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lattices. Extending our previous work that connects a strong form of cut-
admissibility in sequent calculi with closure under MacNeille completions of
corresponding varieties, we now consider hypersequent calculi and more general
completions; these capture logics/varieties that were not covered by the previous

MSC: approach and that are characterized by Hilbert axioms (algebraic equations)
03B47 residing in the level P3 of the substructural hierarchy. We provide algebraic
03G10 foundations for substructural hypersequent calculi and an algorithm to transform Ps3
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hyperframes we link strong analyticity in the resulting calculi with a new algebraic
completion, which we call hyper-MacNeille.
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1. Introduction

The combination of syntactic and semantic methods in logic provides a double-edged sword for solving
problems. Introduced in [14], the term algebraic proof theory refers to a research line aiming at connecting
proof theory and universal order-algebra in a novel way that goes beyond merely combining results of the
two fields by rather integrating their techniques. The techniques investigated in [14] are cut-admissibility
(on the proof theoretic side) and order theoretic completions (on the algebraic side), by means of which
the existence of strongly analytic sequent calculi (derivations from atomic assumptions contain only subfor-
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mulas of the formulas to be proved) for substructural logics is linked to the closure of the corresponding
varieties of residuated lattices under MacNeille completions. Existing work in the spirit of algebraic proof
theory usually refers to sequent calculi; e.g., in the context of modal logics [30] characterizes analyticity via
non-deterministic matrix semantics (see also [29] and references therein), while [8,9] investigate the bounded
proof property using one-step algebras.

In this paper we expand the realm of algebraic proof theory to hypersequent calculi — a natural general-
ization of sequent calculi — and explore their connections to more general order theoretic completions in the
setting of substructural logics. The latter are logics weaker than classical logic that lack some of the axioms
corresponding to the structural rules implicit in Gentzen’s systems: exchange, weakening and contraction.
Substructural logics encompass among many others, intuitionistic logic, as well as linear, many-valued and
relevance logics. They are axiomatic extensions of full Lambek calculus FL and their algebraic semantics
form varieties of pointed residuated lattices, also called FL-algebras.

Many, but not all, substructural logics possess analytic sequent calculi. Analyticity usually follows from
the redundancy of the special rule cut (which corresponds to modus ponens in Hilbert systems, and to
transitivity in algebra) and is a key in establishing many important properties of the formalized logics;
these include decidability, the Herbrand theorem, interpolation, as well as various algebraic properties, see,
e.g., the monograph [21].

In our previous studies [12,14] we addressed the question:

e Which Hilbert axioms can be transformed into structural sequent rules that preserve strong analyticity
when added to FL?

and showed that for a large class of axioms (i.e. those in the class Ny of the substructural hierarchy, a
syntactic classification of axioms/equations introduced in [12-14]) this question can be reformulated as:

o Which algebraic equations over FL-algebras are preserved by MacNeille completions?

In [14] we introduced an algorithm for extracting structural sequent rules from axioms/equations belonging
to the class As and showed that the calculus obtained by adding these rules to FL is strongly analytic if
and only if the corresponding variety is preserved by MacNeille completions. These results were obtained
by using residuated frames [20], a relational semantics resembling Kripke frames but applicable also to
non-distributive settings. The results in [12,14] also reveal that the expressive power of structural sequent
rules is limited to N3 axioms/equations and that higher levels of the hierarchy call for calculi based on
formalisms more expressive than sequents.

Various extensions of sequent calculi have been introduced during the last three decades in order to
present analytic calculi for logics that seem to resist an analytic sequent calculus formalization. In an ideal
classification of the various proof theoretic frameworks according to their expressive power, hypersequent
calculi can be seen as the “next level” after the sequent calculus. A hypersequent consists of a multiset
of Gentzen sequents separated by a new structural connective “|” intuitively understood in a disjunctive
way. Many substructural logics that cannot be captured via analytic sequent calculi possess instead analytic
hypersequent calculi; this is for instance the case of various fuzzy logics [32] due to the presence of prelinearity
(o = B) V (B8 — «) which is beyond the class N and is naturally captured by a hypersequent structural
rule (Avron’s communication rule [3]).

While the existing setting of algebraic proof theory deals with the class A5 of the substructural hierarchy,
in [12,13] we investigated the next level (the class P3) separately in the proof theoretic and in the algebraic
setting. Indeed, [12] contains an algorithm for extracting structural rules in the hypersequent calculus from
axioms/equations corresponding to a subclass of Ps, all in a commutative setting, while [13] investigates
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closure under MacNeille completions applied to subdirectly irreducible algebras for varieties defined by
axioms in a subclass of P3 equations.

This paper provides a comprehensive account of the connections between proof theory and algebra for
the hypersequent calculus, the Ps level of the substructural hierarchy, and a new type of completion. The
key tools for our investigation are residuated hyperframes, a new relational semantics which generalizes
residuated frames. Residuated hyperframes support both a proof of strong analyticity in hypersequent
calculi and a proof of the preservation of equations under a new type of algebraic completion, which we
call hyper-MacNeille. Though more involved than the subdirect MacNeille completion used in [13], the
hyper-MacNeille completion preserves more existing infinitary joins and meets; it is not always regular,
namely it does not preserve all existing joins and meets, but it is regular for certain well-behaved alge-
bras.

The paper is organized as follows. Section 2 contains the basic notions and a summary of the results in [14]
(including the substructural hierarchy). Section 3 presents the hypersequent calculus for full Lambek calculus
(and extensions), its algebraic foundations and the notion of equivalence between structural hypersequent
rules/clauses and axioms/equations. Note that although hypersequent calculi have been successfully used
to capture specific substructural logics, a precise definition of the meaning of the symbol “|” and of the
equivalence between structural rules and axioms in the noncommutative case was still lacking. On the way
of providing algebraic foundations of hypersequents, we describe the semantic interpretation of ¢|” which is
not the lattice join unless the algebraic models are subdirectly irreducible or contain a version of prelinearity,
see e.g. [32]. For general algebras,

“|” actually corresponds to V, a form of disjunction also considered in the
setting of abstract algebraic logic [17]; for substructural logics/residuated lattices V consists of a combination
of the usual disjunction and iterated conjugates [10], which account for the lack of commutativity, as in
group theory.

Section 4 presents an algorithm for extracting equivalent structural rules/clauses out of Pg axioms/equa-
tions. This class, defined by refining the class P3 of the substructural hierarchy, includes many interesting
axioms/equations such as prelinearity, weak excluded middle and weak nilpotent minimum. Under the ad-
ditional syntactic condition of acyclicity or in presence of integrality (weakening), structural rules/clauses
can be further transformed into well-behaved ones, called analytic structural rules/clauses.

Residuated hyperframes are introduced in Section 5, and used in Section 6 to show the following results.

1. If R is a set of analytic structural rules, then HFL(R), the hypersequent version of FL extended with
R, is strongly analytic.

2. If a set & of equations is equivalent to a set of analytic structural clauses, then the variety FL(E) of
FL-algebras defined by £ admits hyper-MacNeille completions.

Section 7 proves the converse direction of 1. and a partial converse direction of 2. (restricted to the
commutative case), thus establishing a strong connection between acyclicity (a syntactic condition), strong
analyticity (a proof theoretic property) and closure under hyper-MacNeille completions (an algebraic prop-
erty). The main results are summarized in Theorem 7.3.

Section 8 concludes the paper by discussing the expressive power of structural hypersequent rules and
the structure of the substructural hierarchy.

2. Preliminaries

We first recall some basic definitions in substructural logics (Section 2.1) and their algebraic semantics
(Sections 2.2, 2.3). We then introduce the substructural hierarchy, a central concept in our previous works
[12-14] and summarize the main results of [14] (Section 2.4).



696 A. Ciabattoni et al. / Annals of Pure and Applied Logic 168 (2017) 693-737

YX=a Na A=11 .
,2,A=T1 (cut) a=a (i) =1 (ir)
I'a,8,A=11I 'sa A=p I''A=1I
() — (1) —— (1)
o -B,A=11 IA=a-p8 I'1,A=1I
YX=>a I,A=T1I a,I'= 0 r =
(D) (\r) (1)
.Y, a\8,A =11 I = o\ =0
YX=>a I',A=T1I I'a=p
T,8/a, %, A = I 0 I = g/a Um el
o, A=1II T',8,A=11 T I'=p
VD) =2 (Vi) ——— (V)
T'aVvg,A=11 I'=savp I'=savp
I'a,A=11 I8, A=1II I'sa I'=p
—— (AlL) ——————— (Al2) —————— (A1)
T,anB,A=1I T,anB,A=1 F=aAB

Fig. 1. Inference rules of FL.

2.1. Substructural logics and strong analyticity

Below we introduce full Lambek calculus FL, the base logic that we consider, using a sequent calculus
formalism.

The formulas of FL are built from propositional variables p, ¢, r, ... and constants 1 (unit) and 0 (dual
unit/negation constant) by using the binary connectives A (conjunction/meet), V (disjunction/join), - (fu-
sion/product/multiplication), \ (left implication/division) and / (right implication/division). We denote by
F'm the set of all formulas. It is convenient to consider the following algebraic structure

Fm := (Fm,A,V, -\, /,1,0),

called the term algebra of FL. We will use ~a and « <> f as abbreviations for a\0 and (a\B) A (8\«).
We also write af for « - . Since the constant 1 is the unit of the fusion operation, we naturally adopt the
convention that a; - - - o, denotes 1 when n = 0. Finally o™ denotes o - - - - - a (n times).

A sequent of FL is an expression of the form I" = II, where I" stands for a (possibly empty) sequence of
formulas and II for a stoup, i.e., it is either a formula or empty. The inference rules in Fig. 1 define the base
logic FL («, 8 are metavariables for formulas, I'; A, ¥ for formula sequences and II for stoups). For a set of
formulas F U {a}, we write F Fpr, « if the sequent = « is derivable from the sequents {= 3 : 5 € F} by
using the rules in Fig. 1. We also write F; Fgr, Fo if 1 Fpr, « holds for every a € Fs.

A substructural logic L is a set of formulas closed under substitution and deduction with respect to Fgy,
(i.e., L Fpr, « implies a € L). We write ® by, v if ® UL Fpr, « holds.

Given a set £ of axioms, we write L(E) for the substructural logic axiomatized by &, see, e.g., [22,21].
Typical axioms added to FL are

(e) a-B\B - «, (¢) d\a - a, (1) a\1, (o) O\av.

Axioms (i) and (o) are jointly denoted by (w). We use the standard notation for substructural logics defined
by these axioms: FLe for FL with (e), FLew for FLe with (w) and Int for FLey with (¢) (which is
intuitionistic logic).

Tt is often the case that although not equal nor equivalent, o\# and 3/« are interchangeable in certain
contexts. For instance, in every substructural logic L, we have Fr, o\g iff b1, 5/«; also, if L includes (e)
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(i.e. L is commutative) the two formulas are interchangeable in any context. In such cases, we often write
o — [ rather than o\j or §/a.

Every substructural logic can be obtained by adding suitable axioms to FL. However, the presence of
additional axioms destroys a fundamental property of the sequent calculus FL, namely cut-admissibility
(or cut-elimination in its algorithmic version). This property, which establishes the redundancy of the rule
(cut), usually ensures that proofs only consist of formulas already contained in the statement to be proved
(subformula property). For this reason it is preferable to add to FL rules that preserve cut-admissibility,
rather than axioms. When the added rules do not mention any connective or constant (i.e., they are structural
rules) the resulting system is modular and cut-admissibility can be verified by investigating only the new
rules. For instance, the axioms (e), (¢), (i) and (o) above can be replaced by the following structural rules,
which preserve cut-admissibility when added to FL (see [14] for a general definition of structural rule):

T,8,0,A =11 @ P,E,E,A:>H() A =11
T,a6,A =10 \¢ IoA=0 Y TaA=T

() == ()

Given a set R of structural rules, we write FL(R) for the sequent calculus obtained by adding the rules
in R to FL. A fundamental question in proof theory is which axioms can be transformed into structural
rules that preserve cut-admissibility. Actually, in a general setting, a preservation of a condition stronger
than plain cut-admissibility is of interest. This is expressed by the following definition.

Definition 2.1. A set S of sequents is said to be elementary if each sequent in S consists of atomic formulas
and S is closed under cuts: if S contains ¥ = p and T',p, A = 1II, it also contains I", 3, A = II.

We say that FL(R) is strongly analytic if for any elementary set S of sequents and sequent O, if O is
derivable from S in FL(R) then © has a cut-free derivation from S which has the subformula property.

Thus strong analyticity combines a stronger form of cut-admissibility in presence of (atomic) premises
with the subformula property. The latter is mentioned explicitly, because in a very general setting one could
define peculiar structural rules which permit cut-admissibility but do not preserve the subformula property.
This is for instance the case of the following rule:

I'a=a«a
I'=

Remark 2.2. We often include the constants T (true) and L (false) in FL; the resulting logic is denoted by
FL, . The results in our paper hold for both FL and FL .

2.2. Algebraic semantics

The logic FL is algebraizable and its algebraic semantics is the variety of pointed residuated lattices,
also known as FL-algebras.

A residuated lattice is an algebra A = (A,A,V,-,\,/,1), such that (A, A,V) is a lattice, (A,-,1) is a
monoid and for all a,b,c € A,

a-b<c < b<a\c < a<c/b

We refer to the last property as residuation. An FL-algebra is a residuated lattice A with a distinguished
element 0 € A.

An equation (identity) is an expression of the form ¢ = u, where ¢ and u are terms/formulas; note that
this includes expressions of the form ¢ < w, which is a shorthand for t = ¢t A u. We use symbols and, or,
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= to denote the conjunction, disjunction and implication of first-order logic, respectively. By a clause, we
mean an expression of the form (0 <m < n):

t1 <wupand ... and ty < Upy = b1 < Uppp1 OF ... OF ty < Uy, (q)
where all variables are assumed to be universally quantified. The equations t; < uq,...,t, < u,, are called
the premises and tpm+1 < Umgi, ..., tn < Uy the conclusions. The clause (q) is disjunctive if there are no

premises (i.e., m = 0). It is a quasiequation if there is only one conclusion (i.e. n =m + 1).

Let A be an FL-algebra and f a wvaluation into A, namely a homomorphism f : Fm — A. Then we
say that f satisfies (q) and write A, f |= (q) if f(t;) < f(u;) for all 1 < i < m implies f(¢;) < f(u;) for
some m + 1 < j < n. We say that A satisfies (¢) and write A = (q) if every valuation into A satisfies (q).
More generally, let K be a class of FL-algebras and C U {(¢q)} a set of clauses. We write C =k (q) if the
following holds: for every algebra A € K and every valuation f into A, if f satisfies all clauses in C, then f
also satisfies (q).

We often identify a formula o with equation 1 < a. We say that an FL-algebra A satisfies a formula «
and write A = aif A =1 < a. More generally, given a class K of FL-algebras and a set FU{a} of formulas,
we write F =k a whenever {1< 8:8e€ F} k1< a.

We denote by FL the variety of FL-algebras; given a set £ of axioms (equations), we denote by FL(E) the
variety of FL-algebras that satisfy all axioms (equations) in £. Below is a standard algebraization result,
see, e.g. [21].

Theorem 2.3. If L is a substructural logic, L := FL(L) and F U {a} is a set of formulas, then
FhLra < F ':L .

Moreover, the map L — L gives a dual order-isomorphism between the lattice of all substructural logics and
that of all varieties of FL-algebras.

We conclude this subsection by introducing algebraic counterparts to structural rules, see [14].

Definition 2.4. An equation ¢t < u is said to be structural if t is a product of variables and w is either 0 or a
variable. A clause is structural if it is composed of structural equations.

It is clear that every structural rule in the sequent calculus naturally corresponds to a structural
quasiequation. For instance, the structural rule

I'=1I0 A=II
A=

(min)
corresponds to

r<zandy<z= zy <z (min)

The correspondence will be later extended to structural rules in the hypersequent calculus and structural
clauses.

2.8. Completions

A completion of an FL-algebra A is a pair (B, e) where B is a complete FL-algebra and e : A — B is
an embedding. A completion (B, e) is regular if e preserves all existing joins and meets in A.
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A homomorphism h between two completions (By,e;) and (Bg,es) of A is a homomorphism b : By —
B, for which the following diagram commutes:

h

N

B, B,

Two completions (B1,e;) and (Ba, ea) are isomorphic if there is a bijective homomorphism between them.
It is clear that if (B, e) is a completion of A, there is an isomorphic one (B’, €’) such that B’ is an extension
of A (i.e., A is a subalgebra of B’) and €’ is the inclusion map. Hence we will often think of completions
just as complete extensions.

Given a class K of FL-algebras, we say that K admits completions if every A € K has a completion
(actually a complete extension, if K is closed under isomorphisms) B in K.

A completion B of A is said to be

e join-dense, if every element x € B is a join of elements from A:
x=\C, for some C C A;

o meet-dense, if every element € B is a meet of elements from A:
x=NA\C, for some C C A.

Let A be an FL-algebra. It is well known that its lattice reduct (A, A,V) admits a join-dense and
meet-dense completion (4, A, V) that is unique up to isomorphism, called the MacNeille completion [4,36].
We may extend the concept to FL-algebras. While there are several choices when extending the non-lattice
operations to A, it is the following one that works (see [37] for a rationale).

Theorem 2.5. Let A = (A, A,V,-,\,/,1,0) be an FL-algebra and (A, A,V) be the MacNeille completion of
the lattice reduct (A, \,V) with A C A. We extend the multiplication and divisions of A to A by:

x-y = \{a-b:a<z b<y, a,be A},
x\y = Na\b:a<z, y<b, a,be A},
y/r = N{b/a:a<z, y<b, a,be A}

Then A := (A, A,V, -\, /,1,0) is an FL-algebra that is a completion of A.

Such A is always regular, and is called the MacNeille completion of A. A concrete construction will be
described in Section 5.1.

2.4. Substructural hierarchy

In [14] we addressed the question of which (sets of) axioms &£ are equivalent to structural sequent rules R
(ie., L(€) = {a € Fm : FpLr) a}) such that FL(R) is strongly analytic. To provide a systematic answer
to this question we introduced the substructural hierarchy [14] (and [12], in the commutative case), which
suitably classifies axioms in the language of FL, or, equivalently, equations over FL-algebras possibly
extended with T and L.
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Fig. 2. The substructural hierarchy.

The idea behind the substructural hierarchy (P,,A,,) is to track polarity alternations of connectives/op-
erations. The classes P, and N,, stand indeed for axioms/equations with leading positive and negative
connectives, where (1, L, V, -) are positive and (0, T, /, \, A) are negative, see [1].

Definition 2.6. For each n > 0, the sets P,, N, of formulas (terms) are defined as follows:

(0) Py := Ny := the set of variables.

(P1) 1, L and all formulas in N,, belong to P,41.

(P2) If a, 8 € Ppy1, then aV B, - B € Prtq.

(N1) 0, T and all formulas in P,, belong to Ny, 11.

(N2) If a, B € Nyyy1, then a A B € Nyyg.

(N3) If a € Pry1 and B € Nypy1, then a\B, B/a € Nypy1.

Namely P, 41 is the set generated from N, by means of finite (possibly empty) joins and products, and
N1 is generated from P,,U{0} by means of finite (possibly empty) meets and divisions with denominators
from Pp41.

By residuation, any equation & can be written as 1 < ¢t. We say that ¢ belongs to P,, (N, resp.) if t does.

As shown in [14], formulas in each class admit the following normal forms.

Lemma 2.7.

(P) If a € P11, then a is equivalent to 1 or By V -+ V B, where each B; is a product of formulas in N,.
(N) If o € Npy1, then v is equivalent to T or N\, .;c,,, 7i\Bi/0i, where each B; is either O or a formula in
Pn, and each v; and &; are products of formulas in N,,.

We have P, UN,, C Ppy1 NN, 41 for every n. Hence the substructural hierarchy can be depicted as in
Fig. 2 (the arrows stand for inclusions among the classes).

Remark 2.8. A recent paper [24] shows that any formula is FLe-equivalent to a set of formulas in 3. Thus
the hierarchy collapses to the level N3 in the commutative case.

Some examples of axioms classified into the hierarchy are in Fig. 3.
In [14] we have investigated in depth the first classes of the hierarchy (up to A3). The main results can
be summarized by 1-3 below:

1. Every axiom (resp. equation) in N3 can be transformed into an equivalent set of structural rules (resp.
quasiequations).
2. Let £ be a set of Ay axioms (equations). The following are equivalent.

o FL(&) admits MacNeille completions.
o FL(&) admits completions.
o & is equivalent to a set R of structural rules such that FL(R) is strongly analytic.
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Class Equation Name

N> a—1 left weakening (integrality)
0— « right weakening
a-B— 8-« exchange (commutativity)
a—a-a contraction
a-a— expansion
a = a™ knotted axioms (n,m > 0)
(o A —a) no-contradiction

P2 aV -« excluded middle
(a—=pB)V(B— ) prelinearity

Ps3 -V o weak excluded middle
“(a-B)V(aAB— a-pB) weak nilpotent minimum
a-(a\l) <1 (-group
VE_ (o — Vigj @) Kripke models of width < k
aoV (g = a1) V- V(g A+ Nag—1 — 0) Kripke models with size < k

N3 aAN(BVy) = (aAB)V(aA7) distributivity

(a\(a - BY\B
(aAB) = a-(a—B)
((a—=B)—=>B) = ((B—a)—>a)

cancellativity
divisibility
Fukasiewicz axiom

Remark 2.9.

Fig. 3. Some known axioms in substructural logics.

o This indicates that MacNeille completions are the strongest completion method for A5 equations;

whenever such an equation is preserved by some completions, it is necessarily preserved by MacNeille

completions.

o This shows that strong analyticity of a sequent calculus and closure under completions of a variety of

FL-algebras are essentially the same thing, as far as N5 axioms and equations are concerned. The com-

mon step for both lies in the transformation of axioms (equations) into structural rules (quasiequations)

and the residuated frame construction (see Section 5.1).

e Not all N2 equations satisfy the above conditions. For example the N3 equation x\z < z/z is not

preserved by any completions, and accordingly, the formula (a\«)\ (/@) is not equivalent in FL to any

set of structural rules enjoying strong analyticity.

3. In presence of the left weakening axiom « — 1 (integrality « < 1), all the statements in 2 hold.

Remark 2.10. This means that MacNeille completions work for all varieties of integral FL-algebras axiom-

atized by N3 equations, and we have strong analyticity for all integral substructural logics axiomatized by

N5 formulas. The problem is completely settled for these varieties and logics.

The purpose of this paper is to systematically extend the above results to a class of equations and axioms

wider than M. We focus on P3 — the next level of the substructural hierarchy. To do that we employ the

hypersequent calculus and a new completion method inspired by that.

3. Non-commutative hypersequent calculus

Introduced by Avron in [2], the hypersequent calculus arises by extending Gentzen sequent calculus with

a meta-disjunction

(LI??

in order to refer to many (a multiset of) sequents, instead of just one. As shown

in [12] the hypersequent calculus captures axioms/equations in the class Ps, in presence of weakening and

exchange.

Although hypersequent calculi have been defined for many logics including fuzzy, modal and superintu-

itionistic logics (see, e.g., [3,32,28]), there is no general account for them in substructural logics, in particular

in absence of exchange (non-commutative calculi). Even though various structural rules have been proposed
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as “equivalent” to logical axioms, none of the proposed definitions of equivalence between axioms and rules
(e.g., [32,12]) works in the general substructural logic setting.

In this section we present the hypersequent calculus formalism for general substructural logics and set
up its algebraic foundations. Most of the results in this section are known (e.g. [19,25,10]) and serve as
background for developing our correspondence between formulas/equations and structural hypersequent
rules.

We first introduce the hypersequent calculus HFL for full Lambek calculus (Section 3.1), then address the
[43 ‘ )

problem of how to understand and interpret the meta-disjunction properly. As we will see, this requires

the notion of iterated conjugates (Section 3.2). After a short account on how to interpret hypersequents

2

in FL-algebras (Section 3.3), we turn to the algebraic side, and make sense of the symbol “ | ” in terms
of subdirect representations of algebras (Section 3.4). A general notion of equivalence between axioms and

structural rules is finally introduced in Section 3.5.
8.1. The system HFL for full Lambek calculus

In addition to the meta-level implication (=) and fusion (,), present in the sequent calculus, the hyper-
sequent calculus contains the meta-level disjunction (| ). A hypersequent E is indeed a multiset of sequents
written as ©1 | ... | ©,, and each O, is called a component.

Throughout this paper we will consider single-conclusion hypersequents, i.e., hypersequents whose com-
ponents have at most one formula on the right-hand side of =. We will use the following syntactic

metavariables:
a, B, .. formulas
A%, ... formula sequences
I, 111,115, ... stoups
0,01,0,,... sequents
=,21,59,... hypersequents

The calculus HFL consists of the following inference rules:

¢ the hypersequent version

(1]

|@1 E‘@m

of each rule of FL (cf. Fig. 1) of the form

w (r), withm > 0;

« the external structural rules of weakening and contraction':

=le|e
e

—
—

| ©

(EW) (EC)

(1]

As examples of the former rules, we have:

! External exchange (EE) is implicit by considering hypersequents as multisets of sequents.
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(id)

(\r)

ElX=a (cut) Elal=p
= =

I'=a\p

(1]

|a=a

Notions of rules, rule instances, derivations, strong analyticity and so on, defined for sequents and sequent
calculi transfer unscathed to hypersequents and hypersequent calculi.

Let HU{E} be a set of hypersequents. If Z is derivable from the premises in H, we write H Fgpr, =. As
before, we also write F Fygpr, « if {= 8: € F} FarL= «.

Taking hypersequent versions of sequent calculi alone is not enough to obtain calculi for new logics;
indeed we have Fygpr, « if and only if Fgp, . The benefit of considering hypersequent calculi is that they
support the addition of new structural rules that act on various sequents inside the hypersequents. It is this
type of rules that increases the expressive power of the hypersequent calculus with respect to the sequent
calculus.

Example 3.1. A typical example of a structural rule in the hypersequent calculus is Avron’s communication
rule [3] (see Fig. 4 for its non-commutative counterpart):

E|%, =1 Z|%,IV=1r
S, D=1 5, =11

(com)

by means of which we can prove the prelinearity axiom (o — 5) V (8 — «):

5= p a=a ()
a=p|=a (= 1)
sa—=0| =>8—-a (
= (@=2pB)VB—=a)| =(a=2>p)V(B—=a)

= (a—=pB)V(E—=a)

V)
EC)

By extending HFL with (com), (e), (¢), and (w) (see Section 2.1), we obtain a hypersequent calculus for
propositional Godel logic that enjoys cut-elimination [3].

More examples of structural rules can be found in Fig. 4. The general format of a structural rule in the
hypersequent calculus is:

|Tm+1:>\:[lm+1‘ ‘Tn:>\:[jn

(r)

=
—
—
—

where for each 1 <1i < n,

e T, is a (possibly empty) sequence that consists of metavariables for formula sequences and for formulas,
o U, is empty, a metavariable for stoups or a metavariable for formulas.

Given a set R of structural rules, we write HFL(R) for the calculus obtained by adding R to HFL. Now
our central task in this paper can be formulated as follows:

e Given a set £ of axioms, we would like to find an “equivalent” set R of structural rules that preserve
strong analyticity. How and when is it possible?

To address this question, we first need to clarify what it means that £ is “equivalent” to R. The rest of
this section is devoted to this issue.
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Z2|0,%,2,A=11 ( ) E|0,3, A= 10 E|F,)EI)AIZ>HI( :
em com
¥ [ a=1 E(0,S, A= T, 5, A = 1
ElZ,% = (lg) {E1T4,%5,8; = i}o<i,j<k,izj (Buww)
2= | X E|To0,%0,A0 = o | ... | Tk, Bp, A = Il k

{ET:,%;,A; = I }oci<k—1; i+1<j<k
= | Fo,Ao = Il ‘ | Fk_l,Zk_l,Ak_l = i1 ‘ Ek =

(Bck)

Fig. 4. Some structural rules.

8.2. Iterated conjugates

We start by discussing the meaning of the separator |. In hypersequent calculi containing all three basic
sequent structural rules or the (com) rule in Fig. 4, “ | 7 is usually interpreted as the logical connective V,
see, e.g., [32]. This interpretation does not work however for weaker hypersequent calculi extending HFL,
whose rule soundness requires the V disjunction introduced below.

Recall that we have two distinct notions of entailment: Fgp, @ = [ implies « Fgr, 5, but the converse
does not hold in general, due to the lack of the rules (e), (¢), (). In other words the deduction theorem fails
in its usual form, but is still valid in the weaker form of the following theorem. A way to compensate for
this is to use conjugates [10].

A conjugate of a formula « is either A\g(a) := (B\af) A1l or pg(a) := (Ba/B) A1 for some formula 3, see
e.g. [25]. Conjugates allow us to simulate (e) and (i), as follows:

o, g,A=11 I B,a,A=11 A=1I
L, 6, Ag(a), A =11 T, ps(a),8,A=11 I (), A=11

We also have derivations from = « to = Ag(a) and = pg(a), namely:
a Frr Ag(a), a b pga). (1)

Since a conjugate is needed each time (e) or (¢) is simulated, the conjugate operator has to be iterated to
simulate an arbitrary number of (e) and ().

Definition 3.2. An iterated conjugate of o is a formula of the form pg, - - - g, (), where n > 0 and each pug,

is either Ag, or pg,. The set of all iterated conjugates of « is denoted by ba. More generally, if av, . .., o, are
formulas of FL, bay V- -+ Vbay, (resp. bag «---- bav,) denotes the set of all formulas of the form o} V-V al,
(resp. o - -+ - o)) where o € ba; for 1 <i <n.

To simulate (¢), we take a product of iterated conjugates. As a consequence, we have the so called
parameterized local deduction theorem [22]:

Theorem 3.3. Let L be a substructural logic and ® U{«a,~v} a set of formulas:
D atyy & Prrpa) -a, =7
for somen >0 and of,...,al, €ba.
When L is over FLg or FLgyw, the above theorem can be much simplified. Indeed, we have

b atbpy < Oty (aA1)" — v for some n >0
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if FLe C L, and
b, abyy < Pt a" — yforsomen >0
if FLow C L. Hence we naturally adopt the following convention.

o In substructural logics over FLe, bar denotes the singleton set {a A 1}.
 In substructural logics over FLey, ba just denotes {a}.

As a consequence of Theorem 3.3, we obtain a meta-disjunction defined by means of the b operation. We
define

aVp :=ba Vbhp.

As seen below, this (strong) disjunction, which will be used to interpret the symbol “|”, inherits the
properties of hypersequents, one of which is proof-by-cases.

Corollary 3.4. Let L be a substructural logic and ® U {«, 8,7} a set of formulas:
b atyvyand &,k v <= P,aVEFL Y.

Proof. By (1), we have a b, oV and § by, oV, which imply the (<) direction.

(=) Assume that ®,«a by, v and ®,8 Fr, . By Theorem 3.3, we obtain ® Fp, o} ---al, — v and
® by, 1+ B, — v where each o] (resp. B}) belongs to b (vesp. b3). Let § be the product of all o V 3
(1 <i<m,1<j<n) lexicographically ordered with respect to (i, 7). By distributivity of multiplication
over join, § is a join of products, each of which is the form [];;, lexicographically ordered as above, where
d;j € {og, B} }; we will show that each such product is less or equal to (o] ---ay,) V (8] B,), using the
fact that d;; < 1. Indeed, if for each ¢ there exists j; with d;;, = o, then [[d;; < [[dij, = &} ---a),. On
the other hand, if there exists 7o such that for all j we have 6;,; = 3}, then [[di; < [[dip; = 81+ By,
Therefore, § implies (o ---al,) V (81 ---8L), so @ Fr, § — ~. Since 0 is a product of members of ba: V b3,
we conclude &, aVp v, O

See [17] for a general study of (parameterized) disjunctions and the proof-by-cases property. It is the V

2

disjunction that the symbol “ | ” of the hypersequent calculus is intended to denote. More precisely, we
consider the following translation of a sequent © into a formula ©°, and a hypersequent = into a set =° of

formulas:

(alv"'vaniﬁ)b = al"'an\ﬂa
(a1,..., 0 = )b = ag - ap\0,
(©1]-+10,)" := O}V --- VO, =h(0F) V.- Vb(O),).

Finally we define H’ := | J{Z" : Z € H} for a set H of hypersequents.

Remark 3.5. (0] ---|0,,)” amounts to {(©}A1)V---V(©° A1)} in the commutative case, and to {©}V---vO°: }
in the commutative and integral case.

A prominent feature of hypersequent calculi is that one can reason separately in each component, a
principle that we call the local reasoning principle:
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Lemma 3.6. Let =y, =1, =5 be hypersequents and R a set of structural rules:

Ei FarLr) E2 = Eo | E1 Farnw) Zo | Ea.
Proof. We simply add the context Zq to all hypersequents in the derivation =1 Fprrg) Z2. O

Lemma 3.7. Z Fypr, =° holds for every hypersequent =. Moreover if R is a set of structural rules, H is a
set of hypersequents and © is a sequent, then

H brm) © = H Furir) O,
where L(R) := {a € Fm : FupLr) o} (cf. Section 5.5).

Proof. Suppose that = = ©1 | -+ | ©,,. First note that ©? gy, b(©?) holds by (1), so we have ©; Fyprr)=
b(©?2). Hence by Lemma 3.6 we obtain ©1 | -+ | ©, Fgprmw)= b(©}) | -+ | = b(©)), from which
E Fyrr Z° follows by using (Vr) and (EC).

The second claim easily follows from the first one, since H Fyppy(r) H, H FHFL(R) ©’ and
@b '_HFL(R) 0. O

Remark 3.8. In the above lemma, the conclusion © cannot be replaced by a hypersequent =. Namely,
2’ FurprL Z does not hold in general (e.g. take = to be = a | = ), while it does, for instance, in the case
of fuzzy logics (see [32]) where the hypersequent aV = a | aV 8 = S is derivable and hence = o | =
follows from = «V . This intriguing fact is the main source of complications when developing hypersequent
calculi for substructural logics.

3.3. From structural rules to clauses

Recall that we have identified a formula « of FL with the equation 1 < « of FL-algebras. This extends
to an identification of hypersequents with disjunctive clauses as follows:

O‘la"'aanéﬂ with 041~~04n§,3,
iy, 0y = with «aq---a, <0,
O1] ... 16, with ©7or --- or ©,.

This allows us to extend the semantic consequence relation |k, where K is a class of FL-algebras, to a
relation between hypersequents. Given a set HU{Z} of hypersequents, we write H = E if every A € K and
every valuation f into A which satisfies all hypersequents in H also satisfies = under the above identification.

Example 3.9. ¢ o, 3= 8| a = means Ex af < for a<0.
Accordingly, we identify a structural rule with a structural clause as follows. Let

E|T1=>\Ifm+1| |Tnj\11n

(r)

be a structural rule. First, we associate to each metavariable (a,I',II, A, etc.) a variable (z,y, z, w, etc.)
and we call this mapping ®. Then each T; = ¥; can be transformed into an equation Y7 < W¥?.
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Example 3.10.

e, '=a ~ yxy<zx,
LAT=1I - ywy<z,
= =y <0.

Now (r) is identified with the following structural clause:

T{<V¥tand ---and T} <V} =T} <W¥> jor---or L) <UD, (r*)
Note that the metavariable = is dropped and the distinction between the different types of metavariables
(i.e., those for formulas, formula sequences and stoups) is ignored. Hence there are various ways to read
back a structural rule from a structural clause; a canonical way will be described in Section 4.4.

Given a set R of structural rules (clauses), we denote by FL(R) the class of FL-algebras which satisfy all
rules (clauses) in R.

Soundness with respect to the algebraic interpretation is obvious.

Lemma 3.11. Let H U {Z} be a set of hypersequents and R a set of structural rules:
HiurLr) 2 = HEFrmr) =
8.4. Subdirect representation

The hypersequent calculus allows us to decompose @3V --- VO’ into a hypersequent ©; | --- | ©,, and
to work separately on each component using the local reasoning principle (Lemma 3.6). In algebra, the
concept of subdirect representation supports a similar decomposition and local reasoning. In what follows
we recall some elementary facts in universal algebra concerning subdirect representation. See, e.g., [11] for
more information.

Given algebras A and {A;};cs of the same type, recall that A is called a subdirect product of {A;}icr
if there is an embedding e : A — [];,c; A; which is surjective onto each coordinate, namely if p; :
[I;c; Ai — A, is the projection map onto the ith coordinate, e; := p;oe : A — A, is surjective for every
i € I. Throughout this paper, we write A — [],.; A; to mean that A is a subdirect product of {A;}cr,
and e; : A — A; for the canonical map p; o e above.

Subdirect products correspond to intersections of congruences.

Lemma 3.12. Let A be an algebra and let {0;};cr be congruences on A.. Then 0 := ﬂiEI 0; is also a congruence
and we have

A/o— J[A/0:
iel
Conversely, if 0 is a congruence on A and algebras {A;};cr satisfy
A0 =T A
iel

then there are congruences {0;};cr on A such that 0 =(,.;0; and A; = A/6;.

iel

If we choose 0; (i € I) so that (,c;0; = A (the identity congruence), then we obtain A — [],.; A/0;.

iel
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An algebra A is said to be subdirectly irreducible if it cannot be expressed as a subdirect product in a
nontrivial way. More precisely, A is subdirectly irreducible if A < [],.; A; implies e¢; : A = A, for some
1€l

For instance, let a,b be two distinct elements in A, and consider the class of congruences 6 such that

iel

(a,b) ¢ 0. By Zorn’s lemma, there is a maximal one in the class, which we denote by 7, 5. Then A /7, is
a subdirectly irreducible algebra. To see this, suppose that A /7, is a subdirect product of {A;};cr. By
Lemma 3.12, there are congruences {0;};cr such that (),.; 0; = 7,5 and A; = A/0;. We have 7,5 C 6; for
every i € I. Because of (a,b) & 7ap = ;s 0s, there is a 6; such that (a,b) ¢ 0;. By maximality 7,5 = 0;.
This proves that A /7, is subdirectly irreducible.

We have thus established a fundamental fact in universal algebra that every algebra A admits a subdirect
representation.

Theorem 3.13. Every algebra A is a subdirect product of subdirectly irreducible algebras.

Proof. The intersection of all 7, ; with (a,b) € A% and a # bis A. Hence A = A/A — iapyeaz,amn Al Tap
by Lemma 3.12. O

Notice that A < [[;c;
each A; is a homomorphic image of A. Since all these three operations preserve equations, an equation ¢ is
satisfied in A iff it is satisfied in every A; (i € I).

Given a class K of algebras, we denote by Kg; the class of its subdirectly irreducible members. By all the

A; means that A is (isomorphic to) a subalgebra of the product of {A;};er and

above, we conclude:
Corollary 3.14. For every variety V and every set £ U{e} of equations,
S'ZV{S <~ S'ZVSI E.

Proof. The (=) direction is obvious. For the converse direction, observe that any A € V admits a subdirect
representation A — [],.;
namely infinitary clauses with exactly one disjunct in the conclusion, are preserved under subalgebras and

A; with each A; € Vg;. We have £ |=4 € since even infinitary quasiequations,

products. O

The following lemma proved in [19] shows that subdirect representation indeed provides us with a way
to decompose a disjunction V5 and to reason about it locally.

Lemma 3.15. Let A be a subdirectly irreducible FL-algebra and a,b € A. Then 1 < aVb if and only if 1 < a
or1<hb.

Here ba denotes the set of elements obtained by applying an iterated conjugate operator to a, and
aVb:=baVbb={ad Vb :a €ba, V' €bb} as before. Expression 1 < aVb means that 1 < ¢ holds for every
c € aVb.

Proof. (<) Follows by noticing that 1 < ¢ implies 1 < A.(a) and 1 < p.(a) for every ¢ € A. (=) Assume
by contradiction that 1 < aVb holds for 1 £ a and 1 £ b. We then obtain two congruences 6, and 6,
respectively generated by (1,1 Aa) and (1,1 Ab) in A2. §, and 6, are different from A since 1 # 1 A a and
1#£ 1 Ab. It is enough to show that 8, N6, = A, since by Lemma 3.12 it implies:

A=A/A—AJ0, x A/b,

contradicting the subdirect irreducibility of A.
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We may think of each element of A as a propositional variable and of formulas as built from the variables
in A. The identity map f(c) := ¢ then gives rise to a canonical valuation into A. The formula set F(A) :=
{a € Fm: A, f E 1< a} completely describes the structure of A in the sense that F(A) Fpr, ¢ <> d holds
iff ¢ = d. Now suppose that (¢,d) € 6, N 6,. We then obtain:

}'(A)7a FepL c<>d and ]:(A),bl—FLCHd

where a,b, ¢, d are considered to be formulas, since adding a to F(A) means that we consider the logical
consequences of 1 < a, namely 1 =1 Aa, in A.

But then F(A),aVb kgL ¢ < d follows by Corollary 3.4, and we obtain F(A) Fpr, ¢ <> d because
aVb C F(A). Hence ¢ = d and we conclude that 8, N0, = A. O

3.5. Equivalence between axioms and structural rules
Any set R of structural rules defines a substructural logic by
L(R) :={a € Fm : FurLr) o}
However, a little care is needed since it is not always the case that one can recover the derivability relation

FarLr) from the logic L(R).
For instance, consider the hypersequent version of the rule discussed in [14], i.e.

(1]

=
= | (abn)

I,T =

Observe that L(abn) := L({(abn)}) = FL (because the rule (abn) is unusable when proving a formula
without any assumption), whereas

0 FHFL(abn) PP — 0, 0¥pL pp — 0

for any propositional variable p. Accordingly, it was pointed out in [14] that (the sequent version of) (abn)
is not equivalent to any axiom. Since our central task is to find a set of structural rules equivalent to a given
axiom, we will not consider such “abnormal” rules.

Definition 3.16. A set R of structural rules is normal if
F FHFL(R) e’ < F }_L(R) o
for every set F U {a} of formulas.

Recall that F ) o just means F U L(R) Fpr «. The <= direction always holds since Fypy,r) o for
every a € L(R). On the other hand, we have seen that 0 Fgpr(asn) pp — 0 but not 0 Fr,qen) pp — 0.
There is an alternative way to define normality.

Lemma 3.17. A set R of structural rules is normal if and only if FL(R)s;r = FL(L(R))s7-

Proof. (=) We always have FL(R) C FL(L(R)). Conversely, let A € FL(L(R))ss and

210, -+ E|Onm
E‘@m+1|"'|@n

(r)
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be (an instance of) a structural rule in R. Let F := {6},...,0’ } and G := ©° ,,V---VO’. We have
F Farnr) G by Lemma 3.7. Hence by normality F Frr) G, so F [Fa G by Theorem 2.3. Since A is
subdirectly irreducible, we have {O1,...,0,,} FA Ouy1 | -+ | On, that is, A satisfies (7).

(<) Assume F Fypr(r) o for a set F U {a} of formulas. We then have F |=¢ (r)s, a by Lemma 3.11,
so F FFL(L(R))s; @ By Corollary 3.14 and Theorem 2.3, we conclude F gy a. O

We are now ready to state the fundamental relationship among the main consequence relations Fgrr(r),

FL(R), FFL(R)> FFL(R)s; and FFLL(R))-

Theorem 3.18. Let R be a normal set of structural rules, H a set of hypersequents and © a sequent. The
following are equivalent:

H FHFL(R) O.
H FrLr) ©-

H Frr)s; ©-
H Erwr)) ©°.
H brr) ©°.

Bl

Proof. (1 = 2) By Lemma 3.11.

(2 = 3) Trivial.

(3 = 4) By Lemma 3.17 we have H ¢ (L(r))s, ©, 50 H’ FFLL(R)) s ©° by Lemma 3.15, that implies
H* ErLL(r)) ©° by Corollary 3.14, noting that FL(L(R)) is a variety and H” U {©°} is a set of formulas.
(4 = 5) By Theorem 2.3.

(5= 1) By Lemma 3.7. O

There are various candidates for the definition of equivalence between axioms and structural rules. The
previous theorem implies that some of them do coincide.

Corollary 3.19. Let R be a set of structural rules and € a set of axioms. The following are equivalent:

. FFurLr) @ <= F Fre) a for every set F U{a} of formulas.

- HFurLr) © < HP FLee) ©° for every set H of hypersequents and every sequent ©.
. FL(R)sr = FL(E)sr and R is normal.

L(R) =L(€) and R is normal.

= W N

Proof. (1 = 4) Obviously L(R) = L(£). Normality follows since F Fyprr) o iff F Fre) a iff F gy a.
(4 = 3) By Lemma 3.17, noting that FL(L(E)) = FL(E).

(3 = 2) By Theorem 3.18, H Fyrprr) © iff H Frur)s, © iff H Frie)s, © iff H FFLe) e’ iff H’ FLee) e’.
(2 = 1) Immediate. O

On the basis of this corollary, it is reasonable to say that £ and R are equivalent if either of the above
conditions holds. This naturally induces an equivalence between two normal sets R, R’ of structural rules:
R and R’ are equivalent if FL(R)s;r = FL(R)s7.

4. From ’Pg axioms to structural rules

Having established the right notion of equivalence between axioms and structural hypersequent rules, we
generalize the argument in [14] and show how to transform a large class of axioms into such rules.
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In Section 4.1 we identify the class P3 of equations/axioms in the substructural hierarchy that can be
dealt with by the techniques developed so far, and then define a procedure that transforms each P3 equation
into a set of structural clauses (Section 4.2). The clauses we obtain are further transformed into what we
call analytic clauses, under the additional assumption of acyclicity (Section 4.3). We finally turn to the
proof-theoretic side and define a canonical translation of structural clauses into structural rules in the
hypersequent calculus (Section 4.4). All together we obtain an algorithm that transforms any given acyclic
Pg axiom into structural hypersequent rules that will be shown in Section 6 to preserve strong analyticity
when added to HFL.

4.1. The class P}

As shown in the previous section, it is not the internal lattice disjunction ¢V u but the external one tVu
(i.e., bt V bu) that can be dealt with by the hypersequent calculus or by the subdirect representation. For
this reason we consider a slight modification of the class Ps of the substructural hierarchy (Definition 2.6).
Informally, the new class, denoted by Pg, is obtained by replacing the outermost ¢t V u with tVu. Hereafter
we treat bt as if it were a single term (even though it actually denotes a set of terms).

Definition 4.1 (/13]). For each n > 0, we denote by P’_; the set of terms generated from {bt : t € N,,} by
finite joins and products. More precisely:

° IftGNn, then thPz+l
e LLePh,,.
. Ift,uEPfH_l,thent\/u,t~u€7’,b,+1.

We say that an equation 1 < ¢ belongs to 772 if ¢ does.?

Remark 4.2. ’Pfl C P, for n > 3 in the commutative case (recall that in this case we identify bt with ¢ A 1
and P!, coincides with the class P/, of [12]), and P’, = P,, in the commutative and integral case.

4.2. From Pg equations to structural clauses

We show how to transform Pg equations into structural clauses. The procedure is an extension of the one
in [14], which applies to N3 equations; see also [13] for P3 equations in the commutative and integral case.”

For the purpose of this section, it is convenient to express a clause
t1 <wuy and ... and t, < Uy = tpp1 < U1 OF ... OF By < up (q)

as a pair P = C of sets of equations, where P = {t; < uy,...,tm < Uy} and C = {tms1 < Uma1,-- -,
tn < up}. Thus P = C means that, under each particular valuation, if all of the equations in P hold,
then some of the equations in C' hold.

The following easy observation, often referred to as Ackermann’s lemma [18], is indeed the key of the
transformation in [12-14].

Lemma 4.3. Every clause P = C' U {t < u} is equivalent to each of the following:

2 1t follows from the lemmas below that the set of terms generated from {t A1l:t € N, } by finite products and V’s could have
served as an alternative definition of warlv in the sense that we obtain the same equations 1 < ¢, up to equivalence of sets of
equations.

3 The page https://wuw.logic.at/tinc/webaxiomcalc/ contains an implementation of the procedure.
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Pu{z <t} = CU{z<u},
Pu{u<z} = CU{t<z},

where x is a fresh variable not occurring in any of the equations in PUC U {t < u}.
Proof. Follows by the transitivity of < and the instantiation of x with a suitable term (¢ or w). O
The next two lemmas pertain to the treatment of products in Pg equations.

Lemma 4.4. Let t(z) be a term in the language {V,-, 1, L} which contains at most one occurrence of x. Let
A be an FL-algebra and f a valuation into A such that f(w) <1 for every variable w. Then, for every pair
of variables y, z,

A, fEUy) tz) <ty-2) < ty) At(2).

Proof. The second inequality is due to the monotonicity of ¢(x). The first inequality is proved by induction
on the structure of t(x). The crucial case is when t(x) = t;(x) V t2, where we need to verify

A fE(ti(y) Vi) (ti(2) Vi2) <ti(y-z) Via.

This follows from the induction hypothesis and the fact that t;(y), t1(z) and ¢y are all below 1 when
interpreted by f. O

Lemma 4.5. Let t(x) be a term that is generated from {bu : u € N;,} U{z} by finite joins and products and
that contains at most one occurrence of x. Let A be an FL-algebra, then

AE=E1<tbu-bv) <= AE1<tbu)andl <t(bv).

Proof. Let f be a valuation. Then f(u') < 1 for every iterated conjugate u' € bu. Hence the claim follows
from the previous lemma. O

Our transformation procedure consists of four steps.

STEP 1

Let € be a ’P?'i equation. By Lemma 2.7 we can assume that it has the form 1 <\/[]bs;; with s;; € No;
here \/ denotes a finite join and [] a finite product.

By repeatedly applying Lemma 4.5, we may remove all products. As a result, we obtain a set of equations
of the form 1 < bty V --- V bt,, with each t; € My. We replace each such equation with a disjunctive clause

1<tior ---orl<t,.

It is equivalent to 1 < bty V --- V bt, over FLg; by Lemma 3.15.

Example 4.6. The noncommutative version of the weak nilpotent minimum axiom
1 < =(ay)V((@ Ay)\(zy))

is equivalent to the disjunctive clause

1 < =(zy) or 1 < (xAy)\(zy). (wnmy)
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STEP 2

By Lemma 2.7, each N> term t is equivalent to A, .,, li\u;/ri where u; is either 0 or a P; term and
l;,m; are products of N terms. Hence given a disjunctive clause C U {1 < ¢} (expressed as a set), we may
replace it with the following set of disjunctive clauses:

CU{lir1 <ur}, -+, CU{lmrm < upm}.

By repeating this argument we end up with a set C of disjunctive clauses such that each C' € C consists of
two types of equations:

t1-t, <0, ty- by <,
where tq,...,t, are N] terms and v is a P; term.
Example 4.7. (wnm,) is equivalent to

zy<0orzAy<zy. (wnms)

STEP 3
Now let us focus on each disjunctive clause ) = Cj and transform it step-by-step as follows. Given a
clause P = C'U {t; - - - t,, < 0}, we replace it with

PU{zy <t1,...,zp <t} = CU{z1...2, <0}

where x4, ..., z, are distinct fresh variables. Likewise, given a clause P = C' U {t1 - - - t,, < u}, we replace
it with

PU{z; <t1,...,zp <tp,u<y} = CU{zxy...2, <y}

where x1,...,2,,y are distinct fresh variables. The resulting clause is equivalent to the original one by
Lemma 4.3.

By repetition, we obtain a clause P = C where P consists of equations of the form z <t (with ¢ € A7)
or u <y (with uw € Py), and C consists of structural equations (of the form xy -+ 2, <0or zy- -2, <y).

Example 4.8. (wnms) is equivalent to

zi<zand zo<yand 23 <z Ay and zy < z4 = 2129 < 0 or z3 < 24. (wnmg)

STEP 4

We further transform the premise set to obtain a fully structural clause.

By Lemma 2.7, each N; term ¢ is equivalent to A, _,.,, li\u;/r; where u; is either 0 or a variable and
l;,r; are products of variables. Hence we may replace a clause P U {z <t} = C with

PU{lizry <wuy, - lpary <ty = C.

Likewise, any equation of the form u < y (with w € P;) in the premise set can be replaced by a set of
structural equations.

Example 4.9. (wnmg) is equivalent to

z1<xand z3 <yand z3 <z and z3 <y and zy < 24 = 2129 < 0 or z3 < 24. (wnmy)
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It is clear that the resulting set of structural clauses is normal. To see this, think of equations as formulas
and clauses as rules. If a step transforms R into R', then

F FHFL(’R) « <~ F }_HFL(’R/) [0}
holds for every set F U {a} of formulas (not hypersequents). We have thus established:

Theorem 4.10. Fvery equation in Pg is equivalent to a finite set of structural clauses.
4.8. From structural clauses to analytic clauses

Our transformation procedure is not yet complete. In particular, the premises of the clauses obtained
so far may contain variables that do not appear in the conclusion, so their translation into structural
(hypersequent) rules would lead to rules that do not enjoy the subformula property. As shown in this
section all structural clauses satisfying the acyclicity condition, defined below, can be transformed into
analytic clauses, that do enjoy the subformula property.

Definition 4.11. Given a structural clause (q)
P=C

we build its dependency graph D(q) in the following way:

o The vertices of D(q) are the variables occurring in P (we do not distinguish occurrences).
e There is a directed edge + — y in D(q) if and only if there is a premise of the form lzr <y in P.

A clause (g) is said to be acyclic if the graph D(q) is acyclic (no directed cycles or loops). A P} equation &
is said to be acyclic if applying the above procedure to € results in a set of acyclic clauses.

Acyclicity is a sufficient condition to transform a given structural clause into an analytic one.

Definition 4.12. Given a structural clause (¢) : P = C with P = {t; < wu1,...,tm < tup}tand C = {tp41 <
U1y - - -5 tn < Up}, we call the variables occurring in t,,+1,. . ., t, left variables, and those in w41, ..., Uy
right variables. The set of left (resp. right) variables is denoted by L(q) (resp. R(q)). (¢) is said to be analytic
if it satisfies the following conditions®:

Linearity Each x € L(q) U R(q) occurs exactly once in €y, 41, Um41, -« -, tn, Un-
Inclusion Each of tq,...,¢, is a product of variables in L(q) (here repetition is allowed), while each of
U, ..., Un is either 0 or a variable in R(g).

Let us describe the remaining steps of the transformation procedure.

STEP 5

Suppose that an acyclic clause (¢) is given. It is easy to transform (g) into another one which satisfies
linearity, while preserving acyclicity. Indeed, we may apply Step 3 to all conclusions, so that all variables
in the conclusions are replaced with fresh distinct variables. Incidentally, this results in a structural clause,
which we still call (¢), satisfying the additional property:

4 The linearity condition formulated below subsumes what we called the separation condition in [14].
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Exclusion None of variables in L(q) appear in uy, . . ., U, and none of variables in R(q) appear in ty,..., .

Hence all what we have to do is to eliminate the redundant variables, namely those occurring in the premises
that do not occur in the conclusions.

Example 4.13. (wnmy) already satisfies linearity and exclusion, hence there is no need to apply Step 5. The
redundant variables are x and y.

STEP 6
Let x be a redundant variable of (q) : P = C. There are three cases.

e x occurs only on the right-hand sides of premises. Then there is a set I C {1,...,m} and (¢) can be
written as

{ti<z:iel}UP = C,

so that x does not occur in P’ U C. We claim that (¢) is equivalent to (¢') : P’ = C. Indeed, (¢’)
implies (g) since P’ C P. Conversely, (¢) implies (¢’) since by instantiating x with \/
{t; <z :i¢€ I} trivially hold, while it does not affect P’ and C.

e x occurs only on the left hand sides of premises. Then there is a set J C {1,...,m} and (q) can be

ic1 Li, the premises

written as
{ljzr; <wuj:je JJUP = C,
so that x does not occur in P’ U C. It may occur in I; and r;, but this causes no problem. As before,

() is equivalent to P’ = C. This time the relevant instantiation is o(x) := A;c;(l;\u;/r;) A z. We
then have

o(lyary) = o(ly)o(x)o(ry) < i(l\us/rj)ry < uj = o(uy),

so the instantiation makes the premises {l;xr; < u; : j € J} trivial.
e x occurs both on the left and right hand sides. Then there are I, J C {1,...,m} such that (q) is

ti<z:i€I}U{si(z,...,2)<u;:j€J}UP = C,
j j

so that x does not occur in P’ U C and all occurrences of x are indicated. By acyclicity I and J are
disjoint. Let Pr; be the set

{Sj(tk17-~-7tlcl> Swuj:jed k... ki eI}

We claim that (¢) is equivalent to Pr;U P’ = C. Indeed, the latter implies (q) since P implies Py ;U P’
serti each t; < x (i € I) trivially holds, and each
sj(z,...,z) < u; follows from Pr;. Indeed, we have s;(t,,...,tk,) < u; in Pryforall ky,...,k €I, s0
si(o(z),...,0(x)) < uj;.

by transitivity. Conversely, by instantiation o(z) :=\/

Observe that acyclicity and exclusion are preserved by the above transformations. Hence by repetition, we
can remove all redundant variables, and the resulting clause satisfies inclusion.
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Example 4.14. (wnmy) is equivalent to
2122 < z4 and 2123 < z4 and 2329 < 24 and 2323 < 24 = 2120 < 0 or 23 < 24. (wnmeg)

Theorem 4.15. Fvery acyclic structural clause is equivalent to an analytic one. The same holds for an
arbitrary structural clause in presence of integrality x < 1.

Proof. The first claim has just been verified. For the second claim, let (¢) : P = C be any structural
clause. Step 5 works as before, so that we may suppose that (q) satisfies linearity and exclusion. For Step 6,
there may be a redundant variable that occur both on the left and right hand sides of the same equation.
Namely, P may contain [zr < z. Since such equation trivially holds by integrality, it may be ignored. O

4.4. From structural clauses to structural rules

We now turn to proof theory and show how to transform structural clauses into structural hypersequent
rules. This, in combination with the algorithm outlined in the previous section, leads to a procedure for
transforming each acyclic Pg axiom into analytic rules. These rules will be shown in Section 6 to preserve
strong analyticity when added to the hypersequent calculus HFL.

Recall that we identify a formula « with the equation 1 < a. This allows us to define the set of acyclic Pg
formulas in an obvious way. Acyclic formulas can be transformed into analytic clauses as described above;
the latter are further transformed into structural hypersequent rules. This is done by carefully associating
suitable metavariables to each variable in the clause.

Definition 4.16. Let

t1 <wgand ... and t,, < Uy = ta1 < U1 OF ... OF ty < Uy (q)
be an analytic clause. We define a structural rule (¢°) corresponding to (¢) as follows. Let L(q) = {x1,...,zx}
and R(q) = {y1,-..,y}. By the linearity condition L(q) and R(q) are disjoint. Let Xy,..., X, I'1,..., T,
Aq,...,A; be distinct metavariables for formula sequences, and Iy, . . ., II; distinct metavariables for stoups.

We associate to each equation ¢, < u, (1 <p <n) a sequent 0, as follows.

mil"'xiquj — F]‘7Zi17...72iq7Aj=>Hj

Q:i1~o:z:iq§0 — 21‘1,...7Ziq:>

The rule (¢°) is defined to be

—_
—
[l
—_
—
[l

We call a structural rule obtained in this way analytic.

Notice that to each right variable y; we associate a triple (I';, A;,II;) of metavariables. This is important
for obtaining a structural rule preserving cut-admissibility (see [16]).

Theorem 4.17. Every acyclic structural rule is equivalent to an analytic structural rule. The same holds for
an arbitrary structural rule in presence of left weakening o — 1.
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Example 4.18. From (wnmg) we obtain the analytic rule

[1] [1]

| T,%,3:, A =11 | T, %3, 30, A =11
|F,21,E3,A:>H |F,E3,237A:>H
E|21722:> |F,23,A:>H

—_
—
—_
—

(wnm)

Below are further examples of equivalent axioms and rules (see Fig. 4 for the latter):

aV-a & (em)
—aV--a < (lg)
(= B)V(B = a) & (com)
aoV(ag = a1)V...V(ag A Nag—1 — ag) < (Bek)
(0 = Vopy @)V . Vg = Vs o)) < (Bwg)

Remark 4.19. The above correspondence does not apply, in general, between single formulas and rules. Con-
sider, for example, the formula (a\5)V (8\«). This formula might be of interest because in the commutative
and integral case (o — ) V (8 — «) axiomatizes precisely the semilinear residuated lattices, namely the
variety generated by linear (commutative and integral) residuated lattices. However, the variety generated
by linear (not-necessarily-commutative) residuated lattices is not axiomatized by (a\B) V (f\«); it is ax-
iomatized by (a\B)V(B\a). Our analysis captures this in a native way by identifying the hypersequent
(a = P)|(B = ) as the correct axiom for the hypersequent calculus and also presents the step-by-step
transformation it should undergo in order to give rise to the communication rule (com), the addition of
which preserves the cut-elimination property.

5. Residuated hyperframes

As shown in [14], proving that a substructural logic defined by A, axioms admits a strongly analytic
sequent calculus is essentially the same as proving that the corresponding variety is closed under MacNeille
completions. The common essence between these two notions (one proof theoretic and the other algebraic)
is captured by the residuated frames of [20]. These come with a construction of a complete FL-algebra
and a (quasi)embedding into it, but in our case they also provide a key insight into the fact that analytic
quasiequations are preserved by this dual (complete) algebra construction.

In this section we introduce the tools needed to extend the above success story to the richer framework
of hypersequents, P5 axioms, and a new algebraic completion which we call hyper-MacNeille completion. To
do that we begin by extending residuated frames to residuated hyperframes and developing the necessary
machinery.

In detail, we review the basics of residuated frames in Section 5.1 and define the residuated hyperframes
in Section 5.2. In Section 5.3 we introduce two ways of defining validity of a structural clause in a residuated
hyperframe (pointwise validity and setwise validity) and show that they coincide for analytic clauses, thus
allowing for proving the persistence of the validity of equations through the algebraic completion. Finally
in Section 5.4 we provide a set of conditions, called Gentzen rules, ensuring the existence of a (quasi)homo-
morphism used for the proof of both strong analyticity and the algebraic completion.

5.1. Preliminaries on residuated frames
Introduced in [20,14], residuated frames consist of two sets W and W', a binary operation o on W and a

binary relation N between W and W’. We explain the motivations behind these ingredients by mentioning
connections to proof-theory, relational semantics and algebra.
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The sets W and W'. Under a proof-theoretic interpretation W is the set of all left-hand sides of sequents
and W' is the set of right-hand sides. Algebraically speaking, W corresponds to the set of join-irreducible
and W' to the set of meet-irreducible elements of a (finite) non-distributive lattice. In relation to the latter,
note that (finite) distributive lattices are determined simply by the set of their join-irreducible elements,
which corresponds to the set W of possible worlds in the setting, say, of Kripke frames for intuitionistic
logic. However, for non-distributive logics, including FL, the description of the algebraic models requires
also a second set W’ of meet-irreducible elements, hence the need for extensions of Kripke-type frames to a
setting with two sets of worlds W and W'. The two sets collapse® for Kripke frames for distributive logics
such as intuitionistic and relevance logics.

The (functional) ternary relation o. According to the proof-theoretic interpretation, W consists of all
possible left-hand sides of sequents, and thus carries a monoid structure under the comma separator and
the empty sequence. We thus stipulate in the definition of a residuated frame that W comes equipped with
a monoidal binary operation and unit constant, which we denote by o and ¢, respectively. This also models
the multiplication operation on an FL-algebra. Even in Kripke frames of distributive logics, where W and
W' are identified, such as the ones for relevance logic, in order to capture the multiplication on the dual
algebra a ternary accessibility relation is needed on W. However, in the simplified case of Kripke frames
for intuitionistic logic the ternary accessibility relation is hidden as part of the (binary) order accessibility
relation. One then uses the (unary) modality provided by the latter to modalize classical implication, which is
coincidentally available in the ambient setting, and thus obtain the desired intuitionistic (binary) implication
(essentially along the Godel translation of intuitionistic logic into S4). General residuated frames as defined
in [20] allow o to be a ternary relation, but for our proof-theoretic applications we can restrict to the case
where this relation is functional, namely a binary operation on W.

The relation N. Actually, the (binary) accessibility relation in Kripke frames serves a second role in
combination with the identification of W and W’ (given by the relation #), namely that of providing a
binary relation between W and W', which we call N in the setting of residuated frames. Proof-theoretically
the relation IV holds when the sequent formed by the two sides is provable, and algebraically N is simply
the ordering relation of the FL-algebra.

In all the three different (though connected) motivations and interpretations of a residuated frame the
binary relation N and the functional accessibility relation (aka, monoid operation) o turn out to be connected
by the nuclearity condition.

The above ingredients, stripped of their proof-theoretic, algebraic and duality-theoretic intuitions, are
abstracted and presented in the following definition.

Definition 5.1. A residuated frame is a structure W = (W, W' N, o, ¢, €), where
o W and W’ are sets and N is a binary relation between W and W,

e (W,o0,¢) is a monoid, e € W', and
o forall x,y € W and z € W/, there are elements z\\z and z/y in W’ such that

zoyNz < yNz\z < xN z/y.
We refer to the last property by saying that the relation N is nuclear.

Note that we have been typically using the symbol ¢ for a generic equation, but hereafter we will use it
for the monoid unit.

5 This corresponds to the algebraic fact that the posets of join and of meet-irreducibles are isomorphic.
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Residuated frames support a construction of a complete FL-algebra. Actually, it is well known that the
(W, W', N) part of a residuated frame yields a complete lattice along the following lines. We first define for
XCWand ZC W,

XPi={zeW :Vxe X.z N z},
Z9:={xeW:Vz€Z x N z},

and write 2% for {z}” and 29 for {z}<. The pair (7, <) forms a Galois connection
XCc7z9 < XD,

which induces a closure operator v(X) = X™< on the powerset P(W). We say that X C W is Galois-closed
if X = ~(X), or equivalently if there is Z C W’ such that X = Z<. The set of Galois-closed sets is denoted
by v[P(W)]. Then (v[P(W)],N,U,) is a complete lattice, where X U, Y :=~y(X UY).

In the setting of a residuated frame W = (W, W’ N, o, ¢, €), we extend this construction by first defining
for X, Y C W,

XoY:={zoy:ze X, yeY}

and observing that the closure operator v satisfies v(X) o v(Y) C 4(X o Y). This map is called a nucleus
on P(W), see [20]. We further define the dual algebra of W by

W= (7[P(W)],N,Uy,04,\,/,65,€9),
where

Xo,YVi=y(XoY),

XU, Y :=~(XUY),
X\Y ={y:Vee X. a2y e Y},
Y/X ={y:Vze X.yz € Y}.

Lemma 5.2. If W is a residuated frame, then W is a complete FL-algebra.

Thus residuated frames provide a handy way of producing a complete algebra. Below is a characteristic
feature of W+,

Lemma 5.3. Let W be a residuated frame, X CW and Z C W':
Y(X) =U =" 1z € X}, Z9=N{z":2¢€ Z}.

Example 5.4. Given an FL-algebra A = (A,A,V,-,\,/,1,0), we define the residuated frame W := (A, A,
<,+,1,0). Note that the nuclearity condition is exactly the residuation condition of the algebra. Its dual
algebra WX together with the embedding e(a) := a¥ = a”< is nothing but the MacNeille completion of
A (see Theorem 2.5). Indeed, the join-density and meet-density are direct consequences of Lemma 5.3, and
the definition of (-,\, /) in W+ conforms to Theorem 2.5.

Example 5.5. The second motivating example comes from proof theory and the sequent calculus for FL.
Define Wgy, := (W, W' N, -, ¢,¢) as follows:
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o W is the set of formula sequences.

o W’ is the set of contexts of the form (I, A =1I). If C = (I, _ ,A = II) € W', then C[X] denotes
the sequent I', ¥, A = TI.

« SNC < Fpy C[3).

o T'oA:=T,A (concatenation of sequences).

e ¢ := the empty sequence.

e ci=(_= ).

Note that the naive definition of W' as the collection of all right-hand sides IT would not allow for N to be
nuclear. By contrast, under the above augmented definition of W/, N becomes nuclear for purely syntactical
reasons:

EloEgN(F,i,A:H) <~ }—FLP,EMEQ,A:}H
<~ EgN(F,El,i,Aﬁﬂ)
<~

Y1 N (F,i ,ZQ,A = H)
The dual algebra Wi, together with the valuation e(a) := a”< = a< leads to the completeness theorem:
ErLa — W;L,elzlga = cca¥ = lyLo

Finally, by replacing Fgr, above with I—%fL (the cut-free derivability relation) we obtain a residuated frame
WCFfL Although o< = a< is not ensured a priori, the dual algebra (Wit‘;fL)Jr is nevertheless useful for an
algebraic proof of cut-admissibility (cf. [20]):

Frra = Frpra — cca’ = +Fa.

Remark 5.6. We may write x — z for (x,2) € W x W’. Then N can be viewed as the collection of “valid
sequents.” The perspective that IV selects some valid objects, rather than linking two elements, will be useful
in the definition of a residuated hyperframe that follows.

5.2. Residuated hyperframes

As illustrated by Example 5.5, residuated frames are intimately connected with sequents; to capture
hypersequents we define below residuated hyperframes. Residuated hyperframes also have a double moti-
vation. In the setting of proof-theory they reflect the structure of hypersequents, just as residuated frames
reflect the structure of sequents. In the algebraic setting they reflect the behavior of V.

Given a set X, we write X* for the free commutative monoid (X*, | ,0) generated by X; notice that
here we use symbol | for the multiplication.

Definition 5.7. A residuated hyperframe is a structure of the form H = (W, W’ Ik o, ¢, €), where

o W and W’ are sets and I+ C H, where H := (W x W')*. We write z —y for (z,y) € W x W and IF h
when h € IF holds.

(W,o0,¢) is a monoid and € € W'.

e Forall z,y € W and z € W’ there exist elements x\\z, z/y € W’ such that for any h € H,

Fh|zoy—z < IFh|y—a\z < IFh|z—2z/y.

o |k h implies I h | g for any h,g € H.
IFh|g|gimplies Ik h | g for any h,g € H.
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Each element h of H is of the form z; — y; | -~ | #, — y,. This is obviously an analogue of a
hypersequent, where each component x; —1y; € W x W’ corresponds to a sequent. Also, the last two rules
are frame analogues of the external structural rules (EW), (EC).

Example 5.8. Given an FL-algebra A = (4,A,V,-,\,/,1,0), we construct a residuated hyperframe Hp :=
(A, A,IF,-,1,0), where I is defined by:

Fzi—=uy1].. |zn—yn <= 1< (z1\y1)V - V(z,\yn).
This is a natural construction, since in the case when A is subdirectly irreducible, we have:
Fzi—uy|. ... [2n—yn < a1 <yror -+ or z, < yYp. (2)

More generally, let A < [],.; A; be a subdirect representation with canonical projections e; : A — A;
(¢ € I). Then,

IFzy—=uyp].. |en—yn <= Vil e(x1) <ei(yr) or - or e;j(x,) < e;(yn).

Example 5.9. For another example, we may build Hgy, := (W, W’ Ik, 0,¢,¢€), which is the same as Wy,
except that I is defined by:

By replacing Fygpr, with I—f{fFL (the cut-free derivability relation) as before, we obtain a residuated
hyperframe H;fL.

The above examples reveal that the notion of residuated hyperframe is applicable to both algebra and
proof theory, as was the notion of residuated frame. However, the success of residuated frames in Algebraic
Proof Theory comes from the ability to construct an algebraic model, the dual algebra, and we wish to do
the same starting from a residuated hyperframe.

We first observe that residuated hyperframes can be considered as a special class of residuated
frames. Given a residuated hyperframe H = (W, W' Il o, ¢€), we obtain a residuated frame r(H) :=
(HW,HW' N,o,(0; €), (0; €)), where H := (W x W)*, HW := H x W, HW' := H x W’ and

( ) = (halhy; 0 y),
(hz; 2) = (halhz; 2\2),
( ) = (hzlha; zf/z),
( ) <= IFhy|h,|z—2

The nuclearity of N can be easily verified. Hence each residuated hyperframe H = (W, W', Ik, o, ¢, €) leads
to a complete FL-algebra H := r(H)™, called the dual algebra of H, by Lemma 5.2.

For the later purpose, let us give a more concrete description to the dual algebra. Given X,Y C HW
and Z C HW’, we have

X> = {(hy;2) € HW :V(ha; @) € X. I hy | hs | 2—2),
Z9 = {(hg; ) € HW :¥(hy; 2) € Z. - hy | hy | z— 2}

As before, the pair (7, 9) forms a Galois connection, and induces a nucleus v(X) := X®< on P(HW). The
dual algebra HT has the following structure:



722 A. Ciabattoni et al. / Annals of Pure and Applied Logic 168 (2017) 693-737

H' = (V[P(HW)LQ’U’Y?OW \7/a (@, €)l><7 (07 6)4)7

where
XoY = {(halhy; zoy): (ha;x) €X, (hy; y) €Y,
X\Y = {(hy;y):V(he; z) € X. (hglhy; zoy) € Y},
Y/X = {(hy; y): V(he; ) € X. (hylhe; yor) €Y]

The need for such complicated definition will be justified below in the proof of preservation of structural
clauses by the construction of the dual algebra, which in turn can be derived by a link between a pointwise
and a setwise interpretation of a structural clause in a residuated hyperframe (Theorem 5.15).

The starting point for the latter is an interesting fact on residuated hyperframes that the hypersequent
structure IF 21 —y; | -+ | 2, —yn defined on points of W, W’ propagates to a higher level structure defined
on Galois-closed sets. Given X,Y C HW and G1,G2 C H, we define:

X—-Y = {hzlhylx—y : (hy; z) € X, (hy; y) €YD} CH,
X—=0 = Ahlz—e:(hyz)e X} CH,
Gy | Gy = {h1|h2 thy € Gl, hy € GQ} - H,

Gy <= Ik hforevery h € Gy.

The following lemma plays a fundamental role, connecting the higher level hypersequent structure with
the FL-algebra structure HT.

Lemma 5.10. For every Galois-closed sets X, Y C HW and G C H,

FG | X—=Y <+ Gx{}CX\YV — Gx{e}CY/X
FG| X—=0 < Gx{e}CX\(0;¢)Y <= Gx{e}C(0;e7/X.

HencelF X =Y <= IF{0} | X=Y < (0;e) e X\Y < X CVY. Also, IF X—=0 < X C (0; ¢).

Proof. Suppose IF G | X — Y. Then for every g € G, (hy;z) € X and (hy;y) € Y® we have
I- g | hy | hy | @ — y. Since it holds for every (hy; y) € Y", we have (glhy; ) € Y®< = Y. Since it
holds for every (h,; ) € X, we obtain (g; €) € X\Y,Y/X. The converse direction is similar. O

This leads to a soundness theorem for the higher level hypersequent structure, which is completely
different from Lemma 3.11. Recall that a valuation f into HT assigns to each propositional variable p a
Galois-closed set f(p) € HW. This is homomorphically extended to all formulas, to all sequents and further
to all hypersequents:

flar,...;an = B) = flar)o---o flan) = f(P),
f(alv"'van:> ) = f(()zl)O”'Of(Ozn)A@,
fO1] - [0n) = [f(O1)] - [ f(On)

Notice that f(E) C H for every hypersequent Z. We refer to the above as the setwise interpretation of a
hypersequent. A hypersequent = is setwise satisfied in a residuated hyperframe H under a valuation f if
IF f(Z). Below we will show soundness with respect to this notion of satisfaction. Note that for a sequent
© = (I = B), O is setwise satisfied by (H, f) iff I f(T') — f(8) iff (0,¢) € f(D)\f(B) iff f(T') C f(B) iff
HT, f = ©. This establishes the second statement of the following lemma.
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Theorem 5.11 (Soundness). Let H be a residuated hyperframe, f a valuation into H" and H U {Zy} a set
of hypersequents. If H Furr Zo, then - f(2) for all 2 € H implies |- f(Zo). In particular when Zq is a
sequent Oq, we have HY, f = ©y.

Proof. By induction on the length of the derivation of H Fgpr, Z¢. For instance, consider the (Ar) rule

Z|l=a E|Tl=4
E|l=anp

(Ar)

and suppose that IF f(2 | T = «) and IF f(E | I' = ). By Lemma 5.10, we have f(2) x {¢} C f(I)\f(a)
and f(2) x {e} C f(D)\f(B). Hence

F(E) x{e} € SN (@) N f(B) = FIONFlanB).

Therefore I+ f(2 | T = a A ) by Lemma 5.10 again.

The other right rules are treated similarly. For the left rules, an essential observation is that the element
Z = f(E) x {e} is central, in the sense that X o Z = Z o X holds for every X C HW.

Now, for the rule

T, 0, A=1 Z|T,5A=1
E|TaVviA=10

(V1)

we assume |+ f(2 | T,a, A = II) and I f(E | T, 8,A = II), which yield f(Z) x {e} C (f(T) o f(a)o
FAPNS(IT) and f(E) x{e} € (f(T)o f(B)o f(A)\f(TT), by Lemma 5.10. By letting X := f(I)\f(IT)/ f(A),
Z := f(E) x {e} and taking the centrality of Z into account, we obtain f(a) C Z\X and f(5) C Z\X, so
flav p) C Z\X, hence Z C (f(T') o f(aV B) o f(A))\f(II). Therefore I+ f(Z | T, aV B,A = 1I).
For

ElX¥=a Z|1,0,A=10
0,8, 0\8,A =11

(\D)

we assume |- f(E | ¥ = a) and IF f(E | T, 5,A = II), namely Z C f(X)\f(a) and Z C f(B)\X, where
Z = f(B) x {e} and X = f(D)\f(II)/f(A). As a consequence, we obtain Z o Z o f(X) o f(a\B) C
X,80 ZoZ C (f(T) o f(X) o f(a\B) o f(A)\f(II). By noting that Z o Z = f(E | E) x {e}, we have
FfE|E|T, %, a\8,A = T1I), that implies IF f(2 | [, X, a\f,A =1I). O

5.8. Preservation of analytic clauses

Note that given a residuated hyperframe H there are two possible ways to interpret hypersequents,
namely as elements of H and as subsets of H, each with an associated form coming from the operations
we allow at each level. Thus, corresponding to a typical atomic hypersequent of HFL of the form I'y =
Iy | -+ Ty = II,,, where each T'; is a list of variables, and each II is a variable or empty, the general form
of a point-hypersequent (or first-order hypersequent) of H is 1 —y; | -+ | £ — yn, where each z; € W
and each y; € W’  while the general form of a set-hypersequent (or second-order hypersequent) of H is
X1—~Y1| - | X;,—Y,, where X, Y; are Galois-closed subsets of HW.

Accordingly, there are two ways, namely pointwise and setwise, to interpret a structural clause in H.
After defining the two interpretations, we show that they coincide for analytic clauses. This will be later
used for establishing strong analyticity and extend soundness to hypersequent calculi extending HFL with
additional structural rules.

We begin with an example, illustrating the two interpretations.
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Example 5.12. Let H = (W, W’ Ik 0,¢,¢€) be a residuated hyperframe, and consider the analytic clause
ry<z=ax<0ory<z, (em)
which corresponds to the excluded middle axiom. Its pointwise interpretation in H is:

Fg|zoy—z

0
Fg|z—e|y—2z (em”)

for all z,y € W, z € W and g € H. The interpretation is obtained by replacing - with o, 0 with €, < with
—, and by adding a new variable g. The setwise interpretation is:

FG|XoY—Z
FGX—0|Y~Z

(em™)

for all Galois-closed sets X,Y,Z C HW and G C H.
The general definition is as follows.
Definition 5.13. Let (¢) be an analytic clause
t1 <wugand ... and ty, < Uy = b1 < Uppp1 OF ... OF Ey < Uy (q)

By replacing (-,1,0) in each ¢; < wu; with (o,¢,€), we obtain t? — u?. We may then obtain a pointwise
interpretation of (g):

Fglt9—ul - Wg\ﬂ%éﬂ%(ﬁ)
I-g | t9n+1_\u(r)n+1 | e )=

We say that (q) is pointwise valid in H if (¢°) holds for every interpretation of left variables in W, right
variables in W’ and g € H.
We may also obtain a setwise interpretation:

-G | tm+14um+1 | |tn—\un

(¢%)

by interpreting each t;,u; in the algebra HT so that each of ¢;,u; denotes a Galois-closed set. We say that
(q) is setwise valid in H if (¢7) holds for every valuation f of variables into H" and for every G C H.

Example 5.14. Continuing Example 5.12, we prove that the two interpretations coincide.

(Pointwise = setwise) Assume |- G | X oY — Z (the premise of (em™)). Our goal is to show that
FG|X—=0|Y —~2Z Solet g e G, (hg;2) € X, (hy;y) € Y and (h,; z) € Z¥. Then we have
hlzoy—2z € X oY = Z, where h := hy|hy|h,, so Ik g | h | z o y—z by the assumption. By (em°) we have
IFg|h|x—¢€|y—2 Therefore FG | X =0 |Y—~2Z.

(Setwise = pointwise) Assume I g | z o y— 2z (the premise of (em?)). This means

(g5 €) € {(@; 2)} o {(0; ) I\{(D; 2)},

hence G x {e} € X oY\ Z, where
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X :=0;2)"Y, Y =097, Z:=(0;2, G:={g},

sol- G| X oY —Z by Lemma 5.10. By (em™), we have IF G | X =0 | Y = Z, from which we easily derive
I-g | x—e¢| y—2 (the conclusion of (em?)).

By generalizing the above example, we can prove:

Theorem 5.15. Let (q) be an analytic clause and H a residuated hyperframe. Then (q) is pointwise valid in
H if and only if it is setwise valid.

This theorem allows us to extend the soundness theorem (Theorem 5.11) to hypersequent calculi with
additional analytic structural rules.

Theorem 5.16. Let R be a set of analytic structural rules, H a residuated hyperframe and f a valuation into
H*. Suppose that all rules in R are pointwise valid in H. If H FuprLr) Zo, then I+ f(Z) for all 2 € H
implies - f(Zo).

In particular when Zq is a sequent O, we have HT | f = Oy.

5.4. Gentzen hyperframes

We have seen how residuated hyperframes yield a complete algebra. We will now obtain an embedding
e: A — HJ and a valuation f into (H$ )™ such that 1 < f(a) implies /gy . To ensure the existence of
a suitable (quasi)homomorphism (Definition 5.19 below) we need to impose further conditions on residuated
hyperframes.

Definition 5.17. A Gentzen hyperframe is a tuple (H, A, ¢,¢’) where

e« H= (W, W' Ik o,¢,¢€) is a residuated hyperframe,

e A is an algebra in the language of FL,

e 1:A— Wand/ : A— W’ are functions,

o |- satisfies the Gentzen rules in Fig. 5 for all a,b,a1,a2 € A, x,y € W,z € W and h € H = (W x W')*.

A cut-free Gentzen hyperframe is defined in the same way, but it is not assumed to satisfy the (Cut) rule.

Example 5.18. Consider the frame Hpr, = (W, W’ Ik, 0,¢,¢) in Example 5.9. Define ¢ : Fm — W and
Vo Fm — W' by

ta) == a, (@)= (= a).

Then (Hpr,Fm,(, ') is a Gentzen hyperframe, and (H;fL, Fm,:,./) is a cut-free Gentzen hyperframe. To
see this, just notice that (\ L) and (\ R) can be alternatively presented as

Fh|x—d(a) IFh]ub)—z
IFh|xoia\b)—2

IFh | a)ox—1 (D)
IFh|x—(a\b)

(\L) (\R)

which is nothing but the hypersequent rules for \, when z is instantiated with a formula sequence T', z with
a context C, and a, b with formulas «, 5. This illustrates that Gentzen rules are just inference rules of the
hypersequent calculus under disguise.

Gentzen rules ensure the existence of a (quasi)homomorphism.



726

A. Ciabattoni et al. / Annals of Pure and Applied Logic 168 (2017) 693-737

IFh|z—(a) IFh|ia)—z
Fh|xz—2 (Cut) I e(a) =1/ (a) (19
IFh|z—(a) IFh|ub)—z L IFh | z—c(a)\t () -
I h | ta\b) —=z\2 (\L) IFh | z—1(a\b) (\R)
Fhlz—(a) IFh|ub)—2 Fh|z—(b))a)
IFh|ub/a)—z)z (L) IFh | z—4(b/a) /R)
IFh|a)oub)—=z Fh|z—t(a) IFh|y—14(b) (R)
IFh|ua-b)—2 Fh|zoy—1t(a-b)
Fh| a;)—z (AL) Fh|z—(a) IFh|z—(b) (AR)
IFh|war Aaz)—z Fh|z—(aAb)
Fh|ita)—z IFh]|b)—2z (VL) Fh|xz—1(a;) (VR)
IFh|iaVd)—z Fh|2z—¢(a1Vaz)
Fh|e—z 1L IR
Fh|u(l)—2 (L) IFe—d(1) (R)
Fh|xz—e 0R
IFe(0)—e (OL) IFh | z—.(0) (OR)

Fig. 5. Gentzen rules.

Definition 5.19. Given two algebras A and B in the language of FL, a quasithomomorphism from A to B is
a function F': A — P(B) such that

cg € F(ea)
F(a)*g F(b) C F(axab)

for ¢ € {0, 1},
for x € {'7\a/)/\7\/}7

where X xg Y = {z+gy |2z € X,y € Y} for any X,Y C B.

It is equivalent to the standard notion of homomorphism when F'(a) is a singleton for every a € A.
We have finally reached the main property of Gentzen hyperframes.

Theorem 5.20.

1. If (H,A,,) is a Gentzen hyperframe, then

defines a homomorphism from A to H. Moreover, if 1,1/ are “injective” in the sense that I- t(a)— /(D)
implies a < b for every a,b € A, then f is an embedding.
2. If (H,A,,t") is a cut-free Gentzen hyperframe, then

F(a) ={X ey[P(HW)] : (; (a)) € X C (05 ()™}

is a quasihomomorphism from A to HT.

Proof. This is actually a corollary of the main theorem of Gentzen frames proved in [20].
if (H,A,,) is a (cut-free) Gentzen hyperframe, then (r(H), A, r:,rt), where ri(a)
ri/(a) := (0; J/(a)), is a (cut-free) Gentzen frame in the sense of [13].

Indeed,
(®; ¢(a)) and
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We nevertheless outline part of the proof to convey the reader some flavor of the argument (originally
due to [33] and later developed by [5]). Let us focus on 2 and prove that F' is a quasihomomorphism with
respect to the connectives \ and A.

(Case \) Our goal is to show that F(a)\F(b) C F(a\b) for every a,b € A. So let us take X € F(a) and
Y € F(b). We have

(0 v(a) € X € (0: /(@)™ (B;0(b)) €Y € (05 /(D). 3)

To prove X\Y € F(a\b), we need to show two things: (i) (§; t(a\b)) € X\Y and (ii) X\Y C (; /(a\b))<.
For (i), suppose that (hs; ) € X and (hy; y) € Y™, By (3) we have (hy; ) € (0; (/(a))< and (0; (b)) €
Y, which imply IF h, | z—{/(a) and I hy | ¢(b) = y. Hence we have I+ hy | hy | © 0 (a\b) =y by external
weakening and (\ L). Since it holds for every (hy; y) € Y*, we have (hy; z o (a\b)) € Y>< =Y. Since it
holds for every (hy; ) € X, we conclude that (§; t(a\b)) € X\Y.
For (ii), suppose that (h; y) € X\Y. By (3), we have (0; ¢(a)) € X and Y C (0; /(b)) hence (h; t(a) o
y) € (0; (b)), namely IF h | t(a) oy — /(b). By (\ R), we have I- h | y — ¢/(a\b). This proves that
(s y) € (0 ¢ (a\D)) 2.

(Case A) Our goal is to show that F(a) A F(b) C F(a Ab) for every a,b € A. So let us take X € F(a)
and Y € F(b). We then have (3) again. To prove X NY € F(a A b), we need to show two things: (i)
(0; tland)) e XNY and (ii) X NY C (0; /(a A b))

For (i), suppose that (h; x) € X®. We have I h | (a) =2 by (3). Hence IF h | t(a Ab)—x by rule (A L).
Since it holds for every (h; ) € X®, we have (0; t(a A D)) € X< = X. Likewise (0; t(a A b)) € Y. We
therefore conclude that (§; t(a Ab)) € X NY.

For (ii), suppose that (h; z2) € XNY. Then by (3) (h; 2) € (0; /(a))T N (0; (b)), namely |- h | z—/(a)
and Ik k| z—4/(b). Hence IF I | z—/(a A b) by rule (A R), from which we conclude (h; z) € (0; +/(a Ab))<.

A final remark on 1: If the (Cut) rule is further satisfied, then it results in (0; ¢(a))>< = (0; //(a))< so
that F(a) of (2) becomes a singleton for every a € A. Indeed, the forward inclusion holds by rule (Id).
For the backward inclusion, suppose that (hy; ) € (0; J/(a))< and (hy; y) € (0; ¢(a))®. It means that
I hy | @ — ¢ (a) and |- hy | t(a) —=y. Hence I+ hy | hy | © —y by external weakening and (Cut). Since it
holds for every (hy; y) € (0; t(a))®, we conclude that (hy; z) € (0; ¢(a))*<. O

6. Strong analyticity and hyper-MacNeille completions

The general theory of residuated hyperframes introduced in the previous section is applied here to prove
two important results. The first is an algebraic, uniform proof of the strong analyticity of hypersequent calculi
defined by analytic rules (Section 6.1). The second is the introduction of a new type of completions, called
hyper-MacNeille completions (Section 6.2). We will show that every variety defined by acyclic P{: equations
admits hyper-MacNeille completions; although the argument here is considerably more complicated than
the argument in [13], the benefit of the current approach is that the new completion method behaves well
with respect to regularity, i.e., preservation of existing joins and meets.

6.1. Strong analyticity

Let R be any set of analytic structural rules, we show that the hypersequent calculus HFL(R) is strongly
analytic (cf. Definition 2.1 referring to hypersequents). Our proof encompasses many ad-hoc proofs of
cut-admissibility that work for specific (families of) hypersequent calculi, e.g. [3,12,32,31].
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First of all, recall that an analytic rule (¢°) is obtained from an analytic clause (q) as described in
Definition 4.16. Henceforth we identify the clause (¢) with the rule (¢°), so given a set R of analytic clauses,
we write HFL(R) to denote the system obtained by adding to HFL the analytic rules {(¢°) : (¢) € R}.

To prove strong analyticity, we build a suitable residuated hyperframe. Given an elementary set S of
sequents (cf. Definition 2.1), we define the residuated hyperframe Hg s = (W, W', IF, 0,¢,€) as follows:

o (W,W’' o,e,€) is the same as in Hyr, (Example 5.9).
« FELC) | | (B0, Cn) = SFHppR) CilEA] | - | CalZal.

Lemma 6.1. (Hg s,Fm,,t'), where t(a)) := o € W and /(o) :== (_ = a) € W, is a cut-free Gentzen
hyperframe in which all rules in R are pointwise valid.

Proof. (Hgr s,Fm,,:’) is obviously a cut-free Gentzen hyperframe. The following example illustrates that
‘R is pointwise valid in Hg s.
Suppose that R contains the analytic clause
ry<z=—x<0o0ry<z. (em)

We need to verify that

Fg|zoy—z

0
Fg|lz—e|y—2z (em”)
holds for every z,y € W, z € W/ and g € H = (W x W')*. Notice that each x € W is a formula sequence X,

each z is a context of the form (I',_, A = II), and each g is a hypersequent =. Hence (em") just amounts
to the analytic rule corresponding to (em) (Fig. 4):

= | F,El,EQ7A:>H
2|3 = | I,E,A=10

(em?)

Hence it is trivial that (em) is pointwise valid in Hg . O
We now define a valuation f. For every propositional variable p, let
S(p) =A{0:;T) e HW : (I'= p) € S}U{(I; p)}
and define f : Fm — HE s by f(p) == S(p)®< and homomorphically extending it to all formulas.

Lemma 6.2. For any formula o, (0; ) € f(a) C (0; _ = «)<. Moreover, I+ f(©) holds for every sequent
©cS.

Proof. The first claim is proved by induction on the structure of «.. For the base case, observe that (0; p) €
f(p) € (0; _ = p)< holds by definition. For the induction step, notice that the claim to be proved just
amounts to f(a) € F(a) where F is the quasihomomorphism mentioned in Theorem 5.20.2. Now the
induction hypothesis implies

flaxpB) = fla)x f(B) € F(a) x F(8) € F(axf)

for every x € {A,V,+,\,/}. The last inclusion is due to Theorem 5.20.2.
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For the second claim, suppose that © is of the form pi,...,p, = ¢ (the case when it is of the form
D1y-..,Pp = is similar). Since S is closed under cuts, we obviously have S(p1) o --- 0 S(p,) € S(q), so
f(p1)o---o f(pn) C f(q). Therefore I f(O) by Lemma 5.10. O

We are now ready to prove:
Theorem 6.3. If R is a set of analytic clauses, then HFL(R) is strongly analytic.

Proof. Let S be an elementary set and suppose that S Fypy,(r) Z holds for some hypersequent =. We build
a cut-free Gentzen hyperframe (Hg s, Fm, ¢, ') as above. Since R is pointwise valid in Hg s by Lemma 6.1,
and also since the valuation f satisfies all sequents in & by Lemma 6.2, Theorem 5.16 implies that IF f(Z).
If = consists of a single sequent = «, then I f(Z) means H%S, fEasso e e fla) @ = a)f
by Lemma 6.2. Hence S l—;{FL(R) =.
The general case can be best understood by means of an example. Suppose that = is of the form
o, =7 |7y = Then I f(Z) means that

= fle)o f(B)—=f(v) | F(7)—0.

We have (0; o) € f(a), (0; 8) € f(B), (0;v) € f(vy) and (0; _ = 7) € f(y)>. Altogether, they imply

IFa, 8=~ | vy—¢€, namely S }—;{FL(R) a,f=v|y=. O

6.2. Hyper-MacNeille completions

As another application of residuated hyperframes, we address here the issue of completions. A simple
argument that the variety of FL-algebras defined by acyclic Pg equations is closed under completions is
already contained in [13]. However, the completions there are not regular (namely they do not necessar-
ily preserve existing joins and meets), as they are obtained by combining subdirect representations and
MacNeille completions:

A< HAi — HWL
el icel

and the former is not regular.

Regular completions are important, for instance, to prove algebraic completeness of a predicate logic
(i.e., completeness with respect to complete algebras) [34,35]. However, it is not always easy to prove that a
whole variety is closed under regular completions, especially when the variety is not closed under MacNeille
completions. For instance, it takes a 22-page paper [23] to prove that the variety of Heyting algebras
generated by the 3-element algebra admits regular completions.

Our purpose here is to apply the methodology developed so far to the issue of regular completions for
the variety of FL-algebras defined by acyclic Pg equations. However, we will not be as ambitious as [23]
and will not try to prove that all members of a variety admit regular completions. Instead, we show that
externally distributive members of a given variety admit regular completions.

We begin with a basic observation on the residuated hyperframes Ha defined in Section 5.2.

Lemma 6.4. Let A be an FL-algebra and id : A — A the identity map. Then, (Ha, A, id,id) is a Gentzen
hyperframe and IF a—b implies a < b.
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Proof. Let e: A — [],.; A; be a subdirect representation. We have:

iel
a3 —b; ‘ ‘ anp—by < 1< b(al\bl)\/~-~\/b(an\bn)
— Viel e(ar) <ei(by)or --- oreia,) <eiby),

where e; : A — A, is the canonical projection map. This allows us to verify the Gentzen rules component-
wise, in a straightforward way. O

As a consequence of Theorem 5.20, we obtain an embedding f : A — HX and we call (HX,f) the
hyper-MacNeille completion of A.

We first observe that the hyper-MacNeille completion of A coincides with the MacNeille completion when
A is subdirectly irreducible.

Lemma 6.5. Let A be a subdirectly irreducible FL-algebra and X C HW a Galois-closed set in Ha. Then
(h; a) € X if and only if (0; a) € X orl- h.

Proof. (<) Let (g;¢) € X*. If (§; a) € X, then we obtain I g | a—¢, solF g | h | a— ¢ by external
weakening. On the other hand, IF h immediately implies IF g | A | a—c. Hence (h; a) € X.

(=) Suppose that (h; a) € X and ¥ h. For every (g; ¢) € X®, we have I h | g | a — ¢, namely I+ h or
IF g or a < c by (2) of Example 5.8. Since the first case never holds by assumption, we have I- g or a < ¢,
namely IF g | a—c¢ for every (g; ¢) € X®. This shows that (§; a) € X. O

Proposition 6.6. Let A be a subdirectly irreducible FL-algebra. Then the hyper-MacNeille completion (HX, 1))
is isomorphic to the MacNeille completion of A.

Proof. Given a Galois-closed set X, let Xy := {(0; a) : (0; a) € X} and Xy := {(0; ¢) : (0; ¢) € X®}. We
claim that

X =Xp<=x7

It is straightforward to verify X D X5 < and X C X%

To show X C X[<, let (h; a) € X. Then either (0; a) € X or IF h by Lemma 6.5. In both cases, (h; a)
belongs to X5 < by Lemma 6.5 again.

To show X' C X, let (h; a) € X and (g; ¢) € X®. Similarly to Lemma 6.5, we can show that either
IF g or (§; ¢) € X™ holds. In the former case, we have IF g | h | a— ¢ by external weakening. In the latter
case, we have |- h | a—¢, hence I+ g | h | a—¢. This proves that (h; a) € X< = X.

By Lemma 5.3 and by recalling that the embedding f : A — HJ is defined by f(a) := (0; a)>< =
(0; a)<, we obtain

X = %) = Uy {f(@): 0 a) € Xo},
= X7 = (W@ exi)

Hence the completion (HJ, f) is join-dense and meet-dense. The definition of (-,\, /) in H} also conforms
to Theorem 2.5. O

This establishes the equivalence of hyper-MacNeille and MacNeille completions for subdirectly irreducible
FL-algebras. On the other hand, the forthcoming theorem shows that they are in general quite different.

Lemma 6.7. Let A be an FL-algebra and e : A — [],;
analytic clause. If A; = (q) for every i € I, then (q) is pointwise valid in Ha .

A, a subdirect representation. Also, let (q) be an
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Proof. We again work on an example. Assume that (q) is
r-y<z=—ax<0ory<z (em)
We need to verify that

Fg|zoy—2z

0
Fg|z—e|y—2z (em”)
holds for every z,y € W, z € W' and g € H = (W x W')*. We assume that g is of the form z; —
y1 | -+ | n—yn and write e;(g) for the disjunctive clause e;(x1) < e;(y1) or --- or e;(z,) < e;(yn). Then
IF g | © oy — z means that e;(g) or e;(xy) < e;(z) holds in every A; (i € I). Since A; satisfies (em) we
obtain e;(g) or e;(z) < 0 or e;(y) < e;(z). This shows I- g | x—e€ | y— =z (recall that e =0in Hpa). O

Theorem 6.8. Let £ be a set of equations equivalent to a set R of analytic structural clauses. Then the
variety FL(E) admits hyper-MacNeille completions.

Proof. Let A € FL(E) and A — [,
i € I. Hence by the definition of equivalence (see Corollary 3.19), every A; satisfies R. Hence R is pointwise

A, be a subdirect representation. We have A; € FL(E)g; for every

valid in Ha by Lemma 6.7.

On the other hand, by thinking of £ as a set of formulas, we have £ C L(€) = L(R) by Corollary 3.19.
Therefore by Theorem 5.16, we have HX = « for every a € £. We have thus obtained the hyper-MacNeille
completion HX of A, which belongs to FL(E). O

Remark 6.9. This should be contrasted with a deep result of [7], which shows that there are exactly three
varieties of Heyting algebras which admit MacNeille completions: the whole variety HA, the variety BA of
Boolean algebras and the trivial variety. On the other hand, there are infinitely many different Pg equations
(= P3 equations in presence of commutativity and integrality) that define an intermediate variety between
BA and HA. Our result states that all such varieties admit hyper-MacNeille completions.

The above argument is more complicated than that in [13] for the subdirect MacNeille completion. The
advantage of hyper-MacNeille completions is a better behavior with respect to regularity.

Definition 6.10. An FL-algebra A is said to be externally distributive if for every a,b € A and every set
C C A such that A C and \/ C exist in A,

1< (a\¢)Vbforeveryce C = 1< (a\(AC))Vb,
1< (c\a)Vbforeveryce C = 1< ((\VC)\a)Vb.

External distributivity turns out to be a sufficient condition for regularity.
Theorem 6.11. If A is an externally distributive FL-algebra, then H is a reqular completion.

Proof. If external distributivity holds for C' C A, then the Gentzen hyperframe Hp satisfies:

IFh|uc)—z, forsomeceC IFh|x—(c) forevery ceC

PR Ao = A hlemephe) AR

IFh| )=z for every c € C IFh|x—4(c) forsomeceC

Fh|e(VC)—2 (VL) Fh|]xz—(VCO) (VR)
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These are just infinitary variants of the Gentzen rules for A and V. By inspecting the proof of Theorem 5.20,
we can confirm that the argument goes through even if we replace binary A with infinitary /\ and binary V
with infinitary \/. Hence we obtain an embedding f which preserves A and \/. O

For instance, every FL-chain A is externally distributive, so that the hyper-MacNeille completion HX is
regular.

7. Summing up

In the previous section we proved that, when added to HFL, analytic rules yield strongly analytic
hypersequent calculi. We now prove the converse direction.

Theorem 7.1. Let R be a set of structural rules. If HFL(R) is strongly analytic, then R is equivalent to a
set R’ of analytic structural rules.

Proof. Let

be a structural rule in R and consider its atomic instance, in which Z = () and each distinct metavariable
is instantiated by a new propositional variable. We still denote it by (). We may assume that (r) satisfies
(the syntactic analogues of) linearity and exclusion (Section 4.3). To transform (r) into an analytic rule, we
need to remove the redundant variables from the premises (i.e., those which do not occur in the conclusion).
Let us write = for the conclusion ©,,41 | --+ | ©,, and P for the premise set {O1,...,0,,}. Let P be the
least elementary set of sequents that includes P (cf. Definition 2.1). We then have PT FuarL(r) Zo0. Hence
the strong analyticity of HFL(R) implies that = has a derivation from a finite subset {©7,...,0}.} of P,
and furthermore none of ©] contains a variable that does not occur in Z¢ (recall that the definition of strong
analyticity includes the subformula property). Thus all the redundant variables, if any, have been removed
from the premises. Now by substituting back the metavariables I',II, etc. for the propositional variables
(and associating triples (I';, A;,II;) for each variable on the right hand side), we obtain a structural rule

‘®m+1| |@n

[11] [

which is analytic (see Definition 4.16) and derivable in HFL(R). Moreover, it is easy to see that the obtained
rule (') implies the original one (r). If we do this transformation for all (r) € R, we obtain a set R’ of
analytic rules equivalent to R. O

In the previous section, we also proved that if a set £ of equations is equivalent to a set of analytic
clauses, then FL(E) admits (hyper-MacNeille) completions. We now prove the converse direction under the
assumption that € implies commutativity (i.e. xy < yx).

Theorem 7.2. Let £ be a set of equations which implies commutativity. If € is equivalent to a set R of
structural clauses and FL(E) admits completions, then & is equivalent to a set R of analytic structural

clauses.

In short, admitting completions implies analyticity in the commutative case.
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Proof. Let (¢) : P = C be a structural clause in R, where P is a set of premises and C' is a disjunctive
clause t1 <wuy or --- or t, < u,. We have

P Ere) C, (4)

where C” := (t1\u1)V -+ V(t,\uy). Indeed, FL(€)s; = FL(R)s implies P =g ()5, C, so P Eri(g)s; C°
by Lemma 3.15, and P [=¢ (g) C" by Corollary 3.14.

We transform (¢) into an analytic clause (g) such that (g) implies (¢) over FL and |=p (¢), (§). This will
be sufficient to establish that & and R := {(g) : (¢) € R} are equivalent.

We basically follow the procedure described in Section 4.3. Step 5 can be fulfilled without any problem.
So we may assume that (q) satisfies linearity and exclusion. We just have to remove all redundant variables
(those which do not occur in the conclusions) from the premises.

Suppose that (¢) contains a redundant variable z. Let P be the least set of equations such that P C P™
and

t<z,lzr<u e P = ltr<u € PT.
Let P* be the subset of PT that consists of equations which do not contain z. We claim:
P* e C”. (5)

Once this claim has been established, the rest will be easy. Indeed, we may regard C” as a single formula
(t1\u1 A1)V -V (t,\un A 1) due to commutativity. Hence there is a finite subset Pi- of P¥ such that
Poi FrL(e) C” by the compactness theorem.

We thus obtain a new clause Pi- == C' which holds in FL(£)g; and implies (¢) since all premises in P
are derivable from P. Moreover, Poi does not contain the redundant variable x. Hence by repetition we end
up with an analytic clause (g) with the desired property.

Now let us prove the claim (5). Let A € FL(E) and let f be a valuation into A which satisfies all equations
in P*:

A, f = P* (6)

By assumption, there is a completion A’ of A which belongs to FL(E). We now extend f to a valuation f’
into A’ so that f'(y) = f(y) for any variable y different from x. To define f’(z), let T, be the set of terms
defined by

T, :={t: (t <z)€ Pt tdoes not contain x},
and let f'(z) :== \/{f(t) : t € T,,}. It is well defined since A’ is complete. We claim:
AP 7

Once this has been proved, we obtain A/, f’ = C” by (4). Since 2 does not occur in C, it implies A, f = C”,
thus the claim (5) holds.
So it remains to prove (7).

o Let s(z,...,z) < u be an equation in P, where all occurrences of x are indicated. We have:

fllstaa) =\ -\ Sty te) < flu) = f'(u).

t1€T, tp €Ty
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The inequality holds because s(t1,...,t;) < u belongs to P* for every t1, ...t € Ty, hence is satisfied
by f (recall our assumption (6)).
o Let s(z,...,z) <z be an equation in P. We have:

f(s(z,...,x)) = \/ \/ F(s(tr, ... tg)) < \/ f(t) = f'(z).

ti€T, tp €Ty teT,

The inequality holds because s(ti,...,tx) < z belongs to PT for every ti,...,tx € T, so
S(tl, Ce ,tk) eT,.

The above argument works even if T, is empty. Hence we have established the remaining claim (7). O
Our main achievements can be summarized as follows:

Theorem 7.3.

1. Every Pg equation/axiom can be transformed into an equivalent set of structural clauses/rules.
2. Let € be a set of Pg equations/axioms. The following are equivalent:
(a) & is equivalent to a set of acyclic clauses.
(b) & is equivalent to a set of analytic clauses.
(c) & is equivalent to a set R of structural rules such that HFL(R) is strongly analytic.
3. (a)—(c) imply:
(d) FL(E) admits hyper-MacNeille completions.
(e) FL(E) admits completions.
4. Whenever £ implies commutativity (exchange), (a)-(e) are all equivalent.
5. Whenever £ implies integrality (left weakening), (a)—(e) all hold.

Proof. 1. Theorem 4.10.

2. (a) = (b): Theorem 4.15.

(b) = (c): Theorem 6.3.

(¢) = (a): Theorem 7.1. Note that analytic rules are also acyclic.
3. (b) = (d): Theorem 6.8.

(d) = (e): Trivial.

4. (e) = (b): Theorem 7.2.

5. Theorem 4.15. O

The N> equation z\z < x/z (that also belongs to P3) provides a counterexample to (a)-(e) in absence
of commutativity. Indeed, we have shown in [14] that the variety defined by z\z < /2 does not admit any
completion.

It is left open whether 4 holds without the assumption of commutativity.

8. Final observations

We conclude with some observations on the expressive power of structural hypersequent rules and on the
structure of the substructural hierarchy.
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FLew

Fig. 6. Limitations for structural rules extending HF Ley, .

8.1. Limitations of structural hypersequent rules

As seen before each 735 axiom can be transformed into equivalent structural (hypersequent) rules. This
shows what structural rules can express. Here we address the converse problem, namely identifying which
properties (equations over FL-algebras, or equivalently, Hilbert axioms in the language of FL ) cannot
be expressed by structural rules. Notice that finding negative results is often more difficult than obtaining
positive ones. A negative result in the formalism of display logic [6] is contained in [27] and characterizes
the class of axioms that can be captured by analytic structural display rules to be added to the calculus for
the tense logic K'T; the characterization in [27] (and its generalization in [15] to all display calculi satisfying
suitable conditions) is based only on the syntactic shape of the considered axioms. A semantic character-
ization of the expressive power of structural sequent rules is contained in our previous work [14], where
we show that (single conclusion) structural sequent rules can only formalize properties which hold in intu-
itionistic logic, and, among them, only those corresponding to algebraic equations preserved by MacNeille
completions in presence of integrality. Similar results can be established for structural hypersequent rules.
Let HSM be the hypersequent calculus for three-valued Godel logic SM — the strongest proper intermediate
logic, semantically characterized by linearly ordered Kripke models containing two worlds. HSM consists
of HFLewe + (com) + (Bez) (see Fig. 4).

Proposition 8.1 (/12]). Any structural hypersequent rule is either derivable in HSM or it derives oV —a™
in HF Lew, for some natural number n.

We denote by E,, the extension of FLew by aV —a™ and by E = ﬂn>1 E,, the intersection of all these
logics. Clearly E; is classical logic CL and E,, C E,,, for n > m. The above proposition states that the logics
that could be captured by extending HF L, by structural hypersequent rules are limited to the subregions
in Fig. 6 between Fm (the inconsistent logic) and E and between SM and FLey,.

The expressive power limitations of structural hypersequent rules are however stronger. Indeed, as shown
below, only some of the logics in these regions can be captured by structural hypersequent rules.

Proposition 8.2. Any equation € equivalent to a structural hypersequent rule is preserved by hyper-MacNeille
completions in presence of integrality.

Proof. Let (q) be the equivalent structural clause. Theorem 4.15 ensures that, in presence of integrality
x < 1, (q) is equivalent to an analytic clause (¢’). By Theorem 6.8, ¢ is preserved by hyper-MacNeille
completions. 0O



736 A. Ciabattoni et al. / Annals of Pure and Applied Logic 168 (2017) 693-737

As a corollary we have, for instance, that there is no structural hypersequent rule equivalent to
Lukasiewicz axiom ((a = 8) = ) — ((8 — a) — «) since the corresponding equation is not preserved
under any completion [26].

8.2. On the structure of the substructural hierarchy

Let X,Y be sets of equations. We write X <Y if every equation in X is equivalent to a set of equations
inY. Wewrite X <Y if X <Y but not Y < X.

Obviously X C Y implies X < Y. Hence N,, UP,, =< N, 41 NP,11 holds for every n > 0.

On the other hand, we know that prelinearity belongs to Py C P3N N3 but not to N (see [14]). Hence

NQ < Ps, NQ -<N3.

We also know that the variety of MV algebras does not admit any completions [26]. Since it consists of
FLey-algebras defined by an A3 C Ny NPy equation (Lukasiewicz axiom), we obtain

Ps < N3

Let us also mention the trivial fact that the variety of lattice-ordered groups does not admit any com-
pletions, simply because the nontrivial ones do not have least and greatest elements. The same holds for
the variety of commutative lattice-ordered groups. Since the latter is axiomatized by FL.-algebras extended
with 1 < z(2\1) and the equation is in P3, but not in Pj, it follows that Ps A P5.

As recently shown in [24] the substructural hierarchy collapses down to the level N3 in presence of
commutativity. Hence a remaining open problem is whether or not the hierarchy collapses to a certain level
in the general case.
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