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Abstract. Moufang permutations are certain permutations on an abelian group X that differ

from an automorphism of X by a symmetric alternating biadditive mapping. It is known that

every finite split abelian-by-cyclic 3-divisible Moufang loop is obtained from a Moufang per-

mutation of the abelian normal subgroup. In this paper we investigate Moufang permutations

for small abelian groups. We prove that a finite abelian group X possesses non-automorphic

Moufang permutations if and only if the 2-primary component of X is of order more than four

and is not cyclic. The automorphism group of X acts by conjugation on the set of Moufang

permutations of X and the orbits of this action provide a partial answer to the corresponding

isomorphism problem. We explicitly find all Moufang permutations for small abelian groups,

including small elementary abelian 2-groups.

1. Introduction. A loop is a nonempty set Q with a binary operation · and a neutral

element 1 ∈ Q such that for every a, b ∈ Q the equations ax = b and ya = b have unique

solutions x, y ∈ Q, respectively. Given a loop Q, we say that a subset H ⊆ Q is a subgroup

of Q if H is an associative subloop of Q.

A loop Q is a Moufang loop if ((xz)x)y = x(z(xy)) holds for every x, y, z ∈ Q. By

Moufang’s Theorem [7], if three elements of a Moufang loop Q associate (in some order)

then they generate a subgroup of Q. In particular, Moufang loops are diassociative, that

is, any two elements generate a subgroup.

In [2], the authors started a systematic study of abelian-by-cyclic Moufang loops, that

is, Moufang loops Q with an abelian normal subgroup X such that C = Q/X is cyclic.
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A systematic survey of related literature can be found in the introduction of [2]. Here we

wish to highlight at least the papers [1, 3, 5, 6].

The following concept is key for the study of abelian-by-cyclic Moufang loops.

Definition 1.1 (Definition 1.2,[2]). Let (X,+) be an abelian group. A permutation f

on X is a Moufang permutation on (X,+) if the mapping β : X ×X → X defined by

β(x, y) = f−1(f(x) + f(y))− x− y (1)

is (symmetric) alternating and biadditive,

β(β(x, y), z) = 0 (2)

holds for all all x, y, z ∈ X, and

β(f(x), f(y)) = f(β(f3(x), y)) (3)

holds for all x, y ∈ X.

When f is a Moufang permutation and β is defined by (1), we call β the biadditive

mapping associated with f and the tuple (f, β) a Moufang pair. We denote by Mfp(X,+)

the set of all Moufang permutations on (X,+).

Note that condition (2) is equivalent to the fact that the image of the symmetric

alternating biadditive mapping β is contained in the radical

Rad(β) = {x ∈ X : β(x, y) = 0 for all y ∈ X}

of β. Also note that Rad(β) is a subgroup of (X,+).

Denote by Aut(X,+) the automorphism group of (X,+). One can easily see from

Definition 1.1 that every f ∈ Aut(X,+) is a Moufang permutation on (X,+) (with zero

associated biadditive mapping) and thus Aut(X,+) ⊆ Mfp(X,+). We call a Moufang

permutation on (X,+) proper if it is not an automorphism of (X,+). Here is a charac-

terization of improper Moufang permutations:

Lemma 1.2. Let (f, β) be a Moufang pair on the abelian group (X,+). The following

conditions are equivalent:

(i) f ∈ Aut(X,+),

(ii) Img(β) = 0,

(iii) Rad(β) = X.

Proof. If f ∈ Aut(X,+) then β(x, y) = f−1(f(x) + f(y)) − x − y = 0 for all x, y ∈ X

and hence Img(β) = 0. If Img(β) = 0 then certainly Rad(β) = X. Finally, if Rad(β) = X

then 0 = β(x, y) = f−1(f(x)+ f(y))− x− y for all x, y ∈ X and hence f ∈ Aut(X,+).

In Section 2 we characterize all finite abelian groups that possess proper Moufang

permutations.

The connections between Moufang permutations and abelian-by-cyclic Moufang loops

are as follows (see [2] for more details).

Let X be an abelian normal subgroup of a Moufang loop (Q, ·) and let us denote the

operation (X, ·) also by (X,+). For a ∈ Q, let f be the restriction of the “conjugation”

x 7→ a−1xa to X. Then f is a Moufang permutation on (X,+).
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For i, j ∈ Z let

I(i, j) =


∅, if i = j,

{i, i+ 1, . . . , j − 1}, if i < j,

{j, j + 1, . . . , i− 1}, if j < i.

If (X,+) is an abelian group, (f, β) a Moufang pair on (X,+) and C = ⟨b⟩ a cyclic group,

then the formula

(bi, x) · (bj , y) =
(
bi+j , f−3j(x) + y +

∑
k∈I(i+j,−j)

f−3k(β(x, y))
)

(4)

correctly defines a multiplication on C ×X if and only if

either C is infinite,

or C is finite, |f3| divides |C| and
∑

0≤k<|C| f
3k(x) ∈ Rad(β) for all x ∈ X.

(5)

(The last part of condition (5) holds for instance when C is finite, |f3| divides |C| and
Rad(β) has no elements of order 3.) In that case the resulting groupoid is in fact a

Moufang loop, denoted by

Q = C ⋉(f3,β) X or Q = C ⋉f X

that contains the normal abelian subgroup 1×X such that Q/(1×X) is isomorphic to

C.

All abelian-by-cyclic Moufang loops Q = CX in which both C and X are 3-divisible

are homomorphic images of the loops C ⋉(f3,β) X. If Q is also split, it is isomorphic to

C ⋉(f3,β) X for a suitable Moufang permutation f of (X,+).

In Section 3 we construct all Moufang permutations on small abelian groups (X,+).

We show that if two Moufang permutations on (X,+) are conjugate by an automorphism

of (X,+) and if C is fixed, then the corresponding Moufang loops are isomorphic. It

therefore suffices to consider Moufang permutations Mfp(X,+) up to the conjugation

action of the group Aut(X,+).

It is rather difficult to calculate the sets Mfp(X,+) even for small abelian groups

(X,+). Let V be a vector space over the two-element field. In Section 4 we develop a

mini-theory of symmetric alternating biadditive mappings β : V × V → V satisfying

Img(β) ⊆ Rad(β) in order to push the calculation of Moufang permutations little bit

further in the case of elementary abelian 2-groups.

2. Groups with proper Moufang permutations. Our goal here is to characterize all

finite abelian groups (X,+) with proper Moufang permutations. Throughout this section,

let (X,+) be an abelian group and Cn a cyclic group of order n.

We note in passing that Mfp(X,+) does not have to be a subgroup of the symmetric

group onX. For instance, there are two Moufang permutations onX = C4
2 whose product

is not a Moufang permutation on X.

We start by recalling the following result of [2]:

Lemma 2.1 (Lemma 9.1,[2]). Let (X,+) be an abelian group, (f, β) a Moufang pair on

(X,+) and i an integer. Then:
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(i) f(0) = 0, f(2x) = 2f(x) and f(−x) = −f(x) for all x ∈ X,

(ii) Img(β) ⊆ Rad(β), 2X ⊆ Rad(β) and 2Img(β) = 0,

(iii) f i permutes both Rad(β) and Img(β),

(iv) f i(x+ y) = f i(x) + f i(y) whenever {x, y} ∩ Rad(β) ̸= ∅,
(v) f i restricts to an automorphism of Rad(β).

Corollary 2.2. Let (X,+) be an abelian group of odd order. Then every Moufang

permutation on X is an automorphism of X.

Proof. Let f be a Moufang permutation on X. Since X has odd order, the mapping

x 7→ 2x is a bijection of X. Hence X = 2X ⊆ Rad(β) by Lemma 2.1. Then f ∈ Aut(X,+)

by Lemma 1.2.

Lemma 2.3. Let (f, β) be a Moufang pair on a nontrivial abelian group (X,+). Then

Rad(β) ̸= 0.

Proof. If Rad(β) = 0 then Img(β) = 0 since Img(β) ⊆ Rad(β) by Lemma 2.1. Then

X = Rad(β) = 0 by Lemma 1.2, a contradiction.

Given a subgroup H of a group G, let [G : H] be the index of H in G.

Lemma 2.4. Let (f, β) be a Moufang pair on (X,+) with [X : Rad(β)] ≤ 2. Then

Rad(β) = X and f ∈ Aut(X,+).

Proof. Set R = Rad(β). If [X : R] = 1 then X = R and, by Lemma 1.2, f ∈ Aut(X,+).

If [X : R] = 2 then X = R ∪ (a+R) for some a ∈ X\R. Let x, y ∈ X. If {x, y} ∩R ̸= ∅,
Lemma 2.1 implies that f(x + y) = f(x) + f(y). Suppose that both x and y are in the

coset a + R and write x = a + x1 and y = a + y1 for some x1, y1 ∈ R. By Lemma 2.1,

we get f(x + y) = f(2a + x1 + y1) = f(2a) + f(x1 + y1) = 2f(a) + f(x1) + f(y1) =

(f(a)+f(x1))+(f(a)+f(y1)) = f(a+x1)+f(a+y1) = f(x)+f(y), where in the second

step we used 2X ⊆ Rad(β). Therefore f ∈ Aut(X,+).

Lemma 2.5. Let (X,+), (Y,+) be abelian groups, (f, βf ) a Moufang pair on (X,+) and

(g, βg) a Moufang pair on (Y,+). Define h : X × Y → X × Y by h(x, y) = (f(x), g(y)).

Then h is a Moufang permutation on X × Y and the associated biadditive mapping βh

satisfies βh((x1, y1), (x2, y2)) = (βf (x1, x2), βg(y1, y2)) for all xi ∈ X, yi ∈ Y . Moreover,

h ∈ Aut(X × Y ) if and only if f ∈ Aut(X) and g ∈ Aut(Y ).

Proof. This is straightforward but here are the details. Clearly, h is a permutation of

X × Y with h−1(x, y) = (f−1(x), g−1(y)). Now,

βh((x1, y1), (x2, y2)) = h−1(h(x1, y1) + h(x2, y2))− (x1 + x2, y1 + y2)

= h−1((f(x1), g(y1)) + (f(x2), g(y2)))− (x1 + x2, y1 + y2)

= h−1((f(x1) + f(x2), g(y1) + g(y2)))− (x1 + x2, y1 + y2)

= (f−1(f(x1) + f(x2))− (x1 + x2), g
−1(g(y1) + g(y2))− (y1 + y2))

= (βf (x1, x2), βg(y1, y2)),

and then it is straightforward to check that βh is alternating and biadditive. For all xi ∈ X

and yi ∈ Y , βh(βh((x1, y1), (x2, y2)), (x3, y3)) = βh((βf (x1, x2), βg(y1, y2)), (x3, y3)) =
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(βf (βf (x1, x2), x3), βg(βg(y1, y2), y3)) = (0, 0), so (2) holds for βh. Finally,

βh(h(x1, y1), h(x2, y2)) = βh((f(x1), g(y1)), (f(x2), g(y2)))

= (βf (f(x1), f(x2)), βg(g(y1), g(y2)))

= (f(βf (f
3(x1), x2)), g(βg(g

3(y1), y2)))

= h(βf (f
3(x1), x2), βg(g

3(y1), y2))

= h(βh((f
3(x1), g

3(y1)), (x2, y2)))

= h(βh(h
3(x1, y1), (x2, y2))),

so (3) holds for βh. Therefore (h, βh) is a Moufang pair on X × Y . The last assertion is

clear.

Denote the order of an element x ∈ (X,+) by |x|. In the finite case, for a prime p, let

Xp = {x ∈ X : |x| = pk for some k} be the p-primary component of X, and note that

X =
⊕

p Xp and Aut(X) ∼=
⊕

p Aut(Xp).

Lemma 2.6. If (f, β) is a Moufang pair on a finite abelian group (X,+) then |f(x)| = |x|
for every x ∈ X.

Proof. Set X = X2 ⊕ Y , where Y =
⊕

p>2 Xp. As Y has odd order, Y = 2Y ⊆ 2X ⊆
Rad(β) by Lemma 2.1. Since f restricts to an automorphism of Rad(β), we conclude that

|f(y)| = |y|, for every y ∈ Y . This implies that f(Y ) = Y . If x ∈ X2 then |x| = 2k for

some k. By Lemma 2.1, we have 0 = f(2kx) = 2kf(x) and thus |f(x)| = 2j for some

j ≤ k. On the other hand, 0 = 2jf(x) = f(2jx) and then 2jx = 0, which implies k ≤ j

and |f(x)| = |x|. In particular, f(X2) = X2. Now, for every z ∈ X there are unique

elements x ∈ X2 and y ∈ Y such that z = x + y. In addition, if |x| = 2k and |y| = n

(with n odd) then |z| = 2kn. Since Y ⊆ Rad(β), we get f(z) = f(x + y) = f(x) + f(y)

with |f(x)| = |x| = 2k and |f(y)| = |y| = n. Therefore |f(z)| = 2kn = |z|.

Proposition 2.7. Let (f, β) be a Moufang pair on a finite abelian group (X,+). Then

f restricts to a Moufang permutation on X2 and to an automorphism of Y =
⊕

p>2 Xp.

In particular, f decomposes into a sum of a Moufang permutation of X2 and an auto-

morphism of Y .

Proof. It follows from Lemma 2.6 that f(X2) = X2 and f(Y ) = Y . Since X2 and Y are

subgroups of X, it is straightforward to see that f restricts to a Moufang permutation on

these subgroups. As Y has odd order, f restricts to an automorphism of Y by Corollary

2.2. Also, for every z ∈ X, z = x + y for some unique x ∈ X2 and y ∈ Y . Since

Y ⊆ Rad(β), f(z) = f(x) + f(y), and the proof is complete.

We now prove that if (X,+) is a (not necessarily finite) cyclic group, then every

Moufang permutation on X is an automorphism of X.

Proposition 2.8. Let (X,+) be a cyclic group and let (f, β) be a Moufang pair on

(X,+). Then f is an automorphism of (X,+).

Proof. First, suppose that |X| is finite. If X has odd order, then the result follows from

Corollary 2.2. Let us suppose that X is a cyclic group of order 2mn, where m ≥ 1 and

n is odd. Let a and b be elements of X with |a| = 2m and |b| = n. Since b has odd



6 D. A. S. DE BARROS AND P. VOJTĚCHOVSKÝ

order, b ∈ 2X, and we obtain the cyclic subgroup D = ⟨2a, b⟩ ⊆ 2X ⊆ Rad(β) satisfying

2 = [X : D] ≥ [X : Rad(β)]. By Lemma 2.4, f ∈ Aut(X,+).

Now let X = Z. We again have 2Z ⊆ Rad(β), 2 = [Z : 2Z] ≥ [Z : Rad(β)], and

therefore f ∈ Aut(Z,+) by Lemma 2.4.

Example 2.9. Let X = C2×C2. We have Aut(X) ∼= S3. If f ∈ Mfp(X) then f(0) = 0 by

Lemma 2.1. Hence |Mfp(X)| ≤ 6, Mfp(X) = Aut(X), and there are no proper Moufang

permutations on X.

Next we present a general construction of proper Moufang permutations.

Proposition 2.10. Let (Z,+) be an abelian group and let h ∈ Aut(Z,+) be such that

|h| = 2 and h(2x) = 2x for all x ∈ Z. Let (A,+) be an abelian group with a subgroup S

of index 2. Let X = A× Z. Then f : X → X defined by

f(a, x) =

{
(a, x), if a ∈ S,

(a, h(x)), otherwise,

is a proper Moufang permutation of X and |f | = 2.

Proof. It is easy to see that f is a permutation of X. If a ∈ S, we have f−1(a, x) = (a, x).

If a ∈ A \ S, we have f−1(a, x) = (a, h−1(x)) = (a, h(x)). Hence f−1 = f and |f | = 2

follows from h ̸= 1.

For all (a, x), (b, y) ∈ X, we have β((a, x), (b, y)) = f−1(f(a, x)+f(b, y))−(a+b, x+y).

Since X is an abelian group, β is symmetric.

If a, b ∈ S then, since a+ b ∈ S,

β((a, x), (b, y)) = f−1(f(a, x) + f(b, y))− (a+ b, x+ y)

= f−1((a, x) + (b, y))− (a+ b, x+ y)

= f−1(a+ b, x+ y)− (a+ b, x+ y)

= (a+ b, x+ y)− (a+ b, x+ y)

= (0, 0).

If a ∈ S and b ̸∈ S then, since a+ b ̸∈ S and h2 = 1,

β((a, x), (b, y)) = f−1(f(a, x) + f(b, y))− (a+ b, x+ y)

= f−1((a, x) + (b, h(y)))− (a+ b, x+ y)

= f−1(a+ b, x+ h(y))− (a+ b, x+ y)

= (a+ b, h(x+ h(y)))− (a+ b, x+ y)

= (0, h(x)− x).

If a, b ̸∈ S then, since a+ b ∈ S,

β((a, x), (b, y)) = f−1(f(a, x) + f(b, y))− (a+ b, x+ y)

= f−1((a, h(x)) + (b, h(y)))− (a+ b, x+ y)

= f−1(a+ b, h(x+ y))− (a+ b, x+ y)

= (a+ b, h(x+ y))− (a+ b, x+ y)

= (0, h(x+ y)− (x+ y)).
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To show that β is alternating, note that if a ∈ S then β((a, x), (a, x)) = (0, 0), and if

a ̸∈ S then β((a, x), (a, x)) = (0, h(2x)− 2x) = (0, 2x− 2x) = (0, 0).

For biadditivity, consider β((a, x) + (b, y), (c, z)) = β((a + b, x + y), (c, z)) = (0, ℓ)

and β((a, x), (c, z)) + β((b, y), (c, z)) = (0, r). If a, b, c ∈ S then ℓ = 0 and r = 0 + 0. If

a, b ∈ S and c ̸∈ S then ℓ = h(x + y) − (x + y) and r = h(x) − x + h(y) − y. If a ∈ S,

b ̸∈ S and c ∈ S then ℓ = h(z) − z and r = 0 + h(z) − z. If a ∈ S and b, c ̸∈ S then

ℓ = h(x+ y+ z)− (x+ y+ z) and r = h(x)− x+ h(y+ z)− (y+ z). If a, b ̸∈ S and c ∈ S

then ℓ = 0 and r = h(z)− z+ h(z)− z = 2h(z)− 2z = h(2z)− 2z = 2z− 2z = 0. Finally,

if a, b, c ̸∈ S then ℓ = h(x+ y)− (x+ y) and r = h(x+ z)− (x+ z)+ h(y+ z)− (y+ z) =

h(x+ y)− (x+ y) + 2h(z)− 2z = h(x+ y)− (x+ y). Hence β is biadditive.

For (2), observe that we always have β((a, x), (b, y)) = (0, h(u) − u) for some u ∈ A.

If c ∈ S then β(β((a, x), (b, y)), (c, z)) = β((0, h(u) − u), (c, z)) = (0, 0). If c ̸∈ S, then

β(β((a, x), (b, y)), (c, z)) = β((0, h(u)−u), (c, z)) = (0, h(h(u)−u)−(h(u)−u)) = (0, 2u−
2h(u)) = (0, 0). Hence (2) holds for β.

For (3), we need to check f(β(f3(a, x), (b, y))) = β(f(a, x), f(b, y)). Since |f | = 2,

we have f3 = f . Also, Img(β) ⊆ 0 × X and f(0, x) = (0, x), so all we need to check

is β(f(a, x), (b, y)) = β(f(a, x), f(b, y)). By biadditivity, it is clear that this is the same

as β(f(a, x), f(b, y)− (b, y)) = (0, 0). But f(b, y)− (b, y) either vanishes or it is equal to

(0, h(y)− y). We already showed above that β((c, z), (0, h(y)− y)) = (0, 0).

Hence (f, β) is a Moufang pair on (X,+). Since Img(β) ̸= 0, f is not an automorphism

of (X,+), by Lemma 1.2.

Corollary 2.11. Let (X,+) be a noncyclic abelian 2-group. Then there exist a proper

Moufang permutation on X if and only if |X| ≥ 23.

Proof. The only noncyclic abelian 2-group of order less than 8 is C2 × C2, which has

no proper Moufang permutations by Example 2.9. Suppose that |X| ≥ 23. We will use

Proposition (2.10). Note that any nontrivial abelian 2-group contains a subgroup of index

2.

Suppose that X is elementary abelian, say X = A × C2
2 . Then the mapping h that

flips the two coordinates of C2
2 clearly satisfies all the assumptions of Proposition 2.10.

Suppose that X is not elementary abelian, say X = A× C2m for some positive even

integerm. We claim that the mapping h : C2m → C2m defined by h(x) = (m+1)x satisfies

all assumptions of Proposition 2.10. Since gcd(m+ 1, 2m) = 1, it is an automorphism of

C2m. Since h(1) = m+1 ̸= 1, it is nontrivial. We have h2(x) = (m+1)2x = (m2 +2m+

1)x = x because m2 is divisible by 2m (as m > 0 is even). Finally, h(2x) = (m+1)(2x) =

2mx+ 2x = 2x.

Theorem 2.12. Let (X,+) be a finite abelian group and let X2 be the 2-primary compo-

nent of X. Then Mfp(X) = Aut(X) if and only if either X2 is cyclic or X2 = C2 × C2.

Proof. Suppose that f is a Moufang permutation onX. By Proposition 2.7, f decomposes

into a sum of a Moufang permutation on X2 and an automorphism of Y =
⊕

p>2 Xp.

Conversely, Lemma 2.5 shows how to build a Moufang permutation of X from Moufang

permutations of X2 and Y . In view of Corollary 2.2, it remains to discuss the case of

abelian 2-groups.
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If X = X2 is cyclic or X = C2 × C2 then every Moufang permutation on X is an

automorphism of X, by Proposition 2.8 and Example 2.9. If X is not cyclic and |X2| ≥ 23,

Corollary 2.11 furnishes a proper Moufang permutation on X.

3. Moufang permutations up to conjugation and the corresponding Moufang

loops. It seems to be a difficult problem to calculate Mfp(X,+) even for small abelian

groups. A naive approach is to consider all permutations of X and check each one against

Definition 1.1. (Since Mfp(X,+) is not a subgroup under composition, it does not suffice

to find generators.)

A better approach is to take advantage of some of the properties of Moufang permuta-

tions established in Lemma 2.1, such as f(0) = 0, f(2x) = 2f(x) and f(−x) = −f(x). It

therefore suffices to consider (minimal) subsets S of (X,+) from which (X,+) is obtained

by iterated applications of the operations x 7→ 2x and x 7→ −x. This works well for some

groups (such as groups containing elements of large odd orders) but fails completely for

other groups (such as elementary abelian 2-groups, where one has to take S = X).

Given a Moufang permutation f ∈ Mfp(X,+) and a cyclic group C of order coprime

to 3 such that |f3| divides |C|, the multiplication formula (4) yields the abelian-by-cyclic

Moufang loop C ⋉f X. As usual, from the point of view of the isomorphism types of the

resulting Moufang loops, it suffices to consider Moufang permutations up to conjugation

by Aut(X). Here are the details:

Lemma 3.1. Let (f, β) be a Moufang pair on the abelian group (X,+). Let g be an auto-

morphism of X. Then fg = g−1fg is a Moufang permutation on X with associated biad-

ditive mapping given by βg(x, y) = g−1β(g(x), g(y)). Moreover, Rad(βg) = g−1(Rad(β)).

Proof. We have

βg(x, y) = (fg)−1(fg(x) + fg(y))− (x+ y)

= g−1f−1g(g−1fg(x) + g−1fg(y))− (x+ y)

= g−1f−1(fg(x) + fg(y))− (x+ y)

= g−1[f−1(fg(x) + fg(y))− (g(x) + g(y))] = g−1β(g(x), g(y)).

Since g ∈ Aut(X) and β is symmetric, alternating and biadditive, we immediately see

that βg is also symmetric, alternating and biadditive.

Let us establish (2) for βg. For x, y and z ∈ X,

βg(βg(x, y), z) = βg(g−1β(g(x), g(y)), z)

= g−1β(g(g−1β(g(x), g(y))), g(z))

= g−1β(β(g(x), g(y)), g(z)) = 0,

where the last equality comes from the fact that β satisfies (2).
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We now establish (3). On the one hand, we have

βg(fg(x), fg(y)) = g−1β(g(fg(x)), g(fg(y)))

= g−1β(gg−1fg(x), gg−1fg(y))

= g−1β(fg(x), fg(y))

= g−1fβ(f3g(x), g(y)),

where the last equality follows by (3) for (f, β). On the other hand,

fgβg((fg)3(x), y) = fgg−1β(g(fg)3(x), g(y))

= fgg−1β(gg−1f3g(x), g(y))

= g−1fgg−1β(f3g(x), g(y))

= g−1fβ(f3g(x), g(y)).

Hence (3) holds and (fg, βg) is a Moufang pair on (X,+).

Finally, we have x ∈ Rad(βg) if and only if g−1β(g(x), g(y)) = 0 for every y ∈ X,

which is equivalent to β(g(x), z) = 0 for every z ∈ X. Therefore, x ∈ Rad(βg) if and only

if g(x) ∈ Rad(β).

Lemma 3.2. Let (X,+) be an abelian group, C a cyclic group, (f, β) a Moufang pair on

(X,+) and g ∈ Aut(X,+). Then (f, β) satisfies the condition (5) if and only if (fg, βg)

satisfies the condition (5).

Proof. It suffices to establish the direct implication. Suppose that (5) holds for (f, β). If C

is infinite then (5) clearly holds for (fg, βg), too. Suppose that C is finite. Then f3 divides

|C| and
∑

0≤k<|C| f
3k(x) ∈ Rad(β) for all x ∈ X. Since fg has the same cycle structure as

f , it has the same order as f and so |(fg)3| divides |C|. By Lemma 3.1, we need to check

that
∑

0≤k<|C|(f
g)3k(x) ∈ Rad(βg) = g−1(Rad(β)) for all x ∈ X, which is the same as

g(
∑

0≤k<|C| g
−1f3kg(x)) ∈ Rad(β) for all x ∈ X, that is,

∑
0≤k<|C| f

3kg(x) ∈ Rad(β) for

all x ∈ X, which is true because g permutes X.

Proposition 3.3. Let (X,+) be an abelian group, let C be a cyclic group and let (f, β)

be a Moufang pair on (X,+) such that (5) holds. Let g ∈ Aut(X,+) and let (fg, βg) be

the corresponding Moufang pair. Then (fg, βg) is a Moufang pair on (X,+), (5) holds

for (fg, βg), and the Moufang loops C ⋉f X and C ⋉fg X are isomorphic.

Proof. By Lemma 3.1, (fg, βg) is a Moufang pair on (X,+). By Lemma 3.2, (5) holds for

(fg, βg). Let Q = C ⋉f X and Qg = C ⋉fg X. We shall prove that φ : Q → Qg, defined

by φ(bi, x) = (bi, g−1(x)) is an isomorphism. For every (bi, x), (bj , y) ∈ Q, we get

φ(bi, x)φ(bj , y) = (bi, g−1(x))(bj , g−1(y))

= (bi+j , g−1f−3jgg−1(x) + g−1(y) +
∑

k∈I(i+j,−j)

g−1f−3kgg−1β(gg−1(x), gg−1(y)))

= (bi+j , g−1(f−3j(x) + y +
∑

k∈I(i+j,−j)

f−3kβ(x, y))) = φ((bi, x)(bj , y))

and hence φ is a homomorphism. The mapping is obviously onto and one-to-one.
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Example 3.4. Let X = C3
2 . There are 252 Moufang permutations on X, including 168

Moufang permutations contained in Aut(X) ∼= GL3(F2). Up to conjugation by Aut(X),

there are 9 Moufang permutations f1, . . . , f9, including 6 automorphisms of X. They

have cycle structures 18, 1621, 1422, 1223, 122141, 1232, 1261, 1171 and (again) 1171,

respectively. Since the multiplication formula (4) depends only on f3, we clearly have

f3
1 = f3

6 and we coincidentally also have f3
4 = f3

7 , it suffices to keep f1, . . . , f5, f8 and f9.

Let us construct all Moufang loops C2⋉f X up to isomorphism. In order to apply the

multiplication formula (4), we can only consider f ∈ Mfp(X) such that |f3| divides |C2| =
2. This eliminates f5, f8 and f9, leaving f1, . . . , f4. These four permutations happen

to yield four pairwise nonisomorphic Moufang loops: the group C4
2 , the nonassociative

Moufang loop MoufangLoop(16,1), the group C2×D8, and MoufangLoop(16,4), in this

order. Here, MoufangLoop(n,m) denotes the mth Moufang loop of order n as cataloged

in the GAP [4] package LOOPS [8].

Remark 3.5. The converse of Proposition 3.3 does not hold. There are two Moufang

permutations on X = C2 ×C4 (both of order 2, one is a transposition and the other is a

product of three independent transpositions) that are not conjugate by an automorphism

of X yet yield isomorphic Moufang loops with C = C2.

(X,+) m 2 4 8 10 14 16 20 22 26 28 32 34 38 40 44 46 50

C4 × C2 3 3 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2
C3

2 3 2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2
C8 × C2 6 4 3 2 4 4 2 3 4
C4 × C2

2 26 17 11 11 17 17 11 11 17
C4 × C4 10 7 3 3 7 7 3 3 7
C4

2 8 5 4 4 5 5 4 4 5
C8 × C4 38 28 21 16 28
C16 × C2 12 4 7 6 4
C2

4 × C2 274 150 79 79 150
C8 × C2

2 52 36 27 22 36
C4 × C3

2 201 115 74 76 115
C20 × C2 12 4 3 3 4
C10 × C2

2 12 4 3 3 4

Table 1. Proper Moufang permutations up to conjugation and the corresponding Moufang loops
up to isomorphism.

In Table 1 we collect some computational results on Moufang permutations and the

corresponding Moufang loops. In the first column we list some small abelian groups

(X,+). In the second column we give the number m of proper Moufang permutations on

X up to the action of the automorphism group of X. In the remaining columns labeled

by n, we give the number of isomorphism types of loops Cn⋉f X, where X is the abelian

group from column one and f is one of the Moufang permutations enumerated in column

2.

4. The elementary abelian case. In this section we have a look at Moufang permu-

tations over small elementary abelian groups. In view of Theorem 2.12, the only case of

interest are the groups Zn
2 .
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4.1. Symmetric alternating biadditive mappings up to equivalence. Let F be

a field and V = Fn = ⟨e1, . . . , en⟩ a vector space of dimension n over F . We start with

some results concerning the classification of symmetric alternating biadditive mappings

β : V × V → V satisfying Img(β) ⊆ Rad(β) up to the action of GL(V ) given by

βg(x, y) = g−1β(gx, gy),

where g ∈ GL(V ) and x, y ∈ V . Recall that Rad(βg) = g−1(Rad(β)).

Lemma 4.1. Let F be a prime field, V = Fn = ⟨e1, . . . , en⟩ and R = ⟨e1, . . . , er⟩ for some

0 ≤ r ≤ n. A mapping β : V × V → V is symmetric, alternating, biadditive and satisfies

Img(β) ⊆ R ⊆ Rad(β) if and only if β(ei, ej) = β(ej , ei) ∈ R for all 1 ≤ i, j ≤ n,

β(ei, ei) = 0 for all 1 ≤ i ≤ n, β(ei, ej) = 0 for all 1 ≤ i ≤ r, 1 ≤ j ≤ n, and

β(
∑n

i=1 xiei,
∑n

j=1 yjej) =
∑

1≤i,j≤n xiyjβ(ei, ej) for all xi, yi ∈ F .

Proof. The direct implication is clear. For the converse implication, everything is clear ex-

cept perhaps the alternating property. With i ̸= j we have xixjβ(ei, ej)+xjxiβ(ej , ei) =

(xixj + xjxi)β(ei, ej) = 0 thanks to symmetry. Hence β(
∑

i xiei,
∑

j xjej) =

=
∑

i,j xixjβ(ei, ej) =
∑

i<j(xixjβ(ei, ej)+xjxiβ(ej , ei))+
∑

i xixiβ(ei, ei) = 0+0 = 0.

In the situation of Lemma 4.1 we say that R = ⟨e1, . . . , er⟩ is the designated image

and radical of β. It can of course happen that Img(β) is properly contained in R and/or

Rad(β) properly contains R, depending on the values β(ei, ej) with i, j > r.1

Let β : V ×V → V be a symmetric alternating mapping satisfying Img(β) ⊆ Rad(β).

Let r be the dimension of Rad(β). Since GL(V ) acts transitively on r-dimensional sub-

spaces of V , we can assume without loss of generality that Rad(β) = ⟨e1, . . . , er⟩. We

must have r > 0, else Img(β) ⊆ Rad(β) = 0 yields β = 0 and Rad(β) = V , a contra-

diction. We must also have r ̸= n − 1, else β(en, ei) = 0 for all 1 ≤ i ≤ n − 1 but also

β(en, en) = 0 and so en ∈ Rad(β), a contradiction. Ignoring the zero mapping (with

r = n), we can therefore assume that r ∈ {1, . . . , n− 2} and n ≥ 3.

Let now F = F2 be the two-element field.

Dimension n = 3. We can assume that r = 1, Rad(β) = ⟨e1⟩ and Img(β) = ⟨e1⟩. Hence

β is determined on the basis by

e1 e2 e3
e1 0 0 0

e2 0 0 a

e3 0 a 0

for some 0 ̸= a ∈ Img(β). Since Img(β) = {0, e1}, we have a = e1, obtaining the mapping

β3,1 of Table 2.

1Our terminology is motivated by that of coding theory, where BCH codes with designated
distance d are constructed so that their distance is guaranteed to be at least d but it might
exceed d.
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Dimension n = 4. We have r ∈ {1, 2}. Suppose that r = 1 and Rad(β) = ⟨e1⟩, so again

Img(β) = ⟨e1⟩. Then β is determined by

e1 e2 e3 e4
e1 0 0 0 0

e2 0 0 a b

e3 0 a 0 c

e4 0 b c 0

If a = b = 0 then e2 ∈ Rad(β), a contradiction. Consider the element g ∈ GL(V )

determined by g(e1) = e1, g(e2) = e2, g(e3) = e4 and g(e4) = e3. Then βg(e2, e3) =

g−1β(ge2, ge3) = g−1β(e2, e4) = β(e2, e4) and Rad(βg) = g−1(Rad(β)) = Rad(β). We

can therefore assume that a = β(e2, e3) ̸= 0, so a = e1. If b = c = 0 then e4 ∈ Rad(β),

a contradiction. If b = e1 and c = 0 then e3 + e4 ∈ Rad(β), since β(e3 + e4, ei) =

β(e3, ei) + β(e4, ei) ∈ {0 + 0, e1 + e1} = {0}. If b = 0 and c = e1 then e2 + e4 ∈ Rad(β).

Finally, if b = c = e1 then e2 + e3 + e4 ∈ Rad(β). Hence there is no solution for r = 1.

Suppose that r = 2 and Img(β) ⊆ Rad(β) = ⟨e1, e2⟩. Then β is of the form

e1 e2 e3 e4
e1 0 0 0 0

e2 0 0 0 0

e3 0 0 0 a

e4 0 0 a 0

for some a ∈ ⟨e1, e2⟩. The group GL(⟨e1, e2⟩) ≤ GL(V ) fixes ⟨e1, e2⟩ = Rad(β) and

permutes nonzero elements of ⟨e1, e2⟩. We can therefore assume that a = e1, obtaining

the mapping β4,2 of Table 2.

Dimension n = 5. We have r ∈ {1, 2, 3}. If r = 3, a quick argument similar to the case

n = 4 and r = 2 shows that we can take β = β5,3 of Table 2.

Suppose that r = 1. We can take β of the form

e1 e2 e3 e4 e5
e1 0 0 0 0 0

e2 0 0 a b c

e3 0 a 0 d e

e4 0 b a 0 f

e5 0 c e f 0

for some a, b, c, d, e, f ∈ ⟨e1⟩. We cannot have a = b = c = 0 (else e2 ∈ Rad(β)). By

permuting e3, e4 and e5, we can assume that a ̸= 0, so a = e1. Further analysis by

hand is certainly possible but we delegate to a computer. There are 32 possibilities for

the remaining parameters. A computer search shows that the resulting mappings either

violate the condition on the radical, or they are equivalent to the mapping β5,1 of Table

2.
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Finally suppose that r = 2 and Rad(β) = ⟨e1, e2⟩. Then β is of the form

e1 e2 e3 e4 e5
e1 0 0 0 0 0

e2 0 0 0 0 0

e3 0 0 0 a b

e4 0 0 a 0 c

e5 0 0 b c 0

for some a, b, c ∈ ⟨e1, e2⟩. We cannot have a = b = 0, and permuting e4, e5 shows that

we can assume a ̸= 0. Consider an element g ∈ H = GL(⟨e1, e2⟩). Then βg(e3, e4) =

g−1β(ge3, ge4) = g−1β(e3, e4) = g−1(a). Since H acts transitively on 1-dimensional sub-

spaces of ⟨e1, e2⟩, we can assume that a = e1. There are then 16 cases to consider for b

and c. A computer search shows that the resulting mappings either violate the condition

on the radical, or they are equivalent to the mapping β5,2 of Table 2.

β3,1 e1 e2 e3
e1 0 0 0

e2 0 0 e1
e3 0 e1 0

β4,2 e1 e2 e3 e4
e1 0 0 0 0

e2 0 0 0 0

e3 0 0 0 e1
e4 0 0 e1 0

β5,1 e1 e2 e3 e4 e5
e1 0 0 0 0 0

e2 0 0 e1 0 0

e3 0 e1 0 0 0

e4 0 0 0 0 e1
e5 0 0 0 e1 0

β5,2 e1 e2 e3 e4 e5
e1 0 0 0 0 0

e2 0 0 0 0 0

e3 0 0 0 e1 0

e4 0 0 e1 0 e2
e5 0 0 0 e2 0

β5,3 e1 e2 e3 e4 e5
e1 0 0 0 0 0

e2 0 0 0 0 0

e3 0 0 0 0 0

e4 0 0 0 0 e1
e5 0 0 0 e1 0

Table 2. All nonzero symmetric alternating biadditive mappings β : V × V → V satisfying
Img(β) ⊆ Rad(β), up to the action of GL(V ), with V = Fn

2 and 1 ≤ n ≤ 5.

4.2. Moufang permutations with a prescribed biadditive mapping.

Proposition 4.2. Let p be a prime. Suppose that F = Fp, X = Fn = ⟨e1, . . . , en⟩ and

(f, β) is a Moufang pair on (X,+). Then

f(

n∑
i=1

xiei) =

n∑
i=1

f(xiei)−
n∑

i=1

n∑
j=i+1

f(xixjβ(ei, ej)) (6)

for every xi ∈ Fp. Moreover,

f(

n∑
i=1

xiei) =

n∑
i=1

xif(ei)−
n∑

i=1

n∑
j=i+1

xixjfβ(ei, ej). (7)

Proof. Recall that β(x, y) = f−1(f(x)+f(y))−(x+y), so β(x, y)+(x+y) = f−1(f(x)+

f(y)) and f(β(x, y) + (x + y)) = f(x) + f(y). Since Img(β) ⊆ Rad(β) and f(u + v) =
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f(u)+f(v) whenever u ∈ Rad(β), by Lemma 2.1, we have fβ(x, y)+f(x+y) = f(x)+f(y),

and thus

f(x+ y) = f(x) + f(y)− fβ(x, y). (8)

Using the identity (8) repeatedly, we obtain

f(

n∑
i=1

xiei) = f(

n−1∑
i=1

xiei + xnen) = f(

n−1∑
i=1

xiei) + f(xnen)− fβ(

n−1∑
i=1

xiei, xnen)

= f(

n−2∑
i=1

xiei) + f(xn−1en−1)− fβ(

n−2∑
i=1

xiei, xn−1en−1)

+ f(xnen)− fβ(

n−1∑
i=1

xiei, xnen).

Continuing in this fashion and using biadditivity of β, we get

f(

n∑
i=1

xiei) =

n∑
i=1

f(xiei)−
n−1∑
j=1

f(

j∑
i=1

xixj+1β(ei, ej+1)).

Since every summand xixj+1β(ei, ej+1) is in Img(β) ⊆ Rad(β), we have

n−1∑
j=1

f(

j∑
i=1

xixj+1β(ei, ej+1)) =

n−1∑
j=1

j∑
i=1

f(xixj+1β(ei, ej+1)).

To finish the proof of (6), it suffices to note that {(i, j + 1) : 1 ≤ j ≤ n− 1, 1 ≤ i ≤ j} =

{(i, j) : 1 ≤ i ≤ n, i+ 1 ≤ j ≤ n}.
If p is odd then f ∈ Aut(V,+) by Theorem 2.12 and f(xiei) = xif(ei). If p = 2, note

that f(xiei) = xif(ei) obviously holds when xi = 1 and it also holds when xi = 0 since

f(0) = 0 by Lemma 2.1.

Lemma 4.3. Let X = Fn
2 = ⟨e1, . . . , en⟩ and let (f, β) be a Moufang pair on (X,+) such

that Rad(β) = ⟨e1, . . . , er⟩. Then {f(e1), . . . , f(en)} is a basis of X.

Proof. The formula (7) together with Lemma 2.1 show that the image of f if con-

tained in Rad(β)+ ⟨f(e1), . . . , f(en)⟩. Since f restricts to an automorphism on Rad(β) =

⟨e1, . . . , er⟩, we must have Rad(β) = ⟨f(e1), . . . , f(er)⟩. Thus we conclude X = Img(f) ⊆
⟨f(e1), . . . , f(en)⟩.

Proposition 4.4. Let 0 ≤ r ≤ n, X = Fn
2 = ⟨e1, . . . , en⟩ and R = ⟨e1, . . . , er⟩. Sup-

pose that β is a symmetric alternating biadditive map with designated image and radical

R. Let {f(ei) : 1 ≤ i ≤ n} be chosen so that {f(e1), . . . , f(er)} is a basis of R and

{f(e1), . . . , f(en)} is a basis of X. Suppose that f(
∑

xiei) is defined by (7). Then f per-

mutes X, f(x+y) = f(x)+f(y) whenever {x, y}∩R ̸= ∅, (1) holds and (2) holds. Hence

(f, β) is a Moufang pair if and only if (3) holds. In fact, (f, β) is a Moufang pair if and

only if (3) holds for all x, y ∈ {e1, . . . , en}.

Proof. The formula (7) with x = 0 yields f(0) = 0, and then with x = ek it yields

f(ek) − fβ(ek, ek) = f(ek) − f(0) = f(ek), so the mapping f is well-defined. Suppose

that x =
∑

xiei ∈ R and y =
∑

yiei. Then f(x + y) =
∑

i(xi + yi)f(ei) −
∑

i<j(xi +
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yi)(xj+yj)fβ(ei, ej), while f(x)+f(y) =
∑

i xif(ei)−
∑

i<j xixjfβ(ei, ej)+
∑

i yif(ei)−∑
i<j yiyjfβ(ei, ej). We claim that xiyjfβ(ei, ej) = 0 for all i < j. Indeed, if i > r then

xi = 0 and if i ≤ r then β(ei, ej) = 0 and hence fβ(ei, ej) = 0. Similarly, xjyiβ(ei, ej) = 0

for all i < j. Hence f(x+ y) = f(x) + f(y).

In particular, f restricts to an automorphism of R. To show that f permutes X, it

suffices to prove that f is onto X. Let z ∈ X and write z = z′ + z′′, where z′ ∈ R and

z′′ ∈ ⟨er+1, . . . , en⟩. Since {f(ei) : 1 ≤ i ≤ n} is a basis of X, there is x =
∑

xiei such

that
∑

xif(ei) = z′′. Then f(x) = z′′ + u for some u ∈ R. Now, z′ − u ∈ R and therefore

f(x+ f−1(z′ − u)) = f(x) + ff−1(z′ − u) = z′′ + u+ z′ − u = z.

The condition (1) holds if and only if f(β(x, y)+x+y) = f(x)+f(y) for all x, y ∈ X.

Since β(x, y) ∈ R, we need to check that fβ(x, y)+f(x+y) = f(x)+f(y). The left hand

side is equal to
∑

i,j xiyjfβ(ei, ej)+
∑

i(xi + yi)f(ei)−
∑

i<j(xi + yi)(xj + yj)fβ(ei, ej),

while the right hand side is equal to
∑

i(xi + yi)f(ei)−
∑

i<j(xixj + yiyj)fβ(ei, ej). We

therefore need to check that
∑

i,j xiyjfβ(ei, ej)−
∑

i<j(xiyj +yixj)fβ(ei, ej) = 0, which

holds since β is symmetric and alternating.

Condition (2) holds because we are assuming Img(β) ⊆ R ⊆ Rad(β).

Suppose that (3) holds whenever {x, y} ⊆ {e1, . . . , en}. We need to verify that it then

holds for all x, y ∈ X. Let us write f(ei) =
∑

k fikek for suitable scalars fik. Calculating

modulo R we have f(
∑

i xiei) ≡
∑

i xif(ei) =
∑

i xi

∑
k fikek =

∑
k(
∑

i xifik)ek. Rein-

dexing, we have f(
∑

i xiei) ≡
∑

i(
∑

k xkfki)ei. Then f2(
∑

xiei) ≡ f(
∑

i(
∑

k xkfki)ei) =∑
i(
∑

ℓ,k xkfkℓfℓi)ei and finally f3(
∑

xiei) ≡
∑

i(
∑

m,ℓ,k xkfkℓfℓmfmi)ei.

Thus fβ(f3x, fy) = f(
∑

i,j

∑
m,ℓ,k xkfkℓfℓmfmiyjβ(ei, ej)) and the coefficient at

β(ei, ej) is
∑

m,ℓ,k xkfkℓfℓmfmiyj . On the other hand, by our assumption, β(fx, fy) =

β(
∑

i xif(ei),
∑

j yjf(ej)) =
∑

i,j xiyjβ(f(ei), f(ej)) =
∑

i,j xiyjfβ(f
3(ei), ej). Apply-

ing the above formula for f3(x) in the special case of x = eu we conclude that f3(eu) ≡∑
i,m,ℓ fuℓfℓmfmiei and upon reindexing we obtain f3(ei) ≡

∑
u,m,ℓ fiℓfℓmfmueu. Hence

β(fx, fy) =
∑
i,j

xiyjfβ(f
3(ei), ej) =

∑
i,j

xiyjfβ(
∑
u,m,ℓ

fiℓfℓmfmueu, ej)

= f(
∑
i,j

xiyj
∑
u,m,ℓ

fiℓfℓmfmuβ(eu, ej)).

In this expression the coefficient at β(eu, ej) is equal to
∑

i,m,ℓ xifiℓfℓmfmuyj and this

agrees with the above coefficient upon reindexing.

We can now calculate Mfp(X) for X = Ck
2 somewhat efficiently. First, we find all

symmetric alternating biadditive mapping β : X × X → X with Img(β) ⊆ Rad(β)

up to the action of GLk(2) as in Subsection 4.1. For a given β : X × X → X with

Img(β) ⊆ Rad(β) = ⟨e1, . . . , er⟩, we prescribe the values of f on the basis in all possible

ways so that {f(e1), . . . , f(er)} is a basis of ⟨e1, . . . , er⟩ and {f(e1), . . . , f(en)} is a basis

of X. We then extend f to X according to the formula (7). By Proposition 4.4 we obtain

a Moufang pair (f, β), except that we must explicitly check that the condition (3) holds

on a basis.

Following this procedure, a computer search finds 16 Moufang permutations f for

β = β3,1, 224 fs for β4,2, 5056 fs for β5,1, 1408 fs for β5,2 and 6144 fs for β5,3. These
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Moufang permutations can be further filtered by considering the conjugation action of

the stabilizer of β.

Example 4.5. We wish to recover the three proper Moufang permutations on X = F3
2

for the symmetric alternating biadditive mapping β3,1 of Table 2. We have Img(β) =

Rad(β) = ⟨e1⟩. According to (6), such Moufang permutation f must satisfy

f(

3∑
i=1

xiei) =

3∑
i=1

xif(ei) + x2x3f(e1).

We must also have f(0) = 0, f(e1) = e1 and {f(e1), f(e2), f(e3)} must be a basis of X.

There are thus 6 · 4 = 24 possible choices of f(e2) and f(e3). If we choose f(e2) = e2
and f(e3) = e3, formula (6) yields the transposition (e2 + e3, e1 + e2 + e3). If we choose

f(e2) = e1+ e2 and f(e3) = e1+ e3, we get the permutation (e2, e1+ e2)(e3, e1+ e3)(e2+

e3, e1 + e2 + e3). Finally, towards the last nonconjugate Moufang permutation, we can

choose f(e2) = e3 and f(e3) = e2+e3, obtaining (e2, e3, e2+e3, e1+e2, e1+e3, e1+e2+e3).

Acknowledgments. P. Vojtěchovský supported by the Simons Foundation Mathemat-

ics and Physical Sciences Collaboration Grant for Mathematicians no. 855097.

References
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