Math 361, Problem set 9

Due 11/8/10

1. (2.2.3) Let X; and X have the joint pdf h(x1,z2) = 2e 1772 0 < 27 <
T9 < 00, zero elsewhere. Find the joint pdf of Y7 = 2X; and Y5 = X5 — X;.
Answer: We have that X1 = Y1/2 and X9 = Yo + Y7 /2. This gives us the
Jacobian
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Thus

1 o —
iy, (W,y2) = ifXI,XQ(y1/27y2+y1/2) =erp 172 0<y <oo 0<yp <oo.

2. (2.3.2) Let fijo(w1|z2) = crw1 /a3, 0 < 21 < @2, 0 < 22 < 1 zero elsewhere,
and fao(ws) = cox3, 0 < 3 < 1, zero elsewhere, denote, respectively,
te conditional pdf of X; given X = x5 and the marginal pdf of Xs.
Determine

The constants ¢; and cs.

The joint pdf of X; and Xs.

(% <Xi< 1/2|X2 = %)

(1/4 < X1 < 1/2)

(a)
(b)
(c) P
(d) P
Answer: fi2(z1]z2) is a pdf so:

T2 9 Cl
1= c1xy/rsdr; = —.
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Thus ¢; = 2. Likewise, fs is a pdf, so fol cax3dry = 1, and hence ¢y = 5.
f172($1,1'2) = f1|2(l’1|172)f2($2) = 10:17133% for 0 < 1 < T2 < 1.
For (c)
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(7 < Xi<3lXa=7) /1/4 95 "4 = 95



For (d)

1
P-<X;1<=2) = / 1021 22drodr,
4 2 1/4 Ty

= / E(x‘f — x1)dxy
1/4
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3. (2.3.5) Let X; and X3 be two random variables such that the conditional
distributions and means exist. Show that
(a) E[Xl + X2|X2] == E[XllXQ] + XQ
(b) E[u(X3)[X3] = u(Xz).
Answer:
First we check the identities conditioning on X5 = x5: that
E[Xl + X2|X2 = xg] = E[X1|X2 = .TQ] + X2 and
E[U(Xg)lXQ = 1‘2] = u(l'z)
follows from linearity of expectation and the fact that X5 and u(X32) are

constants when we condition on Xy = . Since these identities hold for
every choice of xo, they hold for the general random variable Xs.

4. (2.3.9) Five cards are drawn and random and without replacement from an
ordinary deck of cards. Let X; and X5 denote, respectively, the number
of spades and the number of hearts that appear in the five cards.

(a) Determine the joint pmf of X; and X»
(b) Find the two marginal pmfs
(¢) What is the conditional pmf of X5 given X; = 2.

Note: First two parts are similar to what was on your last homework!

Answer: 15 /13 -
(wl) (wz) (5793179:2)

(5)

PXth (xh IQ) =

so long as z1 + x5 < 5, 0 otherwise.
For (b), we have that

) )
(%) (%)
if 0 <z <5and 0 <x9 <5; 0 otherwise. For (¢) we have
13 26
(mg) (S—xl—xg)

(z2)

Py, (z1) = Px,(z2) =

IEJ’2|1(582|i131) =



if0§$2§5—$1.

. (2.3.11) Let us choose at random a point from the interval (0,1) and let
the random variable X7 be equal to the number which corresponds to that
point. Then choose a point at random from the interval (0, z;), where x4
is the experimental value of X7; and let the random variable X5 be equal
to the number which corresponds to this point.

(a) Make assumptions about the marginal pdf f;(z1) and the conditional
pdf f2|1($2|$1)~

(b) Compute P(X; + X5 > 1).

(¢) Find the conditional mean E[X|z5].

Answer:

We have f1(z1) =1 for 0 < x; < 1, zero otherwise, and fo1 (z2|x1) = 711’
for 0 < zo < 21, 0 otherwise.

For (b), we have that fi (21, 22) = fo1(@2]21) fi(21) = i for 0 < x9 <
z1 < 1, and hence

1 X1 1
]P(Xl + X2 Z ].) = / +/ —dxgdxl
1/2 1—z; L1

boog —1
- / T ey =1 —In(1) + n(1/2) = 1 — in(2).
12 T1

For (¢) we must first compute fijz(z1]|z2). We have

folas) = / "L = ln(ay),

2x1

Thus
1

f1|2(x1‘$2) = m
SO EIX: X, — o ! X1 _ 1-— o
[X1|Xe = 25 = /1/,2 r1In(1/z9)  In(1/z2)"




