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ABSTRACT. We introduce a metric on Hilbert modules equipped with a general-
ized form of a differential structure, thus extending Gromov-Hausdorff conver-
gence theory to vector bundles and quantum vector bundles — not convergence
as total space but indeed as quantum vector bundle. Our metric is new even in the
classical picture, and creates a framework for the study of the moduli spaces of
modules over C*-algebras from a metric perspective. We apply our construction,
in particular, to the continuity of Heisenberg modules over quantum 2-tori.
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1. INTRODUCTION

Our project in noncommutative metric geometry aims at constructing an an-
alytic framework for the study of entire classes of C*-algebras, seen as objects
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of some larger geometry, thus taking the perspective that new mathematics and
mathematical physics will arise from looking at C*-algebras as points of some hy-
perspace, in the spirit of metric geometry [12], extended into the realm of non-
commutative geometry [8]. We laid some of the foundations for this project with
the construction of the Gromov-Hausdorff propinquity [31, 27, 24, 29, 28], a non-
commutative analogue of the Gromov-Hausdorff distance [11] for quantum met-
ric spaces, i.e. noncommutative generalizations of algebras of Lipschitz functions
over metric spaces [7, 40, 41]. We now extend our framework to quantum vector
bundles over quantum metric spaces, i.e. to modules over C*-algebras, equipped
with appropriate additional structures to encode metric information.

Modules, and in particular finitely generated projective modules over C*-alge-
bras, are crucial to the theory of C*-algebras — from Morita equivalence [36] to
K-theory and KK-theory [2] — and vector bundles play a fundamental role in
the construction of fields in quantum physics. Of course, vector bundles are a
corner stone of topology and geometry. We construct a far-reaching extension of
the quantum Gromov-Hausdorff propinquity to Hilbert modules [35] over quan-
tum metric spaces, equipped with a metric generalization of a connection, called
a D-norm. We prove that our new metric, called the modular Gromov-Hausdorff
propinquity, is indeed a distance on our class of metrized quantum vector bundles
up to a strong notion of isomorphism, which preserves the module structure, the
inner product — hence the C*-Hilbert norm — and the D-norm. We check that our
new distance extends the topology of the quantum propinquity, since C*-algebras
are canonically Hilbert modules over themselves. There are no analogues of the
Gromov-Hausdorff distance on vector bundles even classically, hence the modu-
lar propinquity introduces new possibilities even in the classical picture. We shall
however focus on an application of the modular propinquity to the continuity of
Heisenberg modules [6, 37] over quantum tori.

We strongly believe that the modular Gromov-Hausdorff propinquity is a sig-
nificant progress in our program, and this paper lays the foundation for many
research questions. The genesis of our project lies in mathematical physics and the
desire to provide a formal approach to various approximation results involving
matrix algebras and noncommutative, as well as classical limits (see for instance
[46] for some references in physics). In this context, the convergence of matrix alge-
bras to a torus or a quantum torus is not an end, but rather a mean to then discuss
convergences of various quantities of physical importance, many of which are de-
fined on modules over the spaces under consideration. These spaces often carry a
form of geometry, often given by means of generalized differential calculus, which
provide metric data which we can use in our current project. A particularly com-
mon object in this context are connections, which do play a key role in motivating
the notions of metrics on quantum vector bundles.

The moduli space of finitely generated projective modules over C*-algebra has
been a central structure in the study of C*-algebras. Rieffel studied the categor-
ical aspect of this space and introduced Rieffel-Morita equivalence between C*-
algebras — a weak form of isomorphism whose role is well-established near the
core of our subject. K-theory, then later on its far-reaching extension, Kasparov
KK-theory, directly involve the classification of modules under a form of stable
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isomorphism, and once more, this algebraic-topological aspect of the moduli space
of modules is a central topic in C*-algebra research. We now propose to introduce
a metric on this moduli space, and thus open many avenues for research on new
analytic aspects of the moduli space of modules, so far completely unexplored. We
expect not only that our metric will provide new and interesting results within the
previously studied categorical and algebraic framework, but also that new ideas
will emerge based on analytic constructs and ideas so far out of reach.

Remarkably, our modular propinquity introduces a mean to define a topology
on vector bundles over metric spaces which is new even in the classical picture.
This is also a very exiting development for us. Indeed, it may well be that the func-
tional analytic perspective taken in the development of the quantum propinquity
opened new ways to think of convergence of classical geometry objects such as
vector bundles. Once more, this opens obvious new directions for queries within
the realm of Riemannian geometry and in particular, the metric aspects of Rie-
mannian geometry. The Gromov-Hausdorff distance has proven a very powerful
tool to discuss the geometry of classes of spaces, including singular limits of Rie-
mannian manifolds, by focusing on the underlying metric structure. The modular
propinquity, in turn, allows one to discuss convergence of vector bundles, thus
of additional structures besides the underlying metric. We are hopeful that once
more, new and exiting results lie in the future of the exploration of this particular
consequence of the construction we present in this paper.

Our research program began with the observation by A. Connes in [7] that an
noncommutative analogue of the Monge-Kantorovich metric could be defined on
the state space of a C*-algebra by means of a spectral triple. Rieffel laid the foun-
dation for the study of quantum metric spaces [40], recognizing that a quantum
metric is encoded in a type of seminorm whose dual seminorm induces a noncom-
mutative Monge-Kantorovich metric which, crucially, Rieffel requires to induce
the weak* topology on the state space, just as its classical counter part. This obser-
vation laid the groundwork for the construction of noncommutative analogues of
the Gromov-Hausdorff distance — a task fraught with unexpected challenges, and
which gave rise to a succession of candidates. The first construction is also due to
Rieffel who defined the quantum Gromov-Hausdorff distance [49]. We introduce
the dual Gromov-Hausdorff propinquity in [27, 24] as our answer to many of the
questions which research in noncommutative metric geometry brought up in the
last decade or so. The dual Gromov-Hausdorff propinquity can be specialized —
in other words, it really is a family of metrics, a technical flexibility which we will
take advantage of in this paper by working with the most important specialization
of the dual propinquity: the quantum Gromov-Hausdorff propinquity [31] (which
was actually introduced before the more general dual propinquity).

A key motivation behind our introduction of the propinquity was to devise
an analogue of the Gromov-Hausdorff distance which was well-behaved with re-
spect to the C*-algebraic structure. In essence, a compact quantum metric space
comes with a metric structure, embodied in a particular seminorm which gen-
eralizes the Lipschitz seminorm, and a topological structure, encoded in the C*-
algebraic structure. We propose to require a connection between these two by im-
posing a form of the Leibniz inequality to the Lip-norm; quantum compact metric
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spaces which satisfy this additional requirement are called quasi-Leibniz quantum
compact metric spaces [29] (originally, we worked with Leibniz quantum compact
metric spaces in [31, 27], but new examples of quantum compact metric spaces led
us to the more general notion of quasi-Leibniz Lip-norms). This development ac-
tually raises some serious difficulties when attempting to construct an analogue of
the Gromov-Hausdorff distance, as seen with the early work of Kerr [19] or, later
on, with the quantum proximity of Rieffel [45], where in each case, working exclu-
sively with Leibniz Lip-norms, or even their generalizations, lead to analogues of
the Gromov-Hausdorff distance which are not satisfying, as far as we know, the
triangle inequality.

As we thus solved the difficulties inherent in extending the Gromov-Hausdorff
topology to noncommutative geometry with the introduction of the Gromov-Haus-
dorff propinquity, we now wish to move our theory forward and study within its
context such C*-algebraic related structures as modules, as announced already in
[31, 27, 24]. We chose to work with the quantum Gromov-Hausdorff propinquity
since it provides us with additional structure compared to the more general dual
Gromov-Hausdorff propinquity, which will prove helpful in our first venture into
the realm of modules. We thus assume given a sequence of quasi-Leibniz quan-
tum compact metric spaces converging for the quantum propinquity. There are
many interesting such sequences already known: quantum tori [25], fuzzy tori
converging to quantum tori [25], matrix algebras converging to the sphere [43, 45],
certain sequences of AF-algebras [1], finite dimensional quasi-Leibniz quantum
compact metric spaces converging to any nuclear quasi-diagonal quasi-Leibniz
quantum compact metric space [29], conformal deformations of Leibniz quantum
compact metric spaces constructed from spectral triples [28], curved quantum tori
[26], noncommutative solenoids [32], to name but a few. Given such a sequence,
we wish to make sense of the statement: each quasi-Leibniz quantum compact
metric spaces in the sequence carries a module, presumably equipped with addi-
tional metric data, such that the resulting sequence of modules converge in some
sense to a module over the limit quasi-Leibniz quantum compact metric spaces.

Such a statement immediately raises three entangled questions. First, we wish
to make sense of what it means for a sequence of modules to converge at all. Given
the context of this question, we expect that there may be a need to introduce some
metric data on modules, and this is itself an interesting, second challenge. We may
approach this question by expecting to have a canonical mean to extend the metric
information of quasi-Leibniz quantum compact metric spaces to their modules (or
some class of modules), or we may take the view that this metric data is a new
component of our theory. Last, we may wonder, given a module over the limit of a
sequence of quasi-Leibniz quantum compact metric spaces, how to select modules
over the spaces in the sequence to get the desired convergence.

Rieffel initiated a first approach to the convergence of modules in his pioneer-
ing work in [44, 45, 47, 48]; indeed his work spurred our own research project on
the quantum propinquity. He proposed to work with finitely generated projec-
tive modules over certain Leibniz quantum compact metric spaces. In this pic-
ture, modules correspond to projections in matrix algebras over quantum metric
spaces. Rieffel suggests in [48] that the metric data needed to work with modules
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is a canonical extension of the metric data on the base space. He then suggests
the fascinating idea that we can measure the “twist” of a vector bundle using that
metric data. Using this approach, Rieffel provided a meaning to certain vector
bundles over the sphere to be approximated by vector bundles over finite spaces
[44], and initiated the same study for approximations by full matrix algebras. No-
tably, Rieffel’s recent work utilizes the quantum propinquity as a starting point
[48]. In this picture, the effort is placed on proving that certain projections in ma-
trix algebras over quasi-Leibniz quantum compact metric spaces are close in the
sense of a generalized Lip-norm.

We propose an approach in this paper which, we submit, is complementary
to Rieffel’s approach. Our focus is on extending the quantum propinquity to left
Hilbert modules. Thus, we start our investigation with the goal to define a very
general notion of convergence, induced by an actual metric. To this end, we do not
regard the metric data on modules as canonically associated with the base space,
but rather as a new ingredient, which may be given via Rieffel’s approach or, as in
the main example of this paper, may have a geometric source. Heisenberg mod-
ules over quantum tori then provide many examples of convergent sequences.

Our approach is best presented by first discussing it informally in the context
of manifolds and their vector bundles. A vector bundle V over a compact, con-
nected Riemannian manifold M, may be equipped with a metric — which in this
context, means a smooth section of the bundle of inner products over each fiber of
V. In other words, we pick an inner product on the C(M)-module I of continu-
ous sections of V, where C(M) is the C*-algebra of C-valued continuous functions
over M. This is a particular example of a Hilbert module over a C*-algebra, and
thus we will work in this paper with left Hilbert modules. Yet, there is one more
essential tool of differential geometry when working with modules: namely, the
notion of a connection. Indeed, given a metric on a bundle, one may always find
a so-called metric connection, and under stronger assumption, this connection is
in fact unique. In other words, to a metric corresponds a natural notion of parallel
transport.

In noncommutative geometry, there still exists metric connections, appropri-
ately defined, on left Hilbert modules, under rather generous conditions. The
matter of uniqueness issue is less clear. In any event, we adopt the perspective
that the metric information needed to work with vector bundles include not only
an inner product on its module of sections, but also a choice of a connection, or
rather an additional norm on the space of smooth functions which encode some
aspects of the connection which are of use to define our metric. We do not need
the full strength of a connection in this work, and we will address the issue of
convergence for differential structures in a forthcoming paper.

For our purpose, therefore, the metric data which we will consider to define a
metrized quantum vector bundle includes a Hilbert module equipped with an ad-
ditional, densely defined norm called a D-norm with a natural topological condi-
tion inspired by the commutative picture above. There is a clear relation between
our notion of a metrized quantum vector bundle and the notion of a quasi-Leibniz
quantum compact metric space which we take as a sign that our approach is sen-
sible. Moreover, a metrized quantum vector bundle will of course be defined over
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a particular quasi-Leibniz quantum compact metric space, its base space. Just as
is the case with proving that certain semi-norms are Lip-norms, establishing that
a given norm is a D-norm may be challenging.

Concretely, Heisenberg modules over quantum tori are in fact equipped with a
natural connection [6, 9] which plays an important role in the geometry of quan-
tum tori. This connection is indeed what we will use as part of the metric data to
turn Heisenberg modules into metrized quantum vector bundles, and then study
some convergence properties for our modular propinquity.

The modular Gromov-Hausdorff propinquity is thus defined on the class of
all metrized quantum vector bundles. Its construction is inspired by our work
on the quantum Gromov-Hausdorff propinquity for two reasons. First of all, we
develop the quantum propinquity in the hope to work with C*-algebraic struc-
tures, and thus it is for us the natural path to follow here. Second of all, we
envisage that when working with the modular Gromov-Hausdorff propinquity,
we already have acquired some good understanding of the quantum Gromov-
Hausdorff propinquity between the quantum base spaces of our noncommutative
bundles. Thus we want the modular propinquity to take advantage, as much as
possible, of the work done on the base spaces. This strongly motivates us to de-
sign our new metric around concepts which we unearthed when working with
the quantum propinquity. Naturally, there are many new challenges raised by
working with modules, and this, too, is a reason to take full advantage of our
understanding of the quantum propinquity.

In summary, we present in this paper the class of metrized quantum vector
bundles, on which we then define a metric akin to a Gromov-Hausdorff distance
for (noncommutative) vector bundles. We prove that our metric, the modular
Gromov-Hausdorff propinquity, is indeed a metric up to full quantum isometry
of metrized quantum vector bundles — i.e. an appropriate notion of morphism
between left Hilbert modules over possibly different C*-algebras which also pre-
serves all the metric data. We then prove that we apply our metric to the sub-
class of the metrized quantum vector bundles canonically constructed from quasi-
Leibniz quantum compact metric spaces — extending the observation that any C*-
algebra is a left Hilbert module over itself — we recover the topology of the quan-
tum Gromov-Hausdorff topology. We also show that, reassuringly, the modular
propinquity between free modules over quasi-Leibniz quantum compact metric
spaces behave as expected — close base spaces in the quantum propinquity and
same rank of free modules imply close in the modular propinquity. We discuss a
sufficient condition for the direct sum of metrized quantum vector bundles to be
continuous on certain classes called iso-pivotal.

We then apply our work to exhibit continuity properties for the modular propin-
quity among the Heisenberg modules over quantum 2-tori. This work involves
several step reflective of our new approach: we must construct D-norms on Heisen-
berg modules, which actually do arise from the natural connection these modules
carry. We must establish that the connection does give rise to D-norms, which in-
volve some aspects of the analysis of the Moyal plane. We also must prove that the
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norms of Heisenberg modules can form continuous fields, and do the same regard-
ing our D-norms. The final proof of our main example exemplifies the idea that
we bootstrap our convergence for modules from convergence of the base space.

2. THE MODULAR GROMOV-HAUSDORFF PROPINQUITY

We propose a structure of metrized quantum vector bundle which abstracts the
notion of a metric on a vector bundle over a manifold. Our structure builds upon
common elements of noncommutative geometry, though it adds a crucial analytic
condition.

A metric on a complex vector bundle V over a compact space M is typically
defined as a continuous section of the associated bundle of sesquilinear forms over
the fibers of V — when M is a manifold, the metric is in fact required to be a
smooth section in general. We can thus regard a metric on a vector bundle as
defining an inner product, valued in C(M), over the continuous sections of V.
In other words, one natural ingredient for our work is a structure of left Hilbert
module.

However, a fundamental observation of Riemannian geometry is that the metric
is associated with a form of parallel transport. There is in fact a unique metric con-
nection on the cotangent bundle with zero torsion — the Levi-Civita connection
and thus a metric provides a canonical notion of transport, curvature, and more.
In noncommutative geometry, we do not have in general a unique metric connec-
tion, even under conditions of zero torsion. None the less, metric connections can
be shown to exist under very mild assumptions. As such, it becomes natural to
say that in differential geometry, metric information on bundle comes in the form,
not only of a section of fiber-wise inner products, but also in the form of a connec-
tion. Involving a connection, however, would seem to suggest that we work on
a noncommutative differentiable manifold. While our main example will indeed
be in this setting, our modular propinquity is much more general. The reason is
that we shall reduce the idea of a connection to a particular norm called a D-norm.
Thus, a metrized quantum vector bundle will be a left Hilbert module equipped
with a (densely defined) additional norm inspired from the differential notion of
a connection. We shall make these statements precise in Example (2.2.10).

We begin this section with a short survey section on quantum compact metric
spaces which will provide us with the base space for our metrized quantum vector
bundles.

2.1. Quantum Compact Metric Spaces. A quantum compact metric space is a
noncommutative generalization of the algebras of Lipschitz functions over a met-
ric space. Our work on the Gromov-Hausdorff propinquity [31, 27, 24, 29, 26]
emphasizes the role of a relation between the generalized Lipschitz seminorms
and the multiplicative structure of the underlying algebra, though this relation
can be quite general. We will thus work in the category of quasi-Leibniz quantum
compact metric spaces, defined as follows.

Notation 2.1.1. The norm of a normed vector space E will be denoted by || - || by
default.
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Notation 2.1.2. Let 2 be a unital C*-algebra. The space of self-adjoint elements of
2l is denoted by sa (2(), while the state space of 2 is denoted by . (2(). The unit of
2 is denoted by 1.

Definition 2.1.3 ([29]). A function F : [0,00)* — [0, ) is admissible when for all:

(xl/ X2, X3, x4)r (}/11 Y2,Y3, y4) € [Or 00)4
such that xj <Y forallj € {1,2,3,4}, we have:

F(xll X2, X3, X4) g F(y1/y2/y3/y4)
and xqx3 + xpx4 < F(x1, X2, X3, X4).

Definition 2.1.4 ([40, 41, 31, 29]). An F—quasi-Leibniz quantum compact metric space
(2, L), for some admissible function F, is a unital C*-algebra 2 and a seminorm L
defined on a dense Jordan-Lie subalgebra dom (L) of sa (), such that:
(1) {a € dom (L) : L(a) =0} = Rlg,
(2) the Monge-Kantorovich metric mk|, defined on the state space . (2) by set-
ting for all ¢, p € 7 ():

mkL (¢, ) = sup {[¢(a) — p(a)] : a € sa (A),L(a) <1},
metrizes the weak* topology on .7 (2),
(3) Lislower semi-continuous, i.e. {g € sa () : L(a) < 1} is norm closed,
(4) foralla,b € dom (L), we have:

max {L (a0b),L({a,b})} < F (llall2 [[b]la, L(a), L(b)).

The seminorm L of a F-quasi-Leibniz quantum compact metric space (2, L) is
called an L-seminorm of type F. If F : x,y,ly,ly — xl, + yl,, then (2, L) is simply
called an Leibniz quantum compact metric space and L is said to be of Leibniz
type.

We adopt the following convention in our exposition to keep our notations sim-
ple:

Convention 2.1.5. If L is a seminorm defined on a subspace dom (L) of a vector
space E then, for all x € E\ dom (L), we set L(x) = co. Thus dom (L) = {x € E :
L(x) < oo} with this convention. With the additional convention that 0-co = 0
and oo +r = r + 00 = oo for all r € [0, 0] when working with seminorms, we can
see L as a seminorm on E taking the value co.

The classical prototype of a Leibniz quantum compact metric space is given
by the ordered pair (C(X),Lip) of the C*-algebra C(X) of C-valued continuous
functions over a compact metric space (X, d) and the Lipschitz seminorm induced
on sa (C(X)) — the Banach algebra of R-continuous functions — by the metric d.
In this case, the metric mk|_is indeed the Monge-Kantorovich metric on the space
of regular Borel probability measures over X, a fundamental object introduced
by Kantorovich [17] in the study of Monge’s transportation problem. The form
of the Monge-Kantorovich metric which we generalize in Definition (2.1.4) was
discovered by Kantorovich and Rubinstein [18].

Important examples of quasi-Leibniz quantum compact metric spaces include
the quantum tori [40, 42], Connes-Landi sphere [33], full C*-algebras of Hyperbolic
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groups [34], AF-algebras with a faithful tracial state [1], curved quantum tori [26],
conformal perturbations of quantum metric spaces obtained from Dirac operators
[28], C*-algebras of nilpotent groups [5], noncommutative solenoids [32], among
many other. Moreover, finite dimensional C*-algebras can be endowed with many
quantum metric structures which play an important role when approximating C*-
algebras of continuous functions over coadjoint orbits of semisimple Lie groups
[43], quantum tori [21, 25], AF-algebras [1], and arbitrary nuclear quasi-diagonal
quasi-Leibniz quantum compact metric spaces [29].

The first occurrence of a noncommutative version of the Monge-Kantorovich
metric is due to Connes in [7], where it was observed that a spectral triple give
rise to a metric on the state space of a C*-algebra. Rieffel initiated the study of
compact quantum metric spaces in [40] by requiring that the Monge-Kantorovich
metric in noncommutative geometry should metrize the weak* topology on the
state space, and can be built without appealing to the theory of spectral triple,
but rather using a generalized Lipschitz seminorm. As a matter of terminology, a
seminorm L satisfying properties (1) and (2) is called a Lip-norm. We choose our
new terminology to avoid writing the rather long expression “quasi-Leibniz lower
semi-continuous Lip-norm” too often. A pair (2, L) where L is a Lip-norm is called
a compact quantum metric space.

Quantum locally compact metric spaces were introduced in [23], building on
our work in [22], and provide a far-reaching generalization of Definition (2.1.4).

Definition (2.1.4) evolved with the role of the algebraic structure of a compact
quantum metric spaces. In [40], Rieffel’s original notion of Lip-norm was defined
over normed vector spaces (and the notion of state was replaced with a more gen-
eral notion). In [41], the focus was on order-unit spaces, and this was the setting
for the construction of the quantum Gromov-Hausdorff distance [49], and the first
examples of continuity for that metric [43, 21, 33]. As research in noncommuta-
tive metric geometry became focused on the relationship between convergence
for analogues of the Gromov-Hausdorff distance and C*-algebraic structures — in
particular modules [44, 45] — it became apparent that Lip-norms should be con-
nected to the underlying C*-algebraic structure. We proposed Definition (2.1.4) by
adapting the idea of F-Leibniz seminorms of Kerr’s [19], with two differences.

L-seminorms are defined on a dense *-subspace of the self-adjoint part of C*-
algebras, and in general sa () is not a *-subalgebra of 2 for non-Abelian C*-
algebras. It is a Jordan-Lie algebra, and thus we use the Jordan and Lie product
in the definition of the quasi-Leibniz property. Our insistence on working with L-
seminorms defined only on self-adjoint elements will be justified when discussing
quantum isometries later on. Second, we require that the quasi-Leibniz property
be no sharper than the Leibniz property, which actually ensures that for any given
choice of an admissible function F, the quantum propinquity can be restricted to
the class of F—quasi-Leibniz quantum compact metric spaces and never involve
any space outside of this class. We refer to [31, 27, 24, 28, 26] for details.

The class of quantum compact metric spaces form a category when morphisms
are defined using a natural Lipschitz condition. In fact, there are at least three
ideas one may consider when defining a notion of a Lipschitz morphism between
compact quantum spaces, and these notions will not agree in general. However,
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as we impose that L-seminorms are lower-semicontinuous, all three ideas agree
for quasi-Leibniz quantum compact metric spaces.

We choose the following definition for morphisms of quasi-Leibniz quantum
compact metric spaces.

Definition 2.1.6. A k-Lipschitz morphism 1T : (2,Ly) — (B,Ly) between two
quasi-Leibniz quantum compact metric spaces (2, Ly() and (8, Ly ) is a *-morphism
70 : A — B such that for all 2 € dom (Lg):

Ly o 7t(a) < kLo (a).

We then show that other natural ideas for morphisms of quasi-Leibniz quantum
compact metric spaces agree with Definition (2.1.6).

Theorem 2.1.7 ([41, 30]). Let (A, Ly ) and (B, L) be two quasi-Leibniz quantum com-
pact metric spaces and 7t : A — B be a *-morphism. The following assertions are equiva-
lent for any k > 0:

(1) 7 is a k-Lipschitz morphism,

2) T ¢ € S(B) — gom € () is a k-Lipschitz map from (7 (B), mky,, )
to (. (2A), mky, ),

(3) m(dom (Lg)) € dom (Lg).

Assertion (2) in Theorem (2.1.7) was the initial definition of a Lipschitz mor-
phism in [41, 49]. The equivalence between Assertion (1) and Assertion (3) was
the subject of [30] while Rieffel proved the equivalence between Assertion (1) and
(2) in [41], where the importance of lower semicontinuity for Lip-norms was dis-
covered.

It is straightforward to check that, taking for objects our quasi-Leibniz quantum
compact metric spaces and for morphisms our Lipschitz morphisms give rise to a
category.

The stronger notion of isometry between quasi-Leibniz quantum compact met-
ric spaces must be well-understood in our context, since the Gromov-Hausdorff
propinquity is a metric up to isometry, properly defined. The original notion of
isometry for compact quantum metric space [49] did not involve *-morphisms,
since two Rieffel’s distance could be null between compact quantum metric spaces
which were not *-isomorphic.

Rieffel’s insight into the proper notion of an isometric embedding rests on Bla-
schke’s theorem [4, Theorem 7.3.8], which states that a real valued k-Lipschitz func-
tion on some nonempty subset of a metric space can be extended to a k-Lipschitz
function on the whole space. For our purpose, the main consequence of Blaschke’s
theorem is that, if 77 : (X,d) < (Z, m) is an injection between two compact metric
spaces, then 7 is an isometry if and only if the Lipschitz seminorm on C(X) in-
duced by d is the quotient seminorm of the Lipschitz seminorm on C(Z) induced
by m. This is the origin of the definition of a quantum isometry.

Blaschke’s theorem is not valid as stated for C-valued Lipschitz functions: in
general, the best statement for C-value Lipschitz functions is that a k-Lipschitz
function over a subset can be extended to the whole space as a %-Lipschitz func-
tion [44]. It means that the relationship between Lipschitz seminorms provided,
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on the R-valued functions, by isometries, does not hold for C-valued function, ren-
dering the generalization of these ideas to the noncommutative realm less obvious,
and thus justifying in large part the choice to work with L-seminorms defined only
for self-adjoint elements in general.

The construction of the propinquity was in large part motivated by ensuring
that *-isomorphism is necessary for distance zero, and thus we arrive at the notion
of quantum isometries which we have used since our work in [31]:

Definition 2.1.8 ([49, 31]). Let (2, Lgy) and (B, L) be two quasi-Leibniz quan-
tum compact metric spaces. A quantum isometry 7 : (A, Ly) — (B,Ly) is a *-
epimorphism such that for all b € B we have:

Ly (b) = inf{Ly(a) : 7(a) = b}.
A full quantum isometry 7 is a quantum isometry and a *-isomorphism such that
7~ ! is also a quantum isometry.

If 7 (A, Ly ) — (B, Ly ) is a quantum isometry, then in particular Ly o 77(a) <
Lo (a) for all a € sa () and thus 7 is a 1-Lipschitz morphism.
If 77 is a full quantum isometry and a € sa () then Ly o 71(a) = Ly (a), since:

Lo (71(a)) < La(a) = La (7" (7(a))) < Loy (72(a)).

One may therefore define a subcategory of quasi-Leibniz quantum compact
metric spaces whose morphisms are quantum isometries, as quantum isometries
compose to quantum isometries by [49, Proposition 3.7]. In this category, full
quantum isometries are the isomorphisms. The Gromov-Hausdorff propinquity
is null between two quasi-Leibniz quantum compact metric spaces if and only if
they are fully quantum isometric [31, 27, 29].

We now turn to the following question: what metric structure may we equip
modules over quasi-Leibniz quantum compact metric spaces, so that we then
might develop a generalized notion of convergence for such metrized modules?

2.2. D-norms. Our work in this article is concerned with the construction of a
metric on modules over quasi-Leibniz quantum compact metric spaces, appropri-
ately defined. For the current research, a module over a quasi-Leibniz quantum
compact metric space is a left Hilbert 2-module over the underlying C*-algebra,
equipped with an additional norm defined on some dense subspace (which is not
in general a submodule) satisfying a particular topological requirement, and with
various basic inequalities connecting all the ingredients of such a structure. These
inequalities generalize the Leibniz inequality for L-seminorms.

As a matter of fixing our notations, we recall the definition of left Hilbert mod-
ules:

Definition 2.2.1 ([35]). A left pre-Hilbert module (.#, ) ,) over a C*-algebra 2 is
a left module .# over 2 equipped with a sesquilinear map (-,-) , : A4 x A — A
such that for all w, 7 € .# and a € %A we have:

() {aw, 1) 4 = alw, 1) 4.
@ ((w, 1)) = (1.w) 4

©B) (w,w) 4 = 0.

(4) (w,w) , = 0if and only if w = 0.
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Let (#,(-,-) ;) be aleft pre-Hilbert module over a C*-algebra (. We note that
Conditions (1) and (2) together prove that (-,-) , possesses a modular form of
sesquilinearity, i.e. (w,an) , = (w,n) ,a* foralla € Aand w,n € A.

A version of the Cauchy-Schwarz inequality is valid for left pre-Hilbert mod-
ules, so that for all w, 7 € .# we have:

(i) (@) g < @, @) g llog (1.1
and thus, together with the rest of the properties of the inner product, we may
define a module norm on .# from the inner product (-,-) ,:

Proposition 2.2.2 ([35]). If (#,(:,-) ) is a left pre-Hilbert module over a C*-algebra
2, and if, for all w € A, we set:

lwllw =/ {w @) 4

then || - ||y is a module norm on .. i.e. a norm such that for all a € A and w € A, the
following holds:
law|l.z < lallallwll.e-
Moreover, for any w,n € A, we also have:

) gl < llwllalinll.a

Notation 2.2.3. For aleft pre-Hilbert module (.#, (-,-) ,), we adopt the convention
that || - || always refer to the norm defined in Proposition (2.2.2) and we call this
norm the Hilbert morm of (A, -,-) ,).

We thus may require completeness of a left pre-Hilbert module for its C*-Hilbert
norm, leading to the following definition.

Definition 2.2.4 ([35]). A left Hilbert module (#,-,-) ,) over a C*-algebra 2 is a
left pre-Hilbert module over 2 which is complete for its C*-Hilbert norm || - || .

We define our notion of a morphism between left Hilbert modules. Our mor-
phisms can be defined between left Hilbert modules over different base algebras,
and this concept will be folded in our notion of a morphism for a metrized quan-
tum vector bundle.

Definition 2.2.5. Let (.#,(-,-) ,) and (A4, (-,-) 4) be two left Hilbert modules
over, respectively, two C*-algebras 2 and B. A module morphism (©, 0) is given by
a a *morphism 6 : A — ‘B, and a C-linear map © : .# — .4/, such that for all
a € Uand w,n € #,we have:

(1) B(aw) = 0(a)0(w),
@) (©(w),0(m) 4 = (W, 1) 4-
The module morphism (0, 6) is unital when 6 is a unital *-morphism.

We note that if (®,6) is a module morphism, ® is continuous of norm 1 by
definition.

In continuing with the tradition in noncommutative geometry to name struc-
tures after their commutative analogues, we shall thus define a metrized quantum
vector bundle as follows. We first extend the notion of an admissible function to a
triple of functions, as we shall have three versions of the Leibniz inequality in our
definition of metrized quantum vector bundles.
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Definition 2.2.6. A triple (F, G, H) is admissible when:
(1) F:[0,00)* — [0,00) is admissible,
(2) G : [0,00)3 — [0,00) satisfies G(x,y,z) < G(x,y/,7') if x,y,2,%,y,2' €
[0,00) and x < ',y < v/, z < Z/, while:

(x+y)z < G(x,y,2).

(3) H:[0,00)% — [0,00) satisfies H(x,y) < H(x',y') if x,y, ',y € [0,00) and
x < x’ and y < v/ while 2xy < H(x, y).

The structure of a metrized quantum vector bundle is thus given by the follow-
ing definition.

*

Notation 2.2.7. Let a € 2 where  is a C*-algebra. We denote # by Ra and
by 3a. Note that Ra, Ja € sa ().

Definition 2.2.8. A (F, G, H)—metrized quantum vector bundle (A, {-,-) ,, D 4,2, La),
for some admissible triplet (F, G, H), is given by a F-quasi-Leibniz quantum com-
pact metric space (2, Ly(), as well as a left Hilbert module (.#, (-,-) ,) over 2 and
anorm D_, defined on a dense C-subspace dom (D_ ) of .# such that:

(1) wehave || - ||z <D.z,
(2) the set:

{we #:D y(w) <1}

is compact for || - || 4.
(3) foralla € sa () and for all w € .#, we have:

Dy (aw) < G ([lalla, La(a), Dy (@),

which we call the inner quasi-Leibniz inequality for D_,
(4) forall w,y € .#, we have:

max {Lot (R(w, 1) _4), Lot (3w, 1) 1)} < H DLy (@), Dr (1)),

which we call the modular quasi-Leibniz inequality for D .

The F—quasi-Leibniz quantum compact metric space (2, Ly ) is called the base quan-
tum space of () and is denoted by bqgs (Q2). The norm D_, will be called the D-norm
of Q).

If Qisa (F,G, H)-metrized quantum vector bundle then its D-norm is said to
be of type (G, H). In general, we say that () is a metrized quantum vector bundle
whenitis a (F, G, H)-metrized quantum vector bundle for some admissible triple
(F, G, H). We make a simple observation which also applies, in a simpler form, to
our work in [29] as we shall discuss after the proof of Theorem (2.5.11).

Notation 2.2.9. Let (F;, G1,H1) and (F,, Gy, Hy) be two admissible triple. If F =
max{F, [}, G = max{G, Gy} and H = max{Hjy, Hy}, then (F,G, H) is also an
admissible triple, denoted by (F;, G1, Hy) V (F2, G, Hp). In particular, F is admis-
sible. Therefore, given any pair of quasi-Leibniz quantum compact metric spaces
or metrized quantum vector bundles, one may always assume that they share the
same quasi-Leibniz properties.
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The classical picture which inspired our Definition (2.2.8) of a metrized quan-
tum vector bundle is provided by Riemannian geometry and locally trivial com-
plex vector bundles. Our idea is that the choice of a metric connection for a her-
mitian metric on a complex vector bundle is in fact a part of the metric data of the
associated module — and gives rise to a prototypical D-norm.

Example 2.2.10. Let M be a compact connected differentiable manifold of dimen-
sion 1. As a matter of convention, we assume in this example that vector bundle is
meant for locally trivial vector bundle, and that all our vector bundles have com-
plex vector spaces as fibers; in particular, the tangent and cotangent bundles are
complexified (by taking their tensor product with the trivial bundle M x C).

A natural derivation, namely the exterior differential, acts on the dense *-sub-
algebra C'(M) of C!, C-valued functions over M, inside the C*-algebra C(M) of
C-valued continuous functions over M. This derivation is valued in the C(M)-
C(M)-bimodule (); of continuous sections of the cotangent bundle T M of M. We
recall that for all pair f, ¢ of C! functions on M, we have d(fg) = f Adg+df Ag =
fdg+df - g.

We are interested in metric structures, and thus we naturally endow M with
some Riemannian metric ¢. Formally, a metric ¢" on a vector bundle V is a smooth
section of the vector bundle over M of sesquilinear functionals over each fiber of V
such that for all x € 91, the map g¥ over the fiber V, of V at x is in fact a hermitian
inner product. In particular, a Riemannian metric is given as a metric over the
cotangent bundle T¢M (or equivalently over the tangent bundle T¢ M of M).

Now, if T'V is the C(M)-left module of continuous sections of a vector bundle V
over M, then setting, for all w, € I'V:

xXeM— g}c/(a)x,nx)

defines a C(X)-valued inner product on I'V, which we still denote by slight abuse
of notation by ¢ Thus, (T, ¢") is a left Hilbert module with norm, for all w € TV:

lwllry = sup /&Y (wx, wy).

xeM

Notably, || - [|r, isa module norm, i.e. forall f € C(X) and w € T'V we can trivially
check that || fewl[r, < ||fllcx)lleliry-

We note that we will simply write ¢V (w, ) for g (wy,7x) in the rest of this
example, whenever x € M, and w and 7 arein I'V.

Let us focus for a moment on the case where V is the cotangent bundle T M of
M, and g some Riemannian metric for M. We note that the right action of C(M) on
()1 is by so-called adjoinable operators, and in fact ()4, ¢) is a Hilbert C*-bimodule
over C(M). Consequently, if we define:

L:feCHM)— [ldf]q,

then L is a seminorm defined on a dense subalgebra of C(M), taking the value 0
exactly on the constant functions over M since M is connected, and satisfying the
Leibniz inequality:

L(f8) < IIfllccoL(8) + LU Igllerx)-
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Thanks to the Arzéla-Ascoli theorem and since M is compact, we note that:

Be = {f € CM):L(f) <L lIflloy <1}

is totally bounded in C(X). Moreover, the closure of 8.£; consists of the 1-Lipschitz
functions with respect to the Riemannian path distance induced by g on M, and
the Lipschitz seminorm for this distance is the Minkowsky gauge functional of
the closure of B.L;. As it agrees with L on C!(M), we denote the Lipschitz semi-
norm simply by L as well. Its closed unit ball is now compact (as it is closed since
L is lower semicontinuous), and it is trivial to check that is satisfies the Leibniz
inequality. Thus (C(X), L) is a Leibniz quantum compact metric space.

Our purpose is to introduce data on modules which will allow us to define
a Gromov-Hausdorff distance between them, and thus we now return to our dis-
cussion of the metric structure of a generic vector bundle V over M. Given a metric
¢ on V, a very important fact of Riemannian geometry is the existence of a metric
connection, i.e. a connection V on V with the property that for all tangent vector
fields X of M, and for all w,# € I'V, we have:

dxg¥ (w, ) = 8" (Vxw, ) +g" (w, Vxi).
If we require the connection to be torsion free when V = T¢ M, then the connec-
tion V is unique and called the Lévi-Civita connection; we will however work on
general vector bundles and not require any condition on the torsion of our metric
connections. Instead, we look at the connection as part of the metric information
of our vector bundle V.

Thus, let us fix a complex bundle V over M with a metric ¢” and let V be a
¢"-metric connection on V. Let TV be the C(M)-module of continuous sections of
V over M and I''V the C!(M)-module of differentiable sections over M.

We already have endowed T*M with a Riemannian metric g, and thus we also
have a metric on the tangent bundle TM by (fiber-wise) duality; we denote this
metric by g.. The connection V defined, for all differentiable section w of V, the
linear map:

Vw:XeTM— Vxw eTV.

We define for all differentiable section w the norm:
[[|[Vwl|| = sup sup{ YV (Vxw, Vxw): X € TM, g.x(X,X) = 1} ,
xeM

i.e. the operator norm of Vw for the underlying inner products valued in C(M)
on the module of vector fields and the module of sections of V.
For all differentiable w € T'V, we set:

D(w) = max{||w@]lrv, [[[Vel]}.

We now explicit some formulas which we will need. Since M is compact and V
is locally trivial, there exists a finite atlas % such that for any chart (u, 1/1) c Y,
we also have a local frame for V over U, i.e. k functions {e%[ Seen, elg} such that for
all x € U, the set {e}/(X), ..., el (x)} is a basis for the fiber V;.

We moreover let 7 be an open cover of M with the property that forall O € 7,
there exists (U, 1) € % such that the closure cI(O) C U. This can always be
achieved since M is compact.
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Letus fix (U, ¢) € Z. Let {91, ...,9,} be some set of tangent vector fields on U
such that for all x € U, the set {01(x),...,9,(x)} is a basis for T, M.

We also note that V restricts to a metric connection for (V, ¢") restricted to U,
as a vector bundle over U. We shall tacitly identify V with its restriction.

For any w € I'y, we now write w = 23‘1:1 w]-e]l.l for wy, ..., w; € C1(M). Now, if
we write, forall p,rin {1,...,k} andg € {1,...,n}:

k
_ T
Va,ep = ) Ier
r=1

noting that ey, ..., e; are smooth so that the above expression makes sense, then,

for all smooth w:
k

k
Vo,w = ) (E)qwr +3) F;qu> er.
r=1 p:l

In particular, forany x € U, g € {1,...,n} and j € {1,...,k}, we thus have:

k
(Vaqw(x)>j — le";qu .
p=

We now need a few estimates. We first note that by construction, if forall x € U
we set:

|@q); )] <

SVl ell) .. gV(el el
Ge=| :
oY (el elh) .. gU(ell el

then G : x € U — Gy is a continuous function valued in the k x k (positive
symmetric invertible) matrices. We endow the algebra of k x k matrices with the
norm |||-|||, induced by the usual inner product on C*.

Moreover by construction, if we set:

k k
<Z wjej, ’7k€k>
j=1 r=1

then we have g (w,17) = (Gw, 17) .. Now, for all x € U, we have:

max {|wj(x)]:j € {1,...,k}} </ {w, w),

<ol oo

- e

K
=Y w(x)y;(x)
=1

X

|, /¥ (w,0).

We now pick any O C ¥ such that the closure cl(O) lies inside our chosen U.
In this case, G, and therefore G, are continuous on the compact cl(O) and thus,
x €O~ |||Gy 1 Il ; is bounded below and above; since the bounds are reached and
Gy is never null, we conclude that there exists w > 0 such that for all x € cl(O) we
have:

max {|w;(x)]:j € {1,...,k}} < w\/<Gw,17>x = w\/g}{(w,w).
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In particular, we note thatif D(w) < land p € {1,...,k} then:

22.1) lwpllegeoy) < w-

We also note that the functions x € cl(O) + ,/gx(9g,94) are continuous on a
compact as well for all ¢ € {1,...,d}, and thus we can choose K > 0 such that:

sup{ 8xx(9g,94) : x € cl(0),q € {1,...,71}} <K

Last, we note that since the Christoffel symbols of our connection in our local
frame are continuous as well, there exists K, > 0 such that:

sup{’l”;,q‘ cp,re{l,....k},qge{1,...,n},x € CI(O)} < Ks.
We have thus for all w € TV with D(w) < 1,x € cl(O) and g € {1, ..., k}:

|Va,w;(x)] < max{|Vaqwj(x)| e {1,...,k}}

< w\/ga‘c/(vaqw/ Va,w)

S w|[[Vwl[[/8+x(9g,9q)
< wkK.

Therefore forallg € {1,...,n}andj € {1,...,k}, and for all w € TV with D(w) <
1, we estimate:

(2.2.2)

10g0)ill (o) = x:g(};) |99 ()]

< sup
xecl(0)

—|—ksup{

(Vaqw) (x)

]

r;,q(x)] tprefl khge {1 n}xedO)}

k
x max [|wplc(a(o))
p=1
< wK + wkKs.
Let:

21 (D,0) = {the restriction of wj to cl(0) : D(w) < 1,j € {1,...,k}}.

We deduce from Equations (2.2.2) and (2.2.1) that 2; (D, O) is an equicontinuous
family (in fact, a collection of (Kw + wkKj)-Lipschitz functions).

We may now apply Arzéla-Ascoli theorem to the set 7; (D, O), viewed as an
equicontinuous set of functions on the compact O and valued in a fixed compact
in C. Thus, %; (D, O) is totally bounded for the uniform norm || - [|(0)-

Now, we also observe that since G is bounded above as well, there exists w, > 0
such that for all w € 'y and x € cl(O):

8x (w, @) < [Gxllllw, @), <Kll|Glllymax{|ews (x)], ..., |wi(x)]}.
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Therefore, we conclude that Z; (D) is totally bounded for the seminorm:

|wlryo=w €TV = sup 4/g¥(w,w).

xecl(0)

Last, we note that:

w = su m:max w
|@llry = sup y/g¥ (w,w) = max v,

xeM

from which it is easy to deduce that 2; (D) is totally bounded for || - ||rv.
Our reasoning proves that for all O € 7, the set of all the restrictions of elements
w € T'V with D(w) < 1 is equicontinuous and obviously bounded. Since ¥ is a
finite cover of M, we then conclude that {w € TV : D(w) < 1} is equicontinuous
on the compact M and valued in the common compact thus by Arzéla-Ascoli, we
conclude that {w € TV : D(w) < 1} is compact for the supremum norm.
Furthermore, since V is a connection, we check that:

D(fw) <L(Hllwllrv + [ fllc(mD(w)

for all f € C!(X) and smooth w € TV (and using the fact that || - ||ry is a module
norm), while since V is a metric connection, we also check that:

L(g" (w, 1)) < D(w)|nllrv + [lw|lrvD(y)

for all smooth w, € T'V.

As we did with L, we extend D by defining Dy as the Minkowsky functional
of the norm closure of 2 (D), which is compact. Thus (I'V,¢",Dy,C(M),L) is a
metrized quantum vector bundle.

We note that it is not clear in general what kerV = {w € T'V : Vw = 0}
might be; it is a key reason why we actually define our D-norms to dominate the
underlying norm: by taking the maximum of the module norm and the norm of
a connection, we remove the question of what the kernel should be and we can
make a clear requirement of compactness for the closed unit ball of our D-norm.

Example (2.2.10) justifies the following terminology:

Definition 2.2.11. A (F, G, H)-metrized quantum vector bundle is Leibniz when:

(1) F=(x,y,1x1y) €0, 00)* xly +yly,
(2) G = (x,1,d) € [0,00)% — (x +1)d,
(3) H= (x,y) € [0,00)2 > 2xy.

We note that a the admissible triple for a Leibniz metrized quantum vector bun-
dle is chosen to be the lower allowed bounds in Definition (2.2.6).

We now turn to examples of metrized quantum vector bundles over general
quasi-Leibniz quantum compact metric spaces. We begin with the observation that
Definition (2.2.8) contains, in the statement of the inner quasi-Leibniz inequality, a
canonical extension of the L-seminorm to a dense *-subalgebra of the entire base
quantum space. This extension possess properties which will prove helpful for
our next few examples.
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Lemma 2.2.12. Let (2, L) be a F—quasi-Leibniz quantum compact metric space for some
admissible function F. The seminorm:
M:a € 2+ max{L(Ra),L(Sa)}
satisfies:
M(ab) < 8F({|al|s, [b]|2, M(a), M(b)).
Moreover the domain of M is a dense *-subalgebra of 2, while M satisfies M(a*) = M(a)
foralla € Aand {a € A:M(a) =0} = Cly.

Proof. We first observe that M is a seminorm (which may assume the value oo,
though it is finite on dom (L) + idom (L); moreover it is easy to check that M(a) =
0 if and only if a € Clg). Moreover, M restricted to sa () is of course L. It is
similarly straightforward to note that M(a*) = M(a) foralla € 2.

Leta, b € A. We note, since ab = a o b + i{a, b} and M is a norm:

(2.2.3) M(ab) < M(aob) +M({a,b}).
We then have:

g
=
S
=
=
3
=

(
+ F(
+ F(
< 4F([|all, [1b]l2, M(a), M(b)).
A similar computation allows us to conclude:
M({a,b}) < 4F([lalla, [|b]lo, M(a), M(D))
and thus, using Inequality (2.2.3), our lemma is proven. 0

Remark 2.2.13. Let (X,d) be a compact metric space and L be the seminorm in-
duced on C(X) by d. While L is the Lipschitz seminorm for functions from X val-
ued in € with its usual hermitian norm, we note that M = max{L o &, L o 3} is the
Lipschitz seminorm of functions form X to C endowed with the norm ||x + iy| =
max{|x|, |y|} for all x,y € R2.

This observation is interesting because Blaschke theorem is valid for the semi-
norm M: when C is endowed with || - || rather than its standard hermitian norm,
a k-Lipschitz function on some subset of X to C can be extended a k-Lipschitz
function over X. Indeed, it is easy to check that for any two quasi-Leibniz quan-
tum compact metric spaces (2, Ly) and (B, Ly ), a *morphism 77 : 24 — B isa
quantum isometry if and only if max{Lsg o R, Ly o S} is the quotient of max{Lg o
R, Ly o §} and the notion of full quantum isometry extends similarly. Thus Lemma
(2.2.12) provides a rather canonical way to extend L-seminorms while keeping all
notions of isometries unchallenged.
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We first note that every quasi-Leibniz quantum compact metric space defines
a canonical metrized quantum vector bundle over itself. This observation implies
that the modular propinquity will provide another metric on quasi-Leibniz quan-
tum compact metric spaces, though we will prove that it is equivalent to the quan-
tum Gromov-Hausdorff propinquity.

Example 2.2.14. Let (2, L) be a F-quasi-Leibniz quantum compact metric space.
The C*-algebra 2l is of course a left module over itself, using the multiplication of
2 on the left. The C*-algebra 2 is naturally a left 2-Hilbert module by setting for
alla, b € At

(a,b)y = ab™.

Note that for every state ¢ of 2, the completion of the pre-Hilbert space 2 en-
dowed with ¢ o (-, )y provides the Gel’fand-Naimark-Segal representation asso-
ciated with ¢

The norm of 2 € A is:

V laa* (e = llalla,

and thus the C*-norm || - ||y and the C*-Hilbert norm || - ||, agree. In particular,
(2, (-, ) ) is complete for its norm.

We can now set Dg(a) = max{L(Ra),L(Sa), ||a||o} for all a € 2. It is easy to
check, using Lemma (2.2.12), that:

Q(Q’[) = (Q’l/ <'l .>Q[/ DQ[/ 2[/ L)
is a (F, 8F, 8F)—metrized quantum vector bundle.

We extend Example (2.2.14) to free modules. Free modules are of course ba-
sic examples, but they are also important since every finitely generated projective
modules lies inside a free module; thus the construction in the next example would
provide D-norms to many finitely generated projective modules under appropri-
ate conditions. This being said, our main example of non free, finitely generated
projective modules in this paper — Heisenberg modules over quantum 2-tori —
will come with a D-norm from a connection, akin to Example (2.2.10) though in-
volving very different techniques. The following example is thus a natural default
source of D-norms, while our work may accommodate different D-norms if the
context calls for it.

Example 2.2.15. Let (2, Ly ) be a F-quasi-Leibniz quantum compact metric space
for some admissible function F. Letd € IN\ {0}. Let .# = 4. The map:

ar\ (b P
(L)L) =g
a4 )’ , 7
a by
forall [ : |, : | € 27 is an 2-inner product, for which .# is complete.

ag by
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We set My((a) = max{Lgy (Ra), Ly (Sa)} forall a € A, and then:

a
N =max {M(g)) : j€{1,...,d}}

agq

for all ay,...,a5 € A. L 4 is a form of L-seminorm for modules. We note that
L4 (x) = 0if and only if x € €.

We now define D4 = max { .z L"Qll}.

To begin with, we note that for all a,by,...,b; € :

b
L4 lal : = max {M(ab;) : j € {1,...,d}}
by
— max {8F([alla 1Bl Ma (a), M(by)) <] € {1,....,d}}
by by
< 8F | [lallar, ||| Ma), Ly |
ba) |, by
by
<G| alaM@), Ly | : ||
by

where G(x,y,z) = 8F(x,y,z,y) forall x,y,z > 0.
Since || - || is a C*-Hilbert norm and M(a) =
if a € sa () then:

Ly (a) if a = a*, we conclude that

by by
D4 [a] : <G | flal|a, La(a), DG
by ba
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Moreover, again using Lemma (2.2.12), we also have, forallay,...,a4,b1,...,b; €

A, that:
ay b1 d
j=1
ag bd i
d
j=1
d
< 8)_ F(llajlla 1167l M(aj), M(b;))
j=1
ay bl ai b1
. . d . d
ag) | 4 11\ba/ |l 4 a4 by
aq by ay by
d d d . d
< dF | Dy , DYy Dy | - |/ Dy
a4 by aq by
by b
=H (DY | :|.04|:]],
ba ba

where H(x,y) = 8dF(x,y,x,y) forall x,y > 0.
If is immediate that (F, G, H) is an admissible triplet. Thus Conditions (1), (3)
and (4) of Definition (2.2.8) are met.
ay
Last, let (af,...,a]) € AN be a sequence such de © | <1foralln € IN.
a
Thus (Ra}),ecn lies in the compact {a € dom (Ly) : Ly(a) < 1, [jalla < 1};
we thus may extract a || - ||g-convergent subsequence (?Ra{l (m) Jnen with limita; €
sa (2A) such that Ly(a7) < 1 and [jaj]jgr < 1 (we used the fact that Ly is lower
semicontinuous with respect to || - ||o). For the same reason, we can then extract
convergent subsequences (§Ra£1 °f 2(")),16]1\1 of (%a{l (”))nem with limit Ra; € sa (A),
(%a{;lofzo‘“ofd(n)) (%aglonO“'ofd—l(”))

e, neN from
over max{Ly (4;), lajlla 1 j € {1,...,n}} < 1.

nen with limit a; € sa (2); more-

%af(”) m
Ifg:neNw— frofpo---ofy(n), then : converges to | : |,
g(n)
Rag ™/ pew i
a1

N
—_

where by construction D&

aq
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Just as easily, we can prove that there exists by, ...,b; € sa(2) and a function
h : IN — NN strictly increasing such that:

h
gaélz( (n)) by
lim : =
n—,oo *
c\xmé;(h(n)) by
and therefore:
S a1 + iby
lim : = :
n—oo * *
a§(h<”)) ag +ibg
aj +iby
By construction, D : <1
ag +iby

Thus (A, (-,-)_ 4, Dgl, 2,La)isa (F,G, H)-metrized quantum vector bundle.

We make a few additional comments on our Definition (2.2.8). Condition (3)
will be used to prove that distance zero for the modular propinquity will in partic-
ular give rise to a module morphism. Condition (4) connects the metric structures
of the D-norm and the L-seminorms. Condition (1) is just a normalization condi-
tion: indeed, the unit sphere for a D-norm is compact for the C*-Hilbert norm and
thus the norm attains a maximum on it; thus the C*-Hilbert norm is always less
than some constant multiple of the D-norm, thanks to Condition (2). Last, Condi-
tion (2) provides us with the compact set we will use to start the construction of a
Gromov-Hausdorff distance for modules.

A consequence of Condition (4) is an additional implicit structure in metrized
quantum vector bundles:

Remark 2.2.16. Definition (2.2.8) implies that, given a metrized quantum vector
bundle (4, (-,-) 4, Dz, Ly), the space dom (D _4) is a left module over the
Jordan-Lie algebra dom (Lg), and that the inner product (-,-) , restricts to an
dom (Lg)-valued inner product on dom (D_ ).

Condition (1) (as well as Condition (2)) implies that a D-norm is lower semi-
continuous with respect to the C*-Hilbert norm, which implies:

Remark 2.2.17. Let (A, (-,-) 4, D4, 2, Ly) be a metrized quantum vector bundle.
The C-vector space (dom (D_y),D_y ) is a Banach space. Indeed, D, is lower
semi-continuous with respect to || - ||, since its unit ball is compact, hence closed,
for || - ||.4; moreover D_, dominates || - || ;.

The proof that the lower semi-continuity of D_, implies that (.#,D_) is a Ba-
nach space is identical to the proof that (dom (Lg ), max{|| - ||a, Lo }) is a Banach
space, as found in [30].

The category of metrized quantum vector bundles, whose objects are intro-
duced in Definition (2.2.8), is constructed using the following natural notion of
morphism.
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Definition 2.2.18. Let:
Qg[ = (//, <','>'///, D(//[,Ql, LQ[) and Q% = ('/Vf<'f'>¢/1/r DJ/,%, I—‘B)

be two metrized quantum vector bundles. A morphism (©,6) from Qg to Qg is a
unital module morphism (©, ) such that:

(1) 6 is continuous from (dom (Lg),Ly) to (dom (Les),Lss), i.e. there exists
C > O such that Lys 06 < ClLg on dom (Lgy),

(2) @ is continuous from (dom (D_,),D_4 ) to (dom (D_4),D_y), i.e. there ex-
ists M > 0 such that for all w € .# we have D 4 (®(w)) < MD_y (w).

Such a morphisms is an epimorphism when both 6 and © are surjective, and a monomor-
phism when both 6 and ® are both monomorphisms.

A isomorphism is thus given by a morphism (©®, 6) where 6 is a *-isomorphism,
@ is a bijection and (®~1,0~!) is a morphism from Qg onto Qg

As is customary with categories of metric spaces, there are several appropriate
of isomorphisms. Inside the general category described via Definitions (2.2.8) and
(2.2.18), an isomorphism would be a generalization of a bi-Lipschitz map. For our
purpose, a stronger notion of isomorphism will be employed, akin to a notion of
isometry. We first define the notion of a full quantum isometry, which is rather
self-evident:

Definition 2.2.19. Let:
QQ[ = (%/ <" '>1//// D.///I 2, LQI) and Q‘B = (‘/V’ <" '>,/V/ DJV/ ‘B, L‘B)

be two metrized quantum vector bundles. A full quantum isometry (®,6) from Qg
to Qg is a metrized quantum vector bundle isomorphism from Qg to (0 such
that:

(1) Ls 00 = Loy on dom (Ly),
(2) Dyo®=D_yondom (D ).

It is easy to check that the category of metrized quantum vector bundles with
quantum isometries as morphisms is a subcategory of the category whose mor-
phisms are given by Definition (2.2.18).

The more delicate question for us regards the notion of a quantum isometry for
metrized quantum vector bundles. As we discussed when introducing quantum
isometries for quasi-Leibniz quantum compact metric spaces, isometries between
L-seminorms rely on working with self-adjoint elements only. We did note in Re-
mark (2.2.13) that we can extend L-seminorms to bypass this issue, though the
situation for module requires some idea.

We propose to circumvent this issue by bringing the problem down to the base
quantum spaces. Indeed, we take advantage of the observation that the inner
quasi-Leibniz inequality implies that for any metrized quantum vector bundle
(A, (-,-) 4D, L) and any w,n € .#, the elements R(w,7) , and I(w,7) ,
lies in the domain dom (L) of the L-seminorm L. Thus, the tools developed for the
Gromov-Hausdorff propinquity can be brought to bare to the study of metrized
quantum vector bundles.
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Now, while the Cauchy-Schwarz inequality for the C*-Hilbert norm of a left
pre-Hilbert module (.#, (-, -) ,) implies that:

(224) lwll.r = sup{[{w,m) 4| : 11 € A Il <1},

we want to work only with elements bounded for the D-norms. We now study the
metric on the domain of D-norm resulting from working with Expression (2.2.4),
with the closed unit ball for the C*-Hilbert norm replaced by the closed unit ball
for the D-norm. We begin with a notation we shall use throughout this paper.

Notation 2.2.20. LetQ) = (A, (-,*) 4, D4, Lo) bea (F, G, H)-metrized quantum
vector bundle for some admissible (F, G, H). The closed ball of center 0 and radius
r > 0in (dom (D_4),D_y ) is denoted by:

2, (Q) ={w edom (D _y):D_y(w) <r}.
By Definition (2.2.8), the set %, (Q2) is norm compact.

We call the initial topology for a set F of functions defined on a given set E
and valued in a topological space, the smallest topology on E for which all the
members of F are continuous.

Definition 2.2.21. Let (.#, (-,-) ,) be aleft Hilbert 2l-module. The A-weak topology
on ./ is the initial topology for the set of maps:

{(hw) yrwe d}.

Thus, a net (wj) ey converges to some w in a left Hilbert A-module (.7, (-, ) ,)

when for all 7 € .#, the net (<wj, ’7>///)je] converges to (w, 1) , in 2.

Thus, in particular, for any metrized quantum vector bundle Q), the set 2, (Q0)
is now endowed with three topologies: the norm topology from the D-norm, the
norm topology from the C*-Hilbert norm inherited from the inner product, and
the 2A-weak topology where 2 is the base space of (). Definition (2.2.8) assures us
that the latter two agree on Z; (Q2).

Lemma 2.2.22. Let Q = (&, (-,-) 4, D4, U, L) be a metrized quantum vector bundle.
The A-weak topology and the norm topology, induced by (-,-) ,, agree on 2, (Q) for all
r>=0.

Proof. The 2l-weak topology is weaker than the topology induced by || - || 4, yet
Hausdorff. On the other hand, 2, (QQ) is compact for || - || 4. Therefore, the -
weak topology and the topology from || - || , agree on Z; (Q)). O

Our reason to introduce the 2(-weak topology is that it is naturally metrized by
a metric defined from 2; (Q)).

Definition 2.2.23. Let QO = (.#,(-,-) ,,D,2, Ly ) be a metrized quantum vector
bundle. The modular Monge-Kantorovich metric kq associated with () is the metric
kq, defined for w,n € .# by:

ka(w, 1) = sup{|(w,&) 4 — (W, &) 4lla: § € #,D() <1}.
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We note that the Monge-Kantorovich metric on the module of a metrized quan-
tum vector bundle is indeed a metric since the C-linear span of the closed unit ball
for the D-norm is dense in the module itself by assumption. We now prove the
main property of this metric for us:

Proposition 2.2.24. Let O = (4, (-, ") D2, Ly ) be a metrized quantum vector bun-
dle. For all r > 0, the Monge-Kantorovich metric kq associated with () metrizes the
2-weak* topology on Py (QU), and therefore it metrizes the norm topology on 2y (Q}).

Proof. Let (wj)jc; be anetin %, (Q2), indexed by (J, =) and converging to w in the
2-weak topology. Let ¢ > 0. Since % (Q) is compact by assumption, there exists
a finite subset F C 2, () which is §-dense in Z, (Q).

There exists jo € ] such that for all j = jo we have [[{(w},§) , — (@, ) 4lla <
§ forall § € F since F is finite and ] is directed. It follows that [{w;,¢) , —
(w0,8) ylla < e Thus kg (w), w) <&

Conversely, if (wy)qen is a sequence in 2, () converging to some w € 4
for ko, then since 2 (Q) is total, we conclude that ((wy,¢) ), converges to
(w,&) 4 forall ¢ € 4. Thus w is the A-weak limit of (wy)nen-

Now, since the 2-weak topology and the norm topology agree on Z; (Q}), and
2 (Q)) is compact in norm by assumption, we conclude that w € %, (Q)) as well.
This concludes our proof. U

We conclude this section with an observation. Let Q = (.#,(-,-) ,,D,,L)
be a metrized quantum vector bundle. Let B8 = {a+ib : 4,b € dom (L)} en-
dowed with the norm [| - [[s = max{| - [|a,L o %, L o }. The norm || - [|o3 is lower
semicontinuous with respect to || - ||g and thus one can prove that (B, || - ||ss) is a
Banach algebra (the fact that it is a subalgebra of 2 follows from the fact dom (L)
is a Jordan-Lie subalgebra of sa (2()). We note that dom (D) is a B-left module
thanks to Definition (2.2.8).

We also noted that (dom (D), D) is a Banach space as well. Let us call a current
of O a continuous B-module map from (dom (D),D) to (B,] - ||ss). Let €(Q)
be the space of all currents of Q) and let €, (Q)) be the closed ball of radius r > 0
centered at 0 for the operator norm on € (Q2).

Let us call the locally convex topology induced by the seminorms:

T € €(Q) — || T(w)llx

on % (Q) for all w € dom (D) the 2A-weak* topology.

Let £ = {a € B : ||a|]|s < 1}. By assumption on the L-seminorm L, the set £ is
compact in (2, [| - [|a). If we let E = [T,edom(D) "D(w) &, then E is compact in the
product topology by the Tychonoff theorem.

By construction, if T € %;(Q2) then O(T) = (T(w))wedom(D) € E- It is straight-
forward to check that ® is a continuous injection from the 2A-weak* topology to
the product topology, whose range is given by:

N T e A {())

be®B,w,nedom(D)

[1]

where 71, @ (by)edom(D) € E — b for all w € dom (D). Of course, by definition
of the product topology on E, the maps 71, are continuous for all w € dom (D) and
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thus &' is closed in =, hence compact. It is easy to see that © is an homeomorphism
and thus %;(Q) is actually compact for the 2A-weak* topology. These facts did not
involve the fact that 2y (Q) is compact for || - || .

Suppose now that S is a seminorm on .# satisfying the inner quasi-Leibniz

inequality:

L{{w,m) ) < H(S(w),S(1))
and S > || - || z. The latter equation implies that the closed unit ball for S is also
closed in the norm || - || 4.

The inner quasi-Leibniz inequality implies in turn that if S(w) < 1 for w €
M then (-,w) , is a H(1,1) current, and thus belongs to some compact set for
the 2A-weak* topology. It is easy to check that the map w € # — (-, w) , is
an homeomorphism from .# with the 2-weak topology to its range, with the (-
weak* topology. Thus we conclude that {w € .# : S(w) < 1} is totally bounded
for the 2A-weak topology.

This does not however make S a D-norm, even if it satisfies some form of mod-
ular quasi-Leibniz inequality. Indeed, while norm closed, it is unclear whether the
closed unit ball of S is also 2A-weak closed. Moreover, even it is was, we could
not deduce that the closed unit ball for S is norm compact, rather than weakly
compact. Thus, it does not appear to be sufficient to assume the inner and mod-
ular quasi-Leibniz inequalities and the dominance over the C*-Hilbert norm to
construct a D-norm, and the compactness of the closed ball of a D-norm requires
some additional work.

We now turn to the construction of the modular propinquity. The basic ingredi-
ent is a notion of a modular bridge which extends the notion of a bridge used as a
noncommutative encoding of the idea of an isometric embedding in the construc-
tion of the quantum Gromov-Hausdorff propinquity.

2.3. Modular Bridges. Bridges between C*-algebras provide a mean to define a
particular type of isometric embedding for a any pair of quasi-Leibniz quantum
compact metric spaces, from which the quantum Gromov-Hausdorff propinquity
isbuiltin [31]. An advantage of bridges is that the quantum propinquity is defined
directly from numerical quantities defined using a bridge rather than through the
associated isometric embeddings, and thus they are natural to use a foundation for
our modular propinquity — bypassing the need for a notion of isometric embed-
dings of metrized quantum vector bundles. We present our idea on how to extend
the notion of bridges to metrized quantum vector bundles in this section. While
our presentation will at times refer to [31], we will strive to make it reasonably
self-contained.

Bridges involve an element of a unital C*-algebra called a pivot, which allows
us to select a particular set of states. We require that this set is not empty. The
following definition extends the notion of a state defined on some self-adjoint ele-
ment [15, Exercise 4.6.16],[16] to general elements.

Definition 2.3.1 ([31, Definition 3.1]). The 1-level set .#1(D|x) of an element x €
sa (D) of a unital C*-algebra D is:

AW ={per@| 207010
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We make the following remark:

Remark 2.3.2. If x € D for some unital C*-algebra ©, and if .71 (D|x) # @, then
|x||o = 1. Indeed, if ¢ € .7 (D|x) then ¢(x) = ¢(x*) = 1. Thus |[|[R(x)||o > 1and
thus [|x[lp > [[Rx[o > 1.

In particular, if || x||o < 1and .7(D|x) # @ then ||x||p = 1.

We will use Definition (2.3.1) via the following lemma:

Lemma 2.3.3 ([31, Lemma 3.4]). If © is a unital C*-algebra and x € D, then:
S@x) ={pe s (D):VdcD ¢(dx)=¢(xd) = ¢(d)}
={pec s(D):VdeD ¢(dx")=¢x"d)=e¢(d)}.
Proof. This follows from the Cauchy-Schwarz inequality. 0

We first extend the notion of a bridge between quasi-Leibniz quantum com-
pact metric spaces to a modular bridge between metrized quantum vector bun-
dles. While a bridge between to quasi-Leibniz quantum compact metric spaces
does not involve any metric information in its definition — the quantum metric
information is used to associate numerical quantities to the bridge — a modu-
lar bridge between two metrized quantum vector bundles involve the D-norms.
Nonetheless, a modular bridge retains the simplicity of a bridge, as it only adds
two families of elements from modules.

Definition 2.3.4. Let:
QQ[ = (,///, <-,~>{%, D//Z,Ql, LQ[) and Q% = (‘/V'<"'>L/V' DE/V,SB, L‘B)

be two metrized quantum vector bundles.
An modular bridge:

v = (Qa, O, D, x, 7w, w3, (Wj)ies, (1)) jey)

from Qg to Qg is given:

(1) aunital C*-algebra D,

(2) anelement x € © with .7 (D|x) # @ and ||x||o =1,

(B) mg : A — D and gy : B — D are two unital *-monomorphisms,

(4) ] is some nonempty set,

(5) (wj)jey is a family of elements in 7 (Qg(), i.e. max{D_,(w;) :j € J} <1,
(6) (177) ey is a family of elements in 7 (Qgs ), i.e. max{D 4 (17;) : j € J} < L.

Notation 2.3.5. Let v = (Qq, Qum, D, x, 71, 0, (wj)]-ef, (Uj)je]) be a modular bridge.
We will use the following notations and terminology throughout this paper.

(1) The domain dom (7y) of 7y is Q.

(2) The co-domain codom () of y is Q.

(3) The element x is called the pivot of iy and is denoted by pivot ().

(4) The family (w;);e; is the family of anchors of v, denoted by anchors (7).

(5) The family (;);e; is the family of co-anchors of 7y, denoted by coanchors (7).

Notation 2.3.6. Let Qg and Qs be two metrized quantum vector bundles. The set
of all modular bridges from a Qg to Qg is denoted by %@/gm [Qg — Q.
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We note that since modular bridges are defined as tuples, the order of their com-
ponent matter and thus they have a domain and a codomain, though in fact they
are quite a symmetric concept. We will remark later that all the quantities defined
from modular bridges are in fact symmetric in the domain and the codomain.

We also remark that we include the domain and the codomain of a modular
bridge in its very definition. This choice will in fact simplify our notations later
on, by removing the need to explicit the quantum metric data as in [31] for various
quantities associated to modular bridges.

Last, we note that unlike [31, Definition 3.6], we require the pivot of modular
bridges are of norm (at most) 1. This requirement will be essential in the proof
of Proposition (2.3.17), which in turn underlies the construction of the modular

propinquity.

The basic ingredients to compute the modular propinquity between modules
require a lot of notations. We clarify our exposition by grouping some of these
notations into a single set of hypothesis which we will use repeatedly in the fol-
lowing definitions and theorems.

Hypothesis 2.3.7. Let:
QQ[ = (,ﬂ, <-,~>///, DL//,Q[, LQ[) and Q% = (‘/V’<.">=/V’ DJ/,%, LsB>

be two (F, G, H)-metrized quantum vector bundles.
Let | be some nonempty set and let:

7= (Qu, Qx, D, x, 71,0, (w))jey, (1)) jeg)
be a modular bridge from Qg to Q.

The modular propinquity is computed from natural numerical quantities ob-
tained from modular bridges and the quantum metric information encoded in
metrized quantum vector bundles. The first quantities we will use are in fact the
numerical values introduced in [31] for the canonical bridge from bqgs (dom (1))
to bgs (codom (y)) associated to any modular bridge -:

Definition 2.3.8. Let Hypothesis (2.3.7) be given. The basic bridge -y, from 2 to B
is given by:
Y = (D, x, 7T, 708 ).

It is straightforward that Definition (2.3.8) gives a bridge in the sense of [31,
Definition 3.6]. Thus, we can compute the reach and height of a basic bridge. We
adjust our terminology to fit the setting of this paper in the following definitions
of the height and basic reach of a modular bridge.

We start by recalling from [31, Definition 3.10] that a bridge defines an impor-
tant seminorm:

Definition 2.3.9 ([31, Definition 3.10]). Let Hypothesis (2.3.7) be given. The bridge
seminorm bn, (-,-) of the modular bridge v is the bridge seminorm of the basic
bridge 7,, i.e. the seminorm on 2 @ B defined for alla € A and b € B by:

bn, (a,b) = ||t (a) x — x7758 () | -



30 FREDERIC LATREMOLIERE

The bridge seminorm allows us to quantify how far apart two quasi-Leibniz
quantum compact metric spaces are from the perspective of a given bridge.

Definition 2.3.10 ([31, Definition 3.14]). Let Hypothesis (2.3.7) be given. The basic
reach g, (y) of the modular bridge  is the reach of the basic bridge -y, with respect
to (LQ{, L%), ie.

max 4 SUPacsa(20) Ly(a)<1 infyega(m) L (h)<1 PNy (4,0)
SUPpcsa(m) Ly ()<t NMacsa() Ly(a)<1  bny (a,b)

We provide an alternative expression for the basic reach of a modular bridge.
Indeed, the basic reach is where we actually take the Hausdorff distance between
quasi-Leibniz quantum compact metric spaces in an appropriate sense. We shall
use the following notation for the Hausdorff distance on a pseudo-metric space.

Notation 2.3.11. Let X be a set and d be a pseudo-metric on X. For any nonempty
subset A C X and for any x € X, we set:

d(x,A) =inf{d(x,y) : y € A}.
For any two nonempty sets A, B C X, we then define, following [13]:
Hausy(A, B) =sup{d(x,B),d(y,A) : x € A,y € B}.

We thus observe, using the notations of Hypothesis (2.3.7) and of Definition
(2.3.8), that:

(231) o,(y) = Hausp,, (.,.) ({(a,0) e A BB :a € sa(A), Ly(a) <1},
{(0,b) : b €sa(B),Ln(b) <1}).

The motivation to use the bridge seminorm, i.e. to involve the pivot, in Equa-
tion (2.3.1), in place of the norm || - || o of D, is that the pivot allows us to “cut-off”
elements and thus may be used as a noncommutative substitute for truncation.
This fact is explained and illustrated in [25].

The cost of replacing the norm of ® by the bridge seminorm in Equation (2.3.1)
is measured by the next quantity associated with a modular bridge.

Definition 2.3.12 ([31, Definition 3.16]). Let Hypothesis (2.3.7) be given. The height
¢ () of the modular bridge - is the height of the basic bridge 7, with respect to
(LQ[, LsB), ie.:

max { Hausmk, | ((20), 7 ( (D]x))) , Hausmi , (7(B), 7 (#(D]x))) }.

The height of a bridge involves computation in each of the domain and co-
domain of the bridge, but not in between them. Its definition is what justifies that
pivot must have nonempty 1-level set.

We now turn to the new quantities which we define for modular bridges, which
naturally relate to the module structure. The first of these numerical values, called
the reach of a modular bridge, is derived from a new natural seminorm defined
by a modular bridge. We continue to choose our terminology from the lexical field
of bridges.
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Definition 2.3.13. Let Hypothesis (2.3.7) be given. The deck seminorm dn., (-, -) is
the seminorm on .# @ .4 defined for allw € .# and 5 € A by:

dny (w,17) = max {bny ((w, wk) 4. {1, 1) 4 ),
bny ({(wr, w) g (i) ) 2k €T}

We continue using the notations of Definition (2.3.13). We emphasize that when
working with dn,, (-, -), we only require the structure of vector space on .Z ® .4
We also record the deck seminorm does not involve any explicit need to embed
A and 4 is some left Hilbert module. We rely instead on the well understood
idea behind noncommutative isometric embeddings of quantum metric spaces
and avoid the need to introduce a similar, non-obvious notion for modules.

Furthermore, the deck seminorm is defined with a symmetry in mind, which
will prove useful in the notion of the inverse of a bridge defined at the end of this
section.

The reach of a modular bridge requires the definition of two additional quanti-
ties besides the basic reach. The first quantity, the modular reach, regards the pair-
ing of anchors and co-anchors. We underscore that, in the construction of the deck
seminorm, we match anchors and co-anchors with the same index in the modu-
lar bridge. Therefore, when constructing of a modular bridge, we must make an
astute choice, with the idea that each pair of anchor and co-anchor are expected
to be “close” in a sense quantified, ultimately, by the modular reach, via the deck
seminorm.

Definition 2.3.14. Let Hypothesis (2.3.7) be given. The modular reach o* (7) is the
nonnegative number:
max {dn, (wj,ﬂ]-) jel}.

The last quantity needed to define the reach of a modular bridge is the im-
print. The modular bridge only involves anchors and co-anchors, and the cost
of this choice, rather than taking some Hausdorff distance between unit balls for
D-norms, is measured by the following quantity:

Definition 2.3.15. Let Hypothesis (2.3.7) be given. The imprint @ (vy) of the modu-
lar bridge « is:

max{HauskDﬂ ({wj:je]}, 21 (Q9)),

Hausi, | ({117 € 1}, %1 (Om)) }

We now define the reach of a modular bridge as a synthetic valued which ad-
equately combines the basic reach, the modular reach, and the imprint. Our def-
inition is immediately followed with a proposition which, we hope, will clarify
the meaning of the reach of a modular bridge — and which will prove crucial for
our work in allowing for the definition of target sets for modular bridges, to come
shortly.

Definition 2.3.16. Let Hypothesis (2.3.7) be given. The reach ¢ (y) of the modular
bridge v is the nonnegative value:

0 (v) = max {g, (1),¢* (1) +@ (1)}
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Proposition 2.3.17. Let Hypothesis (2.3.7) be given. If w € .# with D _,(w) < 1 and
if j € ] is chosen so that ka, (w, w;) < @ (7), then dny (w, 77;) < 0 (7y). The result also
holds if Qg and Qg are switched.
We then have:
SUPgesa(t), Lo (a)<1 infbesa(%),L%(h)él bny ({1, b)
(232) max SUPpega(m),Log (b)<1 }nfaesu(m),Lm(a)@ bny (a,b)
SUP,e.#,D 4(w)<t  Nfyerp < dny(
SUP,c 4D, (<t Mwcad yw<t Ay (

Proof. By Definition (2.3.10) and Definition (2.3.16), it is sufficient to prove that:
max ) SWPwe. st y(w)<1 %nfqe{/V,DW(q)gl dny (w,n) | _ o(7).
SUP,c b, (n<1  Mwer,D 4wt dny (w,77)

Let w € D 4 with D_,(w) < 1. By Definition (2.3.15), there exists j € | such
that:

ko (w, wj) < @ (7).
Now, by Definition (2.3.14), we have:

dny (wj,77) < ¢ (7).
Thus, for any k € |, we compute:
Hﬂm ((w, i) ) x — X713 ( i k) )H
< (0 .0 ]

#ra ((eopn) ) x = s (G, )|
x| 2 kg (W, wj) + dny (w), 177)

(1) +e (1) <aln).
We now observe that since the involution of ® is isometric and k € J:

D

<
S @

Hﬂm(<wk1w>k//)x—mf% ( s )H

X" Ty ((w,w,->/,) — T (<77f"7">«/V> x*H@

Since ||x*||o < 1, a similar computation then proves that for all k € J:

s (s ) om0 (., )

Thus, as desired:

dny (w,75) < @ (7)-
In particular, we have shown:

Supw€@1 (Qg{) mfﬂe_@l (Q%) dn”r ((U, ’7) g Q (’)/)
A similar computation shows that:
SUP, e g, () Mwe 2y (Qy) ANy (W, 77) < @ (7).

This concludes our proof. 0
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We now pause for a few remarks regarding our Definition (2.3.16) of a reach
for the modular bridge. First, unlike in [31], we required in Definition (2.3.4) that
pivots have norm at most one. The result in Proposition (2.3.17) is where this
additional assumption is needed.

Proposition (2.3.17) suggests a competing candidate for the notion of a bridge,
given by the left-hand side of Inequality (2.3.2). This alternate candidate is given
as the maximum of Expression (2.3.1) and the following similar expression for
modules:

(23.3) Hausg, () ({(w,0) € #Z® N :D 4(w) <1},
{(O.n) e ®N:Dy(n) <1}).

This formulation would more closely resemble the definition of the basic reach.
Our preference for Definition (2.3.16) rather than the maximum of Expressions
(2.3.1) and (2.3.3) is at the core of our idea for the construction of the modu-
lar propinquity. Indeed, Definition (2.3.10) employs the match between anchors
and co-anchors. This pairing is essential, because it also appears in the Definition
(2.3.13) of the deck seminorm and actually, it is the approach we use to construct
a seminorm from a couple of sesquilinear maps.

Indeed, we also could have introduced anchors and co-anchors in the construc-
tion of the quantum propinquity. Namely, an “anchored” bridge from (2, Ly) to
(B, L) could be of the form v = (D, x, 7oy, 78, () jej, (b)) jey) With a; € €1 (Ly)
and b; € £; (Ly) forall j € J. We then could define the “anchored” reach as we
just did for modular bridge, i.e. as the maximum of max{bn, (aj, bj) :j € J} and
of a kind of imprint, i.e. max{Haus| ., ({a; : j € J}, £1 (La)), Haus). |, ({a; : j €
J},£1 (Ly))}. The length of an anchored bridge would then be the maximum of
its anchored reach and its height, defined in the usual manner.

Yet such a definition of a bridge reach would not change our construction of the
quantum propinquity. Indeed, Proposition (2.3.17) could be adapted to prove that
the reach of the bridge (D, x, 7tg(, 7T ) is lesser or equal than the anchored reach
of . It is also easy to check that given a bridge (D, x, 7y, sz ) in the sense of
[31, Definition 3.6], there always is a mean to construct an anchor bridge with the
same length. We refer briefly to [31] for various notions which we will extend in a
moment to modular bridges, and the reader may skip the following few details as
they are just a side observation. Using the notion of target sets introduced in [31,
Definition 5.1], we can, for alla € £; (Ly), choose some b, € t, (a|1), and similarly
by symmetry, for all b € £; (L), choose a; € t, 1 (b[1). With these notations, if
J = £1(Ly)1I1%1 (L), and if we seta, = aand b, = b foralla € £; (Ly) and
b e £ (Ly), then:

(@, X, 7T, 708, (ﬂj)je]/ (b])]E])
is an anchored bridge with the same length than the bridge (D, x, 7y, 715 ). Thus
there is no need for anchors and co-anchors in the construction of the quantum
propinquity.

If such is the case, then why did we introduce anchors in our current work? The

reason lies with the fact that the bridge seminorm is indeed a seminorm because
the maps 71y and 713 are linear. However the inner products (-,-) , and (-,-) ,
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are sesquilinear, and thus, to construct our deck seminorm as indeed a seminorm,
we discovered the idea of employing pairs of anchors-co-anchors. While this idea
would not change anything for the quantum propinquity, it becomes essential for
the modular propinquity.

The length of a modular bridge is the synthetic numerical value which summa-
rizes all the information contained in the basic reach, modular reach, height and
imprint of the modular bridge, and from which the modular propinquity will be
computed.

Definition 2.3.18. Let Hypothesis (2.3.7) be given. The length A () of the modular
bridge vy is the maximum of its reach, its height and its imprint:

A(y) =max{g(7),e(7)}-

We note that a modular bridge always has a finite length.
Lemma 2.3.19. If y is a modular bridge then A (7y) < 0.

Proof. The imprint and the height of a modular bridge are both defined as the
Hausdorff distance between two compact sets and thus are finite.
Now, if w € 27 (Qg) and 17 € Z; (Q ) then since ||x||p < 1, we have:

dny (e, 17) = max [ ((w, i) ) = X0 ({0 i) )2 < 2

Thus ¢f () < 2. The reach of + is thus the maximum of the (finite) basic bridge
reach and the sum of the (finite) imprint and the (finite) modular reach. Thus
0 () < oo and thus our proposition is proven. O

Modular bridges are a type of morphism between metrized quantum vector
bundles — though we shall address the question of composition for modular
bridges in our next section with the introduction of modular treks. In the rest
of this section, we formalize the idea that bridges posses some properties akin
to some form of multi-valued morphism. These properties are the essential rea-
son behind the fact that, if the modular propinquity is null between two metrized
quantum vector bundles, then they are fully quantum isometric.

A modular bridge from Qg to Qg, with Qg and Qg two metrized quantum
vector bundles, defines maps from the domain of the L-seminorm of Qg to the
power set of domain of the L-seminorm of ().

Definition 2.3.20. Let Hypothesis (2.3.7) be given. For any a € dom (Ly) and
1 > Lg(a), we define the I-target set t, (a|l) of a for 7y as:

_ Leg (b) <1
o) = {oedom o] 2O TL 1oy,

Definition (2.3.20) ensures that t, (a|l) = t,, (a|l), where the right hand side
is defined in [31, Definition 5.1]. It actually would not matter in our subsequent
work if instead, we had used o (7y) in place of ¢ (7,) in Definition (2.3.20). On the
other hand, thanks to our choice, we can invoke our work in [31] to immediately
conclude:
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Proposition 2.3.21. Let Hypothesis (2.3.7) be given. For all a,a’ € dom (Ly) and
I > max{Ly(a),Lo(a’)}, if b € t, (a]l) and V' € t, (a'|) then:

(1) ty (a|l) is a nonempty compact subset of sa (B),

2) ||l < llalloc+20A (7),

(3) forall t € R we have b+ tb' € t, (a+ ta’|(1+ |t])]),

@ [[b=b"l|s <la—alla+4A(7),

(5) We have:

bobl et (aod|F(llalla +20A (v), [ lla+20A (7),1,1)
and
{b,b'} €ty ({0, 0"} F(llallac + 21 (7), |’ | + 217 (), 1,1)).
In particular, for all a € dom (Ly() and | > Lg(a), we have:
diam (t, (a|l),) < 4IA (7).

Proof. Assertion (1) is [31, Lemma 5.2] and since it is a closed subset of the norm
compact £ (Lg). Assertion (2) follows from [31, Proposition 5.3]. Assertion (3)
follows from [31, Proposition 5.4]. Assertion (4) follows from Assertion (2) and
Assertion (3). Assertion (5) is established by noting:

Ly (bob') < F(llblls, V[l 1) < F(lalla +22 (), la'a +21A (), 1,1),

and similarly for the Lie product. Setting a = a’ gives us the given estimate on the
diameter of t, (all). O

We now define the target set for elements in the domain of a D-norm.

Definition 2.3.22. Let Hypothesis (2.3.7) be given. For any w € .# and | >
D_y (w), we define the I-modular target set of w for v as:

fMMD—%GJWMWw;lwW)}

We begin by observing that modular target sets are compact and non-empty.

Proposition 2.3.23. Let Hypothesis (2.3.7) be given. For any w € dom (D_y ) and
1> D y(w), the set t, (w|l) is a nonempty compact for || - ||y (or equivalently for ka,, ).

Proof. By Proposition (2.3.17), for all w € 2 (Qg) there exists § € Z; () such
that dny (w,7) < 0(7). Thus, if D 4 (w) < I for some w € ., it follows from
homogeneity that there exists 7 € %; (Q0y) such that dn,, (w,7) < lo () since
dn, (-) is a seminorm. Therefore, t, (w|l) # @.

By construction t, (w|l) is a subset of the compact set 7, (Q0s) (for || - || 4 or
for kq,,, as both give the same topology on Z; (Q2)). Thus it is sufficient to prove
that t, (w|!) is closed.

Let (171)new be a sequence in t, (w|l), converging to some # for || - || 4. Since
D_y is lower semi-continuous with respect to || - || s, we have D_y (1) < I.

Moreover, by continuity, dn, (w,7) < lo(7) since dny (w,n) < lo (7). This
proves that 7 € t, (w|l) as desired. O
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The fundamental property of modular target sets for a modular bridge 7 is
that their diameter in the modular Monge-Kantorovich metric is controlled by the
length of v — and, in contrast with target sets for basic bridges, not their diam-
eter in the C*-Hilbert norm. We begin with a well-known lemma included for
convenience.

Lemma 2.3.24. If A is a C*-algebra, a € A, and there exists M > 0 such that for all
¢ € () we have:

max {[¢(R(a))], [¢(S(a))[} < M,
then:
lalla < V2M.

Proof. Letb € sa () then the functional calculus implies that ||b||o = sup{|¢(b)| :
¢ € () }. Thus for all 2 € A, we compute:

lall3 = llaa* ||
= [[(R(a) +i3(a))(R(a) +i3(a))" |
= [R(a)” + ()|
< IR+ 1S (@)
= (sup{|9(R(0) : p € Z(M)})* + (sup{|p(S(a)) : ¢ € 7 (A)})*
<2M2.
This concludes our lemma. ]

Proposition 2.3.25. Let Hypothesis (2.3.7) be given.
Ifw,w € #,1>max{D_y(w),D 4(w')}, 1 €ty (w|l)andn' € t, ('|l), then:

ko, (1,1) < V2 (kp_, (@, @) + (41 + H(2L,1)A (7).
In particular:
diam (t, (w|l), k., ) < V2(41 + H(21,1))A (7).
Proof. Let® =y — ' and { = w — w'. Note that:

max {D_y (6),D.4(2)} <2L.

Let ¢ € Z(B) and letv € 21 (Qy).

There exists j € ] such that kp , (v,7;) < @ () by Definition (2.3.15).

By Definition (2.3.12), there exists ¢ € . (D|x) with mk, (¢, P o 193) < 6 (7).

Note that D /y(nj) < 1, and therefore, using the inner quasi-Leibniz inequality,
we have:

max {Los (%(0,77) ) L (S(0,m) ) } < H(2L1).
We also note that since ¢ is a state, we have:
PR = [RP())] < [$(d)] and, similarly: [$(S(d))] < [$(d)
foralld € ®.
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Now, letting m = H(2l,1):

o ((6,1)). )’

g (7 ((0,7) x)‘by[kf(231)
g (xma((Gwy), )‘ by Prop. (2.3.17),
4)0@[(5% )’byDef 2.3.1),
‘<Crwj>/sz

M)+ |[(@rwp) 4= (') 4|

< (4l +m)A(y) + ke, (w0, ).

The same computation holds for i replaced with <, and thus we record:
|9 (3(0,v) )| < (@ +m)A(7) + ke, (w,0),

and therefore by Lemma (2.3.24), we conclude:

16, v) s < V2 (41 +m)A (7) + kp(w, @) .

1po7'(s3( O,1;) , )‘ by choice of 1,
(o,
(0
(«

Thus:
kp_, (7,17") = sup {|{6,v) s llos : v € Z1 Q) }
<V (4 +m)A (7) + kp(w, ).

Our proof is thus complete. The assertion on the diameter is obtained simply by
letting w = «'. O

Our first relation between target sets on modules and the module algebraic
structure concerns linearity, as expressed in the following proposition.

Proposition 2.3.26. Let Hypothesis (2.3.7) be given. If:
(1) w,w' e A,
(2) 12D y(w)andl" > D_y ('),

(3) 1 € by (l|w) and 5’ € b, ('|1),
(4) t €N,

then:
N+t ety (w+td |1+ ).
Proof. Since D_y () <land D_y (') <1I',wehave D _y (n+ty') <1+ |t

On the other hand, we note that since dn,, () is a seminorm .#Z & .#", we con-

clude that:
dny (w + tw', 7+ ty') < dny (w,17) + [t|dny (o', 7")
< (I+[He (7).

This completes our proof. 0
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We now prove that target sets also behave predictably with respect to the left
action on the module. This proposition is where the modular quasi-Leibniz in-
equality plays its role.

Proposition 2.3.27. Let Hypothesis (2.3.7) be given. Let a € dom (Lgy ), w € dom (D_,),
and 1 > D_y(w) and I > Ly(a). Let b € t, (a|l') and n € t, (w]|l). Then:

by € ty (aw|G([lallo +2A (1), 1,1)).
Proof. We begin with the observation that:
Dy (b) < G ([Iblls, L (8), D ()
< G(llaflo +21A (7)1, 1),
using Proposition (2.3.21).
We also note that for any j € J:

[ (o) ) x = (Gomm) 4 )|

= Hﬂgl a)ry (<w""]‘>///) —x7p (b (<;7’17’>JV) H©
< Hﬂm a) Tty <<Wf“’j>//> x — ror(a) X7 (< T 1j /”)H
+ HT[Q[(H XTTsg <<77"7]'>///> x7tss (b) 703 ( ’Wj>JV) H@
M

< lalla |7 ((wrwp) ) x =370 (G

+ |7 () = x72s9 (b) | e (7)) |
lallzedny (@, ) + by (a,6) 7]
lallale (v) + 10 (v)D.y (1)

(7) (llallal +17'7)
(1)Gllalla, 1,7') by Def. (2.2.6),

A(7)G(||aljo +2IA (), L1).

A similar computation proves that:

INCINCIN N
> >

N

o (s ) -5 om0
- Hn% ( by, ’7]'>¢A/> x* — xFmy (<aw,w]->//[) H@
<A (7)G(||allo + 214 (), L1').

Therefore, dn,, (aw, byy) < A (7)G(||al|a +2IA (y),1,1") since j € ] is arbitrary.
Thus by € t, (w|G(||aljo +2IA (7),1,1")). 0

We now relate modular bridges and the inner products on modules, which il-
lustrate the role of the inner quasi-Leibniz inner inequality.

Proposition 2.3.28. Let Hypothesis (2.3.7) be given. Let w € 4 and 1 > D_,(w). If
€ty (w|l)andb € t, ((w,w) ,|H(I,1)) then:

16— (1,1)_ylls < (81V2+ H(21,21) +2H(I,1) +2v/2H(21,1))A (7).
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Proof. If | = 0 then w = 0,y = 0 and b = 0 thus the proposition is trivial. Let us

assume [ > 0.
Letw € dom (D_4) and ! > D_y(w). Let 5y € tr (w|l). We note that:

max {LQ[ ((w,w)om) Ly ((17,7)0%)} < H(LD,

noting (w, w)q, and (1, 17)q,, are self-adjoint.
Letb € t, ((w,w) ,|H(LI)).
By Definition (2.3.15) of @ (), there exists j € ] such that:

kag (W, lwj) < 1@ ().

It follows that (w, w — lw;
Moreover, by Proposition

= I"w,w —lwj) , < lkay (w,lwj) <P ().

2.3.17), we have:

X

M

~~

dny (w,Inj) <le(7) <IA (7).

We then have, since ||x||o < 1:

Hﬂm ((w,w) ) x — x718 (<l’71’fl’7f>/) H@

<Pa () + | ((wlwy) ) x =2 (gt )|
P () +1 Hﬂm ((wwp) ) x=xmss (i) ) H
PA () + Idn, (w, Inj)
21°A (7).

N

D

NN

Now, since I; € t, (w|l) (again Proposition (2.3.17)), we have by Proposition
(2.3.25):

kay (7, 1) < V2 (41 + H(2L1)) A (7).
Let ¢ € 7(B). By Definition (2.3.12), there exists p € . (D) such thatkq, (¢, ¢ o

ts) < ¢ (7). We then have:

(b= (1,1) 4 )
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S H(2L 206 (7) + [ o mwas (0 = (11,1) 4 )|
< H(21,20)6 () + |90 7 (b = (b Imy) )| + |90 7w (g Iy = (n.) )|
< H(21,20) () + | (xm0m (b= (i), ) )|+ || gty = nm) o],
< H@L20)g (1) + |p (v (b= (i), ) )| +

+ H(M =)+ (n = lnj Iny) ‘%
< H(2L,21)6 (v) + lp(xn% (b= (i) )| +
+ Ik, (17, 117) =+ Tk, (17, 1177)
H(2L,21)g () + |9 (xmz (b - <l’7jrl’7]'>///>)
—p(ma ({w,w)_y) x) + (e (W, w) 4 ) x)|
+2z\f2(4l +HQ2L1)A

H(21,21)g (7) + [ (x7rs (b) — s ({w, w) ) )

+ |9 (xrem (o) ) ) =9 (v ((w,0) ) %)
+21V2 (4l + H(2L, 1)) A (v)
H(21L,2D)A () 4+ H(L, DA () + H(L DA () +2v21 (4 + H(21,1)) A ()
(81v2 + H(21,21) + 2H(L, 1) + 2v/2H(21,1))A ().

This concludes our proposition since b — (17,7) 4 is self-adjoint in B. O

<
<

We now check that modular bridges are essentially symmetric objects. We shall
avoid the term inverse as we shall see that for modular bridges, in contrast to
bridges, the following notion is not quite an inverse in the sense of morphisms.
Definition 2.3.29. The reverse bridge of abridge deck v = (D, x, 7, 0, (w) e, (1) jey)
isy* = (D,x% 0,7 (1j)jej, (Wj)jey)-

Lemma 2.3.30. If v € %@/éw [Qg — Q] for any two metrized quantum vector
bundles Qg and Qs then v* € Driges [Qas — Qg] and A (v*) = A (7).
Proof. We use the notations of Hypothesis (2.3.7). We note that for all w € .# and
n € 4 we have:
dnys (17, w) = dny (w, 1)
by construction. This observation justifies the particular symmetry in Definition
(2.3.13).
Moreover for all a € sa (20) and b € sa (B), we have:
bny (b,a) = ||t (0)x™ — x" 7t (a) || o
= [|(7ra (@) x — x7158(b))" [ = bny (4, D).
Thus o0 (7) = 0 (7*). The other claims of our lemma are self-evident. O

We remark that for any modular bridge v we have 7 1= (9%),, by [31, Propo-
sition 4.7].
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We will observe in the next section that we do not need the full generality af-
forded to us by Definition (2.3.4), as we could limit ourselves to working only with
finite families of anchors (and hence of co-anchors). The reason for this observa-
tion is the following lemma.

Lemma 2.3.31. Let Hypothesis (2.3.7) be given. For any € > 0, there exists a modular
bridge v from Qg to Qg such that:

(1) Aye) SA(7) +e
(2) anchors (7y) and coanchors (7y) are finite families.

Proof. Let e > 0. Since:

7)) = | A(we)
weP (Qa1)
)

by Definition (2.3.15), and since Z; (Qg) is compact, there exists a finite set J; C
91 (Qg) such that:
91 (QQI) = U %(wrg)‘
wef

Similarly, there exists a finite subset ], of Z; (Qg) such that:

71 (Qp) = |J A (1,¢).
neh

Let J3 = J1 11 /2 be the disjoint union of J; and J5, itself a finite set.

If j € J; then we write w; = j and we choose 77; € t, (j|1). If j € ], then we
write 77; = j and we choose w; € ty+ (j|1). These choices are possible since by
Proposition (2.3.23), the target sets involved are all nonempty (and as customary
in functional analysis, we work within ZFC).

Let ve = (Qa, O, D, X, 721, 703, (W)) je gy, (M) jegs )

We now make a few simple observations. We have dn., (wj,7;) < ¢ () for all
j € J3, and thus o (7¢) < o (7). On the other hand, by construction, @ (y.) < .
Last, we obviously have 7, = (7)o by construction.

Therefore, 0 (77¢) < 0 (77) + €. This concludes our proof since g (7) = ¢ (7e). O

The generality of Definition (2.3.4) is however useful to describe modular bridges
as morphisms in a category, as we shall do now. Indeed, the we are now ready to
introduce the category of metrized quantum vector bundles with modular treks,
which generalize modular bridges and which carry a notion of length, from which
the modular propinquity is computed.

2.4. The modular propinquity. The modular propinquity is constructed using
certain morphisms for metrized quantum vector bundles, called modular treks,
which extend the notion of modular bridges to allow for the definition of compo-
sition. A modular trek, informally, is a finite path made of modular bridges whose
codomains match the domain of the next modular bridge in the trek. It is immedi-
ate to define the length of a modular trek as the sum of the lengths of its constituent
modular bridges. The length of a modular bridge, and by extension of a modular
trek, replaces the notion of distortion for a correspondence sometimes used to de-
fine the Gromov-Hausdorff distance [4]. The modular propinquity between any
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two metrized quantum vector bundles Qg and Qg is the infimum of the lengths
of any modular trek between Qg and (3. Concatenation of treks provide a notion
of composition which translates to the fact that the modular propinquity satisfies
the triangle inequality. Symmetry of the modular propinquity follow from the
fact that treks are always reversible, in a sense to be made precise below. We will
handle the more complicated coincidence axiom in the next section.

Since modular treks involve choices of modular bridges, just as with treks in
the construction of the dual Gromov-Hausdorff propinquity [27], we have much
freedom in defining the modular propinquity to best suits a given context. In-
deed, we may reduce the class of allowed modular bridges which may appear
in a given modular trek by imposing additional constraints, such as asking the
L-seminorms involved to be defined on a dense domain in the entire C*-algebra,
additional Leibniz conditions such as the strong Leibniz property, or other addi-
tional requirements on D-norms, pivots, anchors or co-anchors (requirements on
anchors and co-anchors should be symmetric to ensure that we obtain a metric).
This flexibility proved helpful with the dual propinquity and will likely be as well
for the modular propinquity.

Let us thus define modular treks formally:

Definition 2.4.1. Let 55 be a nonempty class of modular bridges. A modular B-trek
r= (7])]'6{1,...,71} is given by n € IN'\ {0} modular bridges 7Y, ..., 7" such that:

dom (’yjH) = codom (’ﬂ) forallj € {1,...,n—1}.

The domain dom (T') of I is dom (') and the codomain codom (T') of I is codom (™).

A modular trek is a modular B-trek for some nonempty class B of modular
bridges.
We associate the following natural notion of length to modular treks:

Definition 2.4.2. The length of a modular trek T’ = (/) je{1,...n} 18
n
AT) =} A()
j=1

Before introducing the modular propinquity, we first assemble the conditions
needed on a class of modular bridges to allow for the construction of an actual
metric in the following definition, which extends on [27, Definition 3.10].

Definition 2.4.3. Let (F, G, H) be an admissible triple. Let C be a nonempty class
of (F, G, H)-metrized quantum vector bundles. A class B of modular bridges is
compatible with C when:

(1) forall y € T, we have dom (v),codom () € C,

(2) for all Qg, Qg € C, there exists a modular B-trek from Qg to Oy,

(3) forally € T,wehavey* € T,

(4) for all Qg and Qg in C, if there exists a full quantum isometry © : Qg —
Qg then for all ¢ > 0, there exists a modular B-trek I'; from Qg to Qg3 with
A(Te) < e



THE MODULAR GROMOV-HAUSDORFF PROPINQUITY 43

Example 2.4.4. Let (F,G,H) be an admissible triple. Let C be the class of all
(F, G, H)-metrized quantum vector bundles and let 55 be the class of all bridges
between elements of C. Note that a modular B-trek consists of modular bridges
which only involve (F, G, H)-metrized quantum vector bundles. We check that B
is compatible with C.

Assertions (1) and (3) of Definition (2.4.3) are trivial in this case.

Assertion (2) gives us a chance to observe that a bridge gives rise to a modular
bridge. Let us use the notations of Hypothesis (2.3.7), with the additional assump-
tion that Qg, Qg € C.

Let (D, x, 7, 7t ) be a bridge from 2 to B with ||x||p < 1. If we pick any w €
71 (Qg) and 1 € 21 (Qp), then (Qg, Ay, D, x, 7wy, 7T, w, 17) is a modular bridge
in BB from Qg to Qs (identifying family of a single element with the element itself).

Now by [31, Proposition 4.6], there does exist a bridge from 2 to 8 with a (self-
adjoint) pivot of norm 1. Thus, Assertion (2) holds as well.

Last, keeping the same notations, assume that (®, ) is a full quantum isometry
from Qg to Q. We simply define the following one-bridge trek:

(Qm, O, B, 15, 0,ids, (2)4e 7, (g (®(a))ae%(0g))

where idgy is the identity of B. A straightforward computation shows that A () =
0.

We will find the following notation helpful.

Notation 2.4.5. Let C be nonempty class of metrized quantum vector bundles and
let B be a compatible class of modular bridges. Let Qg and Qg3 be chosen in C.
The class of all modular B-treks from Qg to (s is denoted by:

We are now ready to introduce the main definition of this work.

Definition 2.4.6. Let C be a nonempty class of (F, G, H)-metrized quantum vec-
tor bundles for some admissible triple (F, G, H) and let 5B be a class of modular
bridges compatible with C. The modular Gromov-Hausdorff B-propinquity between
two metrized quantum vector bundles Qg and Qg in C is:

ABod (Qg, Qo) = inf{/\ (T):T e Z%[Qm 5, Q%] }

Notation 2.4.7. 1f C is the class of all Leibniz metrized quantum vector bundles and
B is the class of all modular bridges, then A°d is simply denoted A™¢.

We now proceed to prove that the modular propinquity is a metric up to full
quantum isometry, for any compatible class of modular bridges. In the process,
we will show that modular treks are morphisms in some category of metrized
quantum vector bundles. The coincidence axiom is by far the most involved prop-
erty to establish, and will be the subject of the next section.

We begin by observing that the modular propinquity is always finite, and it
dominates the quantum Gromov-Hausdorff propinquity. We begin with the natu-
ral definition of a basic trek.
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Definition 2.4.8. If T = (v/) je{1,...,n} is a modular trek, then:

r,= (bqs (dom (’yj)>,'y£,bqs (codom ('yj>> (j€ {1,...,n}>
is a trek from bgs (dom (I')) to bgs (codom (T')).

Remark 2.4.9. In [31, Definition 3.20], treks explicitly included domains and codomains
of bridges while bridges did not in [31, Definition 3.6]. We have made a different
choice of notation, and thus our treks need not include the domain and codomain
information already contained in modular bridges.

Proposition 2.4.10. Let C be a nonempty class of (F, G, H)—metrized quantum vector
bundles for some admissible triple (F, G, H) and let BB be a class of modular bridges com-
patible with C. If:

QQ[ = (.ﬂg{, <', '>QI/ DQ[,Q[, Lg) and QsB = (,/ﬂ%, <~, '>‘B’ DsB,%, LsB)
are two metrized quantum vector bundles in C, and if T € .Frds [Qm 5, Qg |, then:
AL) < AT,

and thus:
Ac((2,Lar), (B, L)) < AF°IT (Qa, Q) < oo,

Proof. By Definition (2.3.8), if v € B then 7, € Zigw [% —> B]. Moreover
A(7,) < A(7) since ¢ (7;) = ¢ () by Definition (2.3.12) while ¢ (1,) = ¢, () <
0 (y) by Definition (2.3.10).

Now, if T’ = ('yf)]-e{lwn} € 7;5[0% 5, Q%} then v, = (')’],)je{l,...,n} is a trek
from (2, Ly ) to (B, Ly ) and:

Aln) = iA (+) < é)» (V) =2 ).

=1 ]
This proves that by definition:

A2 Lar), (B, L)) < AFY(Qar, Qp).

The modular propinquity is finite since there exists at least one modular trek
from Qg to Qg in B by Definition (2.4.3). Now, a modular trek always has finite
length, since modular bridges always have finite length by Lemma (2.3.19). U

We now prove that the modular propinquity is symmetric in its arguments and
satisfies the triangle inequality. These facts rely on the fact that treks can be re-
versed and composed.

Definition 2.4.11. The reverse of a modular trek T = (7;) je{1,..,n} is the modular

trek IT'* = (,Y"H*f)je{l,...,n}'

Lemma 2.4.12. Let C be a nonempty class of (F, G, H)—metrized quantum vector bundles,
where (F, G, H) is an admissible triple, and let B be a class of modular bridges compatible
with C. If T is a modular B-trek then T'* is a modular B-trek from codom (I') to dom (T');
moreover A (T') = A (T™*).
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Proof. This statement is immediate since a compatible class of modular bridges
is closed by inversion of modular bridges by Definition (2.4.3), and by Lemma
(2.3.30). O

We do not have a direct mean to compose modular bridges — similarly as the
situation with bridges in [31]. However, we can easily compose modular treks.

Definition 2.4.13. LetI'; = ('y]l) and I, = (7]2> be two modular

jef{1,..n} jef{1,...m}
treks. The composed modular trek Ty x T is the trek from dom (I'7) to codom (I';)

glVenby (r)/%/ . 'I’Y}ll’)/%l' . /’Y%ﬂ)

Lemma 2.4.14. Let C be a nonempty class of (F, G, H)—metrized quantum vector bundles,
with (F, G, H) is an admissible triple, and let BB be a class of modular bridges compatible
with C. If Ty and Ty are two modular B-treks, then I'y % I'; is a modular B-trek and:

A (1"1 *1—'2) =A (1"1) + A (Fz),

Proof. The result follows immediately from the Definition (2.4.2) of the length of a
modular trek and Definition (2.4.13). O

Proposition 2.4.15. Let C be a nonempty class of (F, G, H)—metrized quantum vector
bundles, with (F, G, H) an admissible triple, and let B be a class of modular bridges com-
patible with C. If Qq, Qsy, and Qg are three metrized quantum vector bundles in C,
then:

Ao (O, O ) < AFO (Qgr, Qp) + AFOY (O, Qs ),
and

ABod (O, Q) = AR (Qg, Q) -

Proof. Let € > 0. There exists modular treks I'1 and I'p, respectively from Qg to
Qg and Qg to Qg such that:

A(T) < AF(Qq, Q) + 5 and A (T2) < AF(OQm, Op) + .
LetI' =T1 xI'5. Then:
AF°4 (O, Op) < A(T)
=A([1) +A(T2)
< AT (g, Q) + AT (s, Q) + &
As e > 0is arbitrary, we conclude that:
AEoY (Qg, Q) < AR (Qg, Qo) + AFY (Qo, Qs ),

as desired.
Symmetry follows from Lemma (2.4.12). 0

We conclude by observing that the modular propinquity is a pseudo-metric, i.e.
in addition to being finite, symmetric and satisfy the triangle inequality, it is null
whenever two metrized quantum vector bundles are full quantum isometric.
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Proposition 2.4.16. Let C be a nonempty class of (F, G, H)—metrized quantum vector
bundles, with (F, G, H) an admissible triple, and let B be a class of modular bridges com-
patible with C. Let:

QQ[ = ('%Ql/ <'/'>Qj/ DQ[/Q[/ LQI) and Q‘B = (ﬂ%/ <'/ '>£3/ D‘B/%/ L‘B)

be two metrized quantum vector bundles in C.
If there exists a full quantum isometry (6, ©) from Qg to Qs then NFO9 (Qg, Qo) =
0.

Proof. By Definition (2.4.3), for all € > 0, there exists a modular B-trek I from Qg
to Qg such that A () < . Thus A°4(Qg, Q) < e. This proves our result. [

We pause for an observation which formalizes the intuition we have followed
when working with treks. If Q = (.4, (-,-) ,,D,%, Ly) is a metrized quantum
vector bundle then we may define a canonical modular bridge idbridge, from
Qg to Oy by setting:

idbridge,, = (m Ly, idy, idat, (@) e, ), (w)we%(m) € Duiges [Q — Q)

where idg is the identity *-automorphism of 2. We immediately that A (idbridge) =
0, and it is natural to think of idbridge as the identity bridge of ().

Identifying modular bridges with modular treks reduced to a single bridge, we
thus seem to have gathered many key ingredients for a category: modular treks
compose, and we have an identity modular trek for any metrized quantum vector
bundles. Moreover, we will extend in the next section the various properties of
target sets for modular bridges to modular treks; while not a part of the require-
ment to define a category, these morphism-like properties certainly push forth the
idea that modular treks ought to be considered a type of morphisms of metrized
quantum vector bundles.

There are two small issues to deal with to complete this picture. First of all, we
must work with modular treks up to a notion of reduction. Indeed, even compo-
sition a trek with the identity trek of its domain or co-domain does not lead to the
same modular trek with our definitions. It is however easy to define a notion of a
reduced modular trek, which is a trek with no loop. Formally, if ' = ('y]-) je{ln} isa
modular trek, then we shall say that I is reduced there existsnoj < k € {1,...,n}
such that dom (;) = codom () and anchors (7y;) = coanchors (). It is trivial
to prove that any modular trek can be reduced, i.e. it admits a subfamily which is
a reduced trek with the same domain and codomain. We note that a modular trek
with a single bridge is by definition reduced.

Now, we can compose two reduced modular treks to a reduced modular trek
simply by reducing their composition as defined in Definition (2.4.13). It is a sim-
ple exercise to check that composition of reduced treks thus defined is associative
and that the identity treks act as units for the composition.

The second small issue is that our morphism sets for our prospective category
are not sets. There are simply too many possible modular treks between any two
metrized quantum vector bundles. However, this is a very minor issue. The sim-
plest and often sufficient mean to fix this is to restrict which class of metrized
quantum vector bundles we work with in a given context, making sure this class



THE MODULAR GROMOV-HAUSDORFF PROPINQUITY 47

is a set, and then use modular treks formed only with metrized quantum vector
bundles in this set.

When working with treks, rather than modular treks, a similar construction
in [31] led to a category with reduced treks as morphisms over the class of quasi-
Leibniz quantum compact metric spaces, and all reduced treks were isomorphisms
— i.e. invertible. We note that in our current modular version, modular treks
may not be invertible, as being invertible requires that the sets of anchors and
co-anchors be the entire closed unit balls of the D-norms of their domain and
codomain. In particular, there are many single-bridge modular treks which are
not an identity bridge.

Now, the length of a modular trek is larger than the length of its reduction,
and thus we could define the modular propinquity with reduced treks only if de-
sired without changing its value. This would introduce unneeded complications,
but it is worth noting that we can bring our construction within this framework.
Indeed, it really shows that the modular propinquity is constructed via a sort of
generalized correspondences in the metric sense.

We now turn to proving that the modular propinquity is indeed a metric up to
full quantum isometry.

2.5. Distance Zero. We continue our study of the morphism-like properties of
modular treks. We extend the notion of a target set from modular bridges to mod-
ular treks, using the notion of an itinerary. There are two kind of target sets for
treks: one defined for elements in modules and one defined for elements in quasi-
Leibniz quantum compact metric spaces. The latter follows the same ideas as in
[31].

Once more, we will group certain common notations and hypothesis for multi-
ple use in this section.

Hypothesis 2.5.1. Let C be a nonempty class of (F, G, H)-metrized quantum vec-
tor bundles, with (F, G, H) be an admissible triple, and let B be a class of modular
bridges compatible with C. Let:

QQ[ = (%, <-,~>///, DL///,Q/[, LQ[) and Q% = (‘/V’<.">L/V’ D</Vr%r LsB)

be two metrized quantum vector bundles in C. Let ! > 0.
LetT = (71')]'6{1 ) be a modular trek from Qg to Qgs.

We begin by recalling [31, Definition 5.7], adjusted to our context.

Definition 2.5.2. Let Hypothesis (2.5.1) be given. Let [ > 0. An l-itinerary from
a € dom (Lg) to b € dom (Lgs) along the modular trek I' is an [-itinerary from a to
b along the basic trek I',, i.e. a family (dj)je{O,...,n} such that:
(1) do = a,
(2) dn =1,
(3) dj11 € ty,,, (dj|1) forallj € {0,...,n —1}.
The set of all l-itineraries along I' starting at 2 and ending at b is denoted by:

reraris (11 LN b‘l).
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We now generalize the notion of itinerary to modules.

Definition 2.5.3. Let Hypothesis (2.5.1) be given and I > 0. An [-itinerary from
w € dom (D _4) ton € dom (D_ ) along the modular trek I'is a family (¢;)ic{o,...n}
such that:
1) Go=w,
2) ¢n=mn,
(3) §jt1 € tyyy, (gj]1) forallje {0,...,n —1}.
The set of all itineraries along I starting at «w and ending at # is denoted by:

ncrariis (w LN n ‘l)

Itineraries allow us to extend the notion of a target set from modular bridges to
modular treks.

Definition 2.5.4. Let Hypothesis (2.5.1) be given. The target set for some a €
dom (Lg) and I > Ly (a) along the modular trek I is:

Tr (wll) = {b: Snores(a = b‘l) +0}.

Definition 2.5.5. Let Hypothesis (2.5.1) be given. The target set for some w &
dom (D_,) and ! > D_; along the modular trek I' is:

Tr(w|l) = {11 : eﬁmmm(w N 17‘1) # @}.

Definition (2.3.20) was chosen to ensure that, given a modular trek I', for all a €
bgs (dom (T')), we have Tr (a|l) = %, (a|l), thus allowing us to directly invoke
[31] to conclude:

Proposition 2.5.6 ([31, Propositions 5.11 and 5.12]). Let us assume Hypothesis (2.5.1).
Let a,a’ € dom (Ly) and let I > max{Ly(a),Ly(a")}. Ifb € Zr(a|l) and V' €
<1 (a'|1) then the following assertions hold:

1. ||b =Vl < |la—a'||o +4IA (T).

2. diam (T, (all), | - ) < 414 (T}).

3. forall t € R, we have:

nty' € Tr (a+ta'|1(1+|t]))
4. we have:
bob € Tr (aod |F(||allo+2A (T), ||a’||lo + 212 (T), 1, 1))
and:
{b,b'} € Tr ({a,a'}|F(||alja + 20A (T), [|a'[|o + 217 (7,),1,1)).
5. Zr (a|l) is a nonempty subset of £; (Lag ).

Proof. Note thaty, = ('yjo) , isa trek from (2, Ly ) to (B, Ly ), and Ty (a|l) =
€

jefl,...n}
T, (a|l), while A (T},) < A (T'). Thus we may apply our work in [31].

Alternatively, all the statements in this proposition follow from similar tech-
niques to Proposition (2.5.7) applied to Proposition (2.3.21) and Proposition (2.5.8).
O
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With our notion of target sets in hand, we now can generalize Propositions
(2.3.23), (2.3.25), (2.3.26) and (2.3.27) from modular bridges to modular treks.

Proposition 2.5.7. Let us assume Hypothesis (2.5.1), and let us assume that Qg and
Qg are (F, G, H)—metrized quantum vector bundle for some admissible triple (F, G, H).

Let w,w’ € dom (D_y) and let | > max{D_y(w),D_z(«w")}. If 1 € Tr (w]l) and
1" € Tr (W'|l) then the following assertions hold:

1 kay (1,1") < V2 (kay (w,@') + (4 + H(2L,1))A(T)) .
2. diam (Tr (w|l), mkay ) < V2(41 + H(21,1))A (T).
3. forallt € C, we have:

n+ty € Tr (w4t [I(1+t]))
4. forall a € dom (Ly) and forall ' > Ly (a), if b € Ty (a|l’), then we have:
by € Tr (aw|G(|lallo +2I'A(T), 1, 1)).
5. Ifb € Tr ((w,w) ,|H(L1)) then:
1= (1,1) |y < (81V2+ H(21,20) + 6H(L 1) +2V2H(21,1) ) A (T).

Proof. We write Q); = codom (/) forall j € {1,...,n} and Oy = Qq.
Let (o, ..., Cn) € (ﬁmmz<w SN 17‘1) and (¢),...,¢p) € ﬁ@wwﬂa(w/ SN 7
Since {j11 € t,,, (§;|1), Proposition (2.3.25) gives us:
ke, (€41, 8j11) < V2 (ij(Cj/ &)+ (41 + H(21,1))A ('Yj—i—l)) :

Thus by induction, we get:

).

kag (7,17') < V2 (mknm(w, w') + (41 + H(2,1)) iA (%))

j=1
= V2 (mkay (w, w') + (4 + H(21,1))A (T)) .
If w = ', then we obtain that diam (Tt (w|l), mka,, ) < V2(4] + H(21,1))A (T).
We also have 1741 + 17,4 € ty (’7]‘ + t;y”l + |t|l) by Proposition (2.3.26). Thus,
by induction, we get that:
n+ty € Tr (w4t |1+ |H').
Let now:
(b)) € Snerarce (a N b‘l).
For each jwehave bj, 17741 € ty, (bjﬂj’G(Hbj“ +IA (), 7,1)) by Proposition (2.3.27).
Now, as before, we have ||b;]| < [|allo + ZZ;(:())\ (ve) < |lalja + 1A (T), and since
A (7j) < A(T), we have:
dipaj € by, (dim;|G([lalla +21A(T),7,1))
since G(-,1,1) is weakly increasing. This proves in turn that:

by € Tr (aw|G(||al|o + 2IA (T),1,1)).
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Last, we address the property of target sets for treks and inner products. To
ease notations, we set:

= (81V2+ H(21,21) + 2H(L,1) + 2V2H(21,1)),
which is the constant in Proposition (2.3.28). Moreover, we set QO; = (., (-, -);, Dj, %), L;)
forallj € {0,...,n}. Moreover, we write v; = (9}, xj, ],p],anchors ('y]) coanchors (7/)).
Letb € Tr ((w,w) 4 |H(,1)) and (by)1 € {,f//me(w,@ , H(, )).
Let us assume that for some j € {1,...,n — 1}, we have:

(2.5.1) Hb]- — (g, §j>/"mj < (C+4H(L1D)) k]Zl A7)

By Definition (2.5.2), we have bj,1 € ty,,, (b;|H(L,1)) and {11 € ty;,, (§]1)-

There is no expectation that bj11 € t,,, <<§j, §j><///j

H(l,l)). So we introduce
b}+1 €ty (<Cj, Cj>///]_ ‘H(l,l)). By Proposition (2.3.25), we have:
641 = |, S b= (8 85) g lloy + AHE DA (7741)-
J+
On the other hand, by Proposition (2.3.28), we have:

|61 = (G181 0, Hmm <CA(7j41)-

Therefore:

b1 = (G+1.8j41) 4, . < (CH4H(LD)A (741),
j+1
and thus using our induction hypothesis (2.5.1), we get:

j+1
(C+4H(1,1)) 2/\ ),

b — (& ;
j+1 <C]+lr C]+l>///j+l ‘
Q[]+l

which is our induction hypothesis (2.5.1) for j + 1.
Now, by Proposition (2.3.28), we have:

Hbl - <§1’§1>/”1H211 <CA(m)
< (C+4H(LI)A ().
Therefore, by induction, we have proven that:

16—yl < (C+4H(LD))A(T).
This concludes our proof. O

We also prove that target sets of modular treks are compact.

Proposition 2.5.8. Let us assume Hypothesis (2.5.1). If w € dom (D _y) and | >
D s (w) then Tr (w|l) is a nonempty and compact subset of 2, (Qsg) for || - ||y (equiv-
alently for ka,, ).
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Proof. We write Q; = codom ('yf) and O = (A, (-, ~>L//4,D///j,9lj, L;) for all j €
{1,...,n}.

We first note that a trivial induction prove that Tt (w|l) is not empty using
Proposition (2.3.23).

By construction, Tr (w|l) is a subset of the || - || y—compact set Z; ((0s). Thus
it is sufficient to prove that it is closed for || - || s -

Let (77x)kew be a sequence in Tt (w|l), converging to some 7 € A for || - ||_y.

Now, for each k € N, let (w, 77}, ..., 7)) be an I-itinerary from w to 7. By Defini-

tion (2.2.8), each sequence (Wi)ke]N lies in the compact set {gf € Mj: DJ%(C) < l}

forallj € {1,...,n}. Thus by a trivial induction, the1;e exists strictly increasing

functions f; : N — N for j € {1,...,n} such that (ijlo---of-(k))kEJN converges to
]

some if/ € M for || -||.z, forallj € {1,...,n}. Letg:k € N+ fiofro---o fu(k),
so that (Wé(k))kEIN converges to 1/ forall j € {1,...,n}.

Our goal is to prove that (w,5,..., 7"~ !, 7 = 5™) is an l-itinerary along T

To begin with, D ///].(17] ) < I since D, ; is lower semi-continuous for all j €

{1,...,n}.

Second of all, by continuity, we also have forall j € {1,...,n}:
P . i j+1
dny, (17" = lim dn,, (nbon™) <o (vy).
This concludes our proof. g

Proposition (2.5.8) shows that modular trek target sets are in the hyperspace
of a compact metric space, namely a closed unit ball for some D-norm: the norm
topology and the modular Monge-Kantorovich metric topology on these balls are
indeed the same and compact. The proof of our main Theorem (2.5.11) relies on
an important property of the topology induced by the Hausdorff distance over the
hyperspace of all nonempty closed subsets of a compact space: it only depends on
the topological equivalence class of the chosen metric. We recall this well-known
fact and include a proof for the convenience of the reader.

Lemma 2.5.9. Let X be a compact space with topology T and let F = {U°: U € T,U #
X} be the set of all nonempty closed subsets of X. The Vietoris topology is the smallest
topology on F generated from the topological basis:

OUVL,...,Vy)={Fe F:FCUandVje {1,...,n} FNV;#Q}

foralln e Nand U, Vy,...,V, € T.

If d is a metric on X which induced T, then the topology induced by Hausq is the
Vietoris topology.

Consequently, if di and dy are two metrics which induce the same topology on X then
Hausy, and Hausy, induce the same topology on F.

Proof. Let F € F and r > 0. Since F is compact, there exists x1, ..., x, € F for some
n € Nsuchthat F C U, X (xj, 5) where the open ball in (X, d) of center any y €
X and radius r is denoted by X(y, 7). Forallj € {1,...,n}, weset V; = X (x]-, ).
Let U = ;-1:1 V;. Note that by construction, F € ou,vy,..., V). Now let
GeOo(U,vy,...,Vy).Ifx € G, thenx € Uand thus x € Vj forsomej € {1,...,n},
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r

implying that d(x, F) < 5. If x € F, then x € V; for some j € {1,...,n}. Since
GNV; # @, thereexistsy € GN V; and by definition of V;, we conclude d(x,y) < r.
Hence Hausq(F,G) < r. Thus O(U, V4,..., V) C F(F,r).

Let now U, Vy,...,V, € Tbe given with F € O(U, V4,...,V,). Since X \ U is
closed and disjoint from F, we conclude that there exists ¢y > 0 such that, for all
x € Fandy € X\ U, we have d(x,y) > e.

Now, foreachj € {1,...,n}, there exists x; € F N V; and there exists ¢; > 0 such
that X(xj,¢;) C V;. Lete = min{e; : j € {0,...,n}}.

Let G € F(F,¢). Let x € G. There exists y € F such that d(x,y) < e. Thus
x € Usinced(x,y) < €. Thus G C U.

Letj € {1,...,n}. There exists y € G such that d(x;,y) < e < ¢j, and thus by
construction, y € X(xj,¢;) C Vjand thus GNV; # @. We thus have shown that
GeOo(U,vy,..., V). Thus F(F,e) CO(U,V4,..., Vy).

This proves our lemma. O

We conclude our preliminary statements with a simple, useful lemma which we
will use a few times in our proof of our main theorem.

Lemma 2.5.10. Let (E,dist) be a compact metric space. Let (An)uen be a sequence of
closed subsets of E converging to some singleton {a} for Hausgjet.

If (xn)new is a sequence in E such that x,, € A, foralln € IN, then (xy,)yew converges
to a.

Proof. Lete > 0. There exists N € IN such that for all n > N, we have:
Hausdist(An, {ﬂ}) < &
Thus dist(x,,a) < e forall n > N. O

We are now ready to prove our main theorem.

Theorem 2.5.11. Let C be a nonempty class of (F, G, H)—metrized quantum vector bun-
dles, with (F, G, H) an admissible triple, and let B be a class of modular bridges compatible
with C. Let Qg = (A, (-,-) 4, A, La) and Qg = (A, (-, ) 4, B, Lz ) be two metrized
quantum vector bundles in C. The following two assertions are equivalent:
L ABd(Qq, Q) =0,
II. Qg and Qg are fully quantum isometric, i.e. there exists a *-isomorphism 6 : A —
B and a linear continuous isomorphism © : .4 — A such that:
1. Ly o8 =Ly,
2. O(aw) = 0(a)O(w) foralla € sa (A), w € M,
3.Dyo®=D,,
4.(0(:),0()) y =00(,) 4

Proof. Foralln € IN,letT',, € Tocks |:QQ[ l> Q%} be given such that A (I';) < %—Fl
We prove our theorem in a series of claim.

Claim 2.5.12. If w € dom (D_y) and | > D_y(w), and if f : N — NN is a strictly
increasing function, then there exists a strictly increasing function g : IN — IN such that

the sequence:
(Trf"s(") (w”)) neN
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converges to a singleton for the Hausdorff distance Haus | .

The sequence (Tr ) (w\l)) N is a sequence of closed subsets of the compact
ne
2 (O ) by Proposition (2.5.8). The hyperspace of all closed nonempty subsets of
the compact set (Z; (03 ), ky, ) is compact for the Hausdorff distance Hauskg% .

Thus, (Tr ) (w]l ))ne]N admits a convergent subsequence (Tr fog(r) (w]|l ))HG]N
converging for Ha USke,,, 7 let £ be its limit.

By Assertion (2) of Proposition (2.5.7), we have diam (2, kQ%) =0, ie. itisa
singleton.

Now, on the compact set 7, (Qgs ), both k, and || - || 4 are topologically equiv-
alent by Proposition (2.2.24). Hence, (‘erog(n) (w|l)) e SOnverges to £ for Haus

by Lemma (2.5.9).

Claim 2.5.13. Let us simplify our notations for this claim. Let (Ay)new and (By)nen be
two sequences of nonempty closed subsets in P (Qsa) for some K > 0 such that, for all
n € N, we have A,, C B,,, and moreover:

lim diam (Bu, ko) = nlg} diam (A, kay ) = 0.

Then (Apn)nen converges for Hausk% if and only if (B,)neN converges for Hausk%
(noting the limit must be a singleton and it must be the same for both sequences).

Assume first that (A, ),en converges for HauskaB — the limit being necessarily

a singleton {#}, since the diameter of A, converges to 0 as n goes to infinity.
Lete > 0. Thereexists N € N such that foralln > N we have Hausy, - (An, {n}) <

%. There exists N’ € IN such that for all # > N’, we have diam (Bn, kQ%) < % Let
n > max{N,N'}. If w € By then there exists § € A, such that ko, (w,§) < 5,
and then we have ka, (¢,7) < 5. Thus ko, (w,n7) < e It then follows that
Hauskn% (Bn, {n}) < €. This proves that (B, ),c converges to {7 }.

Assume second that (B, ) e converges for Hauskn% , again necessarily to a sin-
gleton {7}. Itis then immediate that ko, (w,77) < Hausy, (Bu, {n}) forallw € A,
and thus in particular, (A, ),en converges to {7} as well.

Claim 2.5.14. If w € dom (D_y) and | > D _y(w), and if f : N — NN is a strictly
increasing function such that

(ﬁm (“’“))nem

converges to {n} for the Hausdorff distance Haus, , then for all " > D y(w), the
sequence:

(Erm (“”l/))nem

converges to {n} for the Hausdorff distance Hausy, -
We note that forall! > 1’ > D_,(w), we have:

‘Irf(n) ((U|l/) g Srf(rl) ((U'l)
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forall n € IN. Moreover, Tt (w|l'),§rf<n) (w|l) € 2, (Qp) forall n € N. Last:

Tim diam (Tr,,, (@|') kay ) = lim diam (S, (w]]), kay ) =0

by Assertion (2) of Proposition (2.5.7). This allows us to conclude our claim using
Claim (2.5.13).

Claim 2.5.15. Thereexists f : IN — IN strictly increasing such that for all w € dom (D_,)
and forall1 > D_, (w), the sequence:

(s%) <“’“))nem

converges to a singleton 6(w) for the Hausdorff distance Haust% (or equivalently for
Hausl"l‘ﬂ).

We use a diagonal argument and Claim (2.5.12). As a compact metric space, the
closed unit ball of dom (D_ ) is separable; however we can be a bit more precise
in our case. For each nn € IN, let:

(2.5.2) T, = (7}1 e, .,Kn}) for some K, € IN\ {0}.

Since the imprint of ] is less than A (I';), we note that anchors (7{’) is a finite,
n%rl—dense subset of (21 (Qa1), ko )-

Let:

1 = |J anchors (77).
nelN
By construction, the set . is dense in 2 (Qg) — as well as countable.

For each N € I, the set ¥y = N - . is dense in 9y (Qg), since we note that
the modular Monge-Kantorovich metric is homogeneous, namely ko, (w,77) =
Nkay (N"tw,N71y) forallw, i € 4.

Thus, . = Unen &N is countable and dense in dom (D_ ). Let us write . as
{wy :n € IN}.

By Claim (2.5.12), there exists go : IN — IN strictly increasing, such that the
sequence:

(1,0 (@0lD.s (@)

converges to a singleton {©(wy) }.
Assume now that for some k € IN, we have built go : IN — IN, ..., gy : N - IN
strictly increasing functions such that for all j € {0,. .., k}, the sequence:

CRIN LYY

converges to a singleton {@(w;) }.
Applying our Claim (2.5.12) again, there exists gj 1 strictly increasing, such that

nelN

nelN

Ergoo___ogkﬂ(n) (wis1|D, /{(Wk+1))>n€m converges. Thus by induction, there exists

strictly increasing functions g for all k € IN such that:

(Trgoomogj(n) (CU]‘ D% ((U])))

converges to a singleton denoted by {@(wj)} forall j € IN.

nelN
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Since subsequences of converging sequences have the same limit as the original
sequence, we conclude that, if weset f : n € N — f(n) = gpo---0gu(n) € NN,
then f is strictly increasing and for all w € .7, the sequence:

(Fry (@D (@)

converges to a singleton {©(w)}.
By Claim (2.5.14), we note that for any w € . and | > D_4 (w), we also have:

lim Hausy, (‘Irf(m) (w|l),{®(w)}) =0.

n—00

melN

We now move to prove that © can be extended to dom (D_ ). Letw € dom (D ).
There exists N € N such that w € 2y (Qg ). We may as well assume that N > 0.

Let e > 0. There exists w, € . such that ko, (w, we) < ‘[ . Then by Proposi-
tion (2.5.7), we have, for all n € IN:

Hausk,  (Tr, (@|N), Tr, (we|N)) < V2 (fg + (4N + H(2N, 1)) il>

Let N’ € IN be chosen so that n+1 < mﬁ% foralln > N'.

Therefore, for all n > N’, we have:
€
3
Since %t (we|N) converges for Hauskg%, it is Cauchy, and thus there exists
N" € N such that for all p,q > N” we have:

Hausk, . (Tr,) (@elN), Tr, (@elN)) <
Thus if p,g > max{N’,N"}, we have:
Hausi, (srm (w|N), %1, , (w|N)> < Hausyg, (zrﬂp) (w|N), %t , (w£|N))

+ Hauskﬂ% <‘Irf(p) (cug|N),Trf(q> (we|N))

Hausy, (1, (@|N), St (we|N)) <

w\m

+ Hauskﬂ% (firf(q) (wglN),‘Irf<q> (a)|N))

€ & 3
<— — —_ =
\3+3+3 €

Thus the sequence (Tr omy (@[N )) N is Cauchy for kq,, inside the hyperspace
me
of closed subsets of the compact Zx (Qg ). and thus converges by completeness.
Again by Proposition (2.5.7), the limit of (Trf(m) (w|N))me]N for Hauskn% is a
singleton which we denote by {©®(w)}. Moreover, by Claim (2.5.14), the sequence
(Trf(m) (w|l)>m6]N converges in Hausy, =~ to {®(w)} for any I > D_,(w). Last,

since ko, and || - || 4 are topologically equivalent on Zx (Qgs ) for any K > 0, the
Hausdorff distances HaustB and Haus| | . are also topologically equivalent by
Lemma (2.5.9), which concludes the proof of our claim.

Claim 2.5.16. Forall w € dom (D_; ) we have D_y (®(w)) < D_y (w).
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Letw € dom (D _y ) and let! = D_;(w). By Claim (2.5.15) and Lemma (2.5.10),
if we pick 17, € T, (w|l) for all n € N, then limy, e || — @(w)]||_y = 0. Since
D_y is lower semi-continuous (as Z; (s ) is compact, hence closed, for the norm
| - Ily), we conclude that D_y (©(w)) <1 =D_y(w).

Claim 2.5.17. There exists a unital *-morphism 6 : A — B such that Ly 0 0 = Lo and
a strictly increasing function g : IN — IN such that:

i. forall a € dom (Lg) and for all 1 > Ly (a), the sequence:

(3t (a1)

converges to {6(a) } for Haus| ., ;
ii. forallw € dom (D_y ) and any | > D_y,(w), the sequence:

(Trg(,,) (w|l)>

converges to {@(w)} for Haus| .

nelN

nelN

Moreover Lsg 00 < L.

Foralln € IN, let Y, = (I'¢(,)),- We note that A (Y,) < -1 by construction.
The construction of 0 follows the same techniques as used in [31, Theorem 5.13],
which provides us with a *-isomorphism 6 and some strictly increasing function
f1 : IN — IN such that, for all w € dom (Lgy ), the sequence

((SYﬁ(") (a“)) nelN

converges to {0(a)} for Haus.,-
The rest of the claim follows if we set g = f o f7.

Claim 2.5.18. Forall w,w’ € dom (D_, ) we have:

fo(w,w') ,=(0(w),0(w)) .

In particular, ||©O(w) ||y = ||w|_z-

Letw € dom (D _4) and ! = D_(w). For each n € IN we pick 1, € o (w]l)
and bﬂ € ‘Irgm (<wl w>moduleM|H(lfl))'

By Lemma (2.5.10) and Claim (2.5.17), we conclude that lim; ;e by = 0({w, w) ;)
and limy, 00 74 = O(w).

By Proposition (2.5.7), for all n € IN, we have:

llbn — <77n/77n>{/1/||s3

<A (rg(n)) (81\/5 + H(21,21) + 6H(L1) + Z\ﬁH(ZZ,l)) ),
Therefore:
(O(w),O(w)) 4 = (1,1) x
(2.5.3) = lm (i, 1) 4
= lim b, = 0((w,w) 4 ).

n—o0
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Let now w’ € dom (D_, ). We note that:

/ 1 k1 ik
(w,') , = Ekgol <w+1 W, w+i >//[
The same polarizing identities hold in .#". Thus, Equality (2.5.3) coupled with
the above polarizing identities proves our claim.
Claim 2.5.19. Forall w,w’ € #,t € Randa € :
O(w + tw') = O(w) + tO(w')

and
Oaw) = 0(a)O(w).

Consequently, © is uniformly continuous with from (dom (D_z), || - ||.#) to (dom (D_y ), || -
|_y) and thus has a unique extension as a continuous module morphism, denoted in the
same manner, from (A, || - ||.z) to (AN, - | y)-

Leta € dom(Ly), w € dom (D _y ) and | > max{Ly(a),D_y(w)}. Letb, €
Ty (all) and 5, € Ty (w|l)
By Proposition (2.5.7), we have:
butin € Tr, (aw’G(HaHg[ +20A (Ty) ) 11))-

Thus (bu#n)new converges to @(aw) by Claim (2.5.15) and Lemma (2.5.10). For
the same reasons, (b,),en converges to 6(a) and (77,),en converges to ©(w). By
continuity of the left module action in .4” and uniqueness of the limit:

0(a)0(w) = O(aw).

A similar reasoning applies to prove the linearity of ©. Let w,w’ € dom (D_y)
and t € C. Let! > max{D_y(w),D_y(w'). Foralln € N, we let 5, € Ty, (W[l

and 7’ € Ty (w'|1). By Proposition (2.5.7) again, we have:
Mn + by € Ty, (@ + tw]l +[H]).
By Lemma (2.5.10) and Claim (2.5.15), we conclude that:
O(w + tw') = lim (7 + )
= ot fim,

= 0(w) +tO(w).

Now, (©(:),0(-)) 4y =00 (-,-) 450 ||®()|.y = |- |.g- Thus O, being linear,
is continuous and of norm 1. It thus can be extended to .# by continuity as a linear
map.

By continuity, we have that ©(aw) = 0(a)®(w) for all 2 € sa(A) and w €
A . By linearity, it follows that (®,0) is a module morphism, as desired. This
completes our claim.

Claim 2.5.20. The map © is a continuous module isomorphism of norm 1.
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LetE, = T;(H) for all n € IN. By construction, A (E,) < nlﬁ

all the work we have done up to now with 5, in place of I';, for all n € IN. We
thus obtainmaps b : IN — IN, ¢ : B — A and & : A4 — # such that & is strictly
increasing function, (9, ®) is a module morphism of norm 1 with the additional
property that D_, (® (1)) < D_y (1), and such that:

lim Hausy. , (Try, (7D (), {@(n)}) =0

We therefore apply

n—o0

and:

lim Haus) |, (-, (blLw (b)), {8(b)}) =0
forally € dom (D_y ) and b € sa (B).

Now, let w € dom (D_4) and I > D_,(w). We begin with a simple observation,
owing to the symmetry in Definition (2.3.13) of the deck seminorm of a bridge,

which in turns implies symmetry in the notion of itinerary:
/S Srg(h(n)) (CU‘I) < w €& Sr;(h(n)) (1’]“)

forall n € IN.
Let e > 0. There exists N € IN such that foralln > N

we
(1) %H < g so that max {)\ (Fg(h(n))),A (Fg(h(n)) } < g,
(2) Haus_, (Erg(h(n)) (w|l),{®(w)}) <5

Let ¢ € Tr ) (w|l), so that in particular || — ©(w)|| < 5. By symmetry,

W € Tryy,, EID)
Now, let ¢ € Tr;(h(n)) (®(w)|l). We then compute, using Proposition (2.5.7):

lw=PoOW)| 4 < llw=Ellg+ g —PoOW) 4

IS &
<yl i,
g T ¢

Since € > 0 is arbitrary, we conclude that w = ®(O(w)). The same computation
would establish that ® o () is the identity on dom (D_s ) as well. By continuity,
® = O L. For similar reasons, ¢ = 0~1.

We lastnote thatD 4, =D 4, 0@0® 1 <D y0®<D,.ThusD y0o® =D ,.
This concludes our proof. O

We now turn to our first examples of convergence of metrized quantum vector
bundles. We begin with free modules, which gives us a chance to compare the
modular Gromov-Hausdorff propinquity with the quantum Gromov-Hausdorff
propinquity when working with quasi-Leibniz quantum compact metric spaces
and their associated metrized quantum vector bundles via Example (2.2.14).

2.6. Convergence of Free modules. We wish to answer the following natural ques-
tion: if a sequence of quasi-Leibniz quantum compact metric spaces converge
in the quantum propinquity, then, do free modules over them, seen as metrized
quantum vector bundles via Example (2.2.15), converge for the modular propin-
quity? One would certainly hope that the answer is positive, and we now prove
it. An important side-product of this section is that the quantum propinquity and
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the modular propinquity restricted to the class of quasi-Leibniz quantum compact
metric spaces — using Example (2.2.14) — are in fact equivalent.

The key step in our work is to lift a bridge between quasi-Leibniz quantum
compact metric spaces to a bridge between a pair of free modules, in the manner
given by the next lemma. In this section, we will employ the notations of Examples
(2.2.14) and (2.2.15).

Lemma 2.6.1. If (A, Ly) and (B, Ly ) are two quasi-Leibniz quantum compact metric
spaces, n € IN\ {0} and vy is some bridge from A to B, then there exists a modular bridge
Ymod from (A", (-, ), D, A, L) to (B", (-, )5, D, B, Leg ) such that:

A (7) <A (')’mod) < 2nA (7)

Proof. Lety = (D, x, 11y, T3 ) be a bridge from A to B of length A.
Let:

Jo = {a € sa(A) : max{||al|, La(a)} <1} and Js = {b € sa (B) : max{||b||s,Ls(b)} <1}.

Let J; = Jo 11 Jos be the disjoint union of [y and Jg3. Note that to avoid confu-
sionif (2, Ly ) = (B, Ly ), we can regard Jy and [ as their corresponding subsets
of | from now on.

If j € Jo, welet aj = a and set bj = 1=1;.¢cj where we choose ¢; € t, (j|1). Note
that:

llejlles < flalla +24 <1424

by Proposition (2.3.25). Thus [|b;|ls < 1 and of course Ly (bj) < 1.

If j € ] then weset b; = jand a; = 1+%cj with ¢; € ty« (j[1).

We note that max{||a;||a, La(a;), [|bj[ls,Las (bj)} < 1forall j € J; by Proposi-
tion (2.3.25). Moreover, by construction, for all j € ], we note that bn, (a,b) < A.

llj1
We now let | = (J1)". Letj = (ji,...,jun) € J. We write w; = | : | and
lljn
bj, “
nj=| : |. Wenote that by construction, if j = | : | € 2; (Dj), thenj € J and
b, i

wj=jso{wj:j € J} = 21 (Dy). The same reasoning applies in with %5 in place
of A and 7 in place of w as well.
We now set:

Ymod = (D, %, w91, 703, (wj)jey, (Mj)jey) -
By construction:

(1) @ ('Ymod) =0,
) ) (’)’mod) =0 (7)/
3) ¢ (r)/mod) =6 (')’)

We are left to compute the modular reach of y,04-



60 FREDERIC LATREMOLIERE

Let j, k € J]. We write:
a 1 by dq
wj= (1| we=| i |andy =11, 5=
an Cn by dn

We then have:

* * *

I70 (a] cj)x — x7e (b dj) | o < [|7rs (a] ) 7reg (cj)x — 713 (a] ) x 713 (d)) || 2
+ |7 (a] ) x703 (d;) — x7098 (bj) 7095 () | 2
< llajlladlires (cj)x — x7res (d)) || o
+ || 7rs (a7)x — x795 (b)) [| 2 (|} ||
= bny (cj,d;) +bny (aj,b;) <2A () = 2A.

Thus:
] 1 b dy
nm<§,§>x—xn%<g,g>
an Cn A bn d” B )
n
= Z (ﬂg{(ﬂjc]')x D) (b]d]))
j=1 D
n
<2) A=2nA.
=1
Thus the modular reach of .4 is no more than 2nA.
Therefore, the reach of 7,04 is 2nA and thus so is its length. O

Theorem 2.6.2. If (A, Ly ) and (B, Ly ) are F—quasi-Leibniz quantum compact metric
spaces for some admissible function F, and if n € IN \ {0}, then:

A((2, Lar), (B, L3 )
<A™ (A", (- ), D, A, Lat) , (B, (-, ), Dy, 2, Lon )
< 2nA (2, Ly), (B, L)),

where, for any quasi-Leibniz quantum compact metric space (D, Ly ), we set:

dy e dq el
(1) < S > = Z}Ll dje]*-‘forall S P I /R L
d, en 2
dl d1
(2) D% | & | = max : Lo (Rdj), Lo (Sd;) : j € {1,...n} p for all
dn dy

dy en

Q[n



THE MODULAR GROMOV-HAUSDORFF PROPINQUITY 61

Proof. LetT be a trek from (2, Ly ) to (B, L ). Write:
T= (AL, A, Lit1)jeq1,..k
for some bridges 9/ (j € {1,...,k}) and some k € IN.

Now, foreach j € {1,...,k}, let 'yin od be the modular bridge given by Lemma
(2.6.1) applied to /. It is then straightforward to check that I'y,oq = (’yin od)je{1,..k}
is a modular trek from (A", (-, -)o, D&, 2, Ly) to (B, (-, ), Dy, 2, Les) whose
length satisfies:

A (r) < A (rmod) < 4) (r)

We thus conclude, by definition, that:

A L), (B, Lss))
AN, (-, ) oy, DR A Lat) (B, (- on, D, A, Liy))
< 2nA (U, Ly), (B, Lsy)).
This concludes our proof. g
A simple yet reassuring consequence of Theorem (2.6.2) is that we have not in-
troduced any new topology on the class of quasi-Leibniz quantum compact metric

spaces with the modular propinquity, via the canonical Hilbert module structure
carried on by any C*-algebra.

Corollary 2.6.3. For any two quasi-Leibniz quantum compact metric spaces (2, Ly ) and
(B, Lo ), we have:

A% La), (B, L))
SATY((A, (-, oy, Dy, A, L), (B, () s, Dy, B, Lan )
< 2A((%, La), (B, L)),
using the notations of Theorem (2.6.2).
Proof. This is the case n = 1 of Theorem (2.6.2). O

Free modules are the direct sums, in the sense of Hilbert modules, of the canoni-
cal module associated with a C*-algebra. The next section discuss the matter of the
continuity of the direct sum between general metrized quantum vector bundles on
certain well-behaved classes of quasi-Leibniz quantum compact metric spaces. We
note that the D-norms constructed in this section, and the ones in the later section,
differ in general: in this section, we constructed the D-norms from the underlying
Lip-norms, while in the next section, we will be given D-norms on some modules
and construct a new one on their direct sum.

2.7. Iso-pivotal families and Direct sum of convergent modules. Let (.7, (-,-) ,)
and (A4, (-,-) 4 ) be two left Hilbert 2-module. The direct sum .# @ .4 is a left
2-module in an obvious manner, and a canonical 2-inner product on this direct
sum is given by:

(@), (@' ") = @, &) (")
forallw,w’ € A and n,17’ € N
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Let us now assume we are given two metrized quantum vector bundles () =
(M, {-,) 4D, U Ly) and Q' = (A, (-,-) 4,Dy, AU Ly). Forall w € .# and
n €N, weset:

D(w, 1) = max{D(w), D(1)}.

It is easy to check that (.#Z @ A4, (-, -) g, D, 2, Ly ) is a metrized quantum vector
bundle as well. We will simply denote it by Q) & Y.

We shall now prove a continuity result for direct sums of metrized quantum
vector bundles, under a uniformity assumption. In general, the construction of
the inner product on the direct sum of two modules mixes up, in the base algebra,
the contributions of each module to the reach of a given bridge. This complication
is, however, not expected to often occur in practice. When working with modules
over quasi-Leibniz quantum compact metric spaces, we envisage that modular
bridges will be constructed out of bridges between the base quantum metric spaces
— indeed, this is what motivated our definition of the modular propinquity. Thus
one may expect that the same bridge between the base quantum spaces may be
reused for multiple modular bridges between different modules. This expectation
is formalized in the following notion, which will serve as an hypothesis for our
direct sum continuity result.

Definition 2.7.1. Let Q;y = (#jx, (- ) ik Dijer s L) be metrized quantum vector
bundles for j, k € {1,2}. The family ((Q11,M12), (Q21,Q22)) is iso-pivotal when
for all € > 0, there exist two modular treks I'!, from 01 to g5, and I2, from Q)51
to (5, such that:

LoA(TY) < A™d(Q,Op) +6,

2. A(T2) <A™ (1, On)) + ¢,

3. the basic treks I’; and If from (2, L) to (Ap, Ly) obtained from I'' and T'? are
identical.

Informally, in an iso-pivotal family, one may find modular treks whose length
is arbitrary close to the modular propinquity between each pair, and which differ
only in the choice of the anchors and co-anchors. This notion can be extended in
an obvious manner to classes of pairs of metrized quantum vector bundles over
various base spaces.

With this concept, we have the following result:

Theorem 2.7.2. Let (2, Ly) and (B, Ly ) be two quasi-Leibniz quantum compact metric
spaces. If O o, O o are metrized quantum vector bundles over (A, Ly ) and O 5, Qo 8
are metrized quantum vector bundles over (B, Log ) such that ((q,9, Q1 ), (o, Q23))
is iso-pivotal, then:

AT (O © D), (3 © Do) <A™ ( Qg Q) + AT (0, Q8))-
Proof. We begin by setting our notations: let Qx = (A, (- ) Djx k) for j €
{1,2} and k € {(2, Ly), (B,Ln)}.

Let 1 be a modular bridge from ) o to )1 g3 and 7, be a modular bridge from
O o to Oy o3. We assume that ¢ and y, are given as:

11 = (D, x, 791, 98, (W) e, (M) jegy)
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and

72 = (D, x, 7020, 3, (W) jey, (1) e ,)-
Of course, modular bridges between (); o and ()1 o3, and between (2 o and () 3,
may not share basic bridge; however, we will conclude this theorem using the
iso-pivotal hypothesis, and thus this choice of bridge will always be possible, and
sufficient for our purpose.

We first show that we may as well assume J; = [,. Pick j. € J; and ks € J5.
Set] = 11) Ifj € ]1\]2,wesetw; = wy, andn; = I j €\ Jp, weset
wj = wj, and 17; = 1;,.

W1th th1s procedure, we note that, for instance, (D, x, 7y, T3, (a)]-) jels (17]-) je 7)
has the same length and the same basic bridge as 1. The same holds for ;. Thus,
without loss of generality, we let | = J; = 5.

Let now:

M V2 = (D, %, 7090, 3, (W), Wi)jker, (i1 jkeg))-

Note that 71 V 77 has, once again, the same basic bridge as y; and 7. It is thus
straightforward that:

c(1Vr)=¢(r)=¢)
and:

% (11 V72) = ¢ (1) = ¢ (72)-
Let w € 21 (O19) and ' € 2 (Qp9). By Definition (2.3.15) of the im-
print of a bridge, there exist j,k € {1,...,n} such that ko, (v, w;) < @ (71) and
kay (@', wy) < @ (72). Therefore:

ky g0y (W, @), (W), w}))

= sup {|{(w, @) = (@}, ), (1, 1') ) : DOy, ') <1}
SUP{H W) sy — (W) >///1/91 :Dyar() < 1}
+sup { (@' 1) g0 = Wk ') 4y Do) <1}
ko o (@, Wj) + kg (@, W)

(7)+@ (7).
The same argument can be made in () o3 @ () o3. Thus:

@(11V72) <@ (1) +@(72)
Last, let j, k € J. By Definition (2.3.14) of the modular reach, we have:

<
S @

[ @) g x =2 mm) 4| < 6 (1)
and
H(w’,wk)/[z’mx = X1, 1k) i, o5 H@ <o ().

We thus compute:

dno, vy, ((“Jj/ w}/{), (77]'/ 7712))
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= max Hng‘ (<(w]‘,wllc)r (wnrw;n»m) X — X7t (<(77jr ), (7771/77;11»%) H

nme]f

B Iirilgjx Hnm (<wj’ wn>///1,21) X X7 (<17j' 77”>///1,%)

D

I,
+max Hnm (k) g ) x =270 (1) 1) H@
dny, (Owj, ;) +dny, (wi, 1x)

0" (m) + 0" (12).

We have therefore proven:

Ar1Vy2) <A (71) +A(72)

Now, let e > 0. As we work with an iso-pivotal family, there exist two treks r,
from O g to (3, and I'?, from ) o to O g3, such that at once:
1) A(TH) <A™ (9, Oy 3) + &,
(2) A (%) <A™ (Do, Qo m) + 5,
3 It =T

<
<

WesetT VI = (’y]l V 7]2) ; using our work in the first part of this proof and a
trivial induction, we conclude that I'; V I'; is a modular trek from g o @ () o to
er% ) 02’% such that:

A(T1VT2) S A(Tq) + A (T2)e <A™ (Qq g, Q) + AT (o, Do o)) + &

By Definition (2.4.6) of the modular propinquity, we thus conclude that for all
€ > 0, the following holds:

AN (O o B Do, Vs & Mys) <A™ ( Qo Q) + AT (Do, Do) + e

Our theorem is now proven. ]

We provide an extension of the concept of iso-pivotal class to classes of metrized
quantum vector bundles, by slight abuse of terminology.

Definition 2.7.3. Let £ be a class of F—quasi-Leibniz quantum compact metric
spaces. A class M of (F, G, H)-metrized quantum vector bundles over elements
of £ is iso-pivotal when, for any two (2, Ly) and (B, Ly ) in £, for every € > 0, for
any two Qg, Q) € M over (A, Ly) and O, QY € M over (B, Ly ), the family
((Qa, Qs ), (O, Qi) is iso-pivotal.

We thus can state:

Corollary 2.7.4. The direct sum is continuous on any iso-pivotal class of metrized quan-
tum vector bundles.

Proof. This follows immediately from Theorem (2.7.2). O

To fully reflect the potential of the modular propinquity, we now move toward a
much more involved example of convergence for modules. The next section deals
with non-free, finitely generated projective modules over quantum 2-tori.
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3. HEISENBERG MODULES OVER THE QUANTUM 2-TORI

Finitely generated projective modules over irrational rotation algebras can be
described, up to module isomorphism, as either free — a case with which we dealt
in the previous section — or constructed through a projective representation of R?,
as shown in [37]. The latter type of modules were introduced by Connes [6] and
provided the background for the study of noncommutative geometry of quantum
tori. The construction of these modules was later extended by Rieffel to all quan-
tum tori in [38], where they provide a large class of (though in general, not all)
projective finitely generated modules over quantum tori. As projective represen-
tations of R? are in fact obtained from representations of the Heisenberg group,
the modules constructed from these representations are called Heisenberg modules
in [38], and we shall follow this terminology. In fact, the Heisenberg group action
will prove essential to our construction.

Heisenberg modules over quantum 2-tori provide natural examples of metrized
quantum vector bundles, whose D-norms are constructed from a noncommutative
connection built from the action of the Heisenberg group. In particular, they are
naturally endowed with a Hilbert module structure, and a connection was con-
structed in [6] from the infinitesimal representation of the Heisenberg Lie algebra.
These connections were proven to solve the Yang-Mills problem for quantum tori
[9].

Once we bring Heisenberg modules within the realm of our modular propin-
quity, we become capable of discussing the problem of convergence of such mod-
ules. Heisenberg modules are parametrized by the quantum torus acting on them
and by a pair of integers p, ¢ which, in particular, relate to a projective representa-

tion of the finite group of the form Z% where Z,; = 7 / q7.- We shall prove in this

section, as our main application of the modular propinquity for this paper, that for
a fixed pair p, g of integers, and thus in particular, for a fixed projective represen-
tation of some Z;, the family of Heisenberg modules over varying quantum tori,
form a continuous family for the modular propinquity.

We begin our section with some background on quantum 2-tori and Heisenberg
modules. We then define our D-norms candidates, and establish their basic prop-
erties. The first difficulty we address is to prove that our D-norm candidates have
compact balls in the C*-Hilbert norm. Then, we prove that our D-norms form
a continuous family of norms. This step involves proving that the norms of the
Heisenberg modules also form a continuous field of norms.

We then use all these ingredients to prove our main result on the continuity of
families of Heisenberg modules for the modular propinquity,

3.1. Background on Quantum 2-tori and Heisenberg modules. Quantum 2-tori
are the twisted convolution C*-algebras of Z2. The projective finitely generated
modules over quantum tori have been extensively studied, and next to the free
modules, the most important class of projective, finitely generated modules over
a quantum torus are the Heisenberg modules. This subsection introduces these
modules, as well as the notations we will use throughout this section regarding
quantum tori.
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Twisted group C*-algebras are defined by twisting the convolution product
over a locally compact group by a representative of a continuous 2-cocycle of the

group.
Notation 3.1.1. For any 0 € R, we define the skew bicharacter of R?:
(3.1.1) eo: ((x1,y1), (x2,12)) € R? x R? — exp (imh(x1y2 — x211)) -

By [20], any 2-cocycle of Z? is cohomologous to the restriction of a skew bichar-
acter ey to Z? x Z? for some 6 € R. We shall use the same notation for ey and its
restriction to 7.

Moreover, for any 6, ¢ € R, the skew bicharacters eg and ey of 72 are cohomol-
ogous if and only if # = @ mod 1. We note that, as skew bicharacters of R?, they
are cohomologous if and only if § = ©.

We define the twisted convolution products on ¢!(Z?), where we use the fol-
lowing notation.

Notation 3.1.2. For any (nonempty) set E and any p € [1,00), the set £/ (E) is the
set of all absolutely p-summable complex valued functions over E, endowed with
the norm:

1Ellence) = (2 ¢<x>P)p

x€E
forall ¢ € ¢7(E).
We wrrite §,, the function which is 1 at n and 0 otherwise; this function is an
element of ¢7(E) for all p.
Moreover, if p = 2 then (¢(E), | - || ~(k)) is a Hilbert space, where the inner

product (Cr77>52(5) = Lree C(¥)y(x) forall ¢, 77 € (2(E).

We now define:

Definition 3.1.3. Let 6 € R and ey be defined by Expression (3.1.1). The twisted
convolution product *g is defined for all f, g € £1(Z?) and for all n € Z2:

frog(n) =} f(m)g(n—m)eg(m,n).
mez?
The adjoint of any f € ((Z?) is defined for all n € Z? by:
fr(n) = f(=n).
One checks easily that (¢1(Z?),xy,-*) is a *-algebra. In particular, the adjoint

operation is an isometry of (61 (z2),] - | ﬂl(ZZ))' We now wish to construct its en-

veloping C*-algebra. To do so, we shall choose a natural faithful *-representation
of (£1(Z?), g, *) on (2(Z?*). This representation was a key ingredient in the con-
struction of bridges between quantum tori in our work in [25] on convergence of
quantum tori for the quantum propinquity, and thus will re-appear in a similar
role in this section.

Notation 3.14. If T : E — F is a continuous linear map between two normed
spaces, we write its norm as |||T|||E When E = F, we simply write |||T||| .
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Theorem 3.1.5 ([51]). Let 6 € R. We define, for any n € Z? and & € (*(Z?), the
function:

UG :m € 72 v eg(m,n)&E(m — n).

The map n € 7> Uy is a unitary eq-projective representation of 72, ie. Uply' =
ep(n, m)U) ™™ forall n,m € Z2.

If, for all f € (£1(Z?), *q,-*), we define:

mo(f) = ) f(mUg
nez?
which is a bounded operator on ¢ (Z?) with:
1720 ()Ml 2 (z2y < 1 fllerz2),

then 7t is a faithful *-representation of ({1(Z?), g, *).
Proof. 1t is a standard computation to check that n € Z? — U} is a ep-projective
unitary representation of 7Z2, and that for all f,g € ¢! (Z?):

7o(fr08) = 7o (f) 70 (8),
and 719(f*) = (7e(f))*. As proven in [51], this representation is also faithful. [J

Thus, we may define a C*-norm on ¢!(Z?) by setting:

1 £1lag = [l ()l 2 (z2)
for all f € ¢'(Z?). We thus can define quantum 2-tori.

Definition 3.1.6. The quantum 2-torus Ay is the completion of (¢'(Z?),*g,-*) for
the norm ||| 7o ()[l[ 2(2)-

As per our general convention, the norm on Ay is denoted by || - || 4, for all
0 cR.

Remark 3.1.7. Let § € R. By construction, ¢!(Z?) is identified with a dense *-
subalgebra of Ay, and we shall employ this identification all throughout this pa-
per. With this identification, we also note that for all f € ¢!(Z?) we have | f| 4, <
|| fll¢1(z2), a fact which we will use repeatedly in the next section.

We take one derogation to the convention of using the same symbol for an ele-
ment of ¢! (Z?) and its counter part in a given quantum torus, because the follow-
ing notation is at once common and convenient.

Notation 3.1.8. Let 8 € R. The element ¢, o is denoted by ug and the element 4y ; is
denoted by vy when regarded as elements of Ay.

We now introduce a canonical action of T? on quantum 2-tori. The dual action
of T? on quantum 2-tori provides, by transport of structure, the geometry of the
quantum 2-tori. We shall discuss this matter at greater length in our next section.
Our focus, of course, will be on the metric structure of quantum tori induced by
the dual action and continuous length functions on T2, as first constructed in [40]
as the prototype for compact quantum metric spaces.
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Theorem-Definition 3.1.9. [51] For all z = (z1,22) € T? there exists a unique *-
automorphism B3 of Ag such that, for any f € €1(Z?) and (n,m) € Z?, we have:

Baf (n,m) = 2{z3 f(n,m).

The map z € T? — B is a strongly continuous action of T% on Aj called the dual action.
Moreover:

{aGAQ:VzeTZ B (a) :a} = Cly,.

An action of a group on a unital C*-algebra whose fixed point algebra is re-
duced to the scalar multiples of the unit, such as the dual action of T2 on Ag,
is called ergodic. In [6], this dual action, combined with the fact that T? is a Lie
group, was used to define a quantized differential calculus on quantum tori [8]
which proved to be the start of noncommutative geometry. In [40], the dual ac-
tion, combined with a choice of a continuous length function on T?, provided the
first example of an L-seminorm and started the program within which the current
paper participate.

We now turn to the class of modules to which we shall apply our new mod-
ular propinquity. We construct these modules following [6] using the universal
property of quantum 2-tori, which we now recall.

Proposition 3.1.10 ([51]). Let 6 € R. If U, V are two unitary operators on some Hilbert
space H such that UV = exp(2in0)VU for some 6 € [0,1), then there exists a *-
morphism @ : Ag — B(H) such that @(uy) = U and @g(ve) = V. The range of @ is
c(u,v).

We note that one may construct an enveloping C*-algebra of (£1(Z?2),*g,*)
with the universal property described in Proposition (3.1.10) by choosing as a C*-
norm of some element f, the supremum of the norm of 77(f) where 7t ranges over
all *-representations of (¢£1(Z?), *g,-*). The completion of (¢! (Z?), xg,-*) with this
norm would be the full twisted convolution C*-algebra of Z? for ey. However, as
72 is Abelian, it is an amenable group, which implies that the full norm is in fact
equal to the C*-norm obtained from our special representation 77y. Thus amenabil-
ity is in essence behind Proposition (3.1.10).

Another way to state Proposition (3.1.10) is that, for any 8 € R, if ¢ is some
projective representation of Z? on some Hilbert space # for some multiplier of
7? cohomologous to ey, then # is a module over Ay. Indeed, Proposition (3.1.10)
gives us a *-morphism @ from Ay to the C*-algebra B(.#) of all bounded linear
operators on ., with @ (ug) = ¢'? and @(vg) = ¢*!. Thus # is a Ay module.

With this observation in mind, we now turn to the construction of some particu-
lar projective representations of 7?2. The idea, found in [6] and explicited in [38], is
to take the tensor product of a projective representation of R?, restricted to Z?, and
a finite dimensional projective representation of Z, for some g € IN'\ {0}. By ad-
justing the choice of the multipliers associated with each projective representation,
we get the desired module structure.

Projective representations of R? are naturally related to the representations of
the Heisenberg group, and we will make important use of this fact in our work.
We thus begin with setting our notations for the Heisenberg group.
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Convention 3.1.11. The vector space C? is endowed by default with its standard
inner product ((z1,...,24), Y1,.--,Y4))cd = Z?Zl zjyj, whose associated norm is
denoted by || - || qa-

Notation 3.1.12. The Heisenberg group is the Lie group given by:

1 x u
H; = 01 yl:x,yyuckR;.
0 0 1
1 x u

We shall identify Hz with R? via the natural map (x,y,u) € R® — [0 1 y|,
0 0 1
which is a Lie group isomorphism once we equip R3 with the multiplication:

(x1,y1,u1) (%2, y2,u2) = (X1 + x2,y1 + Y2, u1 + 2 + x112)

for all (x1,y1,u1), (X2, y2,u2) € R3.
The importance of the Heisenberg group for quantum mechanics [10] may be
gleaned by looking at its Lie algebra, which is given by:

0 x u
h = 0 0 y|]:x,yuek
0 00
which is a 2-nilpotent Lie algebra. We easily compute that for all x,y, u € R3:
0 x u 1 x u+ %xy
(3.1.2) exp(0 O y| =101 y
0 00 0 0 1

This expression for the exponential will be important for our construction. Note
that the exponential map is both injective and surjective.
We now set:

010 0 00 0 01
P=10 0 0|],0=(0 0 1) andT=1{0 0 0.
0 00 0 00 0 00

We easily check that [P, Q] = T = —[Q, P] while other other commutators between
P,Qand T are null, and spany{P,Q, T} = h.

We note that in particular, T is central, and thus the relations defining h from the
basis {P, Q, T} are the structural equations of quantum mechanics — the canonical
commutation relation, as proposed by Heisenberg, in order to express the uncer-
tainty principle between two conjugate observables. We refer to [10] for a de-
tailed analysis of the Heisenberg group and its connections to the Moyal product,
pseudo-differential calculus, and more fascinating topics.

Thus the study of the irreducible representations of H3 provide the irreducible
representations of the canonical commutation relations. We first note that:

]H3/{(O,O,u) ‘ueR} =R

is Abelian, and thus we get a collection of trivial, one-dimensional representations
of 3 by simply lifting the irreducible representations of R?.
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The nontrivial irreducible representations of the Heisenberg group are, up to
unitary equivalence, given by one of the following:

(3.1.3) a5 ¢ 15 € R exp(2it(Bu + 5x))E (s + Oy)

form some 0 € R\ {0}. We note that they all are infinite dimensional.
Letd € R\ {0}. Forall (x,y) € R? and for all ¢ € L?(R), set:

Xy. P, (xP4+yQ)
U516 = %5,

= ag%’%é' 5 € R — exp(imtdxy + 2imtsx) (s + 0y).

The map 0'%:1 is a unitary on L?(R) for all (x,y) € R2. Moreover, for all (x1,y1),
(x2,12) € R?, we note that:

(Tg,llryl Ug,zl,yz = e5((x1, }/1)/ (x2, y2))ag,11+xz,y1 +y2,

i.e. 01 is a projective representation of R? on L?(R) for the bicharacter e5, namely
the Schrodinger representation of “Plank constant” . Moreover, every nontrivial
irreducible unitary projective representation of R? is unitarily equivalent to one of
015 for some 0 # 0 (by nontrivial, we mean associated with a nontrivial cocycle).

We introduce one more notation which will prove very useful in defining our
D-norm on Heisenberg modules. If d € IN with d > 0, we define the following
unitarry operators on L?(R) ® C%:

ocg:g’” = zxg%’u ®id and (Tx:g = Ugf ®id
for all x,y,u € R, where id is the identity map on C?. We trivially check that
w54 is a unitary representation of H; on L2(R) ® €, while ¢y 4 is a eg-projective
representation of R? on L?(R) ® €. Moreover, we also check immediately that
ocg’g’o = Ug'g forallx,y € R.
We now turn to the projective representations of 72, where g € IN'\ {0}. We
first note that, for any p € Z, the skew bicharacter ep of 72 induces a skew bichar-

q
acter of Z% — which we keep denoting by e - By [20], any multiplier of Z; is
cohomologous to ep for some p € IN.

q

For our purpose, we will thus get, up to unitary equivalence, every possible
finite dimensional unitary projective representations of the groups Z% for arbitrary
g € IN\ {0} by considering the following family.

Notation 3.1.13. Letp € Zand g € N\ {0}. Letn € Z + [n] € Z, be the canonical
surjection. Let:
0o ... 1 1

1 0 ... 2
upg = 1. . and vy 4 = ,

10 Z0—1
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2imtp

with z = exp ( ) Since uZ/q = v,qw =1, the map:

Ppg1: (z,w0) € Zf] — p;"z;’,l = ujp vy, where [n] = zand [m] = w

is well-defined. An easy computation shows that p, ;1 is a projective action of Zé.
Foralld € gIN, d > 0, we now set:

Ppiga = Ppg1 @ 1ds

d
where id, is the identity map on C7.
q

We remark that p, ;4 acts on €Y, i.e. we parametrized p by the dimension of
the space on which it acts rather than the multiplicity of p;, 51, as it will make our
notations much simpler.

If p and g are relatively prime, the representation p, 41 is irreducible, with range
the entire algebra of g X g matrices — it is in fact, the only irreducible e r -projective

representation of Z% up to unitary equivalence. Thus in general, any finite dimen-
sional unitary representation of Z% is unitarily equivalent to some p; , ; for some
le€Z,re N\{0},d € rIN\ {0}, with! = 0 and r = 1 or [, r relatively prime.

In order to construct the inner product on the Heisenberg modules, we shall
need to first work on a space of well-behaved functions inside the Hilbert space
¢2(Z?) on which quantum tori will act. This space will consist of the Schwarz
functions.

Definition 3.1.14. Let E be a finite dimensional vector space. A function f : R — E
is a E-valued Schwarz function over R when it is infinitely differentiable on R and,
forall j € IN and all polynomial p € R[X], we have:

lim Hp(t)f(f>(t)HE =0

t—+oo

The space of all E-valued Schwarz functions over R is denoted by S(E).

We note that if f € S(E) for some finite dimensional space E, then in particular,
f € LP(R) for all p € [1, 0], since for any j € IN, there exists M > 0 such that
Lf(s)lE < l+\ 7 for all s € R. Indeed, by assumptlon, lims_s 100 || (148 f(s)||E =

0. Thus for some K > 0 we have ||f(s)| < 1+| i for all s € R with |s| > K.

On the other hand, since f is continuous on [ K,K], it is a bounded. Let M =

max{|f(s)| :s € [-K,K]}. Ass € [-K,K] — 1+\ 7 is continuous as well as strictly

positive, it is bounded below by some m > 0. Thus || f(s)||r < %]‘VI"]"} for all
s € R.

We now implement the scheme which we described a few paragraphs above to
construct modules over quantum tori. We refer to the mentioned works of Connes
and Rieffel for the details and justification behind the following construction.

Theorem-Definition 3.1.15 ( [6], [37], [9] ). Let 6 € Rand g € N\ {0}. Let p € Z,

g€ N\ {0},andletd € gIN\ {0}. The Heisenberg module fﬁf A4 is the module over
Ay defined as follows.
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Let py,4,4 be the projective action of Zg with cocycle e L consisting of the sum of g

copies of the unique, up to unitary equivalence, irreducible representation with the same
cocycle. Up to unitary conjugation, we assume that p, 4 acts on ce.
Let:

a=0-"L.
q

Let a1 be the action of the Heisenberg group Hz on L2(IR)) given by Expression (3.1.3).
For (n,m) € 72, denoting the class of n and m in Z / g7, respectively, by [n] and
[m], we set:

n,m n,m,0 [n],[m]
‘quad a1 ®Ppq

For all n,m € 7, the map (D 5,4 15 a unitary of L2(R) ® C%, and moreover @, 4

is an eg-projective representatzon of 72.
By universality, the Hilbert space L’(R)® C% is a module over Ay, with, in particular,
forall f € £1(Z?) and ¢ € L*(R,C%) = L*(R) ® C%:

fé= Z f(n,m) pq5dC

n,mez

Let ygp’q’d =S(C%) CL2(R)® €. Forall & w € ypq, , define (¢, w) opad 05 the
function in £*(Z?) given by:

. 2 n,m
<§,w>ﬁ%p,q,d 2(n,m) € 27— <(Dp'q/5rd§'w>L2(R)®E'

The Heisenberg module %@p s the completion of YQP 4 for the norm associated

with the Ag-inner product (-, ) , pa.a-
A,

We note that Yep 4 is not closed under the action of Ap but it is closed under
the action of the subalgebra:

{f € (4(Z?) : Vp € R[X,Y] lim p(n,m)f(n,m) =0}

n,m—=+oo

of (£1(Z?),*g,-*), often referred to as the smooth quantum torus. We will not

use this observation later on, though it is notable that the completion of Yep A s
indeed a Ag-module.

We make some formulas explicit for clarity. We continue with the notations in
Theorem-Definition (3.1.15). We let:

1,0 0,1
Wi = Opad and Wy = Opad
We thus have, in particular:
0
W1W2 = exp (T) Wle.

We also denote by 1y and vy the elements é1 g and g1 of Ayp.
We then note that for all ¢ € yep :

upl :s € R — Wié(s +9)
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and
vg¢ 1 s € R — Whexp(2ims)E(s).

We observe that indeed, (-, -) ,pvad is hermitian. Indeed for all n,m € 72
<70

o n,m
(&) ypaa (1,m) = (@) L)

— w—n,—mw>
<§’ P04 = [ [2(R)wCd

T )
= (@) )

Moreover, foralln,m € Z and ¢, w € ygp , we have:

(3.1.4)

<§,w)%,,,q/d(n,m) = /R (WI'W3'C(s + 0m), w(s)) qa exp(2irmns) ds.

Now, Ay carries a unique tracial state tr, given for all f € (}(Z?) by tr(f) =
£(0). In particular:

tr (6@ g ) = [ (€6l s

s0 |8l 2(myect < IE]] P In particular, %" 4 is a dense subspace of L2(R) ®
.

Last, we note that if p,, , s = 01, for some p,I € Z, q,r € N\ {0}, d € qIN and
m € rIN, withd, m > 0, we may not conclude that p = [, g = r and d = m unless we
assume that p, g are relatively prime and [, r are relatively prime, or p = [ = 0 and
g = r = 1. Consequently, p,q,d is not uniquely determined by the isomorphism

class of ﬁi@p’q’d unless we assume relative primality of p and 4. This will not be an
issue for our work.

In this section, we introduced many representations of various groups, and the
notations will be important all throughout this paper. We believe it may be conve-
nient for the reader if we summarize these notations.

Notation 3.1.16. The following table summarizes all the group (projective) repre-
sentations and related objects which will be used in this work.
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Notation Parameter(s) Meaning

ey feR the skew bicharacter defined by Expr.
(3.1.1) on R?, identified with its quo-
tient map on 72, and even Z% when
g0 € Z

Cpa.d p €Z,q € N\{0}; | direct sum of % € N copies of the ep-
q

d € N\ {0} projective representation p, ;1 of Z%,

given in Notation (3.1.13)

xy1 0eR\{0} ucg%’ué 0 s — exp(2imt(Ou + xs))E(s +
Oy) forall ¢ € S(C) and (x,y,u) € H;,
see Notation (3.1.12)

Xy 4 0 € R\ {0} and | ag; ® id where id is the identity of C?,

deN,d>0 see Notation (3.1.12)
b

05,4 d € R\ {0} and O'g"g = zxg’,d’z for all (x,y) € R?, see

delN,d>0 Notation (3.1.12)
©p,q,5.4 p,q €EIN;d € qIN > | 051 ® pp 44 as in Theorem (3.1.15)

0,0 R\ {0}

Bo e the dual action of T? on Ay =

C*(Z?,ep) as in Theorem (3.1.9)

Up:n,m— Uy™" | 0 €R the eg-projective representation of 7?2
on (2(Z?) defined in Theorem (3.1.5)

Ty e the representation of Ag on (?(Z?) ex-
tending the integrated version of Uy as
in Theorem (3.1.5)

The purpose of this section is to show that for a fixed choice of p € Z, g €

N\ {0}, and d € gIN, d > 0, the function § € R — 7 4 s continuous for the
modular propinquity. A first step in this direction is to check that the collection of
Heisenberg modules form a continuous family of normed spaces.

3.2. A continuous fields of C*-Hilbert norms. All Heisenberg modules are com-
pletions of S(C?) for some d € N, d > 0. For a fixed d, it thus becomes possible

to ask whether the various C*-Hilbert norms || - || yrads as 0 varies in R, form a
0

continuous family.

To this end, we establish a succession of lemmas whose primary goal is to pro-
vide us with estimates on the Heisenberg modules” C*-Hilbert norms in terms of
the norm of ¢!(Z?). While the Heisenberg modules’ C*-Hilbert norms are in gen-
eral delicate to work with as they involve the no-less abstract quantum tori norms,
the ¢1(Z?) norm, which dominates all of the quantum tori norms, is much more
amenable to computations. For our purpose, we will take full advantage of the
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regularity of Schwarz functions, which will enable us to apply various analytic
tools to derive our desired result.

The first step is a lemma which provides a first upper bound to the ¢!(Z?) norm
of the difference between certain Heisenberg module inner products.

Lemma3.2.1. If0,0 € Randp € Z,q € N\ {0},d € gIN\ {0}, and if w, y and ¢ are
C? functions from R to C? such that for all f € {w, 1, }:

(1) all of f, f' and f" are integrable on R,
(2) lim¢_y+e0 f(t) =lim; 400 f/(t) = lim; 400 f”(t) =0,

then, writing 9g = 0 — g and Oy = 8 — %, we have:

4

H <w'77>%lﬂ'flrd — (¢, ’7>#pfﬂ,d 0z

meZz

< Z 4n2n2 (/ Y [l (t+8gm) — " (t + Bom) || 1 (£)l| oo dt+

[0 [ 4 Bom) = (¢ Do) (1) s

mEZ

b [ ol + 0gm) — &t + o) |n”<t>||@ddt).

R ez
Proof. We begin with the observation that for all (n,m) € Z? we have:
<wr’7>3{pprq,d (n,m) — <5r’7>%wd (n,m)
/ (opieo(t + Bgm), (1)), exp(irent) dt
/ @;LL, 't + 0m), (1)), exp(2iront) dt
= bl ot 4+ t e 4+ 2imtnt) dt
(o ot 4+-0em), (1)), = (opipa 60+ Bom), n(0)) ) exp(2irnt)
/ ant]q E;n] (t +0gm) — (t+ Ogm)), 17(t)>cd exp(2imtnt) dt.
For all n,m € Z, the function:
Fom  E < L 0] o (4 Bgm) — E(t + Dgm), (1)
nm - pp,q,d 0 om),n o
has a first and continuous second derivative which are integrable, and:

. " _
Jm fam(t) = lm fo,(5) = lim £, (8) = 0.

We consequently may apply integration by part and obtain, for all m,n € Z:

/ <p£7"]q§”w(t+5em) _ g(t+8l9m),17(t)>cd exp(2imnt) dt
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I/ fum(t) exp(2irtnt) dt
ex (2irtnt
/fnm p )dt

2intn

exp (2imtnt)
/f C4mn? a.

We compute trivially that forall t € R and m,n € Z:
() = (o (" (8 + Bgm) — & (+Tom)), 9 (1))
+ 2Pl (' (4 Bgm) — & (4 Tgm)), 1 (1)),
+ (puht (ot + Bgm) = &(t +Bgm)), 1" (1)) -
[n H ]

Thus using Cauchy-Schwarz and since [ is a unitary, we thus conclude:

H<w 77>%qu <§/’7>%p,q,d 0z

/}R <p}[;j]q,[;"]( (t + Dgm) — (j(t—f—5l9m)),17(t)>cdexp(2irmt)dt‘

nmeZ
<y [
m%% 4n2n2
1
< —— ue: _ &t ; it
o, T (/R”“’ (t + Dgm) — & (¢ + Dgm) | a1 (1)

2 [ e (¢ Bgm) — &' (¢ 4+ Fgm) (1) s

+ [ ote-+0m) — (e -+ Oomllall” (st

_ Z 1
nelN 4m2n?

/. (z o +6em>—c”<t+6ﬂm>|cd> ()l

melN

2 [ (2 < (¢ +Bm) c<t+mm>||@d> '8 s

melN

+/ ( Y llw(t + Tgm) — &(t + Dgm) |Cd> " (#)|] ca dt] by Tonelli’s theorem.

melN
This concludes our lemma. O

Our next lemma focuses on the type of estimates given in Lemma (3.2.1), and
gives a sufficient condition for these upper bounds to converge to 0 when various
parameters are allowed to converge to appropriate values.

Lemma 3.2.2. Letd € IN, d > 0. Let N = INU {co} be the one point compactification of
N

If (wi) e and (i) are two families of C2~functions from R to €4 and (D )gen is
a sequence of nonzero real numbers converging to some 0o 7 0 such that:
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(1) (t,k) € R x N+ wi(t) and (t,k) € R x IN — 5 (t) are jointly continuous,
(2) there exists M > 0 such that for allk € Nand t € R:

M
max {[[we(t) e 176(8) les} < 772
then:
1
32.1) i / E+ D) — weo(t + Deo Bl e dt = 0.
621 Jim 3 s fo L ot Bm) = (b4 Boom)loslle (1) e

Proof. First, we observe that Expression (3.2.1) is left unchanged if we replace 0y
with —j for all k € NN, thanks to the summation over m € Z. Consequently, we
may assume without loss of generality that 0, > 0 and assume that 0y > 0 for
all k € IN (since (Oy ke converges to O« # 0, we must have that 9y and Je have
the same sign for k larger than some K € IN; we thus can truncate our sequence to
start at K and flip all the signs if necessary to work with positive values).

With this in mind, since (0k)xen is positive and converges to 0, > 0, there
exists 0 < O_ < 04 such that for all k € IN, we have Oy € [0_,0].

We shall employ the Lebesgue dominated convergence theorem. To this end,
we introduce the following function to serve as our upper bound. For all ¢ €
R, m € Z we set:

5;_torm<0and

%orm<0and

Wifm>0andm

Wifm>0andm
Mifm=0or =t € (3_,04).

For a fixed t € R, we note that:

I 3

>
(322) b(tm) = <

<

b(t,m) ~m—teo Fm
$0 Y,z b(t,m) < oo. Moreover, by construction, forall t € R,m € Z and 0 €
[0—,04], we have:

M
T+t omp SPEm
Therefore, using our hypothesis, forallt € R, m € Z,k € Nand d € [0_,04]:
M M
- [ee] o <
e (£ +m8) = oot + 1) o < 37 (t +md)2 T Tt mow)?
< 2b(t, m).

Thus for a fixed t € R, we may apply Lebesgue dominated convergence theo-
rem to conclude:
(3.2.3) lim ) [wg(t 4+ mdy) — weo(t + Meo)||ca =0,
k—o0 med
since (t,k) € R x N — wy(t) is jointly continuous.
We now make another observation. For any fixed 3 > 0 and k € N, The func-
tion:

teR— Z |y (t + 0m) || ca
mez.
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is O-periodic.
Ift €[0,0+],k € Nand 0 € [0_,0], then since:

leox(t+0m)|[ga < sup b(x,m)
x€[0,6+]

while, as can easily be checked:

sup b(x,m) ~moteo 5,
x€[0,04] " 0% m?

we conclude that the series:

((tk3) € Rx N x [0_,84] — ¥ ||y (t + Tm)| )

mez.

converges uniformly to its limit on [0,0,] x N x [0_,34]. In particular:

(k) € [0,34] x T x [0_,8:] > Y [Jwy(t +0m) | s

mez

is continuous on a compact domain and so it is bounded. Let C > 0 such that for
all (t,k,0) € [0,04] x N x [0_,0.], we have:

Y Nkt +8m)ea < C.
mez
We conclude that t — },,c7 ||wi(t — Oxm)||qa is bounded by C on R, since it is
an J-periodic function with 0y < 0, for all k € IN.
We thus have that for all t € R and k € IN:

2CM
(324) ) |lwi(t +mBy) — weo(t 4+ MmBeo) || e 11 (£) | gt < 2C[|171c(£) | e < Tre

mez.

Now t € R +— ﬁ—% is integrable over R. Once again, we apply Lebesgue domi-

nated convergence theorem, and we conclude from Expression (3.2.3) that:

(3.2.5) lim/ Y Nwi(t + mBy) — weo(t 4+ MBeo) || ga || 71 (£) | g dt = 0.
k—o0 R ez

Last, using Inequality (3.2.4) again, we note that for all k € IN:

2CM
/]R Y Nwie(t 4 mdy) — weo(t + mdeo) || ca |17 (1) || a At < TP dt
YR meZ
and thus foralln € Z and k € IN:
2CM
1 / fR 1+£2 dt
5 |w(t +my) — w(t +mdeo) || galln(t)|lga dt < = 55—,
4771202 Rngz 471212
Jg 250 dt

with ), cz =55~ < oo; hence we may apply Lebesgue dominated convergence
theorem once more to conclude from Expression (3.2.5):

. 1
lim Y oy [ X et + mid) = wno(t + mi0o) (1) ot =0
4men RmEZ

k—o0 ne?

This concludes our lemma. O
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Remark 3.2.3. One may check that Lemma (3.2.1) and Lemma (3.2.2) together prove

thatif p,q € N, &w € S(C%), for any d € gIN withd > 0,and if § € R\ {%},

then (¢, w) rad € ¢Y(7Z?). 1t is a well-known fact (indeed a basic fact for the very
<70

construction of Heisenberg modules) though maybe not apparent from Theorem-
Definition (3.1.15) without consulting such sources as [37].

We now bring together Lemma (3.2.1) and Lemma (3.2.2) to obtain a first result
of continuity on the Heisenberg module inner products, albeit using the ¢(Z?)
norm. This is the core result of this section, and it is phrased at a somewhat higher
level of generality that what is needed for the proof of continuity of the family
of Heisenberg C*-Hilbert norms. Indeed, this level of generality will prove use-
ful twice later in this paper: when proving that the Heisenberg group represen-
tations &g 4 define strongly continuous actions on Heisenberg modules, and when
establishing that our prospective D-norms on Heisenberg modules will also form
a continuous family of norms.

Lemma 3.2.4. Let p,q € Nwithq > 0and d € qIN with d > 0. If ({i) oy is a family
of C¥-valued C2-functions such that:

(1) there exists M > 0 such that for allk € Nand t € R:

max {[|&k ()| o 185 (D)l oa. 165 ()l o } <

(2) (t,k) € R x IN — &(t) is continuous,
and if (0 ) ke is a sequence converging to O such that 6 — % # 0 forall k € N, then
we have:

M
1427

=0.
0 (z?)

oo

Jim 1,00 s = (o) 0

Proof. To fix notations, for all k € IN, we set 3y = 6 — % Note that (O )ren is a
sequence of nonzero real numbers converging to Je 7 0.
We shall prove our result from the following inequality.

(3.2.6) H@kr §k>%gwd - <€oo/ 97-00>=;fwd

Oco

0(z2)
11(72) 0(z2) .
We begin with the first term of the right hand side of Inequality (3.2.6). We ob-

serve, using Expression (3.1.4) and the fact that the adjoint operation is an isometry
for || - |41 (z2), that:

+\

< H <‘:k/ §k>%md - <§k1 COO>%)%M

79

<§k1 ‘300>%éwd - <f:oo/600>%ﬂmd

7

0(22)

H <§k’ €k>%Pﬂrd - @k’ 500>%/md - H <§k1 ‘:k>%/p,qrd - <§oof§k>%p/q,d
O [ 600

29

01(z2)
By Lemma (3.2.1), we then have for all k € IN:

027) (6 8 o = (G s
O

(2]

0(z2)
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< 2 4712112 (/ Z 16K (£ + Bjem) — Ceo (t + Boom) || o N1k (1) [ o dt+

+/ Y |18kt + Opm) — Eoo(t + Do) || a 1185 () || e dt

mEZ
+/ Y 112k (t+ Ogm) — Zoo(t + Deom) | ca |12 ()||Cddt>.
R ez

Our assumptions allow us to apply Lemma (3.2.2) to each term in the right hand
side of Inequality (3.2.7) to conclude that:

=0.
0(z2)

900

We handle the second term of Inequality (3.2.6) in a similar manner. By Lemma
(3.2.1), we have:

[CESYE N N

“foo

a(z?)
< Z 47r2n2 </ 2 ||§ t+6°°m /(t+600m>||cd ||‘:°°(t)||cddt+

[ e+ Beom) — et + Biom) | 185 (1) s

R ez

L NE(t + Do) = Gl + Do) e 5 ()HCddt).

R ez

Once again, by the assumptions on ({i);c allow us to apply Lemma (3.2.2) to
conclude:

1. 7500 - oos 00 = 0/
Pl H((:k ¢ >=%ﬁeiq'd (Goor & >%Zoqd 0z
and thus from Inequality (3.2.6), our lemma is proven. O

We now conclude this section with the proof that indeed, Heisenberg C*-Hilbert
norms form continuous families of norms for a fixed projective representation of
some 7.

Proposition 3.2.5. Let p,q € Nand d € qIN withd > 0. Let ({),c be a family in
S(C%) such that (k,t) € N x R~ &(t) is (jointly) continuous and there exists M > 0
such that ||§ks)(t)||@d < H%for allk e N, t € Rand s € {0,1,2}.

If (6x ) ke is a sequence in R converging to O, and such that 6 — s =0forallk € N,
then:

li = .
Jim 6l pas = 16onl s

Proof. For each k € INU {oo}, we set Oy = 6 — % # 0.
We first compute:
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(3.2.8)

P ot — ol | = —HC,CM,d
1861 s = 12 Py (8o )

<‘§k1 §k>%p,qfd

Aek AGoo

N

H <§k! €k>jfeﬂl’1rd

- H <€0°/ €OO>L%%p,q,d

Ag, Agy

+

H <€oo/ 600>%p,qfd

- H <‘300r‘300>%wd

Ag, Aboo

g H <§k! §k>%ﬁ/q,d - <§OO/ goo>jf;p,q,d
[ “foo 'Agk

+

H @001 600>jf9p,q/d - H<§<>0r§<>0>%md

Aﬂk ‘AGDQ

< H<Ck, §k> aoPid T <§oo,§<>0> oPAA
7oy Hoeo (z2)

+

H <§om Cw>%p,q/d - H<§oor600>%md

'Aﬂk 'AGOO

We now apply Lemma (3.2.4) to conclude that:

=0.
01(z2)

kh_?go H <€k’ Ck>tyféi'q’d - <€°°/ goo)ey%;;q,d

Now, for any f € ('(Z?), the function 6 € R — ||f]| 4, is continuous by [39,
Corollary 2.7]. Hence, using Remark (3.2.3):

lim
k—o0

H <§00/ §°°>t%¢él;q,d - H <€OO/ é'oo>tyfgz:l’d ) ’ =0.

Ag,
Thus, we conclude from Inequality (3.2.8) that:
. 2 _ 2
kh—glo ||§k‘|%zqd = ||€OOH%ZM
which, by continuity of the square root, proves our lemma. g

Corollary 3.2.6. Let p,q € Nand d € qN withd > 0. Let & € S(C?). If ()ien is a
sequence in R converging to 8., and such that 6 — 5 = 0forall k € N, then:

li = .

kg{}o Hgn%i/q/d ||€”%Zoqd
Proof. We apply Proposition (3.2.5) to the family k € IN — ¢. We note that since ¢
is a Schwarz function, our assumptions are met. O

We shall return to Lemma (3.2.4) and its applications in two subsequent sec-
tions. The first such occurrence is in fact in the next section, where we establish
all the basic results we will need on the Heisenberg group actions on Heisenberg
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modules. Lemma (3.2.4) will be the key ingredient to proving these actions will be
strongly continuous.

3.3. The action of the Heisenberg group on Heisenberg modules. Heisenberg
modules may be endowed with a metrized quantum vector bundle structure over
quantum 2-tori using a D-norm built from a Lie group action and inspired by the
construction of [40], albeit involving a projective action of a locally compact group,
which will not act via isometries of the D-norm. These changes will introduce new
difficulties which we will handle in the next few sections. As a first step, we study
the actions of the Heisenberg group on Heisenberg modules.

One motivation for the results in this section is to establish the properties which
will meet the hypothesis of the main results in our next section, from which our
D-norm will emerge. We also note that the actions a4, for all @ € R\ {0} and
d € I\ {0}, is a strongly continuous action by isometries of L2(R) ® C“, but
we need these results to be proven for the Heisenberg C*-Hilbert norms, which
dominate the norm of L?(R) ® C“.

We shall use the same hypotheses for a series of lemmas and our main definition
in this section, and thus we group them in the following.

Hypothesis 3.3.1. Let p € Z, g € N\ {0}, and letd € gIN with d > 0. Let
feR\ {g} We write d = 6 — g.

We shall employ the notations of Theorem-Definition (3.1.15) and of Notation
(3.1.16).

We begin with two lemmas which will prove that H32 acts via isometries of
the norm of the Heisenberg modules on the subspace of Schwarz functions —
where we have an explicit formula for our inner product — and thus can indeed
be extended to the entire module.

Lemma 3.3.2. We assume Hypothesis (3.3.1). Forall (x,y,u) € Hs, ifzqy = exp (—2irtdx)
and zy = exp (2irtdy), and if §, w € yep’q’d, then:

(830,55 ()) s = B (<§,w> %) |

Proof. Let n,m € Z. We compute:

XYMz XYl >
@ s w
< pqéd 6d g Sd LZ(R)®Cd

n,m x,y,u n] [m] x,y,u
<(U51 Y1 = Ppad )é “o,d >L2(]R)®Cd

( ry/u) 1’11110 xr]/, Tl] m]
<<“51 6 IX pqd ) {: (4J> [2(R)@Cd
(exp(aind(om — yn) (ag:r ool gw)

217 <P‘75dé > R)®Cd
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Therefore, using the fact that ,le’ZZ
vg = Jp,1, we conclude:

'j' 'y' — zy/ zy/
<"‘ad (6) g (“’)>%p,q,d— )3 < pasd%a1 &% “’>L2(R)®@d”gvgi

is a *-morphism, and writing 1y = J;¢ and

nmez.

= L AB( Ol @) oo
nmez P ®Cd

i 21,22

= X (@) i (8
nmez q ®Cd

__ R%1/22 n_,m
(B, )

=%m(@wﬁm)
as desired. O
To ease our notations in this section, we set:
Notation 3.3.3. For all (x,y) € R? and d > 0, we define:
vg(x,y) = (exp(—2imdx), exp(2idy)) € T>.

We now show that the Heisenberg group acts by isometries for the C*-Hilbert
norm.

xy,u

Lemma 3.3.4. We assume Hypothesis (3.3.1). For all (x,y,u) € Hs, the map a5y is an

isometry of <%p ’q/d, -l %ép,q,d).

Proof. Let (x,y,u) € Hyand ¢ € .7 7 We compute:

XY,
%3

ol XY
4= <"‘5 d G o o,d g > a0
);ﬂp 9/ %F’ q _Ag

by Lemma (3.3.2),

= Zr(x'y)@f‘:)%wrd y
0

= <C, ‘:>%éw,d

Ay

2
||‘:H%md :
This completes our proof. O

Notation 3.3.5. We use the notations of Hypothesis (3.3.1). The action a4 of Hs

X, y,u

on % pasd may thus be extended to 77, pad by extending by continuity a57" for all

(x,y,u) € Hz; we shall keep the notation of this extension as az 4. We note that it

also acts via isometry on (%@p A, |-l f%p,q,d>.

. iy d
We also use the same notation for 03 ; extended as “é,&o to <%p A %ép,q,d> :
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The actions of the Heisenberg group on Heisenberg modules is by morphism
modules, in the sense of Definition (2.2.5). This result will play a role in the proof
that our D-norm satisfies the modular version of the Leibniz inequality.

Lemma 3.3.6. We assume Hypothesis (3.3.1). Foralla € Ay, { € %p'q’d and (x,y,u) €
H;, then:

" (ag) = B @ (©)
Proof. Letn,m € Z and ¢ € yep,q, . We compute:

X Y,u _ o xyu
"‘5,1 (ugvg'¢) = X3,d (qu,a,d{’[

= (a5 "o © oy ) €
_ : n,m,0  Xy.u [n],[m]
= exp(2in(xm — yn)) (“6d ayg @ p,q,ﬁ,d) ¢

= exp(2irt(xm — yn))@,s 05"

;Y ey
Since By is an action by *-morphisms, we conclude that for all 2 € Ay:
(3.3.1) wy (a8) = By (@) ()
as desired. The lemma is concluded by extending Equality (3.3.1) to %‘f’q’d by
continuity. O

An important corollary of Lemma (3.3.6) is as follows:

Corollary 3.3.7. We assume Hypothesis (3.3.1). Foralla € Ay, & € A 4 and
(x,y,u) € Hs, we observe that:

Proof. Leta € Ay, ¢ € pr’q’d and (x,y,u) € Hz. We compute:

xX,y,u
X'y

@0)|] paa < Nallay ] pas
<70

‘ “gzu(ﬂg)"%pqd = ’ or(xy) (a )D%Z,uff‘ o by Lemma (3.3.6),
< ||.39 ) al| 4, ||€||(%’ép’q’d by Lemma (3.3.4).
This completes our proof. 0

We have checked that the actions of the Heisenberg group on Heisenberg mod-
ules, which the latter were constructed from, act by isometric module morphisms
on the entire module. Note that we already observed that Heisenberg modules can
be regarded as dense subspaces of L?(IR) ® € spaces on which the same action of
the Heisenberg group is defined, strongly continuous and isometric; however we
needed to ensure that these actions are well-behaved with respect to the inner
product and norm of the Heisenberg modules.

In order to define our D-norms, we shall require one more important analytic
property: we want our actions to be strongly continuous for the Heisenberg C*-
Hilbert norms. This is the subject of the next proposition. We actually include
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in the next proposition a somewhat more general hypothesis and estimate than
needed for the strong continuity of our actions, as this stronger statement will
play an important role in our study of the continuity properties of our D-norms
later on.

Proposition 3.3.8. Let p € Z, q € N\ {0} andd € qN withd > 0. Let C > 0
and M > 0 some constant. Let 0 < 0_ < 0. There exists K > 0 such that for all
& € .7(C) satisfying:

(33.2)  max {[[Z(s)llct IsE(s)ll e 18 () o 158" (5) [l e

12" ($) s 158" ()l b <

1452’

the following holds forall s € R, 0 € [0_,0] and (x,y,u) € R with |x| + |y| + |u| <
C:

K([x] + [y + [u])
1452 '

(33.3) max{Ha%’%’”g(”)(s) _ g(”)(s)HCd ne {0, 1,2}} <
In particular, for all © # 0and 6 = 0 + s:

lim ‘ — 0.

(xy,u)—0

X,Y,U
X34 ¢— gH %Prﬂ’d

Proof. Let ¢ € S(C%) and (x,y,u) € R3. We note that for all s € R, using the
continuity if §, we of course have:

Wy = §(5) = exp(2in(u + x5))3 (s + 0y) — §(5)

(xy,u)—0 0.

However, we wish to apply Lemma (3.2.4), so we seek a more precise estimate.
To this end, let f;(t) = och;y’tu(j(s) = exp(2irt(Otu + txs)){(s + Oty) forall t,s € R.
We compute for all ¢, s € R:

fe(t) = exp(2im(Dtu + txs)) (2ir(du + xs)¢ (s + Oty) + Oy’ (s + Oty)) .

Let |[(x,y,u)|l1 = |x| + |y| + |u| for all (x,y,u) € R2, ie. || is the usual
1-norm on R3. Let us now assume ||(x,y, u)|; < C — in particular, |y| < C. We
observe that for all s € R, using the function b introduced in Expression (3.2.2) in
the proof of Lemma (3.2.2):

i "e(s) — & (s)|

cd
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= [|£s(1) = fs(0)[| e
1
| iy a
0

< /01 ||exp (2i7t(Otu + txs)) (2irm(du + x5)& (s + Oty) + Oyg' (s + Oty)) || ca dt

4

— /01 |2i7t(0u + xs)E (s + Oty) + Oy’ (s + dty)|| qa dt

1 12i710G (s 4 Oty) || e »
< [ nxy)limax ] [2imse(s+0t)llca, o
1¢/(s + ty) s

1
gZanax{Lm}H(x,y,u)nl/0 b(s, ty) dt

<2nMmax{1,0}|(x, v, u)|1 ( sup b(s,y)) .

ye[-C,C]
Since:
M
(3.3.4) lim (14+5s%) sup b(s,y) = =,
s—+oo ye[—C,C] 6%

we conclude that there exists M7 > 0 such that, foralls € R\ {[-C01 —1,CO_ +
1], we have:
M| (x,y, )|
X,y,u 1 1
lagsy ¢ —Cllee < TSI
We note that M; depends only on M, 94 and C through Expression (3.3.4), and

noton ¢.
Sinces € R ﬁ is continuous and strictly positive, we may adjust M; to a

larger value if necessary such that:
. M,
min 5
se[-Cco,—1,co_+1] 1+

> 2nMmax{1,9d4}.

Therefore, we have, for all s € R and (x,y,u) € R? with ||(x,y,u)|; < C:

Myl (x,y,u)ll M;C
xyu 1 1 1
gy 6 (s) = ¢(8)llga < e Sige

Now, all the above computations may be applied equally well to &’ and ¢”. We
conclude that indeed, Expression (3.3.3) holds as stated.

Let now & € S ® €% be chosen. Since & is a Schwarz function, there exists M > 0
such that for all s € R, we have:

max {[|2(s) e, 156(5) e 118" (5) o 156" () Ml 17 ()l o 1€ ()l oo }
M
S ——-
1+5s2
Thus we can apply our previous work to conclude that Expression (3.3.3) holds
for some K > 0, having chosen C = 1 for this last part of our proof.
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Furthermore, we can apply now Lemma (3.2.4). For this part, we pick 0 > 0; we
need not to worry about the uniformity in d (we may as well assume 9_ = 04 =0
here). Thus, if (x4, Y, Un)nelN converges to 0, Lemma (3.2.4) implies that:

0 < ||“§7{,{'an””§ _ (:f”%p,q,d < \/| <0(gi1['ly”/”ng _ (:, “gttﬂ;yn,ung _ §>%p,q,d ||€1(Z2)
7,

. Xn,Yn,U Xn,Yn,U
tim o [I{05"8 = E03" 6 ~2) il =0
0

which concludes the proof of our proposition for d > 0.

To prove our result for a general d # 0, we simply observe that for all (x,y,u) €

R® we have a/" = a™5% ™" and thus our proposition is completely proven. [

We wish to use the actions of H3 on Heisenberg modules to define our D-norms.
The next section presents a general source of possible D-norms from actions of Lie
groups satisfying the properties we have established in this section.

3.4. Seminorms from Lie group actions. Connes introduced a quantized differ-
ential calculus on quantum tori in [6] using the dual action of the tori, using the
Lie group structure of the tori. Moreover, he introduced a noncommutative con-
nection on Heisenberg modules, and these connections proved to be solutions of
the Yang-Mills problem for quantum 2-tori [9]. These connections were also useful
in Rieffel’s work on the classification of modules over quantum tori [37].

Moreover, ergodic actions of metric compact groups on C*-algebras were the
first example of L-seminorms constructed by Rieffel in [40]. In this section, we be-
gin investigating how to build D-norms from Lie group actions. We will employ
as assumptions the properties which we derived for the action of the Heisenberg
group on Heisenberg modules. Our construction, as we shall see, lies at the inter-
section of the purely metric picture of Rieffel and the differential picture of Connes,
and is a noncommutative version of Example (2.2.10).

Our D-norm will be constructed using the following theorem.

Definition 3.4.1. Let a be a strongly continuous action of a Lie group G on a Ba-
nach space &. Let tv be a nonzero subspace of the Lie algebra of G. An element
¢ € & is a-differentiable with respect to o when for all X € tv, the limit:

] 2 &Xp(tX) E—¢
@) =y
exists.

In any vector space E, and for any function f : E — R, we denote as usual:
limsup f(x) = inf sup {f(x) : 0 < ||x|| < I}.
x—0 0>0

Theorem 3.4.2. Let u be a strongly continuous action by linear isometries of a Lie group
G on a Banach space &. Let g be the Lie algebra of G and let ) C g be a nonzero subspace
of g.

Let .7 C & be the subspace of & consisting of a-differentiable elements of & with
respect to h. We note that . is dense in &.

Let || - || be a norm on b. For all § € .7, the norm of the linear map:

VE: X ebhr Vxi=X(¢)
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is denoted by |||V ¢]||.
If¢ € .7, then, for any 6 > 0:

aeP(X) g _

Vel ZSUP{W:XG h\{O}}

aeP(X) g _

_ .
—SUP{HX”‘XGU\{O}/HX|<5}

xve—e],

= limsu
ool X

Proof. A smoothing argument [3] proves that the set:

txexp(tX)g -z

{665:t>0»—> hasalimitatOforallXGg}

is dense in &. Therefore, since . contains this set, . is dense in & as well.
Fix ¢ € .#. Let X € h. We define:

F:teRw— a®PXg,

The function F is continuously differentiable, and in particular, F(0) = ¢ and
F(1) = a®PX)g,

Moreover, using the fact that t € R — exp(tX) is a continuous group homo-
morphism:

IXEXP((H‘S)X)(“; — anp(fX)g

/ BT
F(t) = lim I
aexp(tX) (aexp(hX)g _ g)
= lim
s—0 h
— “exp(tX)vXéz‘

Thus:

WXz _ g — /01 F'(1) dt

1
= [ ) (V)
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so that:
exp(X)x _ 1
ez ], _ [l F e,
X X
< 1 /1 ‘ 1P (X) (vxg)H dt
I1X1[ Jo ¢
1 1
= X / |VxC|| ¢ dt since a®P(X) i an isometry by hypothesis,
0
e L IwEixd
<o/ t
IX1[ Jo
= [IIVelll-
This proves that:
e
sup TgIXGU\{O} < [IIVElll-
On the other hand, let us now fix some § > 0. let us now assume that || X|| = 1.
We first note that:
Vx¢& = F(0)
F(t)—F
= lim (t) = F(0) where lim is used for the topology of (&, || - || ),

t—0

txexp(tX)(;r -z

:1.
50 H|X]|
exp(tX) & _
zlimi‘)6 6—¢
t—0 ||tX||

Thus for all X € § with || X|| = 1, since |[tX]| < ¢ for all t € R with [t| < ¢

’ aP()E

4ip
V¢l < sup {”ﬂ‘p Y e b\ {0}, [[Y]] <5}

and thus:

aexP(X) g H

IIVE[ll < sup {‘IXIIg X eh\ {0}, [[X]] < 5}

sz

<sup{ —— 1 X €\ {0} 3.
1L

We have thus concluded our argument, as the function:

anp(X)é_C
5 e (0,00) — suP{‘”X”Héa 1 X ep\ {0}, [ X] <‘5}

has been shown to be constant. O
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We now make an important and non-trivial observation. Among the seminorms
constructed via Theorem (3.4.2), we find L-seminorms built originally by Rieffel
[40] and which play the fundamental role of providing a quantum metric to quan-
tum tori. Thus Theorem (3.4.2) provide a reasonable generalization of Rieffel’s
approach to L-seminorms to the noncompact framework.

Corollary 3.4.3. Let « be a strongly continuous action by linear isometries of a compact

connected Lie group G on a Banach space &. As a compact Lie group, G admits an Ad-

invariant inner product (-, -) , on g. Let || - || be the norm associated with (-, -) .. For any

g € G, since G is connected and compact, we may define £(g) as the distance from 1¢ to

g for the Riemannian metric induced by (-, -)
If ¢ € 7 then:

g

43¢ —Cl| o

e~ 2l .
sup {15512 s g e 6\ 1y} = v

Proof. As G is a compact group, it admits a right Haar probability measure p. Let
(+,-) be any inner product on g. If we set, forall X, Y € g:

(X,Y)6 = [ (AdgX, AdY) dp(g)

then one easily verifies that (-, -) ; is an Ad-invariant inner product on g.

Now, we endow G with the Riemannian metric induced by left translation of the
inner product (-, -) ;. As this metric is induced by an Ad-invariant inner product,
it is in fact right invariant as well.

In particular, G, as a connected compact Riemannian manifold, is geodesically
complete by Hopf-Rinow theorem. As a first application, we let £(g) be the dis-
tance from 1 to g in G for this Riemannian metric, for all ¢ € G. As a second
application, we note that the Riemannian exponential map of G for our metric is
indeed surjective.

It is now possible to check that the exponential map for the Lie group G and
the exponential map for the Riemannian metric coincide. This is done by checking
that the Riemannian exponential map defines a 1-parameter subgroup of G.

With this in mind, we conclude that for all X € g, we have:

£exp(X)) = inf {[[Y] : exp(X) = exp(Y)}.

We note that the Lie exponential map is certainly not injective, at least as long as
G is of dimension at least one, though this does not affect our conclusion.
Moreover, since G is a compact connected Lie group, exp is surjective since the
Riemannian exponential is surjective. Thus, our corollary is proven using Theo-
rem (3.4.2). O

Now, Rieffel proved in [40] that the obvious necessary condition for a seminorm
of the type given in Corollary (3.4.3) to be a L-seminorm is, remarkably, sufficient
as well. This fact is highly non-trivial as well, and we record it here as it will be
the source of quantum metrics we put on quantum tori.

Theorem 3.4.4 ([40, Theorem 1.9]). Let § be a strongly continuous group action by
*-automorphisms of a compact group G on a unital C*-algebra . Let £ be a continuous
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length function on G. For all a € A, we define:

L(a) = sup {||,3g(zzg—)a|m 1€ G\{e}} ,

allowing for this quantity to be infinite. Then the following are equivalent:

(1) (2, L) is a quantum compact metric space (which is necessarily Leibniz),
2) {acA:Vge G B3(a)=a} =Cly.

We pause for two important observations. First of all, Rieffel’s theorem does not
place much requirement on the length function used: certainly it need not be from
any sort of Lie structure, and in fact, the acting group G need not be a Lie group.
None the less, if G is a Lie group and if we choose a bi-invariant Riemannian
metric on G, then Corollary (3.4.3) applies and Rieffel’s metric is also given by the
differential calculus naturally induced by G on 2. If G is a torus, i.e. a compact
Abelian Lie group, then all choices of norms on the Lie algebra of G will provide
bi-invariant metrics via translations in the usual manner, and thus in that case,
the Lipschitz approach and the differential approaches coincide. This will be our
setup in our main result.

Second of all, we note that the proof of Theorem (3.4.4) involves explicitly the
fact that the spectral subspaces of the action f are finite dimensional under the con-
dition of ergodicity [14]. This result is not trivial, and worse yet for our purpose,
does not carry to locally compact group. In fact, besides the trivial representation,
no irreducible representation of the Heisenberg group is finite dimensional — so
we are as far as we can to apply the idea in [40]. In this paper, we shall focus
on the Heisenberg modules, and we will prove in this case that the seminorms
constructed in Theorem (3.4.2) have compact unit balls using quite different tech-
niques.

The rest of this section introduces the general scheme to construct D-norms
from Lie group actions which we will employ in this paper, and prove that this
construction meets all our requirements except, maybe, for the compactness of the
unit ball which, in the case of Heisenberg modules, will be the subject of our next
section.

Theorem (3.4.2) thus suggests two expressions for L-seminorms and D-norms
constructed from actions of Lie groups. However, only one of these expression
will provide lower semicontinuous seminorms. The following proposition estab-
lishes that the inner quasi-Leibniz and modular quasi-Leibniz property hold for
this choice.

Proposition 3.4.5. Let  be the action of a compact connected Lie group G on a unital C*-
algebra 2 via *-automorphisms. Let a be the action by isometric C-linear isomorphisms of
a Lie group H on a Hilbert module (., -, -)_,) over 2A. We write g and b the respective
Lie algebras of G and H, and exp : ¢ — G and expy : b — H be the respective Lie
exponential maps of G and H.

Let ro be a nonzero subspace of . Let || - ||, be a norm on g and || - ||* be a norm on
w Ch
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We set for all a € 2:

pexp(X)g — aH

L(a):sup{‘D(HbgltXég\{O}}r

|

If there exist two linear maps j : wo — gand q : g — o such that:
(1) forall §,w € A and X € w:

(34.1) poPeX)(F @) , = <anpH<f<X>)¢, ,XeXPH(j(X))w>

and forall ¢ € &:

aeP(X) g g”

I1X]*

D(€)=SUP{||<§||/// = :Xém\{o}}'

&
and:

(3.4.2) w®Pu(X) (g7) = pxPcl1(X)) (g)aPu(X)g,

(2) jis an isometry from (g, || - ||,) to (v, || - ||*),
(3) q is a surjection of norm at most 1, i.e. ||g(X)||, < ||X||* for all X € o,
then:

(1) L is a seminorm on a dense subspace of (2, || - ||a), and moreover:
La) =0 < Vge G pBa)=a,

(2) D is a norm on a dense subspace of (M, (-,-) ) and D(-) = || - || 4.
(3) L and D are lower semicontinuous,
(4) foralla € Aand § € A:

D(ag) < llallaD(S) +L(a)[[¢]l.a/
(6) forall§,w € A:

L ({6, @) ) < lIEll.eD(w) + D(&)[|wll.z-

Proof. Let .74 (2l) be the subspace of 2 consisting of all the B-differentiable ele-
ments with respect to g, and . (.#) be the subspace of .# consisting of all the
«-differentiable elements of .# with respect to tv.

For any a € .74 (1), we define the linear map da : X € g — X(a) whose norm is
denoted by [||0al||§, where g is endowed with || - [|,. Since g is finite dimensional,
da is continuous and thus has finite norm for all a € .5 ().

For any { € %y (.#), we also define V¢ : X € w +— X({) whose norm is
IVl where v is endowed by || - || — since v is finite dimensional, the norm
of V¢ is finite as well.

By Theorem (3.4.2), for all a € .74(2) and for all { € S, (#), then:

L(a) = [[|a][[§ < eoand D(¢) = [[[VE][|7, < e.

Since .74 () and .7, (&) are dense, we conclude that the domains of L and D are
indeed dense.

Since D(+) > | - ||.# by construction, D is in particular a norm on its domain.
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Moreover if L(a) = 0 for some a € 2, we immediately conclude that fSa = a
for all ¢ € G since the exponential map of G is surjective.

. exp(X)xg_x . .
The function ¢ € A4 +— % is continuous for all X € w \ {0} and thus
D is lower semi-continuous as the pointwise supremum of continuous functions.

The same reasoning and conclusion applies to L.

We are left to prove the two forms of the Leibniz inequalities. We take the
quickest path, which is a direct computation.
Let ¢, w € .#. We compute:

PG, ) — (& w)s |
L(<€/W>g)=sup{ 2 Xég\{o}}
1X1[5
(X g qPliX) )  — (& w)
up LT ||]<x>||c:>g s xea
exp(X) exp(X) _
< sup <(X e p||);|a;>£, <C’w>£HQ‘ : X e\ {0}
&€ exp(X) X
S P - |Zf||n ), X e\ {0}
exp(X)
+ sup H< ’ €C|L|])>(|ﬁ (6 ws Hm;xem\{O}
P
<sup{ ///HXHﬁ ‘f:Xem\{O}}

PG — ¢
+sup{‘||X”qu:X€m\{O}} wll 4

} 2&xP(X)

<||¢||j/sup{ s f;Xem\{O}}

aPX)E

4
+sup{‘HX||u(g:X€m\{0}} wll 4

= [I¢ll.2 D(w) +D(&) |wll.z -
Now, leta € 2l and ¢ € .#. We compute:
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o) (ag) ]
sup{ B A . X e\ {0}

) ’ pPIX) (g)aP(X) (&) — o H o

sup{ — .Xem\{o}}
[Bora0) a)ae) (@) - anepg]|

<sup{ a1, :Xem\kerq}

exp(X
. { (25 |)|;(j|)t ’ZgH/// X € m\{O}}

oot (@) ~al

. { X0 Xe g\{O}} 1]l + llall2D(E)

= L@)[¢ll.a + llall2D(S),
as desired. O

Thus, Proposition (3.4.5) shows that if we follow the scheme suggested by The-
orem (3.4.2), then we obtain potential D-norms on modules. The missing property
is the compactness of the closed unit ball for the D-norm candidate.

We conclude our section by connecting our metric framework with the non-
commutative differential framework of connections on modules. Let us use the
notations of Proposition (3.4.5). A direct computation shows that for all X € w,
the following holds:

(3.4.3) Vx(ag) = q(X)a- & +aVxg

while for all X € g, we also have:

(3.4.4) X((Gw) ) = ((X)E, ) g + (&, ](X)w) -

We also denote A ® g* by ()1 and the space of B-differentiable elements of 2 by
2(;. We define 0 : 2l; — ()1 by setting, for all a € 2;:

da: X € g— X(a).

We observe trivially that (2; is an A-2-bimodule and that 0 is a derivation, i.e.
d(ab) = ad(b) + d(a)b forall a,b € 2.

We first note that to get an interesting connection, we want g to be injective, i.e.
g and tv to be isomorphic. It is always possible to increase the dimension of g (the
Lie algebra structure is actually not involved in the computations to follow, so this
is always possible), but this would amount to define dx = 0 for all vector X not in
g, and this is rather awkward and artificial.

Since, for the differential picture, the norms || - ||, and || - ||* do not play a role
in the construction of the connection, we will for now identify g and tv and j and
g with the identity map.
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With this assumption, Expressions (3.4.3) translates to the operator V : .#Z —
M ® g*, defined by:

V(E): Xegr— Vx{

for all a-differentiable { € .# with respect to g, to be a noncommutative connec-
tion. We indeed easily check that for alla € 2 and § € .-

V(ag) = aV (&) +(a)e.

Expression (3.4.4) means that the connection V is hermitian, i.e. it is compatible
with the noncommutative equivalent of a metric on the quantum vector bundle
A . 1t is tempting to call V a Levi-Civita connection, although we do not address
here the computation of the torsion of V. Nonetheless, we see that our structure
provides a noncommutative Riemannian geometry. This is the structure which
inspired our definition of metrized quantum vector bundle, and we now can see
how it is implemented through our main example.

In summary, we have constructed a natural D-norm candidate on modules car-
rying certain Lie group actions. The key difficulty, of course, regards the compact-
ness of the unit ball of such a D-norm.

3.5. A D-norm from a connection on Heisenberg modules. We now define our
D-norms on Heisenberg modules. Our method employs the idea of Theorem
(3.4.2) and Proposition (3.4.5), where the actions of the Heisenberg group on Heisen-
berg modules defines a norm which restricts to the operator norm of a connection
constructed via the associated action of the Heisenberg Lie algebra.

As noted at the end of the previous section, we want to only work with a sub-
space of the Heisenberg Lie algebra to build our D-norm and its associated con-
nection, since the central element of the Heisenberg Lie algebra does not act, so to
speak, as a derivation — it simply acts by multiplication by a scalar. We follow
a pattern which is common in the literature on the Heisenberg group: we only
consider the action of the subspace span{P, Q} in the Lie algebra ).

We thus endow span{P, Q} with a norm. If we were to construct a metric on
the Heisenberg group using this data — by defining the length of a curve whose
tangent vector at (almost) every point lies in span{P, Q} in the usual manner by
integrating the norm of the tangent vector along the curve, and then defining the
distance between two points as the infimum of the length of all so-called hori-
zontal curves — we would actually obtain a sub-Finslerian metric (if our choice
of norm comes from a Hilbert space structure, we would have a sub-Riemannian
structure and our construction would give rise to a Carnot-Carathédory distance
on the Heisenberg group).

However, as discussed, we do not transport the Carnot-Carathédory metric
from the Heisenberg group via its action in this paper. We prefer to carry the
norm of the subspace span{P, Q} of the Heisenberg Lie algebra to our modules.
This approach means that we work with a connection, and seems more natural. In
essence, the Carnot-Caratheodory is the metric obtained on the group while our
D-norms are the quantum metrics obtained on our modules; as the acting group is
not compact, we have no reason to expect them to agree.

With this in mind, we now introduce:
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Definition 3.5.1. Letp € Z,q € N\ {0} and d € gIN withd > 0. Letf € R\ {g}

Let || - || be a norm on R?. We endow the Heisenberg module %”9’7 A4 \yith the
norm:
expy, (xP+yQ)
‘ X4 ’ ¢—¢ p
%Pr’?r

Dg-l\,p,q,d(g) = sup HgH%md/ H(xy) € B2\ {0}

27l || (x, y)

where 0 = 6 — g
We now lighten our notation for the rest of our paper.

Convention 3.5.2. We endow R? with a fixed norm | - || for the rest of this paper.

We shall denote Dg'H’p 0 simply by Ds’q’d, as the norm on R? will not be under-
stood. We emphasize that || - || is independent of any of the parameters p, g, d and
6.

The norm || - || on R? provides us with a continuous length function on A4, for
all & € R. This length function arises from the invariant Finslerian metric induced
by || - ||. A direct computation simply shows that:

{(exp(ix), exp(iy)) = inf{||(x + 2n7m,y + 2mmn)|| : n,m € Z?*}.

For all 6 € R, we denote by Ly the L-seminorm on .4y associated with the action
Bo on Ay and the length function ¢ via [40, Theorem 1.9]. We note that since T2 is
compact and Abelian, Corollary (3.4.3) implies that for all a € Ay:

1P e _ 4,
Tyl

Lo(a) = sup { :(x,y) € R?\ {0}}

and Ly agrees with the operator norm of derivative for the natural differential
calculus defined by By on By-differentiable elements. We refer to the previous
section for a discussion of these matters.

We begin by listing various equivalent expressions for our D-norm candidates,
as we shall use whichever may prove useful in this paper.

Remark 3.5.3. We recall from Notation (3.1.12) that:

1
expy, (P +yQ) = (x, Ys zxy)

forall x,y € R.



THE MODULAR GROMOV-HAUSDORFF PROPINQUITY 97
Forall p,g € N,d € gIN withd > 0,0 € R\ {pg~'} and & € %p’q’d, the
following identities hold:
1
XY,z XY
‘ Yo ¢-¢ p.ad
AP

Dp(&) = sup § Il pus 5t o¥) € BEO)

XY
_ 1 |ovie gHﬁz’””d-( ) € R?\ {0}
= sup § 11l ppad. aplleyl Y

Proposition 3.5.4. Let p,q € Nandd € gIN withd > 0. Let 6 € R\ {g}.
We endow span{ P, Q} with the norm 27t|d|| - ||. We also define, for all (x,y) € R?
and ¢ € ygp’q’d:
expy, (HxP+yQ))

@ ¢—¢
d RT 0,d
Vit = fim
tx,ty,%tzxy
a ¢
=lim-24 >
t—0 t

To ease notation, let |[|-[|| | denote the operator norm for linear maps from (R2,27|0]|| -
g4
) to (A", 11 -l

We record:

%P%d )

(1) Dg’q’d is a norm on a dense subspace of %p ad
(2) Forall ¢ € 5”9” A and forall 6 > 0, the following expressions hold:

,q,4
04() = max {121y 1 Vo8l |

Il ewto <l <o
=su (x,y) € R5,0 < ||(x, <
P 210l y)] Y Y

= limsup

(xy)—0
(3) Ifa € Agand & € A" then:

a4 ad
Dy (ag) < [la]l 4,05 (€) + Lo(a)lIEl] paa-

4) If&,w € A" then:

L LW < " DI (w —i—Dp’q’d || . pad-
o ((€0) s ) <181 pasD (@) + DFH (@]

X,y
as,dg a gH AP

27| (x, y)

Proof. The Lie algebra of T2 is R? with the exponential map given as:

expr2 © (x,y) € R? — (exp(ix), exp(iy)).
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Now, the map q : (x,y) € R? — (2irtdx,2intdy) satisfies, according to Lemma
(3.3.2), the relation:

expr2 (9(xy)) eXPH x,,0) eXP]H (x,,0)
o <§/w>’%md = } G } w

and, according to Lemma (3.3.6), the relation:

P pad
Ay

expyy, (¥,4,0) ex , exp, (x,y,0)
a7 (ag) = gy 1) ()b T ()

In order to apply Proposition (3.4.5), since ¢ is indeed a linear isomorphism, we
endow span{P, Q} with the norm:

1P +yQll. = 27[0]][ (x, y) |-

We now are in the setting of Proposition (3.4.5), which allows us to conclude all
but Assertion (2) in our proposition. Assertion (2), in turn, follows from Theorem
(3.4.2), with our choice of norm. O

We now turn to the remaining, main issue of the compactness of the closed unit
balls for our D-norm candidates. The strategy we employ relies on a particular
source of finite rank operators naturally associated with the Schodinger represen-
tations of R? via the Weyl calculus.

Our first step is to introduce the convolution-like operators at the core of our
analysis.

Lemma 3.5.5. Assume Hypothesis (3.3.1). If f € L'(R?) and:

Ug,d://]sz(x,y "‘Ehi 7 dxdy

f - - P f
then o 4 is a well-defined operator on """ and |||y 4 oy < |IfII L1(R2)-

Proof. Let ¢ € %’f . Using Lemma (3.3.4), i.e. the fact that zx%’%’u is an isometry
of A 9 for all (x,y,u) € H3, we simply compute:

//]RZ f(x’y)“g%'?@)uﬂw dxdy = //R2 |f(x,v)
— [ £ IGI o dxdy

= Hf”Ll(IRz)ngjfemﬁ-

ﬂ
"‘g%’ 2(0) H | dxdy

Pl
#

Thus (f(i; 418 well-defined, and moreover:

o8] s = | [ F e x| s < Wit

This completes our proof. O

We now prove the first of two core lemmas of this section, which provides us
with a mean to approximate elements in Heisenberg modules using our convolution-
type operators, in a manner which is uniform in our prospective D-norms. This
lemma is an adjustment of [49] to our context.



THE MODULAR GROMOV-HAUSDORFF PROPINQUITY 99

Lemma 3.5.6. Assume Hypothesis (3.3.1). Let e > 0. If f : R> — [0, 00) is measurable
and satisfies:

D) [ge f_l
Q) [[re fxy)ll(x,y)|l dxdy < 7]

then forall { € %p .

f P
HC - O'S,dg“:%p,q,d < EDG (g)
Proof. If ¢ € %’f 9 then:
_f _ _ /yrz
o= chit] s = | [ Fromztnt = [ i Feasan|
< [fL FmlE = a7 el s ddy

||€* ag 2 CH yfl”ld

< //R PO 201 o) | 4
< [ £ e w2l (5, ) 10(2) dxdy

_ nPad
=Dp" (¢ )(27r5|2 |6|)

as desired. O

We now ensure that we indeed have an ample source of functions which meet
the hypothesis of Lemma (3.5.6).

Notation 3.5.7. If (E,d) is a metric space then the closed ball {x € E : d(xo,x) < r}
of center xg € E and radius r > 0 is denoted by E|xo, r].

The following lemma is valid for any norm on R?; we shall work within our
context with the fixed norm || - ||.

Lemma 3.5.8. Foralln € IN, let ¢, : R* — [0, c0) be an integrable function supported
on R? [O, n+1] and with [ P = 1.

If f : R? — [0,00) is integrable on some ball centered at 0 in (R?, || - ||), and f
continuous at 0, then:

n—o0

lim [ ], ¥n(xy)f(x,y)dxdy = £(0).

Proof. Let > 0 such that f is integrable on R?[0, 6].

Lete > 0. Since f is continuous at 0, there exists 6. > 0 such that |f(x) — f(0)| <
e for all x € R?[0,4,].

Let N € IN be chosen so that ﬁ < min{J,é.}. Forall n > N, we first note that
since ¢, is supported on a subset of R?[0, §], the function ¥, f is integrable on R2.
Moreover for all n > N:
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'//]R2 n(x,y) f(x,y) dxdy—f(O)‘ </ (1) (F(x, ) — £(0))| dxdy
[ 5520 — £ty

< ,y)edxdy <
oyttt =
Thus we have shown that limy, eo [z ¥u(x,v) f(x,y) dxdy = £(0). O

As a quick digression, which will turn out to be useful in our last section, we
note that while in general, the action of the Heisenberg groups on Heisenberg
modules is not by isometry of our D-norms, we can use our approximation oper-
ators as near isometries:

Lemma 3.5.9. Let p € Z,q € Nand d € N\ {0}. For all ¢ > 0 there exists 6 > 0 such
that, if f : R? — R is an integrable function supported on a R?[0, 8], and if 0 # 0, then
forall & € S(C?), we have:

D75 (548) < (1+2)DR5(@).

Proof. Letd € R\ {0} andletf = g + 0. We first record that for all (x, y, u), (z,w,v) €
IH3Z
txgguzx%f;v = exp (2ind(xw — zy)) a%?{vtxgzu.
Next, we denote by || - |2 the standard Euclidean norm on R? and, since R? is
finite dimensional, we can find k > Osuch that || - || < k|- ||. Forall x,y,z,w € R,
we then compute:

lexp (2itd(xw — zy)) — 1| = 2| sin(07t(xw — zy))|
< 27|9||xw — yz|
< 271[0][|(x, y) |2l (2, w) |2
< 27k (B[l (x, y) [ | (2, w) [|2-

Let ¢ > 0. Let f be an integrable function supported on R?[0, 4].
Forall (z,w) € R?[0,6] and (x,y) € R? with [|(x,y)|| < 6 = £, we compute:

Ty (// f(z,w “811 7 Cdxdy) —//f(zlw)agf;’/%gdxdy
< /Kf(Z,ZU) lexp (2it0(xy — zw)) — 1|
[ e e ® (s fe )| daao

<27ak[o18]| e | [[ AIEI pas+ [ £27181105,) 195 (@)
(k6 + 1) 2723 || (x, y) |Dy ()
(e +1)27[3] || (x, ) | DY ().

‘ P
Iy

SRS
”‘611 “Eﬁd éH dzdw

NN



THE MODULAR GROMOV-HAUSDORFF PROPINQUITY 101

By Definition (3.5.1), we now have:

xy
XY,z _f f
Nyg * 05,48 — 05,48

‘ oz

— :x,ye R\ {0}

f
D(c = su
(05,46) p 27 |9 (x, )|

< (e+1)DY(2).

Our lemma is now proven. O

We are now ready to prove the second core lemma of this section. We begin
with an explanation of the ideas and reasons behind this lemma.

By a compact operator on a Banach space (E, || - ||¢¢), we mean as usual an
operator which maps bounded subsets of E to totally bounded subsets of E.

The map f € L'(R?) U'é[, 4 is a *-representation of the twisted convolution
algebra L!(IR?) for the convolution product defined for all f,¢ € L!(R?) and x €
R? by:

frag(x) = [ fW)g(x = y)ealy, x —y)dy

and the involution:
feL'(R?) — ff=xecR2— f(—x),

as can be directly checked, or is established in [10]. It is an important, well-known
fact [10, Theorem 1.30] that this representation is valued in the algebra of compact
operators on L?(R) ® €%, and is faithful; the completion of (L!(R?), xg, *) for the

norm f € (Y(Z?) ||fHC*(1R2

operators.

N f . .
e5) = H‘%rl ‘HLZ(R) is the entire algebra of compact

The fact that ag 4 is compact as an operator of L*(R) ® €% does not immediately

imply that it is compact for the Banach space (%”Gp’q'd, -l ) since in gen-

%{ép,q,d
eral, we only know that || - || 2z < [| - | _vad- We thus must prove compactness
‘o

of these operators for our C*-Hilbert norm. However, we can extract the essential
tools for our work from the expansive work on Laguerre expansion of functions
and the study of the Moyal plane. We will prove that, at least when f is a ra-

dial function, then we can approximate (T(i; ; by finite rank operators, in norm. To
this end, we need a supply of finite rank operators, which provide a mean to ap-

proximate any (Té ; for f radial. The theory of the quantum harmonic oscillator

provides us with a well-suited family of finite rank projections, obtained as 0'%), i
for ¢ a properly scaled Laguerre function [10, Ch. 1, sec. 9].

To obtain the desired approximation result, however, we need to approximate
our radial functions in the norm of L' (R?) using functions obtained from Laguerre
functions. As Laguerre functions form an orthonormal basis for some L? space,
we certainly do have a Laguerre expansion which converges in some L? norm, but
convergence in L' (R?) is highly not trivial.
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The work of Sundaram Thangaveru in [50] comes to our rescue, however, by
proving that we may obtain the desired convergence if we replace the Laguerre
expansion series by the sequence of its Césaro averages. We now formalize our
discussion in the next key lemma.

Lemma 3.5.10. If f : Ry — R is a function such that r € R — rf(r) is Lebesgue
integrable, and if we set:

for(xy) ER?*— f <\/x2 +y2) ,
then the operator Ug ; is a compact operator for the Banach space (%p’q'd, |- %ﬂp,q,d> :
7 7 /9

Proof. Our goal is to write ag ; as a limit, in the operator norm, of finite rank oper-
ators. To this end, let us first assume that 0 > 0 and for all n € IN, we let ¢5 be the
nh Laguerre function defined for all 7 € [0, ) by:

P5(r) = Oexp (—n?z> L, (ﬂ5r2) .

where L, is the n'" Laguerre polynomials, given for all x € R by:

i (n —J)xj'

Note that these functions are given in [50, (6.1.17)] for & = = An observation
which will be important for us in later proofs is that 5 = 0] (1/3), i.e. we can
obtain all the Laguerre functions we are considering via a simple rescaling.

By slight abuse of notation, we denote by LP (R, rdr) the p Lebesgue space for
the measure defined, for all measurable f : [0,00] — [0,00), by fo r)rdr. In
particular, note that the inner product of L2(R.y, rdr) is given for any two f.g €
L%(R, rdr), by:

<f g> L2(Ry ,rdr) / f Tdi’

With all these notations set, we define, for each n € IN\ {0}, the n" Césaro sum
of the series given by the Laguerre expansion of f:

n+1-— i
g) n+1 <f4]6,¢6> rdr)wa'

Then by the work of S. Thangavelu in [50, Theorem 6.2.1] — where our l[J% is a
rescaled version of the function denoted by 1,L7]Q in [50, Chapter 6] and we use the
Césaro sums for “6 = 1” in his notations — we conclude:

Jim [|C5f = fllm, rar) = O-
Now, a quick computation shows that for all n € IN'\ {0}:

| -r i) - f

LI(R2) H 0

LY (R ,rdr)’
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and therefore:
Tim [[(CHF)° — £l ez =0

where of course, L (R?) stands for the 1-Lebesgue space with respect to the usual
Lebesgue measure on R?.
By Lemma (3.5.5), writing x,, = (C5(f))° for all n € IN, we then conclude:

: Kn __ f° —
s s -

By construction, 07", is finite rank. Indeed, the operator ¢",; is a linear combina-
j o ] o
tion of the operators U(%) with j € {0,...,n}. The operators a(%) are, in turn,
p od J p od

projections on CH% ® € C L2(R) ® C4, where Hj is the Hermite function:

. I 2. /55
Hy:teR— (20) 4‘ exp (—t 227T6> H; (t\/27r5)
j12J

where H; is the jM Hermite polynomial, given for instance by:
' 2y & 2
Hj:te R (—1) exp(t )@ exp(—t°).

J yo
Indeed, by [10, p. 65], the operators Uél/ia) are projections on CH; C L%(R) for all
j € IN. We note that reassuringly, we will not need the explicit form of the Hermite

polynomials or the Laguerre polynomials in our work.

Thus the image of the unit ball %”ep’q’d [0,1] of (%p’q’d, Il %,,/q,d> by Ug;i is

totally bounded in ( % Al -l yf,,,,wi) for all n € NN, as a bounded subset of
A

a finite dimensional space (as all norms are equivalent in finite dimension, this

observation does not depend on || - || rad)-
<70

Thus Ug ; is compact as the norm limit of compact operators.
We are left to treat the case when & < 0. We note that for all (x,y,u) € Hj, we
have:

Xyu X, —Yy,—u

Ya4 =% o
We thus proceed as above with —0 in place of 9, and note that 03", = —™% , since
Ky is a radial function. The rest of the proof is left unchanged. O

With Lemma (3.5.10) and Lemma (3.5.6), we are now able to prove the desired
property for our D-norms:

Lemma 3.5.11. We assume Hypothesis (3.3.1). The set:

A (01) = fre o <1}

is compact in <%p ’q/d, Il %;p,q,d).
0
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Proof. Let ()nen be a sequence of smooth functions from [0, c0) to [0, c0) such

that for all n € IN, the function ¢, is supported on {— n%rl, nlﬁ} and:

o0 1
/0 PYu(r) rdr = P

Thus, using the notations of Lemma (3.5.10), we note that:

o [T [ 2
RZ%_/—g/o 1/Jn(r)rdrd9—%—1.
Let e > 0 be given. By Lemma (3.5.8), we have:

tim [ v e9) ()| ddy = 0.

n—o00

Thus, there exists N € IN such that for all n > N, the following inequality holds:

//]gz Pn(x,y)||(x,y)| dxdy < %

We may thus apply Lemma (3.5.6) to conclude that for all { € 2 (Dg’q'd) and

n > N:
€

Py
e < &

Now, ng; is compact in (ﬁagr’,q,d, -l ) by Lemma (3.5.10), and 2 (Dg,q,d)

%p/q,d
is bounded for || - || _yvad Dy construction. Thus the image of 7, (DZ’WI) by o5 is
A ,

totally bounded in (%p’q’d, -l > for all n € IN. In particular, there exists a

wpP0,d

‘j?‘((}ap q

5-dense subset Z; in ag’ 2 (Dg’q’d).
Consequently, if { € 2, (Dg'q'd>, then there exists 7 € %, such that:

R H €
— 0, < -
H’7 51‘16 jé;’“"*’d =2

Thus ||7 — 77Hj;ﬂp,q,d Se
‘0
We thus conclude that 24 (Dg’q’d) is totally bounded.

x,y,%
H"‘ad @V—gHL#p,q,d ) )
W 1S continuous, and

thus Dg'q’d is lower semi-continuous with respect to || - || yrad- Hence 7y (Dg’q'd) =
A

Moreover, for all (x,y) € R2, the map § —

-1
Dg’q’d) ((—00,1]) is closed. Since %’jf A4 g complete and 2, (Dg’q’d) is closed
and totally bounded, it is in fact compact, as desired. O

We summarize the results of this section with the following theorem announc-
ing that indeed, we have defined D-norms on Heisenberg modules, turning them
into metrized quantum vector bundles over quantum 2-tori.
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Theorem 3.5.12. Let jﬁf’q’d be the Heisenberg module over Ag for some 6 € R, p € Z,
ge N\ {0}andd € gIN\ {0}. Let 0 = Q—Eandassumea # 0. Let || - || be a norm on

R2. If we set, for all ¢ € erp’q’d:

‘ %aa€ - gH}/ﬂ’"”d
_ ) . 2
Dy (¢) = sup By (v, y) e RZ\ {0} ¢,

and for all a € Ay:
ﬁZXP(iX),eXP(iy) a—

| d
— su Ag : 2
LG(LI) = sup H(xr]/>|| (xry) eR \{0}

then <%@p ’q'd, (/) AP Dg, Ay, Lg) is a Leibniz metrized quantum vector bundle.

Proof. Proposition (3.5.4) proves that Dg’q’d is anorm on a dense subspace of %p .
which satisfies the inner and modular quasi-Leibniz inequalities and, by construc-

. ,q,d
tion, D" > || - ||%p,q,d-

Lemma (3.5.11) moreover gives us that 24 (Dg’q’d) is compact for || - || O

P
Hy

We are now in a position to investigate the geometry of the space of Heisenberg
modules over quantum 2-tori under the modular propinquity. There are many
natural questions one immediately thinks about in this context, and we choose to
focus on one of them: how do Heisenberg modules, for a fixed choice of p,q,d,
vary when the base quantum torus is allowed to vary continuously?

To address this question, we first prove that our D-norms actually form a con-
tinuous field of norms. This is the key step in proving our continuity result for the
modular propinquity.

3.6. A continuous field of D-norms. Our first step in establishing a continuity
result for D-norms on Heisenberg modules is to reformulate the expression of our
D-normes.

Lemma3.6.1. Let p € Z, g € N\ {0} and d € qIN\ {0}. Let r : R\ {0} — R\ {0}
be a continuous function.
If& € S(CY), then for all (x,y) € R? with ||(x,y)|| = 1,8 € R\ {0}, the function :

eXp(iﬂﬁtzxy)aéijér@ —Ci(d)

27|00t
where G5y : t € R > (r(O)t), can be extended by continuity at 0. Moreover, for all
0 e R\ {0}:

,q,d
DY (Gr(o)) = sup { lwxutall pas : (ry) € B [(x,9) ] = Lt € [0, u}

t e (0, 00) — wx,y,tlé =

and

(x/ Y £ 6) S IRZ [0/ 1] X R x (R\ {O}) — <wx,y,t,6/ wx,y,t,5>%oprﬂ:;
o+ b



106 FREDERIC LATREMOLIERE

is continuous to (El(Zz), II - ||€1(Z2)>.

Proof. We begin by setting a domain over which we shall study our functions w.
For our purpose, we choose some arbitrary e 7# 0 and then 0 < 0_ < 9 such
that || € (0—,04). We set:

Q= {(xy9) eR: |(xy)| =1, € [0-,5:]
while:
Y= {(xyt0) eR: (x,y,0) € Q,tc[0,1]}
and:
Y. = {(x,y,t,0) e R*: (x,y,0) € O,t € (0,1]}.
Let ¢ € S(C) and let My > 0 be chosen so that for all s € R:

M,
max{ €0 (5) o, 58 (5) s 21 € 0,1,2,3, 41} < 1%

Now, r is continuous on [0_, 0], and thus there exists R_, R4 > 0 such that
R_ <r(0) <Ry foralld € [0_,04]. Thus forall s € R:

. . Mo
max{ ¢ (r(@)s) s 7 € {0,1,2,3,4) < ;=
and
. ] My
max{”55< )(r(@)s)|| e i1 € {0,1,2,3,4}} SR ALR

By the same reasoning as we have already seen in our paper, we thus conclude
that there exists M > 0 such that for all 0 € R with |0] € [0_,0,] and foralls € R:

M

(n) (n) .
maX{HCr?g)(S)Hcd/ ||s§rzl5) (s)llga :m €4{0,1,2,3,4}} < 1+

We first extend (x,y,t,0) € Xy — Wy 10 to X by continuity. For all (x,y,t,0) €
¢, we observe that for all s € R:

. (5) = exp (it (£20xy + 2tx5) )&, (s + Oty) — &) ()
Xyt O 2nt[o]t
exp (irt(£20xy + 2tx5) )G, (5) (s + Oty) — &y(5) (s + Oty)
27t|0|t
Gr() (s +0ty) — Gy (5)
27|08t

B exp(im(dt2xy 4 2txs)) — 1 Gr(@) (s +Oty) — Gy()(s)
= &r(e) (s +3yt) 270t 270l

Since ¢ is a Schwarz function, thus differentiable, we have for all (x,y) € R? with
I(x,y)]| =1land 0 € R\ {0}:

_ is Crio)(®)
lim wx,y,t,a(s) = xgérr(ii) (s) +yr(0) o

t—0+
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Thus we set, for all (x,y) € R? with ||(x,y)|| = 1and 0 € R\ {0}:

Wyy05:8 € R x%@(s) (s) +yr(d)—

We observe that our statement thus far is about pointwise convergence of the
family of functions (wy y 1,5)t>0 to wy 05 for fixed x,y € R? with ||(x,y)| = 1and
0 # 0. This is different from the notion of convergence in the C*-Hilbert norm. To
obtain convergence for the Heisenberg C*-Hilbert norm, and more information,
we now proceed to establish some regularity properties for w, in order to apply
Lemma (3.2.4).

By Proposition (3.3.8), we already know that there exists M; > 0 such that for
all (x,y,t,0) € X, and s € R:

Mt (x,y, 3txy) |l
1452

xty, 3 2%
[ 25 E, 5y (5) = Eriay (5) lon <

7

where ||(x,y,t)||1 = |x| + |y| + |#] is the usual 1-norm on R3.
The map (x,y,t) € R® — (x,y, thy) is continuous from R3 to itself. The set
K ={(x,y) € R?: ||(x,y)|| = 1} x [0,1] is compact and thus there exists M, > 0

such that:
sup{” (x,y,txzy) Hl t(xyt) € K} = M.

Thus:

t(xy, stxy) i My
<
wa,y,t,ﬁ(s)HCd 27|t 1+¢2

M; M, M M,
270 2mfol-

< < .
1452 1452

On the other hand, by assumption:

M R M 1 R.\ MM,
< < =—+=— .

In summary, there exists M3 = max { M%f/l 2 MM (5% + %) } > 0 such that
forall (x,y,0,t) € Zand all s € R:

M3

HwX,y,t,?)(S) Hcd < Tre

By construction, (wx,y,tf))bo converges pointwise to wy 05 as t — 0. We now
prove that this convergence is indeed uniform.

We begin with the following computation for all (x,y,t,0) € X, and for all
seR:

||“Jx,y,t,3 (S) — Wy,y,0,0 (S) H (o
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eXp(iﬂﬁtzxy)o'éf;ygr(a)(S) - Cr(5)(5) is 7’(6) !
exp(im(0t?xy + 2stx)) — 1 s
s 27td Cr(m) (s +0ty) — xg@r(ﬁ) (s + Oty)
is is
+ x5 8 (5 +0ty) — x58@m) ()
1 |Gr) (s +0ty) — &) (5) ,
21 ot —yr(0)&,)(s)| -

We first note that for all (x,y,t,0) € Z,, by the mean value theorem, if g : t >
0 > exp(irt(t2xy + 2txs)), then there exists t. € [0,t] such that:

exp(irt(0t2xy + 2txs)) — 1

is
Cr(o) (s +10y) — x5 (s + f5y)‘

27td

< M exp(in(0xy +2xts)) =1 ixs

C 14 (s+0ty)? 2710 5

_ M s —350)

~ 27|0] (1 + (s + Oty)?) ; g(0)

= M o

T 27l (1+ (s + ory)?) |28 (t)

- M]t| o ) '

= 2] (1 + (s 7 017 (imdxy 5 (2xs 4 2t.0xy)~) exp(2irtstcx)
Mr|t| )

<

S WA+ s+ oy (oA
Mr|t|

(|xs| + 204 [xy])*.

<
T 20 (14 (s + 0ty)?)

Once again, the functions (x,y,0,t) € Q x [0,1] — |x| and (x,y,0,t) € Q X
[0,1] + |tyd| are continuous on the compact () x [0, 1], so we conclude that there
exists My > 0 such that:

max {|x], |0ty| : (x,y,0,t) € QA x [0,1]} < My.
Consequently, for all s > M4 we have:

Mr(|xs| +2[04 [Jxy])* _ TMMi(s +2Ma)?
20_(1+ (s+0ty)2) ~ 20_(1+ (s — My)?)

while for all s < —M, we have:

Mr(|xs| + (04 ||xy|)> _ AMM3(s +2My)?
20_(1+ (s +0ty)2) ~ 20_(1+ (s + My)?)

Thus, there exists M5 > 0 such that if |s| > M, then:

Mr(|xs| + (3. ||xy])® _
20_(1+ (s+0ty)?)
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. 4 Mr(|xs|+|Hd4 |xy|)?
The function (x,y,t,s) € R* — 26g (1|+ (LLE;L)Z?
bounded by some Mg > 0 on the compact X x [—My, My].
Letting My = max{Ms, Mg}, we conclude that for all (x,y,9,t) € L, ands € R,
we have:

is continuous, and thus it is

exp(2irmttxs) — 1
P =Lt s+ 109) — 25 gy 5+ 10y)| < Ml

Consequently, if |t| < &1 = 557, then:

exp(irt(20xy + 2txs)) —

2irt €

Now, since s € R + s¢(s) is uniformly continuous on R as Schwarz function,
there exists d; > 0 such that for all 0 < r < J; and for all s € R, we have |(s +
R_0_
PE(s+7) —s&(s)] < Ri0=,

Moreover, since ¢ is bounded on R, we may choose é, > 0 small enough so that

R_O_
Gy sup e [1G(s )Hcd < E6M4 '

Let now 3 = M If |t] < &3 then |r(0)0ty| < J, and therefore:

is is
X 56r(0) (5 +0ty) — x58:)(5)

L (1r() s + Tty)E(r(@)s + r(0)0ty) — r(@)T(r(D)s)
|()5WW§(®NS+5WDHW)

cd

< o (ﬁﬁi+@$QM@%Q
e € ¢
S676 3
We thus deduce that for all (x,y,t,0) € X, if || < J3, then:
(36.2) Sup [x 3y (5 + Oty) — x 6y (5)| < &
seR

Last, since &’ is also a Schwarz function and in particular, also uniformly contin-
uous on R, there exists 44 > 0 such that |¢'(s +7) — &'(s)| < 35 forall 0 <7 < dy.

Thus for all (x,y,t,0) € X and s € R, if |t| < J5 = R%\/I , then:

[ (20) 5+ 10y) = &y (5)) — &) )| < | |/mmp+@w &Ly (9) dr <
Thus for all (x,y,t,0) € X, with |t| < J4, we have:

r +6t — br /
o Crm) (s i) Sr)(s) & (5)

<&
3

seR

In conclusion, for all (x,y,t,0) € X, with 0 < t < min{dy,d3,d5} and for all
s € R, we have established:

sup |wx,y,t,5 (S) — Wy, y,0,0 (S)| <&
seR
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In other words, setting for all ¢ € (0, 1]:
fr: (x,y,0,5) € AXR = wyy15(5)
converges uniformly on Q3 x R to:
fo: (x,4,0,8) € AXR > wyy00(s)
when t goes to 0.
Since (x,y,t,0,s) € L« x R — fi(x,y,0,s) and fy are both continuous, we de-
duce, in particular, that:
(,Y,,0,5) EL X R+ wy15(s)

is (jointly) continuous.
The entire reasoning up to now may be applied equally well to &) for n €
{0, 1,2} — as one may check that w is indeed obtained by substituting & with

g,

Therefore, we are now able to apply Lemma (3.2.4) to conclude that:

(x,y,4,0) € L= (W0, wx,yrtﬁ>%p,q,d € (fl(Zz)/ I ||£1(Z2)>

is continuous as desired (to make notations clear: we pick a sequence (6;)cN
converging to some 6, and we choose (x;)uew € RN, (yn)new € RY, and t, €
[0,1]N such that for all n € IN, we have (x,,, yu, tn, On — s) € ¥, and then we set,

in the notations of Lemma (3.2.4), the functions ¢, = fi,(Xn,Yn, On,-) and e =

Jtes (X0, Yoo, Do, *))-
We conclude our proof by observing that by Theorem (3.4.2):

xytxy
) Nya " Cr(d) — Cr(o) H i
pA, — ') . 2 <
Dy (gr(5)> sup 2700/ (x, v () €RY (xny)] <1

= sup {lwsaoll s Il = 1t € 0,11}
as stated. O
We now prove that D-norms on Heisenberg modules form continuous fields.

Proposition 3.6.2. Let p € Z, q € N\ {0} and d € qIN\ {0}. Let & € S(C?).
Letr : R\ {g} — R\ {0} be a continuous function. If (6 )ken is a sequence in R

converging to O and such that 0y # g forall k € N, then:
. 9,4 9,4
Jim DL (8 0,)) = DG (Gr(on))s
where §,g) 1 £ € R+ ¢(r(0)t) for all 0 # %.

Proof. The result is trivial if ¢ = 0, which is equivalent to D§(¢) = O forall ¥ € R
with ¢ # g
Now, fix 0 € R\ {%} We shall prove that ¢ — Dg((fr(ﬁ)) is continuous at 6.
Letdy > Osuchthat = [0 — 61,0+ 1] C R\ {%}
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Let:
Y={(xybh R |(xy)l=1te01]}.

Let & € S(C?). We set:

exp(in?ﬁtzxy)aéf;yér(sm/q) — Cr(o+p/q)

t € (0,00) = Wyyro = 27r|0|t

By Lemma (3.6.1):

9.4
Dy’ (67(19))2 B { H <wx,y,t,l9—5’wx,y,t,l9—5> (. t) € Y}

pad
M, Ay

c(xvyt) €Y
0(72)

g Sup H <wx,y,t,195’ wx,y,t,ﬁ,ﬁfs >jfp"7'd
4

where Y is a compact subset of R3, independent of 8.
Now, since:

: X
v:(xyt9)eYxI— <wx,y,t,19—s’wx,y,t,19—s>}fm/d
s

is continuous in (61 (z2),] - | gl(ZZ)) by Lemma (3.6.1), it is uniformly continuous
on the compact Y, =Y x I.

Let || (z,w,s, k)|l = max{|z|,|w|,|s|,|A|} for all (z,w,s, k) € R*.

Let 6, > 0 be chosen so that for all (x,y,t,0), (z,w,r,s) € Y, with ||(x,y,t,0) —
(z,w,s,h)||e < 6, we have:

lv(x,y,t,0) —v(z,w,r,h)| < Z
Let G C Y; be a dp-dense finite subset of Y; in the sense of the norm || - || Let:
F={zwrer:ImeRr (zuwrheG}.

By construction, F is finite and ,-dense in Y for the restriction of || - ||e to R ~
R3 x {0}.

Fixany 0 € [0 — % — 01,0 — s + 1] and set ¥ = 9+ g Now, let (x,y,t) € Y.
There exists (z,w,r) € F with max{|x — z|, [y — w|, |t — r|} < J. We then observe:

2
tx,ty, Fry

g™ 2 Crie) — Grion
27|0|t

2
oPad
%19
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tx ty, 2 g (:;, 1w,73 2 },Z,rw,rzzzw 2
r( @ % Cr(9) — Go o X5 Cr(9) — Gr() o
< Ay Hy + Hy
h 27t|0|t 27|0|r 27|0r
2
‘0& "o — G o
< |H{w w - H(w w ) + ¢
X x,y,t,0r Wx,y,t,0) » o044 z,w,r,0r Vz,w,r,0 paA
H< y,t,0r Wy >;% A, r0s 2" 4, 27|0|r
2
rzrw,
Crw Gr(9) L
< |\ Wsy b8, Way i) ppad — (Wajwrdr W) pad||  + —2
X ‘< XYL, XYL, >(%ﬁ‘7 < Z,W0,1, Z,0,1, >=72019P'7 A, 27T|6|7’
2
rz, VlU
‘ 'frw r(9) .
< H<w w ) {w w ) + i
1,07 1,0 qd W, 1,07 JW0,1,0] 40044
X XY, XY, K%Pq zZ,,r z,W,T Jioﬂl"i (1(22) 27T|6|7’
- 2
2w, 20
a54 % Croy = Crio)|
_e P
S 4 27t|0|r
Let Fg’q’d(n) be given by:
rz,rw,’Z%
‘X —
, o,d i
Fg’q’ (1) = max — — :(z,w,r) €F
4
T (19 + 5) r

forall 7 € S(C7).
We thus have proven:

,q,4 4, € ,q,d
Fr7 (E0))? < DYI(E,0)% < 2+ FR (802

4
Therefore:

3
663)  [Dh"(E0) — OF G0 | < 5 + PG ) = ™ (Er)?)

Note that for any 7 € S(C?), the quantity Fg’q’d(iy) is finite as the maximum
of finitely many values. Also note that the set F does not change with ¢ € I —

the only dependence of Ff;’q’d on ¢ is via the choice of the quantum torus norm
|| ’ ”,}@p’q’d'

Now the key observation is that ¢ € I — Fg'”'d(g) is continuous. Fix (z,w,r) €
F. By Proposition (3.2.5), the function:

zw

‘Xﬁ d gr(l? gr(t?)

velr 23l

P,
Ky
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is continuous (we note that ¢ € I — txa q g’,, — Cr(9) satisties the necessary
hypothesis, owing to ¢ being a Schwarz funct1on and r being continuous. The
details follow similar lines to our proof of Lemma (3.6.1) and we shall omit them
this time around).

Thus ¢ € [ — Fg’q’d(é‘,w)) is the maximum of finitely many continuous func-
tions, and is therefore continuous as well.

Thus there exists 3 > 0 such that for all ¢ € [0 — J3, 60 + J3] we have:

9.4 .4 €
IFT (& 08))% — Fiy " (8107 < 7
Thus if § = min{d1,d3} > 0 then for all ¢ € [0 — J,0 + J] we have:
4.4 ,q,4
D57 (&0))2 = DY (Ere) 2| <&

Since Dy(G,(¢9)) = 0 forall ® € [0 — 4,0 + d] and /- is a continuous function on
[0, ), we have shown that:

4
8 — DY (Z,9))

is continuous. g

Corollary 3.6.3. Let p € Z,q € N\ {0} and d € qIN\ {0}. If & € S(C*), then:

feR\ {Z} — DE(E)

is continuous.

Proof. This follows from Proposition (3.6.2) using 7 : x € R+ 1. g

3.7. Convergence. We now present our main convergence result for the modular
propinquity. Our first step consists in finding an appropriate choice of anchors.
We establish two lemmas to this end. The first lemma extends Lemma (3.5.10) by
proving that while the range of the operators involved in Lemma (3.5.10) depends
on the parameters used to define the Heisenberg modules, its dimension does not.
The second lemma then uses the particular basis of Hermite functions obtained in
the first lemma to construct our anchors.

Lemma 3.7.1. Forall j € Nand d > 0, let:
) 2
Pl x € [0,00) > Texp (_7‘[(2)7’) L (nﬁrz)

where Lj 1t € R Y, k,) ( J T )tk s the j Laguerre polynomial.

Note that 1/16( )= 5¢1(\ft)for all t > 0, with l[){ the j-Laguerre function.
Let f be compactly supported continuous. For all j € IN and 0 # 0, we set:

]+1

] ]
Cy(f) = sz i1 <f¢ar¢5>L2 Mr)%
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For all ¢ > 0 and 0y # 0, there exists N € IN and 6 € (0,|0g|) such that, for all
0 € [0g — 9,00 + 0], we have:
<e

N .
f=LG(f)
j=0 LY (R ,rdr)

Proof. We fix 9y # 0. By [50, Theorem 6.2.1], as in the proof of Lemma (3.5.10),
there exists N > 0 such that:

N X
‘ f=Y.Ch(f)
j=0
Let Q = YN, Sl

Let K; > 0 be chosen so that f(x) = 0 whenever x > Kj (as f is compactly
supported by assumption). Let My = [;° [ f(r)| rdr.

Let M, = max{||1,béo||L1(]RJr rary 11 € {0, N}} Now, there exists C > 0 and

<
LY (R ,rdr)

N[ ™

Ky > 0 such that for all x > K, and forallj € {0,...,N}:
2
|4’1 < Cexp < 4>
Indeed, one checks trivially that lim;_, exp (%ﬂ) = 0 and once again, we
work with finitely many functions.
Let K3 > Ky > 0 be chosen so that fK exp ( %) rdr < m

Last, let M3 = max{‘<fzp50,¢50>L2(R ) 1j € {0,...,N}}.

For all j € {0,...,N}, the function gb{ is continuous on R4, so (1/){)2 is con-
tinuous on [0, K], and thus the family {¢}, (¢})? : j € {0,...,N}} is uniformly
equicontinuous on this compact interval. Thus there exists é; > 0 such that if
¥ =yl < & then [(1)*(x) = (WD* W) < gomrmgn and [91(x) —¢1(v)] <
m forall j € {0,...,N} (note that of course, it is important here that we
work with finitely many functions, so we trivially have a uniformly equicontinu-
ous family).

Using the continuity of the square root function and the square function, there
exists &, € (0,01) such that if |8 — Jy| < J then |[v/3 — /Fy| < 51 and |07 — 53| <
Therefore, |v/3x — /Jpx| < J for all x € R with |x| < Kl, so that for all

SQMZN
j€ {0 ., }:
2(r) — (9, (r)?) rdr <My sup P (92(VBr) — B9 2(v/Bor)|
<Ky
Mlsup8|l,b] 2(Vor) — ()2 (1/3r)|
Ir|<Kq
+ 2M,|0* — B3|

<t
4QM>N
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We thus conclude that for all 8 € [0y — 5,00 + dp] and j € {0,...,N}:

‘ <flP5, ¢6>L2 R, rdr) <fl,l750 1P50 >L2 (R4, rdr)

Moreover, for 9 € [0y — dp, Ty + J2]:

<—°
40M,N

1)1 = 1, ) rar
K3 . . oo . .
< [ 1By) (VBr) — 8o} (vBor) rdr + [ [y} (v/Br) — B0} (v/Bor)|

€ 2
<
N 280 ( SaOMN +/ 2Cexp(—D7 )1d7>

<
40M3N

Therefore, forall j € {0,...,N} and for all @ € [0y — &, Tp + &2):

H <f¢]5’ ¢é>L2(R+/7d7)¢é - <flpé0, wéO>L2(R+rrd7)¢é0 LY (R, rdr)
<f¢5/¢5>L2 Ry rdr <f1l)60 ¢50>L2 (R, Wl’)lpé

Joop)
* ‘ <fl/]60/ IPSO >L2(]R+,rdr (R rdr)

<f l/%’ ¢é> L2(Rordr) <f ¢%O'¢é0>L2(R+,rdr)

+ M3||1/J%§ - ll%o HLl (R, rdr)

LY(Ry,rdr)

5= va,

< ‘|¢%)HL1(]R+,rdr)

€ €
< Myt My—t
20NM, 2 T VB EONM;
&

< .
20N

Consequently, for all 0 € [0y — d,00 + ] and j € {0,...,N}:

!@m—%m

LY(R,rdr)

i
]+
<X T H %),

<5
2N

Thus for all § € [0 — 6y, g + 6]

j_ Joo j
Ry rdr) V3 <fl/J50/ 1/150 >L2(]R+,rdr) 1IJ5O

LY(Ry,rdr)

N .
Hf— g%m
=

LY (R ,rdr)
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N , N
- 5, (f) Z(Cé
j=1 LY(Ry,rdr) =0 LY(R.y,rdr)
e i )
<+ Nmax{ncf ()~ Chy (Al iy 1 € {0, N}
e
Spt E
This concludes our lemma. O

Lemma 3.7.2. Let p € Z, g € N\ {0} and d € gqIN\ {0}. Let 9y # 0. Foralle > 0,

there exist & € ( |6°‘> and a finite subset § of 7y (ng;?) \ {0} for || - \%_pqd such
b 1a

that, for all © € [Og — 6, 0g + 0], the set:

D (@)

A
Dy )

w:weEF

is a e-dense subset of 7y (qu )for Il - H%,pqd

7+ B+o
Proof. Let ¢ > 0 be given. By Lemmas (3.5.8), (3.5.6) and (3.5.9), there exists a
function f : Ry — Ry such that, if g: (x,y) € R? — f (\/W) then:
1) fR ) rdr = 2,
2 ffRzg )Gyl dxdy < g = o g

(3) Dy7 (08 ,8) < (1+ £&)D5™ (&) for all N # Eandall & € S(C).

as in Lemma (3.5.11), for instance given by Lemma (3.5.8). By Lemma (3.5.6), we
have that for all w € S(C%), we have:

;‘"’

€ pgd
| =] s < PR )
E+o
foralld € [60 360}.

We apply Lemma (3.7.1) to obtain some N € IN and ¢y € ( ‘60‘) such that:
N .
f= LG
j=0

We now note that thanks to a change of variable in the definition of the operator
o*g 4 itis sufficient to prove our result for & > 0. We shall henceforth assume 9 > 0.

Lethgy: (x,y) € R? — ZNOC] (f)(\/x%+y?) forall & # 0.

For each @ € [0y — &y, 50 + do], we then have, in a manner similar to the proof
of Lemma (3.5.10):

<
LY(R,rdr)

| m

| m

| aadm%p,q,d < |f]écg(f>||L1<R+,rdr> <
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Consequently, for all € [0y — dp, dp + Jp] and forall w € % (Dp'q’d> , we have:

Ja
q+5
hs H 3e
W — 00w < =
H 04| sppad = 16
therefore:
&
hy H 16 3e €
W — ——— 00w < l|lw| i+ =< =
£ 704 = € AL X
H 1+ 4 %’%”'q;’ T+4 16 =4
)
q

Qe DPAA (1o ><
whlleDgﬂ,) (1+%‘75,dw <1

Our efforts thus far show that the range of (Tg% is of dimension N + 1, spanned
by:
j 1, .
{#h =042 (VB) :jefo,...,N}}

where:

, i 2 /57
H i teR— @) exp _fvan H; (t\/27r)
jtof 2

and H; is the j™ Hermite polynomial, as seen in Lemma (3.5.10).
X N j
Let V = CN. For any 0 > 0 we define 7; (¢)jer,.. Ny EV = Yty c]'")‘—l%. The
map 773 is a linear injection from V to S ® €. For each @ > 0 and ¢ € V, we set
llclls = Dg’ig(;yg(c)); of course || - ||z isanormon V.
We now set ||c|ly = SUP3ie [y — 60,30+ b0 llc|l3- By construction, it is sufficient to
check that || - ||y is valued in R+ (i.e. is never infinite) to conclude that || - ||y is a

normon V.
Letc = (cj)ieqo,..,ny € V. Note that forallt € Rand § > 0

N .
n5(c)(t) = Z(:)CjH]a(t)
=

(3.7.1) _ o)} %%{(\/51‘)
j=0

= (@) () (VaR).

and of course, 71 € S(C¥). Thus by Proposition (3.6.2), we conclude that & €
[0p — o, Do + do] — DZ’ig(qg(c)) is continuous as well as the product of the two
q

continuous functions d € [y — dp, Iy + dp] — DZ’ig(m (¢)(v/3-)) (by Proposition
q

(3.6.2)), and 3 € [dy — do, Jg + dg] — V0.

Therefore, it reaches its maximum on the compact [0y — dy, g + dp], which is by
definition the number |[¢c||y.

Thus || - ||y isanorm on V.
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We now make another observation. We have, for all d € [0y — dy, Oy + dp]:
[lells = l1dllay | < [[llella = Nellay | + [Hlella, — 1]l |
< |lllella = llellay | =+ llle = dll5,
< lllella = llellay | =+ llle —dlly -

Thus the function:
n:(0,c) € [Jg — do, Tp + do] X V = |lclla

is continuous. It is in particular continuous on the compact [dy — dy, I + do] X B
where B is the closed unit ball for || - ||y.

Therefore there exists k > 0 such that forall ¢ € V, 9 € [0y — &y, T + g, we
have:

kllellv < llella < lleflv-

Letnow E = {c € V : |[c|ly < +}. Since V is finite dimensional, E is compact.
Therefore, the function n is uniformly continuous on the compact [dy — dp, Tp +
Jo] x E. Let 81 € (0,8p) be chosen so that, for all & € [0y — &1, 09 + 1], and for all
¢, d € Ewith ||c —d|y < 61, we have:

N3, ¢) — n(do,d)| < %
In particular, for all @ € [0y — 61,09 + ¢1] and all ¢ € E, we have:

ke
el ~ lellay) <
Let ¢ = H%o*go i (@1 (D%ig[)) ) By definition, € is a bounded subset of V
which is finite dimensional. Thus € is totally bounded for || - ||y. Let § be a finite
§-dense subset of € for || - ||y. We assume 0 ¢ § (we can simply pick a {z-dense
subset of € and then remove 0 from it if needed).

For all ¢ € F, the function:
4.4 0,4
D%iao (;750 (C>) - D%ia(’ﬁjo (C))
4.4
D372 (12, ()

is continuous on a compact, and it is null at dy; hence there exists §, € (0, ;) such
that for all @ € [0y — &2, 0 + &2] and ¢ € §, we have:

lc 217 € [Op — 61,00 + 61 —

1c(0) < T
We emphasize that in the definition of I, for any ¢ € §, only involves the element
115, (c), and the only dependence on the variable is through the choice of D-norm.

Last, for all d € §, the function 8 € [0 — &2, 00 + &2] = [[11a(d) — 173, (A)]| ,, paa
TPy
7
is continuous by Proposition (3.2.5) and Expression (3.7.1). Therefore, since § is
finite, there exists 63 € (0,6,) such that for all € [0y — d3,09 + d3] and for all

deg:
€
P < 1

P
q+5

|75(d) — 7735, (d)|
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Fix now 0 € [0g — 83,09 + J3]. Letnow 1 € 2 (Dﬁig) Let ¢ € V so that
q

h . .
ﬁ%?j(w = 15(c) and note that by construction, || — #75(c)|| < £ while

P
a+4
Dg+5(776(0)) <L

. ,q,4
Since D", (17(c)) < 150 |c]ly < . Thus, g, (c)[| <1+ .
Pio
7

Thus, —l:ksiyg)o(c) € ¢, and thus there exists d € § such that ||—l+1k8c —d|ly < §.
8 8
Thus:

k
L e ¢
c—d|ly < —2—|lc|lv += < =.
le=dly < =5 lellv+ < 5
We conclude by observing that:
,q,d4
D%i% (773, (d)) »
a1y, -1
DY (115 (d
§+5(1150( )) e}fp,q,d
Fio
pa.d
D%_’_ao ('760 (d)) (d) ( ) + €
“oad, . M9 —alc n
DY 13, (@) o
! ’ Lo
€
<1a@)dllv + llma,(d) = 15(c)ll ,ppaa + 7
E+o
€ e
< 7+ lma(d) — g, ()|, paa + [1115(d) = n5(c)|| , pac + 5
4 Fo Fio 4
e ¢ €
<S4 - ‘<e
\4+4+||c d||v+4 <e
This concludes our lemma. O

We now summarize, in the following lemma, all the elements of the proof of
convergence for quantum tori, as worked in [25], which we will employ in the
current paper.

Notation 3.7.3. Let u be the probability Haar measure on the 2-torus T2.
For any f € L'(T?, 1) and 6 € R, we denote by ,35 the operator on Ay defined
for alla € Ay by:
Bh@) = [, F@B3(a) dn(z)

which is continuous with ’H‘BJ’;H’AQ < \|f||L1(T2,H).

Lemma 3.7.4. Let £ be a continuous length function on T2. Let € R and e > 0.
There exists 6; > 0, a trace-class operator T on (*(Z?) with nonempty 1-level set and
operator norm equals to 1, a finite dimensional subspace V- C (' (Z?) and a nonnegative
continuous function Fe : T? — [0,00) such that, for all & € [0 — ¢, 0 + ¢):

(1) ifa € Vthena* €V,
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(2) BEe is a finite rank operator and Bhe(sa (Ag)) =V,
(3) 1~AL9 E V/
(4) the function:

(9,0) € (]R\ {Z}) X V s Ly(a)

is continuous,

(5 ifT: f € £4(Z?*) — £(0), i.e. the restriction of the unique Bg-invariant tracial
state of Ay to ¢*(Z?) (noting T does not depend on 9), and if E = V Nker(7)
while ¥ is the unit sphere in E for || - ||£1(Z2), then for any a € %, if s(a,9) =

Lo(a) .
LZ(Z) > 0 then:

[I70(a)T — Treg(s(a)a) | 2(z2) < L(a)e,
while:
[1—s(a,0) <e
(6) the length of the bridge (B (¢*(Z?)), T, mtg, 1) is no more than e, where B ((>(Z?))
is the C*-algebra of all bounded linear operators on (*(7Z?).

Proof. The construction of the bridges in this lemma is the matter of [25] — includ-
ing the construction of T. We will only need its existence and the properties listed
here, which involve all the work in [25] to be established.

We note that Assertions (1), (2), (3) and (4) were established in [49]; a summary
is presented in [25, Theorem 3.19] (all these assertions are extended to fuzzy tori
in [21]).

Assertion (5) is established as part of [25, Claim 5.15]. Assertion (6) is [25, Claim
5.15]. Of course, the computation of the length of the bridges defined in Assertion
(6) provides the upper bound on the quantum propinquity between quantum tori
in [25]. O

Corollary 3.7.5. Let ¢ > 0; let 5 > 0 be given by Lemma (3.7.4). If for all a € E\ {0}

and 9 € [0 — 6,0 + 6], we set s(a,¥) = ::igzg > 0, then:

lI7t6(a)T — Treg(s(@)a) | 2(z2) < Lo(a)e

Proof. Fix ¢ € [0 — 0,0 +9]. If Ly(a) = O thena € Rly,; as a € E we conclude that
a = 0. Thus s(a, 9) is well-defined.

We then note that s(a) = s(ra) for any r > 0 by definition. Moreover, if a € E
and a # 0, then L_ 4 € ¥ and thus by Lemma (3.7.4) :

H ”gl(ZZ)

176 (a)T — Treg(s(a)a)]l| 222
1 - s(llalla(z2y2)
7T, —4a — 17T —1a
"\l iz Tl ey

< llallp(zzyLe <ﬂ> e=Ly(a)e.

1
Hﬂ”zl(m)

= llallp (22

2(22)

This concludes our corollary. O
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We now conclude our paper with the main result of its second part, which
demonstrates that the modular propinquity endows the moduli space of Heisen-
berg modules over quantum 2-tori with a nontrival geometry.

Theorem 3.7.6. Let || - || be a norm on R2. For all § € R, we equip the quantum torus
Ay with the L-seminorm:

IBSXP(ix),eXp(iy) q—

Gyl

|

Lo :a € sa(A) — sup

A (x,y) € R\ {0}

Forallp € Z,q € N\ {0} andd € gIN\ {0} and forall 6 € R\ {%},weendow the

Heisenberg module %’f A4 with the D-norm:
Y e =
o (im (6= 5) =) 5 =] g
27 (60— 2) Iz )|

Let p € Zand q € N\ {0}. Let d € qIN\ {0}. Forany 6 € R\ {g},wehave:

sup § 2]y (vy) € B2\ {0}

; mod pad p.a.d
1191_% A ( <% ’ < ’ >%p,q/d/ Dl9 ’ Aﬂ/ Ll?) s

,q,4 ,q.d
(%}7‘7 7 <" '>%P/‘]/d/ ng /AQ/ L9>) = 0

Proof. Let p € Zand g € N\ {0}. Letd € gIN\ {0}. Let X = R\ {g}

Let6 € X and lete > 0.

We shall apply Lemma (3.7.4) and use its notations for {7 > 0 (rather than e).

To begin with, for all ¢ € R, we note that if 2 € ¢1(Z?), then p3(a) = p*(a)
does not depend on ¢ € R for any z € T2. Thus, the restriction of ﬁge to £1(7Z?) is
independent of ¢, valued in V, and will be denoted by [SFe.

By Lemma (3.7.2), there exists a finite subset F = {w; : j € {1,...,N}} of

7 (%@’”'q'd) \ {0} for some N € IN and dy > 0 such that, for all 8 € [0 — &, 8 -+ do],

the set: .
Dprq' Wi
{ij je {1,...,N}}
Dﬁ (cu])
is z-dense in 7; ( Df;’q’d).

We thus record:

Summary 3.7.7. Any modular bridge from (%p e () P Df;’q’d, Ay, Ll9> to

,q,4
%pq ’ <‘/ '>%plqﬁr

DPA (e
are [ =2 d( D e,
DY (w) )
0 j je{1,...N}

Dg’q’d, Ay, L19> whose anchors are (w)) je(1,.., N} and co-anchors

o c
, has imprint at most 1z.
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For each w € F, themap ¢ € X — Df;’q’d(w) is continuous by Proposition
.0.4). 7 P ’
(3.6.2). The function ¢ — Ly({w,7) . 4) is also continuous for all w,n € F (see
0

Lemma (3.7.4)). Last, for any w € F, we note that the continuous function ¢ €
X — Dz’q’d(w), reaches its minimum on the compact [0 — e,0+ (5%], and thus in
particular, since w # 0 and Dp s a norm, this minimum is not zero (note that

e > (01is given by Lemma (3. 7 4)).

16
Thus the functions:

Lo (ﬁﬁFe wj, W) e DP‘% w))DE (cp)

)
Lo (%/3 ],Wk>jqud> (w;)DG (wr)
)

yhi9e X

and

F
Lg (Jﬁ w],wk qud qud w] qud( 0)

p’q P‘%
Lo (%ﬁFe@jer%md) Dy ™ (wj) D™ (wi)

are continuous as well for all j, k € {1,..., N}. Consequently, the function:

3
j

is continuous as the maximum of finitely many continuous functions. We also note
thaty(6) = 0.
Thus there exists d, > 0 such that:

N
yj‘,‘k:l9€X|—>

R
max {Iyi],
kel N} Yik

|y| < EOI‘I [9 52,9+52]

Foreachje {1,...,N}, let:

By construction, we have:

Dy (1) = Do (wj).
Last, by Lemma (3.2.4), there exists d3 > 0 such that for all ¢ € [0 — J3,6 + J3]
we have, forall j,k € {1,...,N}:

€

< .
01(72) S 16

Letdy =min{dc, 8,03} and & € [0 — 04,60 + d4].
We now begin a string of inequalities for two given j, k € {1,..., N}. To begin
with, we apply Lemma (3.7.4) to obtain for all 2 € Ajy:

H<’7]’/ Wk>%p,qfd - <’7j/ 77k>%P'Hrd

& 3
la — BFeal| 4, < | Ra—BFoRal 4, + |30 — pTSa]l 4, < = (Lo(Ra) + Lo (Sn)) < glo(a).

16
Therefore, using the inner quasi-Leibniz inequality:

7-[9 <<CU], wk>(ylgp,q,d> T _ T7Tl9 <<17]/ 77k>gyfl9p,q,d>

672 |

2(72)



THE MODULAR GROMOV-HAUSDORFF PROPINQUITY 123

S H <wj' wk>%pwpd - ﬁFe<wj/ wk>%p,q,d
0 ‘9 .Ag

+ H<77j/ 77k>%;ﬁ/q/d - .BFe<77jr ’7k>%rwd

Ay
Ty (ﬁFe<wj/ Wk>%p,qfd> T—-Tmy ( ’7]/77k qud)

+|
2(z2)
€
< 3 <|—9 <<a)]’/ wk>%p,q,d) +Ly (<’7]’f 77k>%w,d)>
Fe ) . Fe/, .
+ H TTg (/3 <W]/wk>%p/qrd> T—Trmy (,3 <’7]r77k>%v,%d> 22
€ NP q,d
< g(ng (w )”wk”fl”fd + ng (wk>‘|wj||%md
4, ,q,d4
+ Dy (Uj)H’?kH%p,q,d +Di1 (Wk)”’?j”%md)
F Fe/, .
+ H Tty (/3 e<w]-, wk>3%p,q,d> T—Trmy (‘3 e<17],7’]k>(%p,q,d) ez
€ Fe . _ Fe/ .
< E + H Ty <.B <(U]/ wk>%ﬂ,ﬂrd> T TT(@ <;B <77]/ 77k>%v,q,d> 52(22)‘

Our next step is to replace BFe(1;, ;) ppad With BFe(nj, mi) ppad, because our
<Y <70

work in [25] follows a single element in V from Ay to Ay.
Now, noting that 87 has norm 1:

HIBFe<’7j/ ’7k>%i9p,q/d y

4

< |[B7 (i i) o]+ ﬁFe<’7]'"7k>%md_ﬁFe<’7j"7k> P

As 9

F
< ||B7 i k) spae LT {1j:1) pan = (i) ypas .

< ﬁFe<’7j/ ’7k>%md + <77j/ 77k>%w,d - <’7]’/ 77k>%09p,q,d ,

As 1(z?)

Fe/ . <
< ,8 <77]r77k>%p,q,d s +16

Thus we conclude, as |||T|HZZ(Z2) =1:

(3.7.3) H

Tt (ﬁFe<wjrwk>%p,q,d> T—Try (5Fe<77jr 71k>,y49p,q,d>

02(7Z2)
7To <,3Fe<wj' wk>%plqld) T —Trmy <:3Fe<’7]" ’7k>jgogw,d>

Inserting Inequality (3.7.3) in Inequality (3.7.2) we thus have:

€

< + .
h H ©2(z2) 16
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Tty <<Wj/ wk>ﬁpep,q,d> T —Try <<77j/ 77k>%p,q,d>

9
16

674 |

02(72)
(.BF <wj/wk>7«£pp’1d> T—-Tmy (,BFe<77jr 77k>%p/q,d>

We now insert the factor s(-) of Lemma (3.7.4) into our inequality. To make
notations somewhat easier to read, we set:

ol

ZZ(ZZ)'

Lo (§R<wj/ wk>%p,qﬁ)
Ly <§R<Wj/ ‘Uk>%p,q,d>

S??k =5 (%<wj' wk>(%m,d/l9> =

and:

L9 ir Wk yfp,q,d)

I x .
Sik = 5§ (‘S<w]’wk>ﬁﬂemldr > = .
Lo (C\\f Wi, W %pwd>

We thus compute:

(3.7.5) H‘% (71’9 (ﬁFe<w]‘, wk>%p€,,,,,,d> T — Tfl.’g (ﬁFe<77]‘, 17k>%pgp,q,d>)

©2(z2)
D274 () DPA4( )
< ||| 7T <§R‘3Fe<w]', wk> pqd) T — T7'(19 0 /770 §R/3Fe<w», wk> d
AP 0 i j P
o DI (w;) DR (w)) o
H TTg <8‘E,BF ],wk>%,,qd> T — Ty (sjﬁk%ﬁFe<wj, wk>%;w,d>
§ 6 2(72)
Dj ™ () D (cwy)
+ 7T19 <<S?k - 0 d ! §Rﬁ <(U], wk>%p,q/d
Dg/ql (w])Dp A4 (wy) 0 2(Z2)
Fe . _ R Fe .
< H Tl <%ﬁ <w]/ wk>jfeﬁ,q,d T T7T19 (S],ké}?,s <(,U], wk>%rl,q,d) oz
a4 pad
+ (Sé‘Rk _ D9 (w])DG (wk)> <C() (Uk> b
]/ ! ,d ! ,d K 00
D} () Dy () .
By assumption on ¢, we have:
D (1) O ) :

3.7.6 Wi, Wr) _pa, <y(®) < —,
o7 H( o a0y ) | <5

Ag
and thus, plugging Inequality (3.7.6) in Inequality (3.7.5), we obtain:

377) H‘% <7r9 (%ﬁFe<w.lwk>%p,q,d> T—Try (%ﬁFeMj/ ’7k>%n,q,d>>

< H TTp (?R‘BFe<w]', wk>%p,q,d) T — T7Tl9 (sj,k%ﬁ':%wj,wk}%p/q,d)

2(72)
€

+—.
e(z2) 16

2(72)
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The elements §RﬁFe<w]-, wg) epads forall ¢ € X, lie in V. We now wish them to
<Y

liein E = kert NV with T : f € ¢1(Z?) — £(0) to use Lemma (3.7.4). Again to
ease notations, let:

T£’k =T (,BFe<wj/wk>%p,q,d) .

”
Of course, T, =T (?TﬁﬁFe<wj,wk>}@P/qrd> =T <%,8Fe<wj, wk>}f0p/4,d>-

We thus evaluate:

F ik F jk
< ’HT[@ (%‘B e<w]», (Uk>jf9p,q,d - Té ) T—Trmy (S]',k%ﬁ e<w]*, a)k>%p,q/d - Sj,kTé )

7Ty <§RﬁFe<wj/ wk>%p,q,d) T — Ty <5j,k§R,BFe<er wk>%;ﬂ,q,d)

©2(z2)

02(z2)

ik ik
+ 'Té — Sj,kTé ’ .

Now ‘Tg — S]',kTg‘ < |1 *Sjrk
1. We thus have:

Tix < [1—sx| < {5 since 7j < ||<wjrwk>%p/q,d|\¢40 <

Fe . _ . Fe .
(3.7.8) H‘TC@ (?RIB <w],wk>%,,,q,d) T T7Tl9 (S],kéRIB <w],wk>%§,,,q,d> gz(Zz)

ik ik
< H‘ne (%ﬁFe@’jf wk>%p,q,d -1 > T—Tmy (Sj,k%ﬁFe<wj' wk>%wd ~SjkTp >

02(2?)
i
16
We are now in the position to apply Lemma (3.7.4) and conclude:
(3.7.9)
k k
H 7Ty <§RﬁFe<w]‘, wk>%p,q,d Té ) T— T7l’19 (S]',k%‘BFe<(U]’, a)k)jqud S] kTé > 52( 2)
z
<=
16

We now insert Inequality (3.7.9) into Inequality (3.7.8) and the result in Inequal-
ity (3.7.7) to conclude:

(3.7.10)

H'% (ﬁe (:BFe<w'rwk>%n,q,d> T —Tmy (/3Fe<77jr ’7k>%p,q,d>)

We get the same inequality as Inequality (3.7.10) for & in place of R by the same
reasoning, so we get:

3e
ey 16

Fe Feln;
(3.7.11) H‘m (/3 <w]-, wk>e%%wi,d> T—Trmy ([3 <’7],77k>,z%md> 2(22)
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< "‘3‘3 <7T9 (ﬁFe<wj, wk>%p,q,d> T—Trmy (ﬁFe<’7jz 7/k>%%p,q,d>)

2(Z2)
x Fe . _ Fe/ .

+ H’\f (”9 (,B <w]/wk>%p/q,d) T—Trmy (ﬁ <’7]/77k>%mrd)> o)
< %
8

Thus inserting Inequality (3.7.11) in Inequality (3.7.4), we conclude:
(3.7.12)
9¢ 3¢ 15¢
H Tty <<C(J], wk>%p,q,d> >z (<7]]/ ’7k>%}’7,q,d> EZ(ZZ) 16 3 16

By construction, the following is a modular bridge (note that ||| T|||€:2(ZZ) 1):

Yo = (Mfz(z))/ T, 7tg, 7, (Wj)je(1,...n}s (Uj)je{L...,n}) :

By Lemma (3.7.4), the length of the basic bridge 1, is no more than %, so the
basic reach and the height of 7 are bounded by 17. Now, Expression (3.7.12) states
that the modular reach of  is bounded above by %. Thus by Definition (2.3.16),
the reach of 7 is no more than {7 + 1% =

By Summary (3.7.7), the imprint of v is no more than 7.

Thus by Definition (2.3.18), the length of 7 is no more than ¢ = max {s, = } It
we identify  with the modular trek (), we conclude by Definition (2.4.6) that:

0,4 ,q,d
/\mod ((%Pq /<'/'>%p,q,d,D§q /»Aﬁ/ Lﬁ) ,

.4 .0
(%pq 7 <'/'>%p,q,d/ ng /AG/ LG)) < E.

This concludes our proof. O

We conclude with an interesting observation. The proof of Theorem (3.7.6) re-
veals that the class of Heisenberg modules over all quantum 2-tori is actually iso-
pivotal. Trivially, we can include in this class all the free modules over quantum
2-tori and keep the class iso-pivotal. Hence we conclude that the direct sum of
metrized quantum vector bundles on the class of all free modules of finite rank
and all Heisenberg modules over all quantum 2-tori is in fact jointly continuous
with respect to the modular propinquity by Theorem (2.7.2). We thus get some
additional convergence results from our work for our new metric.
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