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1. Introduction

A lattice-ordered group (¢-group) is an algebraic structure
(La IAYAZSN _17 1)

such that (L, A, V) is a lattice, (L,-, 71, 1) is a group, and - preserves the order in both arguments; i.e., a < b
implies a-c < b-cand c-a < c-b for all a,b,c € L. It follows also from this definition that the lattice
(L, A, V) is distributive and that 1 < aV a~! for all a € L. We refer to [1] for proofs and further standard
facts about this class of structures.
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Commutative /-groups include the real, rational, and integer numbers with the standard total order and
addition. For non-commutative examples, consider a chain (totally-ordered set) 2 and denote by Aut(2) the
set of all order-preserving bijections on €. Then Aut(2) constitutes an ¢-group Aut(2) under coordinate-
wise lattice operations, functional composition, and functional inverse. It was proved by Holland in [10] that
the variety of {-groups LG is generated by Aut(R), where R is the real number chain, or indeed by any
Aut(Q), where  is an n-transitive chain for all n (i.e., for any two n-tuples of elements of Q there is a
bijection that maps the first tuple to the second). The standard proof relies on Holland’s embedding theo-
rem, which states, analogously to Cayley’s theorem for groups, that every ¢-group embeds into an ¢-group
Aut(Q) for some chain Q [9]. Although not every ¢-group embeds into Aut(R), each identity that fails in
some {-group fails, by the embedding theorem, in some automorphism ¢-group, and a simple argument then
shows that the identity must also fail in Aut(R). This generation result for £LG was subsequently exploited
by Holland and McCleary to provide an algorithm for checking if an identity is valid in all ¢-groups [11].

The first main contribution of this paper is a new syntactic (and first axiom of choice free) proof that
Aut(R) generates the variety LG of f-groups. A proof system is defined in a one-sided hypersequent frame-
work such that derivability of a hypersequent (interpreted as a disjunction of group terms) implies the
validity of a corresponding identity in all ¢-groups. A rule is then added to the system and it is shown,
following closely the Holland-McCleary algorithm of [11], that this augmented system derives all identities
(rewritten in a certain form) that are valid in Aut(R). Finally, it is proved syntactically that applications
of this rule can be eliminated from derivations. Hence an identity is valid in Aut(R) if and only if it is
valid in all £-groups, and so, by Birkhoff’s variety theorem, Aut(R) generates £G. This proof illustrates the
usefulness of proof-theoretic methods for tackling algebraic problems, and is similar to proofs of generation
of varieties by dense chains via density elimination (see [4,14]) or of properties such as interpolation and
amalgamation via cut elimination (see, e.g., [7,18]).

The second main contribution is the introduction of a first analytic (cut-free) proof calculus for ¢-groups.
In contrast to the well-developed proof theory for well-behaved families of varieties of residuated lattices
(which provide algebraic semantics for substructural logics, see [2,3,7,14,17,18]), there has been relatively
little success in obtaining cut-free systems for algebraic structures related to ¢-groups. Hypersequent calculi
have been defined for abelian ¢-groups and related varieties in [13,15-17], but a calculus for the general
non-commutative case has until now been lacking. The virtue of such a calculus is illustrated by the fact
that we obtain not only the known decidability result for the equational theory of ¢-groups, but also, via cut
elimination, a (first) procedure for obtaining proofs of valid ¢-group identities in equational logic (i.e., using
only defining identities of £G). More generally, the analytic hypersequent calculus presented here provides a
crucial first step towards developing a uniform proof theory for the wide range of algebras and logics related
in some way to ¢-groups: in particular, MV-algebras and GMV-algebras (which may be viewed as intervals
in abelian ¢-groups [20] and ¢-groups [6,8], respectively) and commutative cancellative residuated lattices
(which may be viewed as ¢-groups with a co-nucleus [19]).

The final contribution of the paper is a first proof that the equational theory of ¢-groups is co-NP
complete, matching the complexity of the equational theories of both abelian ¢-groups [21] and distributive
lattices [12].

2. Preliminaries

Let us call a variable = and its inverse ="' literals. Using De Morgan identities valid in all ¢-groups, we
consider only normalized ¢-group terms s,t built from literals and the operation symbols 1, A, V, and -,
with an inductively defined inverse:

T =1 (s-t
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As usual we write st for s -t, omit brackets in group terms (built using literals, -, and 1), and define t° = 1
and t"t! =¢-t" for n € N. We also write s < t as an abbreviation for the identity s At ~ s.

Given a class of ¢-groups K, we let K = s &~ ¢ denote that the ¢-group identity s ~ ¢t is valid in all
members of K. Using standard distributivity laws in £-groups, every ¢-group term t is equivalent either to 1
or to a meet of joins of group terms (see [1] for basic facts about f-groups). That is, for some index sets T
and J; # 0 (i € I) and group terms t;;, assuming also A 0 =1,

iel jeJ;
Moreover, for any ¢-group terms s, t,
LGEs~t & LG E 1< (5t)A(ts),
and for any finite family of ¢-group terms (¢;);cr,

LGE1<Nti &  LGE1<t foreachicl
el

Hence checking the validity of ¢-group identities amounts to checking the validity of inequations of the form
1 < t where t is a join of group terms. Following proof-theoretic treatments of related classes of algebras
(see [2,3,13-18]), we present such terms and identities here in the framework of sequents and hypersequents.

An {¢-sequent, denoted by T'; A, TI, or 3, is a finite (possibly empty) sequence of ¢-group terms, written

(t1, . tn),
and interpreted as an /-group term by
() =1 and I(tyy .. oyty) =t1 ...ty
The inverse of an ¢-sequent is defined as

(rreeotn) = (oo T0):

For (-sequents I' and A, we denote their concatenation by (I'; A) or simply by I'; A. An f-sequent will be
called basic if it is a sequence of literals, and a basic f-sequent I' will be called group valid if 1 ~ Z(T') is
valid in all groups.

An (-hypersequent, denoted by G or H, is a finite (possibly empty) multiset of f-sequents, written

Ty|...| Ty,
and interpreted, when n > 1, as an ¢-group term by
ITy|...|Tn) =Z(Ty)V...VI(T,).

An (-hypersequent G will be called basic if it contains only basic f-sequents. It will be called wvalid in an
l-group L if L =1 <Z(G), and ¢-valid if it is valid in all ¢-groups.

An (-hypersequent rule is the set of its instances, each instance consisting of a finite set of £-hypersequents
called the premises and an f-hypersequent called the conclusion of the instance. Typically, such rules are
written schematically using s,t to denote arbitrary ¢-terms and T',II, ¥, A and G,H to denote arbitrary
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gt @ Glaz ™
I" group valid
gir,A Gl|Ax® g GIHIH
—— X (cum) (EW) (EC)
g|I,x G|H G|H

Fig. 1. The basic £-hypersequent calculus GZ£.

{-sequents and /-hypersequents, respectively. An £-hypersequent calculus GL is a set of £-hypersequent rules.
A GL-derivation of an ¢-hypersequent G from a set of ¢-hypersequents S is a finite tree of ¢-hypersequents
with root G such that each node is either in S or the node and its parents form an instance of a rule of GL.
In this case, we write S kgL G and say that G is GL-derivable from S.

A rule is said to be GL-derivable if for each of its instances, the conclusion is GL-derivable from the
premises, and GL-admissible if for each of its instances, whenever the premises are GL-derivable, the con-
clusion is GL-derivable. A rule will also be called ¢-sound if for each of its instances, whenever the premises
are (-valid, the conclusion is ¢-valid, and ¢-invertible if for each of its instances, whenever the conclusion is
f-valid, the premises are ¢-valid.

3. A basic calculus

Fig. 1 presents a proof system G/ for basic ¢-hypersequents, where (GV) stands for group valid, (EM)
for excluded middle, (EW) for external weakening, and (EC) for external contraction. Occurrences of the
sequents T in (GV), A and A in (EM), (T',A), (A, ), and (T, %) in (cuT), and the sequents in H in (Ew)
and (EC) will be called active in applications of these rules in G/-derivations.

We remark that (Ew) is useful for constructing G¢-derivations but is not strictly necessary: that is, (Ew)
is admissible in the calculus G¢ without (Ew). This is because instances of (Ew) can be permuted upwards
over instances of any other rule in a derivation, while its effect on the axioms is subsumed by the form of
the axioms themselves. Note also that we could avoid using (EC) by redefining ¢-hypersequents as finite sets
of /-sequents.

To better understand G/, let us consider some useful G¢-derivable rules.

Lemma 3.1. The following rules are Gf-derivable:

gl g|x glr.Aa

GIT.% (MIX) GIT|A (spLIT)
g|ILx G|, G|ILA
giraay M Tgiraimy (o

Proof. Observe first that (MIX) consists of instances of (CUT) where A = (). For (SPLIT) and (SIMP), we
make use of G/-derivations:
G|T,A
- —— (EM R —
giT.aja W Q|A|AECU) GgI1,2 G|%,AA Y
T pu—
GgIT[A GITAA Y

(Gv)

(cur)

The following G¢-derivation takes care of (COM):

G|T,®
————— (SIMP)
G|1L,A GILLAAY
— 2= (gw) ————— (SPLIT)
GIT,A[ILA GIT,A[A,S
(cur)

GIT.A[ILE
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Example 3.2. We illustrate G/ and some G/-derivable rules in the following derivation of an ¢-hypersequent
corresponding to the inequation 1 < zz V yy V Ty:

- _—_ —_ (GV) - (GV)
T,r,7,7 | Y,y z,7 |y, y,7.7
———— (spLIT) ——————— (SPLIT)
z,2,7T | yy |7 z,v|y,y,9|7Y
———————— (SPLIT) ———————————— (SPLIT)
x|y, y|T|T 2|y, ylyly
———————— (EC) ————— (EC)
x|y y|7T x|y, y |y

— (MIX)

x|y, y|T,7

We show now that G¢ derives only ¢-valid basic ¢-hypersequents.
Lemma 3.3. The following (quasi-)identities are valid in all £-groups:

(i) zyAnl<zVy
(i) 1<a2yVvz) = 1<zVyVz)
(iii) (1<yvz) = 1<yva?
(iv) (1<zvy) & (1<zVz) = 1<zVyz
Proof. We show that each of these (quasi-)identities holds in any f-group L with arbitrary elements
a,b,c e L:

(i) Note first that 1 < b(ab)™! V al because 1 < a=!'Va. So also 1 < (a V b)(ab)~! V (a V b)1. By
distributivity, 1 < (a V b)((ab)~* v 1). Hence abA 1 = ((ab)"1 v1)~! <aVb.

(ii) From (i), (abA1)Ve < aVbVe. If 1 < abVe, then by distributivity also 1 < (abA1)Ve,s01 < aVbVe
as required.

(ili) If 1 < a Vb, then also 1 < aVb(aVb). Le.,, 1 < aVbaVb®>and hence 1 < aV (ba A1)V b?,
by distributivity. Note that (ba A 1)"1(a VvV b?) = (1V (a=1b71))(a Vb)) = aVb?>Va b taVa b Using
1<1VH? = (ala v ta)a=tb) v b2, (ii) yields 1 < (ba A1)~ HaVb?). Le,baAl <aVb*: Sol<aVb?

(iv)If1 <aVvband 1 < aVe, then also 1 < aV (b A ¢). But then by (iii), 1 < aV (b Ac)? and from
(bAc)? < be it follows that 1 < a V be as required. O

Lemma 3.4. If a basic {-hypersequent G is GL-derivable, then it is £-valid.

Proof. By induction on the height of a G¢-derivation of G. The base case follows because in all ¢-groups,
1<1Vband 1 <aVbVb L. For the induction step, if the last application of a rule is (EW) or (EC), then we
are done because 1 < a implies 1 <aVband 1 <aVaimplies 1 < a in all {-groups. If the last application
of a rule is (CUT), then we use the fact that if 1 < a Vbc and 1 < a V ¢~ 'd, then by Lemma 3.3 (iv),
1<aVbeeld=aVvbd. O

4. An augmented basic calculus

We now define G¢* as the extension of G¢ with the following rule for basic ¢-hypersequents:

912 912

where A is not group valid.

The condition that A is not group valid is clearly necessary; otherwise, A and A are both group valid and
the premises are derivable using (GVv) for any basic ¢-hypersequent G. Moreover, it is not at all obvious
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that the rule is f-sound. In particular, it is not true that in any f-group, if 1 < aVvband 1 < aV b!
with b # 1, then 1 < a. Consider, e.g., the direct product of the additive ¢-group of the integers Z x Z
where (0,0) < (0,—1) Vv (1,0) and (0,0) < (0,—-1) V (—1,0), but (0,0) £ (0,—1). Observe, however, that for
soundness, we require something weaker: namely, that for any basic £-hypersequent G and basic ¢-sequent A
that is not valid in all groups, if G | A and G | A are both valid in all f-groups, then G is valid in all £-groups.
Equivalently, for any n and for any elements a1, ..., ay,,b of the w-generated free group interpreted in the
corresponding free ¢-group, whenever 1 < a,V...Va,Vband1 <aV...Va,Vb ! either 1 <aV...Va,
or 1 =10

First, we establish the completeness of the augmented calculus with respect to Aut(R): that is, we show
that any basic £-hypersequent that is valid in Aut(R) is G¢*-derivable. Let us say that a set S of inequations
of the form = > y where x,y are variables from some set X is chain-consistent if S is satisfiable as a set
of first-order formulas in the structure consisting of R with the standard order; otherwise S is said to be
chain-inconsistent. It follows by an easy induction on the number of distinct variables occurring in S that
S is chain-inconsistent if and only if there exists a sequence z1, 29, ..., 2, of variables from X such that
(z; > zi41) € Sfor 1 <i <n—1and (2, > z1) € S. The base case is trivial. For the induction step,
eliminate a variable z (adding y > z whenever y > = and = > z are in S, and then remove all inequations
containing an occurrence of ) to obtain a set of inequations S’ that is chain-consistent if and only if S is
chain-consistent; the desired result then follows using the induction hypothesis applied to S”.

Observe now that T' ~ A if and only if (I',A) is group valid defines an equivalence relation (namely,
equivalence in groups) on the set of basic f-sequents. Let [I] = {A : (T',A) is group valid} denote the
corresponding equivalence classes. For each such equivalence class [['], we define a fresh variable ajr). We
will say that a basic (-hypersequent G is chain-inconsistent if there exist (I';,A;) € G for 1 < i < n
such that {aja,] > ar,j : 1 < i < n} is a chain-inconsistent set of inequations; otherwise G is said to be
chain-consistent.

Lemma 4.1. If G is chain-inconsistent, then G is G{*-derivable.
Proof. Suppose that (I';, A;) € G for 1 < i < n where {aja,) > apr,) : 1 <4 < n} is a chain-inconsistent set
of inequations. We prove the lemma by induction on n.

For the base case n = 1, we have ajp,] = aja,], which means also that [I';] = [A;]. So I'1, A is group
valid and G is G¢*-derivable using (GV).

For the induction step, {aja,] > ar,] : 1 < < n} is chain-inconsistent and hence we may assume without

loss of generality that ajp,) = aja,]- So I'1, A, is group valid. Then the required G¢*-derivation ends with

S — (GV) 7_
G| T, A G| T2, A
— — (com)
G, AT, A
— (EC)
G|, A (5C)
g

where the right premise is G¢*-derivable using the fact that {aja,] > ar,)} U{aa,) > ar,):3<i<n}isa
chain-inconsistent set of inequations and applying the induction hypothesis. O

Observe now that an f-hypersequent G containing variables x1, ..., 2, is valid in Aut(R) if and only if
for every n-tuple f of functions in Aut(R),

id < \[{Z()A*®)(f) : T € G},
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where id is the identity function on R. Moreover, this inequation holds in Aut(R) if and only if for every
point p € R, the value of at least one Z(T")Aut®)( f ) at p is greater than or equal to p. Equivalently, there
is no point p € R such that the value of every I(F)AUt(R)(f) at p is strictly less than p.

Lemma 4.2. If G is valid in Aut(R), then G is G€*-derivable.

Proof. Suppose that Aut(R) = G, and consider the set of equivalence classes of initial subsequences of
sequents in G:

is(G) = {[1]: (T, A) € G}

We apply the rule () backwards finitely many times to G using a representative sequent I', A of [I', A] for all
distinct [I'], [A] € is(G). We will show that every leaf G | H resulting from this process is chain-inconsistent
and therefore G¢*-derivable. It follows that G is also G¢*-derivable.

Let us suppose for a contradiction that G | A is chain-consistent. Then for each [['] € is(G) we can assign
ar) to a real number r(p such that for any distinct [I'], [A] € is(G), either (I,A) € H and T[a] > T[r] Or
(A,T) € H and T[] > 7[a]- Moreover, we may assume that rj > rp) for each I' € G.

Now for each variable z we define a map & that sends r(p) to rp 5 when [, [, 2] € is(G) and r(a
to rja] when [A, 7], [A] € is(G).

Let us check that & does not violate the order-preserving condition. It suffices, by Lemma 4.1, to show
that if & violates the condition, then G | H is G¢*-derivable. First suppose that & maps ) to rp ) and
7(a] 1O T[A 4], DUt 7[a] > 7y and 7p 4 > 7(a 5. Then H contains sequents in [[,A] and [A, z,%,T], and is
Gl*-derivable using (SPLIT) and (GV). Alternatively, suppose that & maps [ to 7r 5 and rja 7 to 7a),
but r(az > ) and rp 4 > r(a]. Then H contains sequents in [[,2,A] and [A,Z,T], and is G¢*-derivable
using (SPLIT) and (GV). Other cases are very similar.

Finally, we extend each & to a function in Aut(R) (for example, linearly between the given points).
Consider now each I' € G and its evaluation as a function I(AI‘) in Aut(R). This function maps r; € R to
7r] € R where rj > 7). But this contradicts the assumption that G is valid in Aut(R), so we are done. O

The proof of the previous lemma follows quite closely the argument for the adequacy of the Holland—
McCleary algorithm given in [11]. For readers familiar with this algorithm, recall that a basic -hypersequent
G corresponds to a disjunction of group terms that, for simplicity, we may assume are already in reduced
form. We consider, in both cases, the initial subterms of these group terms and all the ways that they can be
totally ordered. The Holland—McCleary algorithm searches for a failure or inconsistency, and hypersequents
are interpreted accordingly as conjunctions. Likewise, a sequent I' in a hypersequent is not interpreted as
the inequality 1 < T', but rather as the strict inequality 1 > I'. In essence, hypersequents are viewed as
sets/conjunctions of strict inequalities. The Holland-McCleary algorithm automatically closes each such
set under transitivity and, in the case where the set is chain-consistent, this provides a total ordering of
the group terms involved. Such a set is called a diagram if it is further equipped with labeled arrows: for
example, we have an arrow with label x for each pair of group terms (I',T'z) in the diagram. Moreover,
in each step of the algorithm, new elements of is(G) are inserted in the possible relative positions of the
diagram, creating new inequalities. A backward application of the rule (x) has the same effect, but without
closing under transitivity at each step; however, exhaustive applications of (%) to is(G), as described in the
above proof, subsume transitivity closure. Finally, checking whether & violates the order-preserving con-
dition corresponds to the Holland—McCleary algorithm checking whether arrows with label = cross. Here,
branches involving inconsistency in the order give rise to derivable hypersequents.
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5. A generation theorem

We have shown that the calculus G¢ derives only ¢-valid basic ¢-hypersequents (Lemma 3.4) and that the
augmented calculus G¢* derives all basic ¢-hypersequents valid in Aut(R) (Lemma 4.2). To complete the
circle and show that derivability in these calculi, f-validity, and validity in Aut(R) all coincide, it suffices
to show that (%) is Gl-admissible. This will also provide a syntactic proof that the variety of £-groups is
generated by Aut(R).

We begin with some useful terminology. Given a Gl-derivation d of G | H, we inductively label sequents
occurring in d as G-sequents as follows. To be precise, we label occurrences of sequents, thus allowing for
some occurrences of a sequent in a hypersequent to be G-sequents and some not to be; we trust the reader to
interpret correctly which are the corresponding occurrences of a sequent in the premises and the conclusion
of a rule. Each sequent in G at the root is a G-sequent. For the induction step, we consider an instance of a
rule in d and the following three cases:

(i) The instance has premises G’ | I', A and G’ | A, Y and conclusion G’ | T, %: each G-sequent in G’ in the
conclusion is a G-sequent in G’ in the premises, and if I', ¥ is a G-sequent in the conclusion, then I', A
and A, Y are G-sequents in the premises.

(ii) The instance has premise G’ and conclusion G’ | H': each G-sequent in G’ in the conclusion is a G-sequent
in G’ in the premise.

(iii) The instance has premise G’ | H' | H' and conclusion G’ | H': each G-sequent in G’ | H' in the conclusion
is a G-sequent in G’ | H' | H' (twice if it occurs in H') in the premise.

It follows that each (occurrence of a) sequent occurring in d is strictly either a G-sequent or an H-sequent.
A Gl-derivation of G | H will be called H-cut-free if it contains no application of (cUT) with an active
H-sequent (an H-cut). Consider an H-cut in a G¢-derivation of G | H

G |H |T,A G|H|AS
gIH|TZ

where the G-sequents are in G’ and the H-sequents are in H' | I', ¥ in the conclusion and in H' | T, A
and H' | A, Y in the premises. We call this H-cut significant if it is not the case that both %’ | T', A and
H' | A, Y are Gl-derivable.

We obtain the following partial cut-elimination lemma.

Lemma 5.1. If Fgo G | H, then either bgp H or there is an H-cut-free Gl-derivation of G | H.

Proof. We show that an uppermost significant H-cut can be eliminated from a G¢-derivation d of G | H. It
then follows that all significant H-cuts can be eliminated inductively from d to obtain a significant-H-cut-free
G{-derivation d' of G | H. If d’ contains no applications of H-cuts, then there is an H-cut-free G¢-derivation
of G | H. Otherwise, consider a lowest (non-significant) H-cut in d’ with conclusion G’ | H' | T, ¥ where
the G-sequents are in G’ and all other sequents are H-sequents. Note that, by assumption, Fg, H' | T, X.
Below this application in d’, the only rule applications with active H-sequents are (Ew) and (EC). So H is
derivable from H’ | T, ¥ using (Ew) and (EC). But also H' | I', ¥ is G{-derivable, so Fgp H.

To show that an uppermost significant H-cut can be eliminated from a G/-derivation of G | H, we prove
that ifboth Gy | Hy | Ty, 2 | ... | T, 2 and Go | Ha | B, T2 | ... | 3, Ty are significant-H-cut-free G¢-derivable
where the G-sequents are in G; and G and all other sequents are H-sequents, then Gy | Go | Hq | Ha | T'1, T2
is significant-H-cut-free G/-derivable, proceeding by induction on the combined heights of these derivations.
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We consider the last steps of both derivations. If either step is an application of (Ew) or (EC), then the
claim follows immediately using the induction hypothesis and possibly an additional application of (Ew) or

(EC).
Suppose that both last steps are (non-significant) H-cuts or instances of (Gv) or (EM) whose active
sequents are H-sequents. It follows that H; [Ty, % | ... |y, X and Ha | B,To | ... | X, Ty are Gl-derivable.

So, using (cuT) and (EW), G1 | G2 | H1 | Ha | T'1, Ty is significant-H-cut-free Gl-derivable as required.

If either a group valid sequent or A | A occurs in Gy | Go | H1 | Ho, then Gy | Go | Hi | Ho | T1, T
is clearly significant-H-cut-free Gl-derivable. Also, if both I';, 3 and 3,T'y are group valid, then I'y,T'y is
group valid and Gy | Go | H1 | Ha | T'1, T2 is derivable by (av).

If Go =G5 | F_g, 3], then we have a significant-H-cut-free Gl-derivation

Gi [ Hi T, ... |TL,%

(EC)
- (EC
____ <EM) gl | Hl | F17Z ( ) (EW)
GGy | o, Ty | Ha| Ho | Ty, T2 G |G| T, 2 | He | He | T1, T (cuT)

gl|gé|]-—‘_272|Hl|H2‘F17F2

The case where G; = G | ©,T is very similar.
Suppose now that one of the derivations ends with a G-cut; e.g., Go = G5 | Ay, As and we have

Gy | AT Ho | S T2 | ... | 5,02 Gh|TL Ay [Hy | S,Ts ... |S,0y

p = = (cuT)
Gyl AL, Ag | Ho | BT | ... | 3,
We apply the induction hypothesis to the derivations of G; | H1 | T'1,Z | ... | 1,2 and G5 | A1, 1T | H;q |
Y, Ty | ... | %,Ty to obtain an H-significant-cut-free Gl-derivation of Gy | G5 | Ay, T | Hy | Ho | Ty, Ta.

Similarly, we obtain an H-significant-cut-free Gf-derivation of Gy | G5 | II, Ay | Hy | Ha | T'1,T2. So we
obtain an H-significant-cut-free G¢-derivation of Gy | Ga | H1 | Ha | T'1,T'2 using (cuT). O

Lemma 5.2. (x) is G{-admissible.

Proof. It suffices, using the rule (EC), to prove that whenever Fgo G | T'| ... | I' and kg, H | T where T
is not group valid, then Fgy G | H. If T is not group valid, then Fg, T'. So by Lemma 5.1, we may prove
the claim by induction on the height of a " | ... | I-cut-free G¢-derivation of G | T' | ... | I'. For the base
case, there are two possibilities. If there is a group valid sequent or occurrence of A | A in G, then clearly
Fee G | H. Otherwise, G = (G’ | T') and, because ¢ H | T, also ¢, G | H using (EW). For the induction
step, suppose that G | T | ... | ' is the conclusion of an instance of (CUT) with premises G’ |I'1, X |T'| ... |T
and G’ | S,;To | T | ... | where G = (G’ | I'1,'3). By the induction hypothesis twice, gy G’ | 1,2 | H
and g, G’ | 3, Ty | H. Hence, using (cUT), Fgr G' | T'1,Ta | H as required. The cases of (Ew) and (EC) are
straightforward. 0O

Putting together Lemmas 3.4, 4.2, and 5.2, we obtain:

Theorem 5.3. For any basic £-hypersequent G, the following are equivalent:

(1) G is Gl-derivable.
(2) G is L-valid.
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G G|lHI|H
gIT (av) G H (BW) K" (BC)
I' group valid
g glAa G|, G|ILA
— (MIX) ———  (com)
g|r,A G|T,A|IL,X

Fig. 2. The basic ¢-hypersequent calculus GLG,,.

(3) G is valid in Aut(R).
(4) G is G*-derivable.

It follows that an identity is valid in all /-groups if and only if it is valid in Aut(R). Hence, as the variety
generated by a class of algebras I is, by Birkhoff’s variety theorem, the smallest class satisfying the same
identities as I, we obtain:

Theorem 5.4. (See [10].) The variety of £-groups is generated by Aut(R).

Note that Holland’s original proof of this generation theorem in [10] is based on his embedding theorem for
L-groups [9] and, unlike the proof presented here, makes use of the axiom of choice. Let us remark also that
although the Holland—McCleary algorithm decides the ¢-validity of ¢-group identities, it does not produce
corresponding derivations in equational logic (i.e., derivations from defining ¢-group identities). However, by
applying the constructive ()-elimination procedure described here to the derivation of an ¢-group identity
in G¢*, we obtain a Gf-derivation of the identity. This derivation may then easily be translated into an
equational logic derivation.

6. An analytic calculus

Although G¢ and G/¢* provide bases for decision procedures for ¢-groups, these calculi are not analytic.
They contain rules, (cUT) and (x), where terms occurring in the premises may not occur as subterms in
the conclusion. Observe that, following the proofs in Sections 4 and 5, a basic ¢-hypersequent G is valid in
Aut(R) if and only if it is derivable in the analytic calculus consisting of (av), (EM), (Ew), (EC), and the
restricted (x) rule

G|, I G|1I,T
gAY

where I', TI is not group valid.

However, this restricted rule makes use of a side-condition and cannot be interpreted as a quasiequation
valid in all ¢-groups. Also the completeness proof for the calculus is heavily dependent on the particular
class of algebraic structures and cannot be expected to generalize easily to other classes.

In this section we establish soundness and completeness for an analytic basic ¢-hypersequent calculus
GLG,, presented in Fig. 2, that replaces (cuT) and (EM) in G¢ with the analytic rules (Mix) and (coMm).
The key step in the proof is to show that (cuT) is GLGp-admissible, obtained as the culmination of a series
of lemmas establishing the GLG-admissibility of related rules.

Let us write G[I'] to denote a basic ¢-hypersequent G with specific occurrences (perhaps none) of a sequence
of literals T'; a subsequent reference to G[A] then denotes the ¢-hypersequent obtained by replacing these
occurrences with A.
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Lemma 6.1. The following rule is GLGy-admissible:

A 4l
glA]

Proof. We proceed by induction on the height of a GLGp-derivation of G[]. For the base case, it suffices to
observe that if I'[] is group valid, then, because A is group valid, also I'[A] is group valid. For the induction
step, suppose that the last step in the derivation of GJ] is an application of (COM) of the form

A Ta T M | LT
W T2 o L) O

Then by the induction hypothesis twice,
Fecg, H[A] | T1[A], I2[A] and Fecg, H[A] | TI[A], T2[A].
So by an application of (COM) as required,
Fecg, HIA] [ Th[A] To[A] [T [A] T [A].

The cases where the last step in the derivation of G[] is an application of (Ew), (EC), or (MIX) are very
similar. O

Lemma 6.2. The following rule is GLGp-admissible:

g|I,t,A G|ILEY
Gg|I2[ILA

Proof. Let us define (I'1,¢,Ta,¢, ..., T, t, Tna1)@Q(IL £, X), where the ¢ and £ are distinguished (but perhaps
not all) occurrences in the sequents, as

(th | H7F232 | | HaFnaz | H7Fn+1)7

noting that (I')Q(IL, ¢, X) is just I'.
Then it suffices (using (EC)) to prove that the following rule is GLG,-admissible:

ALlt] ... ] Anlt] G| ILES
Gl (Ar[tha(LEX) | ... | (An[t])Q(ILE, )
We proceed by induction on the height of a GLGp-derivation of Aq[t] | ... | Aplt].

For the base case, we may assume without loss of generality that A;[t] is group valid. We prove that
Fecg, G| (A1[t])Q(IL, %, 3) by (a new) induction on the number of terms in Aq[t]. Clearly, if A;[t] contains
no distinguished occurrences of ¢, then (A1[t])Q(I1, %, %) = Ay, and G | (A1[t]))Q(I1,%, %) is an instance of
(av). Otherwise, there are three possibilities. First, A;[t] can have the form

Flat7r27t7 ce 7Fk7ta%7 Fk-i—lvt? ce 7Fn7ta Fn+1-
Applying the induction hypothesis to I'y, ¢, s, ¢, ..., T, g1, ty ..o, Ty 8, Ty

Feeg, 01T, 2 |IL D, 2 | ... | ILT g, Tgsq, 2| ... [ ILT,, X | IL Ty
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But also Fgeg, G | 11, ¢, %, so using (coM) and (EwW),
Feeg, G |T1, S | TILT, S | ... | ILT, X [ ILE Tyt 8| .. | ILT,, S [ I, Tyss
Now suppose that A;[t] has the form
Ty, t, 0oty Tp 6t Tty ty oo, Dy, T
Applying the induction hypothesis to I'y, ¢, T'a, ¢, ..., Tk, Tip1, 6,0 o s Dy 8, T,
Feeg, G | T1, S | TLT, S | .o | T, Thgr, B | oo | T, T,, 8 [ TL Ty
But also Fgrg, H | 11,1, %, so by (coM) and (Ew) as required:
Ferg, G| T1, 2 [ ILTe, X | oo | ILD g, 6,38 | I Tgqq, X | oo [ IL Ty, X | I, Tpgq.
Finally, A1[t] might have the form
Ty, t, Doty ..., Th, 8,502 ..., Ty t, T
Applying the induction hypothesis to I't, ¢, Ta,¢,..., T8, T2, ¢, ..., Ty t, T,
Ferg, G| T, S | IL T, S| .. [ ILTETEL S | oo | ILT,, S | I, Thyy.
But then by Lemma 6.1, we obtain as required
Ferg, G |11, S [TL,T2, Y | ... [T, TE, 5,502, % | ... [ ILT,, S | IL Ty

Now let us return to the inductive step of the main induction proof. Note that the cases of (Ew) and (EC)
follow immediately using the induction hypothesis. Suppose that the derivation ends with an application of
(coM) of the form

H|Flat7"'7F]1g7®72"7ta"'a®m,7ta®m+l H | ®1at7~'~7@71~7Fi5t7"'7rp7t;1—‘p+1
H Tt DL T2 Tyt Ty | O1,t, .., O 0208 Oy, t, O

where H = Aglt] | ... | Ap[t]. By the induction hypothesis twice,
Fecg, H | T1, 2 | IL,T, 2 | ... | IL,TE, 02,2 | ... | 1,0,,,% | T1, 0,41
and  Fgrg, H' 01,8 11,62, | ... |I,05, T2, | ... |I,T,, S [ I, Tp
where H' = G | (As[t)Q(ILE,Y) | ... | (An[t]))Q(I1, %, X). Hence, using (Ew) and (COM),
Fecg, H | T1, 2 | .. | ILTE, T2, S | ... | IL,T,, S [ TL Ty |
0,LY ... |I,6L04 % |...|1,60,,% | I,0,,41.

Now suppose that the last step in the derivation is an application of (MIx),

H Tyt .., 0L H|T2t,... Ty t, Ty
H Tty DL T2t Ty t, Ty




N. Galatos, G. Metcalfe / Annals of Pure and Applied Logic 167 (2016) 707-724 719

where H = As[t] | ... | Ay[t]. By the induction hypothesis twice,
Ferg, H | T1, 2 |, Ty, X | ... | II,T}
and  Ferg, H' | T3,8 | ... |IL,T,, S [ ILTHy
where H' = G | (Ax[t]))Q(ILE,X) | ... | (An[t])Q(IL, ¢, X). Hence, using (Ew) and (MIX),
Focg, H | T1 S | [ ILTL TS | [ILT,, S [ LDy, O

Lemma 6.3. The following rule is GLGy-admissible:

gt gltA
GIT.A

Proof. It suffices, using (EC), to prove the GLG,-admissibility of

G|l t|...|Tpyt HI|ELA
GIHITL,A|...| Ty, A
proceeding by induction on the height of a GLGy-derivation of G | T'y,¢ | ... | Ty, t.

For the base case, we have two possibilities. If a sequent in G is group valid, then clearly Fgrg, G | H |
[, A ... |y, A. Otherwise, some I';,t is group valid and therefore of the form I'},#,T%,¢ where '} and
I'? are both group valid. Hence by Lemma 6.1, Fgeg, H | T}, T2, A and the result follows using (EW).

For the induction step, the cases of (Ew) and (EC) follow immediately using the induction hypothesis.
Now suppose that the last step in the derivation is an application of (com) of the form

G|, T3,t|...|T,t GIDSTHt|... |yt
G|TLT3,¢ | T3, T3t ... | Tyt

By the induction hypothesis twice,
Fecg, G| H | THLT2, A ... | T, A and berg, G| H [T, T2 A ... | Ty, A,
Hence, using (CoM),
Fecg, G| H | T, T, A T3, T5, A ... |y A,
Now suppose that the application of (CoM) is of the form

GITH|...|Dpyt G| Do, t,T2,t|...| Tyt
GITL T3t | Tayt]|...|Tpt

By the induction hypothesis twice,
}—G£gb9|7-£|F%|...|Fn,A and I—wag\’H|F2,t,F%,A|...|Fn,A.
But H | £, A is GLGp-derivable, so by Lemma 6.2,

Fecg, G| H | T, A T3, A ... | Ty, A.
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Hence, using (MIX),
Ferg, G | H | TI, T A |To,Al...| Ty, A,
Now suppose that the last step in the derivation is an application of (MIX):

GIDH|...|Tht G|T2t]...|Dpit
G|THT3t]...| Dyt

By the induction hypothesis twice,
Focg, GIHIT| .. |Tw, A and  beeg, G| H|TT A [Ty, A
and the desired result follows by an application of (MIX). O

Lemma 6.4. The following rule is GLGp-admissible:

glt, 1]
gl

Proof. We proceed by induction on the height of a GLGy-derivation of G[t, #]. For the base case, we simply
observe that if a basic £-sequent T'[t, ] is group valid, then also I'[] is group valid.

For the induction step, the cases of (Ew) and (EC) follow immediately using the induction hypothesis.
Suppose now that the last step in the derivation is an application of (CoOM). The only tricky case has the
form

H[E, T | Tult, T, 6, [t 8] M7 | Tt 7, E, Tt 7]
H[t,7] | Ta[t. 4], L, L, Talt, 1] | L1 [t, 7], a2, 7]

(coMm)

By the induction hypothesis twice,
Focg, H [ Th[l.t,112[]  and  Ferg, H[ [ i[] ¢, T2

But then, by Lemma 6.2, Fgeg, H[] | T1[], T2[] | I1[], 2] as required.
Now suppose that the last step in the derivation is an application of (Mix). The only tricky case has the
form

Ht,t] | Tilt, €], ¢ H[t, ] | T, T2t, 1]
Ht, t] | Tit, 1], ¢, &, Talt, ]

By the induction hypothesis twice,

Fecg, M Tl and  Ferg, M | £ I2f].
But then, by Lemma 6.3, Fgzg, H[] | T'1[], I2[] as required. O
Lemma 6.5. (CUT) is GLGy-admissible.

Proof. Suppose that Fgeg, G | T, A and Feeg, G | A, X. Then, using (MIX), also Feceg, G | I',A,A, 3. So,
using Lemma 6.4 repeatedly, Fgeg, G | T,X. O
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Structural Rules

AT g GIHIH
—A,Z (D) A (CYCLE) AR (BW) G H (EC)
g|r glAa g2 GgJ|I,A
—— (MIX) ———— XX X X  (com)
g|T,A G|IA|ILYE

Operational Rules

G|t s, A g|I,A 1)
GIT,t- s A GIT,LA
GIT,t,A G|TI,s A G|t A G|T,s,A
(A) (V1) (V2)
GIT,tAs, A G|T,tVvs, A G|, tVvs, A

Fig. 3. The ¢-hypersequent calculus GLG.

All the rules of GLG, are Gf-derivable and, conversely, (EM) is GLGp-derivable and (cuT) is
GLGp-admissible. Hence, we obtain:

Theorem 6.6. A basic (-hypersequent G is GLGy-derivable if and only G is £-valid.

7. A full calculus

In this section, we establish soundness and completeness for an analytic calculus GLG, presented in Fig. 3,
that derives all (not just basic) valid ¢-hypersequents and uses simple initial sequents rather than all group
valid sequents.

Example 7.1. The inequation (z-y) A1l < 2Vy can be transformed into an inequation 1 < ((7-Z)V1)-(zVy),
which is derived in GLG as follows:

—~

D)

<l

Q| |
IS

,l'|y

)

—~
~—

T

<

— (1)
y-x,x|1,y

7T,z | (¥-7T)V 1y
@-zVvliz|(@ 7)Vly

@ oVie| @ DVLrvy (v("j |

F-7)VLiaVy|([F-T)ViazVy (E;)
F-zT)V1izVy 0

(@ DV - (@Vy)

(Va)
(V1)

We observe first that the f-sequent rules of GLG together with (Mix) provide a simple calculus for groups.

Lemma 7.2. The following are equivalent for any basic £-sequent I':

(1) T is group valid.
(2) T is derivable using (ID), (CYCLE), and (MIX).

Proof. (1) = (2) follows by an induction on the length of a group valid basic ¢-sequent I'. For the base
case, I' is empty and derivable using (ID). For the induction step, I' must be of the form I'y,¢,¢,T's. But
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then T'y,T's is group valid and, by the induction hypothesis, derivable using (ID), (CYCLE), and (MIX). So
we obtain a derivation using these rules that ends with

— (D)

; ——- (CYCLE)

S (MIX)
ta t7 F27 ]-—‘1
———=— (CYCLE)
Fla ta ta FQ

I
—
v

3

(2) = (1) follows from the ¢-soundness of (ID), (CYCLE), and (MIX). O
Theorem 7.3. An (-hypersequent G is {-valid if and only if G is GLG-derivable.

Proof. The right-to-left direction follows by a straightforward induction on the height of a GLG-derivation
and the f-soundness of the rules. For the left-to-right direction, we first observe that (-), (1), (A), and the
following GLG-derivable (using (V1), (Vz2), and (EC)) rule

g\F,t,A|F,s,A< :
G|T,tVvs, A

are all £-invertible. Denote by mc(T") the multiset of the lengths of all occurrences of terms in an ¢-sequent T',
and by mc(#), the multiset containing mc(T") for each occurrence of a I' in H. These multisets of multisets of
positive integers are well-ordered by the standard multiset well-ordering of [5]. Moreover, for any premise H’
of an instance of (-), (1), (A), and (V) with conclusion H, clearly mc(H') is strictly smaller than mc(H).
Hence if G is ¢-valid, then, by a straightforward induction on mc(G), it is GLG-derivable from a finite set
of ¢-valid basic ¢-hypersequents. By Theorem 6.6, each of these basic ¢-hypersequents is GLGy-derivable.
But GLG contains the rules (com), (M1x), (Ew), and (EC), and (GV) is GLG-derivable, so these basic
{-hypersequents are also GLG-derivable. Hence G is GLG-derivable. O

Note also that by adding to GLG an “exchange” rule

G|IL,A T, X
T Ay (BX)

GIILT,A X

or, alternatively, by reinterpreting ¢-sequents as multisets of terms, we obtain a one-sided version of the
calculus for abelian ¢-groups introduced in [16].

8. Co-NP completeness

In this last section, we provide a first proof of co-NP completeness for the equational theory of £-groups
or, equivalently, the word problem for free ¢-groups. Hardness is already guaranteed by the fact that the
equational theory of distributive lattices is co-NP complete [12]. For inclusion, it suffices (by the reasoning
in Section 2) to prove that checking the ¢-validity of ¢-hypersequents is in co-NP. Roughly, the idea is
to apply the f-sound and /-invertible operational rules (-), (1), (A), and (V) backwards to reach basic
£-hypersequents, and then use the procedure (based on the Holland-McCleary algorithm [11]) described in
Section 4 to check ¢-validity non-deterministically. Note that the derived operational rule (V) may lead to
an exponential increase in the size of the ¢-hypersequents considered, but we can avoid this problem by
introducing new variables.
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Lemma 8.1. The following rule is £-sound and £-invertible:

G|,z |z, A
gL, A

where x does not occur in G | T, A.

Proof. The ¢-invertibility of the rule follows using the ¢-soundness of (SPLIT) and (SIMP). To establish
{-soundness, note first that it suffices to show that the rule is f-sound when A is empty. Suppose that this
is the case and consider the general situation where the ¢-hypersequent G | ',z | T, A is ¢-valid and x does
not occur in G | T, A. Replacing x with A,y where y does not occur in G | T', A, it follows easily that
G|T,A,y |7 is ¢-valid. But then, by assumption, also G | T, A is ¢-valid.

It suffices now to prove that if G[x] | T is ¢-valid, then G[1] is ¢-valid, proceeding by induction on the
number of operation symbols occurring in G[z]. The induction step is straightforward using the ¢-sound
and f-invertible rules (A), (V), (+), and (1). For the base case, G[z] | T is an f-valid basic ¢-hypersequent.
By Lemma 5.1, there is an Z-cut-free GLGp-derivation of G[z] | T. We prove that G[1] is ¢-valid by a new
induction on the height of such an Z-cut-free GLG,-derivation. For the base case, if G[z] is ¢-valid, then so
also is G[1]. Otherwise, G[z] | T has the form G'[z] | z | T, and clearly G'[1] | 1 is ¢-valid. The induction step
is straightforward. 0O

Corollary 8.2. The following rule is £-sound and £-invertible:

Gz |z, ty|Zsy|y A )
G|T,tVvs, A
where x and y do not occur in G | T,tV s, A.

Theorem 8.3. The equational theory of LG is co-NP complete.

Proof. As mentioned above, it suffices to prove that checking the ¢-validity of an ¢-hypersequent G is in
co-NP. Note first that because the rules (A), (V'), (-), and (1) are both ¢-sound and f-invertible, G fails to
be /-valid if and only if any backwards proof search using these rules leads to a set of basic -hypersequents,
at least one of which is not ¢-valid. Moreover, the depth of the proof search tree is bounded by the number
of occurrences of operational symbols in G and the sizes of the basic /-hypersequents are linear in the size
of G. We choose non-deterministically one of these basic £-hypersequents G'.

Now consider the process described in Lemma 4.2 applied to G’ using (). G’ fails to be ¢-valid if and
only if at least one of the resulting basic ¢-hypersequents obtained in this way is not ¢-valid. Moreover, both
the depth of the proof search tree and the sizes of the resulting basic /-hypersequents are polynomial in the
size of G’ (the rule (x) is applied using sequents of the form I', A where I" and A are initial subsequences of
sequents occurring in G’). We choose non-deterministically one of these basic ¢-hypersequents H.

Finally, H fails to be ¢-valid if and only if it is chain-consistent and this can be checked in polynomial
time in the size of H; we may consider it as the problem of checking the satisfiability of an ordering of
variables over the real number chain where the number of variables is linear in the size of H. O
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