Thus, by the
definition of the metric on the Baire Space and the metric m; ), we conclude
that convergence in the the Baire space metric of (cf(6,))en to cf(6s) implies
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convergence of (Ip, Jne to Ip,, with respect to the metric m; ;) or the Fell topology
by Theorem (5.12). O

Remark 6.12. By [4, Proposition 4.i] and the construction of the ideals of Definition
(6.9), the function @ € (0,1) \ Q — Iy € Prim(J) is a bijection onto its image. Thus,
a consequence of this and Lemma (6.11) is that if: (0,1) \ Q is equipped with its rel-
ative topology from the usual topology on R, the set {Iy € Prim(2) : 6 € (0,1) \ Q}
is equipped with its relative topology induced by the Jacobson topology, and the
set {Ip € Prim(2A) : 6 € (0,1) \ Q} is equipped with its relative topology induced
by the metric topology of m; ) of Definition (4.11) or the Fell topology of Def-
inition (4.3), then all these spaces are homeomorphic to the Baire space .4~ with
its metric topology from Definition (2.16). In particular, from Corollary (5.13), the
totally bounded metric m ;) topology on the set of ideals

{Ip € Prim(A) : 6 € (0,1) \ Q} is homeomorphic to (0,1) \ Q with its totally
bounded metric topology inherited from the usual topology on R. Hence, in some
sense, the metric m; ;. topology shares more metric information with 0,1\ Q
and its metric than the Baire space metric topology as the Baire space is not totally
bounded [1, Theorem 6.5]. This can also be displayed in metric calculations as
well.

Indeed, consider 6, u € (0,1) \ Q with continued fraction expansions 6 = [a;] ;e
and u = [bj]je]N/ in which ag = 0,47 = 1000,a; = 1Vj > 2 and by, by = 1,b; =
1Vj > 2, and thus 6 ~ 0.001, 4 ~ 0.618, |60 — u| ~ 0.617. In the Baire metric
d(cf(0),cf(n)) = 0.5, and, in the ideal metric m;,.)(lp, I;) = 0.25 by Theorem
(5.12) since at level n = 1 the diagram for §/ Iy begins with Lggg and for §/I;, be-
gins with Ry, by [4, Proposition 4.i], so the ideal diagrams differ first at n = 2.
Now, assume that for y we have instead by = 999,b; = 1Vj > 2, and thus [0 — | ~
0.000000998, but in the Baire metric, we still have that d(cf(6), cf(u)) = 0.5, while
Miqs) (To, In) = 271000 by Theorem (5.12) since at level n = 1 the diagram for /Iy
begins with Lggg and for § /I, begins with Lggg and then transitions to Ry, by [4,
Proposition 4.i], so the ideal diagrams differ first at n = 1000. In conclusion, in this
example, the absolute value metric | - | behaves much more like the metric Mi(us)
than the Baire metric.

Fix 6 € (0,1) \ Q, we present a *-isomorphism from §/Iy to 2F, (Notation
(2.19)) as a proposition to highlight a useful property for our purposes. Of course,
[4, Proposition 4.i] already established that §/Iy and ATy are *-isomorphic, but
here we simply provide an explicit detail of such a *-isomorphism, which will
serve us in the results pertaining to tracial states in Lemma (6.19).

Proposition 6.13. If 6 € (0,1) \ Q with continued fraction expansion 6 = [aj];cn
as in Expression (2.1), then using Notation (2.19) and Definition (6.9), there exists a *-
isomorphism afg : §/ Iy — A such that if x = xo B - - - B Xpay 1 € Tay, then:

afg <<P_”1>(x) + 19) = @ (xjﬂl(e)ﬂ @x'a1(9)> € zxj (2ATe,1) -

Proof. By [4, Proposition 4.i] (specifically, the 2nd line of paragraph 2 after [4, Fig-
ure 5] in arXiv v6), the Bratteli diagram of §/ Iy begins with the diagram L, _; of
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[4, Figure 5] at level n = 1. Now, the diagram C, o C;, of [4, Figure 6] is a sec-
tion of the diagram of Example (5.5), in which the left column of C,, _1 0 Cy, is the
bottom row of the first two levels from left to right after level n = 0 of Example
(5.5). Therefore, by the placement of ® at level a; in [4, Figure 6], define a map

f : (Sﬂl —+ Ig)/[g — ﬁ (ngell) by

. 1
f: (90_“;(96) + Ie) el (xfﬂ] 0)+1 D Xj,, (6)) '
where x = xg @ -+ @® Xy0-1 € Fay- We show that f is a *-isomorphism from
(8" + 1p)/Ip onto lxj(m%,l)-

We first show that f is well-defined. Let ¢c,e € (§ + Iy) /Iy such that c = e.
Now, we have ¢ = (p_”;(c’) +Ig,e = go_“l>(e’) + Ip where ¢’ = ¢ & -~ B ey, 1 €
ande = ¢y @ - e, € Fa,- But, the assumption ¢ = e implies that
P (c' —¢€') € Iy N F1. Thus, by Definition (6.9) of Iy, we have that
H

— : H _ 49 i _ 40
c}a] 01 P c;ﬂ] 0 = e}al 019 e}g] (¢), and since ja, (0) = qp and j,, (6) +1 = 4§
by [4, Proposition 4.i] and the discussion at the start of the proof, we gather that
f is a well-defined *-homomorphism since the canonical maps 03} and ¢ are *-
—
homomorphisms.
. P _ 1 .

For surjectivity of f, let x = txi (x g DX qg), where X0 D Xgo € AT 1. Define

Y=Y0D " Yyu-1 € §a such that Yiny (6) = Xgt and Yin (0)41 = X8 with y, = 0 for

q

allk € {0,...,297 13\ {ja, (0), ja, (0) + 1}. Hence, the image f (cp”l (y) + 19) =x.
‘%

For injectivity of f,letx = xo® - - ® Xy0-1 € Fay andy = yod - B Y,a -1 € Fay

such that M(x)+1p | = o + Iy | . Thus, since a} is injective, we have
Fenim) =5 (g + 1) Thus since s in

that X, (0)+1 D X, (0) = Yju (0)+1 Yoy (6)- But, this then implies that

P (x —y) € [hNF" C Iy by Definition (6.9), and therefore, the terms

‘%

@™ (x)+ Iy = ¢" (y) + Iy, which completes the argument that f is a *-isomorphism

— —

from (§*1 + Iy) /Iy onto ﬁ(ﬂ&g/l).

Lastly, the proof of [4, Proposition 4.i] provides a Bratteli diagram for §/Is equal
to the Bratteli diagram of AFy given by Example (5.5) up to the identifications of
[4, Figure 6], in which the Bratteli diagram for §/ Iy begins at (§" + Iy) /Iy and
the Bratteli diagram for 23y begins at 2y 1. Therefore, by the construction of the
*-isomorphism in [10, Proposition IIL.2.7] between two AF algebras with the same
diagram, we conclude that there exists a *-isomorphism afy : §/lp — ATy such
that afg(z) = f(z) forall z € (3" + Iy) /Iy, which completes the proof. O

From the *-isomorphism of Proposition (6.13), we may provide a faithful tracial
state for the quotient §/ Iy from the unique faithful tracial state of AFy. Indeed:

Notation 6.14. Fix 6 € (0,1) \ Q. There is a unique faithful tracial state on 2§y
denoted oy (see [1, Lemma 5.3 and Lemma 5.5]). Thus,

Ty = 0g ° afg
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is a unique faithful tracial state on §/ Iy with afy from Proposition (6.13).

Let Qg : § — §/Ip denote the quotient map. Thus, by [9, Theorem V.2.2], there
exists a unique linear functional on § denoted, pg, such that 75 o Qp(x) = py(x) for
all x € §. Since 1y is a tracial state and:

T © Qo(x) = po(x)
for all x € §, we conclude that py is also a tracial state that vanishes on Ip. Further-

more, py is faithful on § \ I since Ty is faithful on §/Iy.

One more ingredient remains before we define the quantum metric structure
for the quotient spaces §/ Iy.

Lemma 6.15. Let 6 € (0,1) \ Q. Using notation from Definition (6.7) and Definition
(6.9), if we define:

1
dim((3" + Ip)/ Ip)
7 < %for alln € N\ {0} and g%(0) = 1.

BlineN—

S (0,00),

then B°(n) = o oo
Proof. First, the quotient (F° + Ip) /Iy = Clg,y,. Hence, the term %(0) = 1.

Fixn € N\ {0}. Since (§" + Iy)/ Iy is *-isomorphic to "/ (Iy N F") (see Propo-

sition (4.15)), we have that

dim((3" + Ip) /Ip) = dim(F" /(I N§")) = q(1,jn(8))* + (1, ju(6) +1)?
by Definition (6.9) and the dimension of the quotient is the difference in dimen-
sions of " and Iy N §" . Therefore, the term ‘Be(n) = q(n,],n(9))2+;(n/],”(9)+1)2.

To prove the inequality of the Lemma, we claim that for all # € IN\ {0}, we
have q(n,j,(0)) = nor g(n,j,(0) +1) > n. We proceed by induction. If n = 1,
then ¢g(1,j1(8)) = 1 and ¢q(1,j1(f) + 1) = 1 by Relations (6.1). Next assume the
statement of the claim is true for n = m. Thus, we have that q(m, j,(0)) > m
or q(m,jm(0) +1) > m. First, assume that q(m, j,(0)) > m. By Lemma (6.10),
assume that j,,11(0) = 2j,(0). Thus, we gather g(m +1,j,41(0) +1) = g(m +
1,2jm(0) +1) = q(m, jm(0)) +q(m, ju(0) +1) = m + 1 by Relations (6.1) and since
qg(m, jm(0) +1) € IN\ {0}. The case when j,,11(60) = 2j(6) + 1 follows similarly
as well as the case when g(m, j,(0) +1) > m, which completes the induction
argument .

In particular, for alln € IN'\ {0}, we have q(n,j,(0)) > nor q(n,j.(6) +1) > n,
which implies that q(n, j, ())? > n? or q(n, j(9) + 1)> > n?. And thus, the term:

1 1

G0 a2+ q(mjn(8) + 12 S 12
foralln € N\ {0}. O

Hence, we have all the ingredients to define the quotient quantum metric spaces
of the ideals of Definition (6.9).

Notation 6.16. Fix 6 € (0,1) \ Q. Using Definition (6.7), Definition (6.9), Notation
(6.14), and Lemma (6.15), let:

’Bﬂ
(s/ oLy /M)
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denote the (2,0)-quasi-Leibniz quantum compact metric space given by Theorem

(6.2) associated to the ideal Iy, faithful tracial state 1y, and ﬁe :IN — (0,00) having

limit 0 at infinity by Lemma (6.15).

Remark 6.17. Fix 0 € (0,1) \ Q. Although §/Iy and 2AFy are *-isomorphic, it is
0

unlikely that ({S’ yary Lgs / IMQ) is isometrically isomorphic to (2[59, L%j 09) of The-

orem (2.20) based on the Lip-norm constructions. Thus, one could not simply

apply Proposition (6.11) to Theorem (2.20) to achieve Theorem (6.20).

In order to provide our continuity results, we describe the faithful tracial states
on the quotients in sufficient detail through Lemma (6.18) and Lemma (6.19).

Lemma 6.18. Fix 0 € (0,1) \ Q. Let try be the unique tracial state of M(d). Using
notation from Definitions (6.7, 6.9), ifn € N\ {0} anda =ag & - - - © a1 € Fy, then
using Notation (6.14):

po o ¢ (a) = c(n, 0)try (o)) (#0)) + (1 = (0004 0)41) (000141

where c(n,0) € (0,1) and pg o ¢°(a) = a forall a € Fp.
%
Furthermore, let n € IN'\ {0}, then:

AR Sy i (6) = 21 (0)

c(n+1,0) = :
(1 + %) c(n,0) if jn1(0) = 2jn(6) +1

Proof. Fix 0 € (0,1)\ Q. If n = 0, then pg o ¢"(a) = a for all a € Fy since Fo = C.
%

Letn € N\ {0} anda = ap® -+ @ am 1 € Fu. Now, pg is a tracial state on g,
and thus, the composition pg o ¢" is a tracial state on §,. Hence, by [10, Example
_>

IV.5.4]:

2n—1
Po © ﬂ(ﬂ) = Y cktromi (ax),
=0

where Ei:ol ¢t = land ¢, € [0,1] for all k € {0,...,2""'}. But, since py van-
ishes on Iy, by Definition (6.9), we conclude that ¢y = 0 for all k € {0,...,2" "1} \
{jn(0),jn(8) + 1}. Also, the fact that py is faithful on § \ Iy implies that

Ciu(0): Cin(0)+1 € (0,1) and c; 9y +¢j, ()41 = 1. Define c(n,0) = c;,9) and clearly
Cjy(0)+1 = 1 —c(n,0).

Next, let n € IN\ {0} and let j,+1(6) = 2j,(6). Combining Lemma (6.10) and
Proposition (6.8), there is one edge from (1, j,(6)) to (1 + 1, j,+1(0)) and one edge
from (n,j,(0)) to (n+ 1, j,4+1(0) + 1) with no other edges from (#, j,(6)) to either
(n,jn(0)) or (n+1,j,41(0) +1). Also, there is one edge from (n,j,(0) + 1) to
(n+1,j,4+1(0) + 1) with no other edges from (1, j,(0) + 1) to either (n,,(6)) or
(1 + 1,1 (0) + 1)
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Hence, consider an elementa = ag ® - - - @ ayn1 € §j such that g = 0 for all
ke {o,.. .,2”*1} \ {jn(0),jn(0) + 1}. Since the edges determine the partial multi-
plicities of ¢, we have that ¢, (a) = by @ - - - @ by such that

a,0 O

64) b
0 4,00+

V*

= uﬂ]‘n(e) U* and b‘n+l(9)+1 =V

jn+l (6) ]

where U € M(q(n +1,ju11(0))), V € M(q(n +1,jy11(6) + 1)) are unitary by [10,

Lemma IT1.2.1]. Also, the terms by = O forallk € {0,...,2" 13\ {jus1(0), jur1(0) +

1}. But, by definition of the canonical *-homomorphisms ¢", ¢"*!, we have that
=

gi”)(a) = ¢"*1 (@ (a)) [34, Chapter 6.1].

Now, assume that a;, g) = Lop(4(nj,(6))) @and 4;,(9)+1 = 0. Therefore, by Expres-
sion (6.4):

(6.5)
c(n,0) =pgo g”(a)

_ o n+1

=pgo " (¢n(a))

= c(n+1,0)trg0u11,.000)) (U0

a; 0 "
e L) (V] 0 0] V)

Lot(o(mi 0
_c(n—|—1,9)-1—|—(1—c(n+1,9))trq(n+1,jn+l(9)+l)([ (o) OD

1 .
q(n + 1/jn+1(9) + 1)‘7(”/]71(9))

Thus, since g(n +1,2j,(0) + 1) = q(n,ju(6)) + q(n, j.(6) + 1) from Relations (6.1)
and j,11(0) +1 = 2j,(0) + 1, we conclude that:

(9(n,jn(0)) +4(n,jn(0) +1))c(1,0) — (1, ju(6))
q(n, jun(6) +1)
Lastly, assume that j,11(0) = 2j,(0) + 1. Leta = ag® - - - ® ayu1 € Fp such that
ap = 0forallk € {0,...,2" 1} \ {jn(0),]n(0) +1}. A similiar argument shows
that ¢, (a) = by & - - - @ bpn such that:

=c(n+1,0)+(1—c(n+1,6))

c(n+1,0) =

a6 0
iy (0)+1

b, . (0) =

] Yo and by, 0) 1 = 285, (0) 412

where Y € M(q(n+1,7,+1(0))), Z € M(q(n +1,j,11(0) + 1)) are unitary. Now,
assume that a;, ) = lon(4(n,j,(6))) and 4j,(9)+1 = 0. Therefore, similarly to Expres-
sion (6.5):

1

q(n+1,jn41(0))

c(n+1,0) = (1 + W) c(n,0)

c(n,0) =c(n+1,0) q(n,jn(60)),

and therefore:
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by Relations (6.1). And, by Lemma (6.10), this exhausts all possibilities for c(n +
1,0), and the proof is complete. O

Lemma 6.19. Using notation from Lemma (6.18),if 6 € (0,1) \ Q, then:
c(1,0) =1-6.
Moreover, using notation from Definition (6.9), if 6, u € (0,1) \ Q such that there exists
N € N\ {0} with I, N FN = IL,N &N, then there exists a,b € R,a # 0 such that:
¢(N,0) =ab+b, c(N,u) =au+b.

Proof. Let & € (0,1) \ Q, and denote its continued fraction expansion by 6 =
[a]-] jen- Recall, by Proposition (6.13), we have for all x = xo @ - - - ® Xp0-1 € Fiy:

(6.6) afg (qg’:(x) + 19) = l’é (xjal 0)+1 D X, (9)) -
Next, by Notation (6.14), we note that:

6.7 M =1 M = g, M
(6.7) pro g’ eerO& goafgong&

Now, consider x = xo @ - - - @ X0 -1 € §py such that Xj, ()41 = lq(lq and x; = 0 for
allk € {0,...,2%71}\ {j; (8)}. Then, by Lemma (6.18) and Expressions (6.6,6.7),
we have that (1 —c(a1,0)) = pg o (p_“l>(x) =0po ﬁ (1q§ @ 0) = 110 by [1, Lemma
5.5]. And, thus:

(6.8) c(ar,0) =1—aq0.

Thus, if a1 = 1, then we would be done.

Assume that a; > 2. By [4, Proposition 4.i] (specifically, the 2nd line of para-
graph 2 after [4, Figure 5] in arXiv v6), the Bratteli diagram of §/Iy begins with
the diagram L,, _; of [4, Figure 5] at level n = 1. Thus, the term jy,,(6) = 0 for all
me {1,...,a1}. Hence, if m € {1,...,a7 — 1}, then j,;,11(0) = 2j,u(6).

We claim that for all m € {1,...,41} we have that:

(6.9) c(m,0) =me(1,0) — (m—1).
We proceed by induction. The case m = 11is clear. Assume true form € {1,...,a7 —
1}. Consider m + 1. Since j;,+1(0) = 2jm(6), by Lemma (6.18), we have that:
(9(m,0) + q(m,1))c(m,0) — q(m,0)
q(m,1)
_c(m,0)+q(m,1)c(m,0) —1
q(m, 1) '

By Relations (6.1), we gather that g(m,1) = m. Hence, by induction hypothesis
and Expression (6.10), we have:

mec(1,0) — (m—1) +m(mec(1,0) — (m—1)) —1

c(m+1,0) =
(6.10)

c(m+1,0) = -

=¢(1,0) —1+1/m+mc(1,0)
=(m+1)c(1,0) — ((m+1)—1),

(m—-1)—1/m
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which completes the induction argument. Hence, by Expression (6.9), we conclude
c(a1,0) = a1c(1,0) — (a3 — 1), which implies that:

(6.11) o(1,0)=1-0

by Equation (6.8).

Lastly, let 6, € (0,1) \ Q. We prove the remaining claim in the Lemma by
induction. Assume N = 1. Then, by Equation (6.11), the coefficients ¢(1,u) =
1—wpand c(1,0) =1 — 6, which completes the base case.

Assume true for N € N\ {0,1}. Assume that I,, N N = [, NN Now,
since §N C N1 we thus have I u N &N = I, ngN. Hence, by induction hypos-
thesis, there exists a,b € R, a # 0 such that ¢(N, i) = ap+band c(N,0) = ab + b.
But, as I, N N1 = [, N gNHL, the vertices a level N + 1 agree in the ideal dia-
grams by Proposition (5.11). In particular, by Definition (6.9), we have jx1(6) =
jn+1(p), and similarly, the term jy(0) = jn(p) by L, NN = Iy N F. Therefore,
by Lemma (6.18), the desired conclusion follows by basic arithmetic along with
the induction hypothesis and irrationality of 6, j, . O

We can now prove the main result of this section.

Theorem 6.20. Using Definition (6.9) and Notation (6.16), the map:
0
Iy € (Prim(3),7) — <S/19, ng”g,m) € (QQACMSy0,N)

is continuous to the class of (2,0)-quasi-Leibniz quantum compact metric spaces metrized
by the quantum propinquity N, where T is either the Jacobson topology, the relative metric
topology of ;. (Proposition (4.11)), or the relative Fell topology (Definition (4.3)).

Proof. By Proposition (6.11), we only need to show continuity with respect to the
metric m;). Thus, let (Ip,),cx C Prim(3) be a sequence such that (Ip, )new
converges to Iy, with respect to m; ;). Therefore, by Corollary (5.15), this implies
that:

{Ign = Uke]NIGn ﬂSkH.H& nec IN}

is a fusing family with some fusing sequence (¢, ),en. Thus, condition (1) of The-
orem (6.3) is satisfied.

For condition (2) of Theorem (6.3), let N € N, then by definition of fusing se-
quence, if k € N>, then I, NFN = I NFN. Now, letk € N>, . Consider pg, on
FN. By Lemma (6.19), there exists a,b € R,a # 0, such that ¢(N, 6;) = a6y + b for
all k € N>, . But, by Proposition (6.11), we obtain (6,,),ec converges to 6o, with
respect to the usual topology on R. Hence, the sequence (c(N, Gk))keN>CN con-

verges to ¢(N, 0 ) with respect to the usual topology on R and the same applies
to (1 —c(N, Gk))k€N>5N' However, by Lemma (6.18), the coefficient c(N, 6;) deter-

mines py for all k € W>CN. Hence, a similar argument given in [1, Lemma 5.11],

provides that (pg, ), .y converges to pg_, in the weak-* topology on .7 (V).
>N

Condition (3) of Theorem (6.3) follows a similar argument as in the proof of
condition (2) since the sequences ¢ of Lemma (6.15) are determined by the terms
jn(8). Also, all B¢ are uniformly bounded by the sequence (1/n?),cn which con-
verges to 0. Therefore, the proof is complete. O
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As an aside to Remark (6.17), we obtain the following analogue to Theorem
(2.20) in terms of quotients.

Corollary 6.21. Using Notation (6.16), the map:

0 (OV\QI ) — (/1L ) € (QACMSz00)

is continuous from (0,1) \ Q, with its topology as a subset of R to the class of (2,0)-quasi-
Leibniz quantum compact metric spaces metrized by the quantum propinquity .

Proof. Apply Proposition (6.11) to Theorem (6.20). O

7. LEIBNIZ LIP-NORMS FOR UNITAL AF ALGEBRAS

Our work in [1] and the rest of this current paper aside from this section rely
on the hypothesis of the existence of faithful tracial state for a Unital AF algebra.
Of course, every simple unital AF algebra has a faithful tracial state, but in the
non-simple case, there exists unital AF algebras without faithful tracial states. For
example, consider the unitlization of the compact operators on a separable Hilbert
space.

Thus, in this section, we introduce Leibniz Lip-norms that exist on any unital
AF algebra, in which Leibniz Lip-norms are defined to be (1,0)-quasi-Leibniz Lip-
norms, built from best approximations and the work of Rieffel in [42], in which he
established the Leibniz property for certain quotient norms. Then, in Proposition
(7.5), in the case of a unital AF algebra with faithful tracial state, we make a com-
parison between the best approximation Leibniz Lip-norm and our conditional ex-
pectation quasi-Leibniz Lip-norm, which utilizes the recent work of Latrémoliere
in [30].

Convention 7.1. A Leibniz Lip-norm is a (1, 0)-quasi-Leibniz Lip-norm of Defini-
tion (2.3), and in this Section (7), by A, we mean Ay g .
Notation 7.2. Let (2, Ly ) be a quasi-Leibniz quantum compact metric space. Let
u € (). Denote:

Lipy (A, Ly) ={a €sa(A):Ly(a) <1}

Lipy (A, Lo, ) = {a € sa(A) : Ly (a) <1, u(a) = 0}.
Lemma 7.3. Let (2, Ly), (B, L) be two quasi-Leibniz quantum compact metric spaces.

If v = (D,w, my, 7wes) is a bridge of Definition (2.6), then for any two states ¢y €
L (A), pss € 7 (B), we have that:

Hausp (7re( (Lipg (U, La))w, wrss (Lipg (B, L)) <
Hauso (72 (Lipy (A, Lay, par) )w, wrtes (Lipy (B, L, ¢3)))-
Proof. The proof is the argument in between [29, Notation 3.13] and [29, Definition
3.14]. O

Theorem 7.4. Let A be a unital AF algebra with unit 1o such that U = (2, ) e is an in-

creasing sequence of unital finite dimensional C*-subalgebras such that A = Upen2Uy I ”Q‘,

with Ay = Clgy. For each n € N, we denote the quotient norm of A/, with respect to
Il - lloc by Sy. Let B : IN — (0, 00) have limit 0 at infinity.
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If, for all a € Uyen®y, we set:

Lg(a) = sup { ;n((;l)) ine ]N}

and Lg(a) = oo foralla € A\ Upeny, then,

(1) (2[, LZ) and (an, Lg) foralln € IN are Leibniz quantum compact metric spaces,

) limy oA (20 fy), (21fy)) =0.

Proof. We begin by proving (1). By [42, Theorem 3.1], for all n € IN, we have that
since 2, is unital and finite dimensional, the quotient norm S, satisfies condition

(2) of Definition (2.3) for C = 1, D = 0, and therefore, so does LZ. Or, in other
words, Lg is a Leibniz seminorm.

By finite dimensionality, the subspace 2, is closed in  for all # € IN. Also,

-1

as Ay = Cly € 2A, for each n € N\ {0}, we can conclude Lzli ({0}) = Cly.
Next, let a € U,ew@y, then there exists N € IN such that a € 2 for all k > N.
Therefore, the seminorm Si(a) = 0 for all k > N, and hence, the seminorm Lg
evaluated at a is a supremum over finitely many terms, and is thus finite. Thus,
(‘21, Lzﬁ/) and (an, LZ) for each n € IN satisfy up to and including condition (2)
of Definition (2.3). But, as a supremum of continuous maps, we have Lf{ is lower
semicontinuous.

Thus, all that remains for (1) is for LZ to satisfy condition (3) of Definition (2.3).
First, note that since p has limit 0 at infinity, we have K = sup{f(n) : n € N} < co.
Next, let gg : 4 — /0y = A/ Cly denote the quotient map. Define:

L = {a € Uyl s (o) < 1}

By [37, Theorem 1.8], to satisfy condition (3) of Definition (2.3), it is enough to
show that go(L;) totally bounded with respect to the quotient norm on 2/ Cly, in
which the quotient norm is simply Sp since 2p = Clg. Let ¢ > 0. By definition of

Lzli, there exists N € IN such that B(N) < ¢/3, so that Sy(a) < B(N) < ¢/3 for all
a € Ly. Since 2y is a finite dimensional subspace, there exists a best approximation
to a in 2y. Thus, for all a € Ly, by axiom of choice, set by (a) € Ay to be one best
approximation of a. Define:

By = {bn(a) € An:a € Ly}
If a € Ly, then since 20y = Cly :
So(bn(a)) = inf{|bn(a) — Alylla : A € C}
= inf{||by(a) —a+a—Aly]|: A € C}
< ||bn(a) — a|| + inf{||a — Aly || : A € C}
= Sn(a) + So(a)
< B(N) + B(0) < 2K.

Hence, the set o (By) is bounded with respect Sy on 2/ Clg, and therefore totally
bounded with respect to Sg on 2/ Clgy since Ay is finite dimensional. Let Fyy be a
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finite e/3-net of qo(Bn), so let fy = {bn(a1),...,bn(an) : aj € L1NVAN, 1, < j <
n < oo} such that Fy = qo(fn). Leta € Ly, then by(a) € By, so there exists
bn(aj) € fn such that So(bn(a) — bn(aj)) < /3. Therefore,
So(a —a;) < So(a —bn(a)) + So(bn(a) — bn(a;j)) + So(bn(aj) — aj)
< la—bn(a)l| +e/3+ [bn(a;) — ajl
= Sn(a) +e/3+Sn(a) <e
Hence, Fy serves as a finite e-net for go(L1). Therefore, by [37, Theorem 1.8], the

pair (Ql, LL‘B{) is a Leibniz quantum compact metric space, and similarly, so are

(Q[n, LZ) for all n € IN. Thus, the proof of (1) is complete.

Next, we prove conclusion (2) of this theorem.
Lete > 0. Fix u € .(2). By part (1) and [35, Proposition 1.3], the set

Lipy (Ql, Lg, y) of Notation (7.2) is compact. Hence, there exist
aiy, ..., a € £ipy (Ql, LZ,y) such that:

k
7.1) Zipy (AL 1) € U By (a7:6),
j=1

where By, (aj,e) = {a € A : |la—ajlla < ¢} for each j € {1,...,k}. Since
a € Upen 2n for all 2 € A such that Lg(a) < 1 < oo, choose N = min{m € N :
{al, e ,ak} g le}

Fixn > N. Leta € Lip; (Ql, LZ, y). By Expression (7.1), there exists b € 2y C

2, such that b € Lipy (2[”, LZ, y) , where y is seen as a state of 2, and:

(7.2) la—bla <e.

Consider the bridge v = (2, 1g,idy;, t4) in the sense of Definition (2.6), where
idg : A — 2Ais identity and ¢, : A, — 2A is inclusion. But, since the pivot is
1y, the height is 0. Now, combining Lemma (7.3) and Inequality (7.2), we gather
that the reach of the bridge is bounded by e. Thus, by definition of length and
Theorem-Definition (2.11), we conclude:

(). (1) <

which completes the proof. O
By [30], we can make the following comparison.

Proposition 7.5. Let A be a unital AF algebra with unit 1y endowed with a faithful
tracial state p. Let U = (Upn)nen be an increasing sequence of unital finite dimensional
C*-subalgebras such that A = UneINQInH'HQ‘ with Ag = Clg. Let p: N — (0, 00) have
limit O at infinity.

If we define LZ, " by Theorem (6.1) and Lzli by Theorem (7.4), then there exists K € (0, 1]
such that:

K- (a) <Uj(a) <L, ,(a)

forall a € sa (Upenn).
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Proof. Leta € sa (Uyeny,) and n € NN, then E (a|2,,) € Ay, Therefore:
Su(a) = inf {la—blla+ b € A} < fla— (a]2) o

for all n € IN. Hence, the seminorm LZ(a) < LZ,”(a) foralla € sa (UpenAy). The
existence of K follows from [30, Corollary 2.5]. [l

Remark 7.6. Appropriate analogues to Theorem (7.4) and Proposition (7.5) can be
easliy obtained in the inductive limit case of AF algebras.
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