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Abstract. Moufang permutations are certain permutations on an abelian group X that differ
from an automorphism of X by a symmetric alternating biadditive mapping. It is known that
every finite split abelian-by-cyclic 3-divisible Moufang loop is obtained from a Moufang per-
mutation of the abelian normal subgroup. In this paper we investigate Moufang permutations
for small abelian groups. We prove that a finite abelian group X possesses non-automorphic
Moufang permutations if and only if the 2-primary component of X is of order more than four
and is not cyclic. The automorphism group of X acts by conjugation on the set of Moufang
permutations of X and the orbits of this action provide a partial answer to the corresponding
isomorphism problem. We explicitly find all Moufang permutations for small abelian groups,
including small elementary abelian 2-groups.

1. Introduction. A loop is a nonempty set ) with a binary operation - and a neutral
element 1 € @ such that for every a, b € @) the equations az = b and ya = b have unique
solutions z, y € @, respectively. Given a loop @), we say that a subset H C @ is a subgroup
of @ if H is an associative subloop of Q.

A loop Q is a Moufang loop if ((xz)x)y = x(z(zy)) holds for every z,y,z € Q. By
Moufang’s Theorem [7], if three elements of a Moufang loop @ associate (in some order)
then they generate a subgroup of Q. In particular, Moufang loops are diassociative, that
is, any two elements generate a subgroup.

In [2], the authors started a systematic study of abelian-by-cyclic Moufang loops, that
is, Moufang loops ) with an abelian normal subgroup X such that C' = Q/X is cyclic.
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A systematic survey of related literature can be found in the introduction of [2]. Here we
wish to highlight at least the papers [1, 3, 5, 6].
The following concept is key for the study of abelian-by-cyclic Moufang loops.

DEFINITION 1.1 (Definition 1.2,[2]). Let (X,4+) be an abelian group. A permutation f
on X is a Moufang permutation on (X, +) if the mapping 5 : X x X — X defined by

Blz,y) = fH(f(2) + fy) —z—y (1)
is (symmetric) alternating and biadditive,
B(B(z,y),2z) =0 (2)

holds for all all z,y,z € X, and

B(f(x), f(y)) = F(B(f*(x),y)) (3)

holds for all z,y € X.

When f is a Moufang permutation and f is defined by (1), we call § the biadditive
mapping associated with f and the tuple (f, 8) a Moufang pair. We denote by Mfp(X, +)
the set of all Moufang permutations on (X, +).

Note that condition (2) is equivalent to the fact that the image of the symmetric
alternating biadditive mapping 3 is contained in the radical

Rad(8) ={x € X : B(z,y) =0 for all y € X}

of . Also note that Rad(f) is a subgroup of (X, +).

Denote by Aut(X,+) the automorphism group of (X,4). One can easily see from
Definition 1.1 that every f € Aut(X,+) is a Moufang permutation on (X, +) (with zero
associated biadditive mapping) and thus Aut(X,+) € Mfp(X,+). We call a Moufang
permutation on (X, +) proper if it is not an automorphism of (X, +). Here is a charac-
terization of improper Moufang permutations:

LEMMA 1.2. Let (f,B) be a Moufang pair on the abelian group (X,+). The following
conditions are equivalent:

(i) feAu(X,+),

(i) Tmg(f) = 0,

(iii) Rad(f) = X.
Proof. If f € Aut(X,+) then B(x,y) = f~1(f(x) + f(y)) —x —y =0 for all z,y € X
and hence Img(f) = 0. If Img(3) = 0 then certainly Rad(5) = X. Finally, if Rad(8) = X
then 0 = B(z,y) = f~1(f(x) + f(y)) —x —y for all 7,y € X and hence f € Aut(X,+). =

In Section 2 we characterize all finite abelian groups that possess proper Moufang
permutations.

The connections between Moufang permutations and abelian-by-cyclic Moufang loops
are as follows (see [2] for more details).

Let X be an abelian normal subgroup of a Moufang loop (@, -) and let us denote the
operation (X, -) also by (X,+). For a € Q, let f be the restriction of the “conjugation”
x— a lza to X. Then f is a Moufang permutation on (X, +).
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For i,j € Z let
0, if i =j,
I(Gi,5) =14 {i,i+1,...,5—1}, ifi<j,
(g + 101}, ifj <
If (X, +) is an abelian group, (f, 8) a Moufang pair on (X, +) and C = (b) a cyclic group,
then the formula

(t2)- &) = (B9 @y Y THB) (4)
ke[(i“"j»*]‘)
correctly defines a multiplication on C' x X if and only if

either C is infinite, 5
or C'is finite, | f?| divides |C| and Y55y ¢ f**(z) € Rad(B) for all z € X. (5)

(The last part of condition (5) holds for instance when C' is finite, |f?| divides |C| and
Rad(B) has no elements of order 3.) In that case the resulting groupoid is in fact a
Moufang loop, denoted by

Q:C[X(fS’B)X or Q:C[XfX

that contains the normal abelian subgroup 1 x X such that @/(1 x X) is isomorphic to
C.

All abelian-by-cyclic Moufang loops @ = CX in which both C and X are 3-divisible
are homomorphic images of the loops C x s 5y X. If Q is also split, it is isomorphic to
C % (g3 3) X for a suitable Moufang permutation f of (X, +).

In Section 3 we construct all Moufang permutations on small abelian groups (X, +).
We show that if two Moufang permutations on (X, +) are conjugate by an automorphism
of (X,+) and if C is fixed, then the corresponding Moufang loops are isomorphic. It
therefore suffices to consider Moufang permutations Mfp(X,+) up to the conjugation
action of the group Aut(X,+).

It is rather difficult to calculate the sets Mfp(X,+) even for small abelian groups
(X,4). Let V be a vector space over the two-element field. In Section 4 we develop a
mini-theory of symmetric alternating biadditive mappings 8 : V x V. — V satisfying
Img(5) € Rad(p) in order to push the calculation of Moufang permutations little bit
further in the case of elementary abelian 2-groups.

2. Groups with proper Moufang permutations. Our goal here is to characterize all
finite abelian groups (X, +) with proper Moufang permutations. Throughout this section,
let (X,4) be an abelian group and C,, a cyclic group of order n.

We note in passing that Mfp(X,+) does not have to be a subgroup of the symmetric
group on X. For instance, there are two Moufang permutations on X = C§ whose product
is not a Moufang permutation on X.

We start by recalling the following result of [2]:

LEMMA 2.1 (Lemma 9.1,[2]). Let (X,+) be an abelian group, (f,5) a Moufang pair on
(X,4+) and i an integer. Then:
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(i) f(0) =0, f(2z) =2f(x) and f(—x) = —f(z) for allz € X,
(i1) Tmg(8) C Rad(8), 2X C Rad(8) and 2lmg(8) = 0,
(iii) f* permutes both Rad(83) and Img(f3),
(iv) fi(z+y) = f'(z)+ f(y) whenever {x,y} NRad(B) # 0,
(v) f? restricts to an automorphism of Rad ().

COROLLARY 2.2. Let (X,+) be an abelian group of odd order. Then every Moufang
permutation on X is an automorphism of X.

Proof. Let f be a Moufang permutation on X. Since X has odd order, the mapping
x +— 2z is a bijection of X. Hence X = 2X C Rad(8) by Lemma 2.1. Then f € Aut(X,+)
by Lemma 1.2. =

LEMMA 2.3. Let (f,B) be a Moufang pair on a nontrivial abelian group (X,+). Then
Rad(p) # 0.

Proof. If Rad(8) = 0 then Img(8) = 0 since Img(8) C Rad(5) by Lemma 2.1. Then
X = Rad(B) = 0 by Lemma 1.2, a contradiction. =

Given a subgroup H of a group G, let [G : H] be the index of H in G.

LEMMA 2.4. Let (f,5) be a Moufang pair on (X,+) with [X : Rad(8)] < 2. Then
Rad(8) = X and f € Aut(X,+).

Proof. Set R = Rad(8). If [X : R] =1 then X = R and, by Lemma 1.2, f € Aut(X, +).
If [X : R] =2 then X = RU (a+ R) for some a € X\R. Let z, y € X. If {z,y} N R # 0,
Lemma 2.1 implies that f(z +y) = f(x) + f(y). Suppose that both 2 and y are in the
coset a + R and write x = a + x; and y = a + y; for some z1,y; € R. By Lemma 2.1,
we get f(z +y) = fRa+ 21 +y1) = f(20) + f(21 + 1) = 2f(a) + f(z1) + (1) =
(f(a)+ f(z1))+ (f(a)+ f(y1)) = fla+z1)+ flaty1) = f(x)+ f(y), where in the second
step we used 2X C Rad(p). Therefore f € Aut(X,+). m

LEMMA 2.5. Let (X,+), (Y,+) be abelian groups, (f,By) a Moufang pair on (X,+) and
(9,84) a Moufang pair on (Y,+). Define h: X xY — X xY by h(z,y) = (f(z),9(v)).
Then h is a Moufang permutation on X X Y and the associated biadditive mapping B,

satisfies By ((x1, 1), (2, y2)) = (B(x1,22), Bg(y1,y2)) for all x; € X, y; € Y. Moreover,
h e Aut(X xY) if and only if f € Aut(X) and g € Aut(Y).

Proof. This is straightforward but here are the details. Clearly, h is a permutation of
X x Y with h=Y(z,y) = (f~1(2),9 *(y)). Now,
Br((z1,91), (172’.7!2)) h=H(h(ar, y1) + h(@2, 42)) — (21 + 22,91 + 2)
h=H((f(x1), () + (f(w2), 9(y2))) — (21 + 22,51 + y2)
hH((f (1) + fla), 9(u1) + 9(42))) — (21 + @2, 91 + y2)

(f Hf () + f(22)) = (@1 + 22), 97 (9(y1) + 9(32)) — (y1 + 42))
= (Bf(z1,22), Bg(y1,42)),

and then it is straightforward to check that (3}, is alternating and biadditive. For all z; € X
and Yi € Ya /Bh(ﬂh((xlv y1)7 (an y?))’ (133, y3)) = Bh((ﬂf(xla $2)a /Bg(yh yQ))a (1’3, y3)) =
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(Br(Bf(x1,22),23), By(By(y1,y2),y3)) = (0,0), so (2) holds for 3. Finally,

Bz, y1), b, y2)) = Br(f(21), 9(y1)), (F(22), 9(y2)))
r(f(21), f(22)), Bg(9(y1), 9(y2)))
*(21)

= (B
= (f(B(f*(21),22)), 9(B (9 (1), 92)))
= h(Bs(f*(x )71’2) By(9*(y1), y2))

= h(Br((f*(x1), 9% (1)), (x2,42)))

= h(ﬂh(h?)(xlvyl)a (72,92))),

o (3) holds for 8y,. Therefore (h, 8y) is a Moufang pair on X x Y. The last assertion is
clear. m

Denote the order of an element € (X, +) by |z|. In the finite case, for a prime p, let
X, ={z € X : |z| = p* for some k} be the p-primary component of X, and note that
X =@, X, and Aut(X) = P, Aut(X,).

LEMMA 2.6. If (f, B) is a Moufang pair on a finite abelian group (X, +) then |f(z)| = |z]
for every x € X.

Proof. Set X = Xo ®Y, where Y = EBP>2 Xp. As Y has odd order, Y =2Y C 2X C
Rad(8) by Lemma 2.1. Since f restricts to an automorphism of Rad(/5), we conclude that
|f(y)| = |y|, for every y € Y. This implies that f(Y) = Y. If 2 € X, then |z| = 2¥ for
some k. By Lemma 2.1, we have 0 = f(2%x) = 2Ff(x) and thus |f(z)| = 2/ for some
j < k. On the other hand, 0 = 2/ f(x) = f(2/2) and then 2/z = 0, which implies k < j
and |f(x)| = |z|. In particular, f(X2) = X5. Now, for every z € X there are unique
elements * € X, and y € Y such that z = z + y. In addition, if |z| = 2¥ and |y| = n
(with n odd) then |z| = 2¥n. Since Y C Rad(8), we get f(2) = f(z +vy) = f(z) + f(v)
with |f(z)| = |z| = 2* and |f(y)| = |y| = n. Therefore |f(z)| = 2*n = |2|. =

PROPOSITION 2.7. Let (f, ) be a Moufang pair on a finite abelian group (X,+). Then
f restricts to a Moufang permutation on X and to an automorphism of Y = EBP>2 Xp.
In particular, f decomposes into a sum of a Moufang permutation of Xo and an auto-
morphism of Y.

Proof. Tt follows from Lemma 2.6 that f(X3) = X3 and f(Y) =Y. Since X3 and Y are
subgroups of X, it is straightforward to see that f restricts to a Moufang permutation on
these subgroups. As Y has odd order, f restricts to an automorphism of Y by Corollary

2.2. Also, for every z € X, z = x + y for some unique x € X5 and y € Y. Since
Y C Rad(B), f(z) = f(x) + f(y), and the proof is complete. m

We now prove that if (X,+) is a (not necessarily finite) cyclic group, then every
Moufang permutation on X is an automorphism of X.

PROPOSITION 2.8. Let (X,+) be a cyclic group and let (f,5) be a Moufang pair on
(X,4+). Then f is an automorphism of (X, +).

Proof. First, suppose that |X| is finite. If X has odd order, then the result follows from
Corollary 2.2. Let us suppose that X is a cyclic group of order 2™n, where m > 1 and
n is odd. Let a and b be elements of X with |a|] = 2™ and |b| = n. Since b has odd
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order, b € 2X, and we obtain the cyclic subgroup D = (2a,b) C 2X C Rad(3) satisfying
2=[X: D] > [X :Rad(p)]. By Lemma 2.4, f € Aut(X,+).

Now let X = Z. We again have 2Z C Rad(f8), 2 = [Z : 2Z] > [Z : Rad(8)], and
therefore f € Aut(Z,+) by Lemma 2.4. m

EXAMPLE 2.9. Let X = Cy x (3. We have Aut(X) = S3. If f € Mfp(X) then f(0) =0 by
Lemma 2.1. Hence |Mip(X)| < 6, Mfp(X) = Aut(X), and there are no proper Moufang
permutations on X.

Next we present a general construction of proper Moufang permutations.

PROPOSITION 2.10. Let (Z,+) be an abelian group and let h € Aut(Z,+) be such that
|h| =2 and h(2x) = 2z for all x € Z. Let (A,+) be an abelian group with a subgroup S
of index 2. Let X = Ax Z. Then f: X — X defined by

| (a,2), ifa€es,
fla,z) = { (a,h(z)), otherwise,

is a proper Moufang permutation of X and |f| = 2.

Proof. Tt is easy to see that f is a permutation of X. If a € S, we have f~!(a,z) = (a, ).
If a € A\ S, we have f~1(a,z) = (a,h~(z)) = (a,h(x)). Hence f~1 = f and |f]| = 2
follows from h # 1.

For all (a, z), (b,y) € X, we have 8((a, ), (b,y)) = f~1(f(a,z)+f(b,y))—(a+b, xz+y).
Since X is an abelian group, g is symmetric.

If a,b € S then, since a +b € S,

Bl(a,2), (b,y) = 1 (fla,2) + f(by)) — (a+ b,z +y)
=" ((a,2) + (b,y)) = (a+ b,z +y)
=fYa+bz+y) —(a+bzx+y)
=(a+br+y) —(a+bzx+y)
= (0,0).
Ifa € Sandb¢ S then, since a+b¢& S and h? = 1,

fla,z) + f(b,y)) — (a+ bz +y)

B((a, ), (b,y) = f(

(@, 2) + (0, h(y))) — (a+ b,z +)
[ (a

= (a

=(0

Ya+bx+hy) —(a+bz+y)
+b,h(z+h(y)) = (a+bx+y)
h(z) — ).

If a,b ¢ S then, since a +b € S,
B((a,x), (b, y))

FH(f(a,2) + f(by) — (a+ b,z +y)
S (@, k() + (0,h(y)) — (a4 b,z +y)
[ (a

(

(

Ya+bh(z+1y) - (a+bx+y)
=(a+bh(z+y))— (a+bz+y)
= (0,h(z +y) — (z +y)).
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To show that S is alternating, note that if a € S then 5((a, ), (a,z)) = (0,0), and if
a ¢ S then B((a,x), (a,z)) = (0,h(22) — 2z) = (0,22 — 2z) = (0,0).

For biadditivity, consider 5((a,z) + (b,v),(c,2)) = B((a + b,z + y),(c,2)) = (0,£)
and B((a,z), (¢, 2)) + B((b,y), (¢, z)) = (0,r). If a,b,c € S then £ =0 and r =0+ 0. If
a,beSandecg Sthenl =h(z+y) —(z+y)and r = h(z) —x+ h(y) —y. ffa € 5,
b¢g Sand ce Sthen £ =h(z)—zand r =0+ h(z) — 2. If a € S and b,c ¢ S then
{=h(z+y+z)—(z+y+z)andr=h(z)—z+h(y+2)— (y+2). lfa,bZSandce S
then £ =0 and r = h(z) —z+ h(z) — 2 = 2h(z) — 2z = h(2z) — 2z = 2z — 2z = 0. Finally,
ifa,b,cg Sthen ¢ =h(x+y)—(x+y)and r =h(z+2)— (z+2)+h(y+2)— (y+2) =
hz+y)— (xr+y)+2h(z) — 2z = h(x + y) — (x + y). Hence § is biadditive.

For (2), observe that we always have 5((a, ), (b,y)) = (0, h(u) — u) for some u € A.
If ¢ € S then S(5((a, ), (b,y)), (¢, z)) = B((0, h(u) —u),(c,z)) = (0,0). If ¢ & S, then
B(8((a,), (b)), (e ) = B0, h(w)—u), (e, ) = (0, h(h(w) ) — (h(w) —w)) = (0, 2u—
2h(u)) = (0,0). Hence (2) holds for 3.

For (3), we need to check f(B(f3(a,z),(b,y))) = B(f(a,x), f(b,y)). Since |f| = 2,
we have f3 = f. Also, Img(3) € 0 x X and f(0,z) = (0,), so all we need to check
is B(f(a,x), (b,y)) = B(f(a,x), f(b,y)). By biadditivity, it is clear that this is the same
as B(f(a,x), f(b,y) — (b,y)) = (0,0). But f(b,y) — (b,y) either vanishes or it is equal to
(0, h(y) —y). We already showed above that B((c, 2), (0, h(y) —y)) = (0,0).

Hence (f, ) is a Moufang pair on (X, +). Since Img(8) # 0, f is not an automorphism
of (X,+), by Lemma 1.2. =

COROLLARY 2.11. Let (X,+) be a noncyclic abelian 2-group. Then there exist a proper
Moufang permutation on X if and only if | X| > 23.

Proof. The only noncyclic abelian 2-group of order less than 8 is Cy x C5, which has
no proper Moufang permutations by Example 2.9. Suppose that |X| > 23. We will use
Proposition (2.10). Note that any nontrivial abelian 2-group contains a subgroup of index
2.

Suppose that X is elementary abelian, say X = A x C2. Then the mapping h that
flips the two coordinates of C7 clearly satisfies all the assumptions of Proposition 2.10.

Suppose that X is not elementary abelian, say X = A x Cs,, for some positive even
integer m. We claim that the mapping h : Ca,, — Capy, defined by h(z) = (m+1)x satisfies
all assumptions of Proposition 2.10. Since ged(m + 1,2m) = 1, it is an automorphism of
Cam. Since h(1) = m+ 1 # 1, it is nontrivial. We have h?(z) = (m+1)%z = (m? +2m +
1)z =  because m? is divisible by 2m (as m > 0 is even). Finally, h(2z) = (m+1)(2z) =
2mr +2x =2z. =

THEOREM 2.12. Let (X,4) be a finite abelian group and let X be the 2-primary compo-
nent of X. Then Mfp(X) = Aut(X) if and only if either Xa is cyclic or Xo = Cy X Cs.

Proof. Suppose that f is a Moufang permutation on X. By Proposition 2.7, f decomposes
into a sum of a Moufang permutation on X5 and an automorphism of ¥ = EBP>2 Xp.
Conversely, Lemma 2.5 shows how to build a Moufang permutation of X from Moufang
permutations of Xo and Y. In view of Corollary 2.2, it remains to discuss the case of
abelian 2-groups.
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If X = X5 is cyclic or X = C5 x (5 then every Moufang permutation on X is an
automorphism of X, by Proposition 2.8 and Example 2.9. If X is not cyclic and | X5| > 23,
Corollary 2.11 furnishes a proper Moufang permutation on X. m

3. Moufang permutations up to conjugation and the corresponding Moufang
loops. It seems to be a difficult problem to calculate Mfp(X, +) even for small abelian
groups. A naive approach is to consider all permutations of X and check each one against
Definition 1.1. (Since Mfp(X, +) is not a subgroup under composition, it does not suffice
to find generators.)

A better approach is to take advantage of some of the properties of Moufang permuta-
tions established in Lemma 2.1, such as f(0) =0, f(2z) = 2f(z) and f(—x) = —f(x). It
therefore suffices to consider (minimal) subsets S of (X, +) from which (X, +) is obtained
by iterated applications of the operations xz — 2z and z — —x. This works well for some
groups (such as groups containing elements of large odd orders) but fails completely for
other groups (such as elementary abelian 2-groups, where one has to take S = X).

Given a Moufang permutation f € Mfp(X,+) and a cyclic group C of order coprime
to 3 such that |f3| divides |C|, the multiplication formula (4) yields the abelian-by-cyclic
Moufang loop C x y X. As usual, from the point of view of the isomorphism types of the
resulting Moufang loops, it suffices to consider Moufang permutations up to conjugation
by Aut(X). Here are the details:

LEMMA 3.1. Let (f,5) be a Moufang pair on the abelian group (X,+). Let g be an auto-
morphism of X. Then f9 = g~ fg is a Moufang permutation on X with associated biad-
ditive mapping given by B9(x,y) = g~ B(g(x), g(y)). Moreover, Rad(39) = g~*(Rad(B)).

Proof. We have

B9(x,y) = (f9) 1 (f2x) + [ (y) — (x + )
=g ' fgleT fe(@) + 97 foly) — (x +y)
=g ' (fe(x) + f9(y) — (z+y)
=g ' (fale) + f9(y) — (9(x) + 9(v)] = g~ Blg(x), 9(y))-

Since g € Aut(X) and § is symmetric, alternating and biadditive, we immediately see
that 89 is also symmetric, alternating and biadditive.

Let us establish (2) for 89. For z, y and z € X,

BI(B(x,y),2) = B (g Blg(x), 9(v)), 2)
=g "Blglg™ " Bly(x),9(1))), 9(2))
_g_lﬁ(ﬁ( (x),g(y)), (Z) 07

where the last equality comes from the fact that 8 satisfies (2).
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We now establish (3). On the one hand, we have

BI(f9(x), f2(y)) = g~ Bg(f9(2)), 9(f*(v)))
=g 'Blgg~ " fo(x), 997" F9(y))
=g 'B(fg(). fa(y))
=g~ fB(fP9(2), 9()),
where the last equality follows by (3) for (f, ). On the other hand,

FIBI((f)* () y) = fo9~ " Ble(f*)*(2), 9(y))
=97 Blag™ " fPy(x).9(y))
=g ' fag7 B(f19(2), 9(y))
=g ' fB(fPg(x), 9())-
Hence (3) holds and (f9,89) is a Moufang pair on (X, +).

Finally, we have z € Rad(89) if and only if g7'3(g(z),g(y)) = 0 for every y € X,
which is equivalent to 8(g(z),z) = 0 for every z € X. Therefore, x € Rad(89) if and only
if g(x) € Rad(8). m
LEMMA 3.2. Let (X,+) be an abelian group, C a cyclic group, (f,B8) a Moufang pair on
(X,4) and g € Aut(X,+). Then (f,B) satisfies the condition (5) if and only if (f9,39)
satisfies the condition (5).

Proof. 1t suffices to establish the direct implication. Suppose that (5) holds for (f, ). If C
is infinite then (5) clearly holds for (f9, 39), too. Suppose that C is finite. Then f3 divides
[Cland 3 o<y i¢f f3*(z) € Rad(B) for all z € X. Since f9 has the same cycle structure as
f, it has the same order as f and so |(f9)3| divides |C|. By Lemma 3.1, we need to check
that ZOSch‘(fg)?’k(m) € Rad(B9) = g~ '(Rad(p)) for all z € X, which is the same as

9 0<k<|0| g f3*g(z)) € Rad(B) for all z € X, that is, 2 o<k<|C] 3*g(x) € Rad(B) for
all x € X, which is true because g permutes X. m

PROPOSITION 3.3. Let (X, +) be an abelian group, let C' be a cyclic group and let (f, )
be a Moufang pair on (X,+) such that (5) holds. Let g € Aut(X,+) and let (f9,59) be
the corresponding Moufang pair. Then (f9,59) is a Moufang pair on (X,4+), (5) holds
for (f9,9), and the Moufang loops C x s X and C X ¢ X are isomorphic.

Proof. By Lemma 3.1, (f9,89) is a Moufang pair on (X, +). By Lemma 3.2, (5) holds for
(f9,89). Let @ = C x; X and Q9 = C x 9 X. We shall prove that ¢ : Q — Q9, defined
by p(b?, ) = (b',g~1(x)) is an isomorphism. For every (b%,z), (b, y) € Q, we get
Pt 2)p(t,y) = (0, g7 () (V. g7 (1))
=g g @) g )+ Y, g e Blag T (%), 997 ()
keI (it5,—3)
=, g (@) Y+ Y EBy) = o0, 2)(V,y)
keI (i+5,—3)

and hence ¢ is a homomorphism. The mapping is obviously onto and one-to-one. m



10 D. A. S. DE BARROS AND P. VOJTECHOVSKY

EXAMPLE 3.4. Let X = C3. There are 252 Moufang permutations on X, including 168
Moufang permutations contained in Aut(X) 2 GL3(F2). Up to conjugation by Aut(X),
there are 9 Moufang permutations fi,..., fg, including 6 automorphisms of X. They
have cycle structures 18, 1621 1422 1223, 12214! 1232 126!, 1'7! and (again) 1'7!,
respectively. Since the multiplication formula (4) depends only on f2, we clearly have
I3 = f& and we coincidentally also have f§ = f3, it suffices to keep fi,..., f5, fs and fo.

Let us construct all Moufang loops C5 X f X up to isomorphism. In order to apply the
multiplication formula (4), we can only consider f € Mfp(X) such that |f?| divides |Cy| =
2. This eliminates f5, fs and fg, leaving fi,..., fs. These four permutations happen
to yield four pairwise nonisomorphic Moufang loops: the group Cj, the nonassociative
Moufang loop MoufangLoop(16,1), the group Cs x Dg, and MoufangLoop(16,4), in this
order. Here, Moufangloop(n,m) denotes the mth Moufang loop of order n as cataloged
in the GAP [4] package LOOPS [8].

REMARK 3.5. The converse of Proposition 3.3 does not hold. There are two Moufang
permutations on X = Cy x Cy (both of order 2, one is a transposition and the other is a
product of three independent transpositions) that are not conjugate by an automorphism
of X yet yield isomorphic Moufang loops with C = Cs.

(X, +) m 2 4 8 10 14 16 20 22 26 28 32 34 38 40 44 46 50
CyxC 3 3 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2
c3 3 2 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2
CsgxCy 6 4 3 2 4 4 2 3 4

CyxC3 26 17 11 11 17 17 11 11 17

CyxCy 10 7 3 3 7 7 3 3 7

Ccy 8 5 4 4 5 5 4 4 5

CsxCy 38 28 21 16 28

C16><Cg 12 4 7 6 4

C?xCy 274 150 79 79 150

Cs xC2 52 36 27 22 36

CyxCy 201 115 74 76 115

CQQXCQ 12 4 3 3 4
CioxCZ 12 4 3 3 4

Table 1. Proper Moufang permutations up to conjugation and the corresponding Moufang loops
up to isomorphism.

In Table 1 we collect some computational results on Moufang permutations and the
corresponding Moufang loops. In the first column we list some small abelian groups
(X,+). In the second column we give the number m of proper Moufang permutations on
X up to the action of the automorphism group of X. In the remaining columns labeled
by n, we give the number of isomorphism types of loops C), x ¢ X, where X is the abelian
group from column one and f is one of the Moufang permutations enumerated in column

2.

4. The elementary abelian case. In this section we have a look at Moufang permu-
tations over small elementary abelian groups. In view of Theorem 2.12, the only case of
interest are the groups Z3.
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4.1. Symmetric alternating biadditive mappings up to equivalence. Let F be
a field and V = F™ = (ey,...,e,) a vector space of dimension n over F. We start with
some results concerning the classification of symmetric alternating biadditive mappings
B:V xV — V satisfying Img(8) C Rad(8) up to the action of GL(V') given by

B (a,y) = g~ Blg, gy),
where g € GL(V) and z,y € V. Recall that Rad(9) = g~ }(Rad(3)).

LEMMA 4.1. Let F be a prime field, V = F™ = (e1,...,e,) and R = (ey,...,e.) for some
0<r<mn. Amapping B:V xV — V is symmetric, alternating, biadditive and satisfies
Img(8) € R C Rad(B) if and only if B(ei,e;) = B(ej,e;) € R for all 1 < 4,5 < n,
B(ei,e;) = 0 for all 1 < i < n, Blej,e;) =0 foralll <i<r,1<j<n, and
By it D1 Yi€j) = D1<ijen TiYiB(eis ej) for all zi,y; € F.

Proof. The direct implication is clear. For the converse implication, everything is clear ex-
cept perhaps the alternating property. With ¢ # j we have z;z,8(e;, €;) + xjz:5(e;,€;) =
(zizj + xjzi)B(es,ej) = 0 thanks to symmetry. Hence B(}; wie;, > ;xje;) =
=i jviwiBlei,ej) = 3o (wiwiBles, e5)+a;wiBlej, €))+) 0, viwiP(ei, e;) = 040 =0. =

In the situation of Lemma 4.1 we say that R = {(eq,...,e,) is the designated image
and radical of B. It can of course happen that Img(/3) is properly contained in R and/or
Rad(f) properly contains R, depending on the values B(e;, e;) with 4,5 > r.!

Let 8: V xV — V be a symmetric alternating mapping satisfying Img(5) C Rad(5).
Let r be the dimension of Rad(8). Since GL(V') acts transitively on r-dimensional sub-
spaces of V', we can assume without loss of generality that Rad(8) = (e1,...,e,). We
must have r > 0, else Img(8) C Rad(8) = 0 yields 8 = 0 and Rad(8) = V, a contra-
diction. We must also have r # n — 1, else (en,e;) = 0 for all 1 < i < n — 1 but also
Blen,en) = 0 and so e, € Rad(f), a contradiction. Ignoring the zero mapping (with
r =n), we can therefore assume that r € {1,...,n — 2} and n > 3.

Let now F' = Fy be the two-element field.

Dimension n = 3. We can assume that » = 1, Rad(8) = (e1) and Img(3) = (e1). Hence
B is determined on the basis by

€1 €y €3
eq | 0 0 O
€9 0 0 a
€3 0 a 0

for some 0 # a € Img(B). Since Img(B) = {0, e1 }, we have a = e;, obtaining the mapping
5371 of Table 2.

1Our terminology is motivated by that of coding theory, where BCH codes with designated
distance d are constructed so that their distance is guaranteed to be at least d but it might
exceed d.
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Dimension n = 4. We have r € {1,2}. Suppose that » = 1 and Rad(8) = (e1), so again
Img () = (e1). Then S is determined by

€1 €2 €3 €4
eqe| 0 0 0 O
€2 0 0 a b
es| 0 a 0 ¢
€4 0 b c 0

If a = b = 0 then e2 € Rad(8), a contradiction. Consider the element g € GL(V)
determined by g(e1) = e1, g(ea) = e, gles) = e4 and g(es) = e3. Then 9(eq,e3) =
971 B(gez,ges) = g~ Bleaex) = Blea,es) and Rad(8%) = g~' (Rad(8)) = Rad(8). We
can therefore assume that a = B(ea,e3) # 0, s0o a = e1. If b = ¢ = 0 then e4 € Rad(p),
a contradiction. If b = e; and ¢ = 0 then es + e4 € Rad(8), since S(es + eq,€;)
Bles,e;) + Bles,e;) € {0+0,e1 +e1} ={0}. If b =0 and ¢ = e; then ez + e4 € Rad(f).
Finally, if b = ¢ = e; then es 4 e3 + e4 € Rad(8). Hence there is no solution for r = 1.
Suppose that r = 2 and Img(3) C Rad(8) = (e1,e2). Then 8 is of the form

€1 €2 €3 €4
er| 0 0 0 O
e 0 0 0 O
e3| 0 0 0 a
eq | 0 0 a O

for some a € (ey,es). The group GL({e1,e2)) < GL(V) fixes (e1,e2) = Rad(8) and
permutes nonzero elements of (e1, ea). We can therefore assume that a = ey, obtaining
the mapping 342 of Table 2.

Dimension n = 5. We have r € {1,2,3}. If » = 3, a quick argument similar to the case
n =4 and r = 2 shows that we can take 8 = 5 3 of Table 2.

Suppose that » = 1. We can take S of the form

€1 €2 €3 €4 €5
er |0 0 O 0 O
ea |l 0 0 a b ¢
e3| 0 a 0 d e
e4| 0 b a 0 f
es| 0 ¢ e f O

for some a,b,c,d,e, f € (e1). We cannot have a = b = ¢ = 0 (else e3 € Rad(p)). By
permuting ez, e4 and e;, we can assume that a # 0, so a = e;. Further analysis by
hand is certainly possible but we delegate to a computer. There are 32 possibilities for
the remaining parameters. A computer search shows that the resulting mappings either

violate the condition on the radical, or they are equivalent to the mapping 35 ; of Table
2.
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Finally suppose that r = 2 and Rad () = (e1, e2). Then 3 is of the form

€1 €2 €3 €4 €5
e/ 0 0 O 0 O
e2| 0O 0 O 0 O
es| 0 0 0 a b
es] 0 0 a 0 ¢
es| 0O 0 b ¢ O

13

for some a,b,c € (e1,e2). We cannot have a = b = 0, and permuting ey, e5 shows that
we can assume a # 0. Consider an element g € H = GL({e1,ez2)). Then (9 (e3,e4) =
g B(ges, ges) = g 'B(es,e4) = g '(a). Since H acts transitively on 1-dimensional sub-
spaces of (e1,e2), we can assume that a = e;. There are then 16 cases to consider for b

and c. A computer search shows that the resulting mappings either violate the condition

on the radical, or they are equivalent to the mapping S5 o of Table 2.

e1 ey es e

Botler e ea Bap | €1 €2 e3 eq

. 0 0 0 e1 0O 0 0 O

! es |0 0 0 0

es 0 0 e

e 0 e 0 €3 0 0 0 €1

3 ! es |0 0 e O
Bs1 e e e3 es es||fPsal|er e es eq es||Bs3|er ex e3 es es
e1 0O O 0 0 O e1 0O 0O 0 0 o0 e1 O 0 0 0 o0
) 0 0 e 0 O es 0O 0O 0 0 o0 €9 O 0 0 0 o0
es 0 e2 0 0 O e3 0 0 0 e O e3 O 0 0 0 o0
€4 0 0 0 0 €1 €4 0 0 €1 0 €9 €4 0 0 0 0 €1
€5 0 0 0 €1 0 €5 0 0 0 €2 0 €5 0 0 0 €1 0

Table 2. All nonzero symmetric alternating biadditive mappings 8 : V x V. — V satisfying

Img(B) C Rad(8), up to the action of GL(V), with V =F5 and 1 < n < 5.

4.2. Moufang permutations with a prescribed biadditive mapping.

PROPOSITION 4.2. Let p be a prime. Suppose that F =F,, X = F" = (eq,...

(f, B) is a Moufang pair on (X,+). Then

f(z Tie;) = Zf(xiei) - Z Z f(zizjBei, e;))
i=1 i=1 i=1 j=i+1
for every x; € Fy,. Moreover,

f(z a:iei) = Zmzf(ez) — Z Z :L‘ixjfﬁ(ei,ej).

i=1 j=i+1

,€en) and

—~
EN|
~—

Proof. Recall that f(z,y) = f~(f(z) + f(y)) — (x+y), so Bz, y) + (z+y) = 1 (f(2)+
f(y)) and f(B(z,y) + (z +y)) = f(2) + f(y). Since Img(F) € Rad(B) and f(u+v) =
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f(u)+f(v) whenever u € Rad(3), by Lemma 2.1, we have f3(z,y)+f(z+y) = f(x)+f(y),
and thus

fla+y) = flx)+ fly) — [B(z,y). (8)
Using the identity (8) repeatedly, we obtain

n n—1
f(z xvez) = leez +xnen = inez + f mnen fﬂ(z xieiaxnen)
1=1 1=1

= f(z zie;) + f(rn—1€n-1) — fﬁ(z Ti€i, Tp_1€n—1)
1=1 =1

n—1

+ fanen) — fﬂ(z Ti€i, Tpep)-

i=1
Continuing in this fashion and using biadditivity of 3, we get

f(z xiei) = Zf(xiei) - Z f(z $i$j+15(€i,€j+1))-

j=1 =1

Since every summand z;z;110(e;, ej41) is in Img(5) € Rad(5), we have

n—1 J n—1 j
SO mimiaBleiejpn) =Y > flwiwjaBlen ei)).
=1 =1 J=1 i=1

To finish the proof of (6), it suffices to note that {(¢,j+1):1<j<n—-1,1<i<j} =
{(,j):1<i<n,i+1<j<n}

If p is odd then f € Aut(V,+) by Theorem 2.12 and f(z;e;) = x; f(e;). If p = 2, note
that f(x;e;) = x;f(e;) obviously holds when z; = 1 and it also holds when x; = 0 since
f(0) =0 by Lemma 2.1. m

LEMMA 4.3. Let X =F% = (ey,...,e,) and let (f, ) be a Moufang pair on (X,+) such
that Rad(f5) = (e1,...,er). Then {f(e1),..., f(en)} is a basis of X.

Proof. The formula (7) together with Lemma 2.1 show that the image of f if con-
tained in Rad(8)+ (f(e1), ..., f(en)). Since f restricts to an automorphism on Rad(8) =
(e1,...,er), we must have Rad(8) = (f(e1),. .., f(er)). Thus we conclude X = Img(f) C

(fler),..., flen)). m

PROPOSITION 4.4. Let 0 < r < n, X = F} = (e1,...,e,) and R = {ey,...,e.). Sup-
pose that B is a symmetric alternating biadditive map with designated image and radical
R. Let {f(e;) : 1 < i < n} be chosen so that {f(e1),..., f(e,)} is a basis of R and
{f(e1),..., f(en)} is a basis of X. Suppose that f(>_ x;e;) is defined by (7). Then f per-
mutes X, f(z+y) = f(z)+ f(y) whenever {x,y} R # 0, (1) holds and (2) holds. Hence
(f, B) is a Moufang pair if and only if (3) holds. In fact, (f, () is a Moufang pair if and
only if (3) holds for all x,y € {e1,...,en}.

Proof. The formula (7) with x = 0 yields f(0) = 0, and then with & = ¢ it yields

fler) — fBlex,ex) = f(ex) — f(0) = f(ex), so the mapping f is well-defined. Suppose
that * = > ze; € Rand y = > yse;. Then f(x +y) = > (v + i) fer) — >0, (@i +
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yi)(@j+y;) fB(ei e5), while f(z)+f(y) = 32, wif(ei) =2 mix; [ B(ei, e5)+ > yif(ei) —
> ici YiyifB(ei, ;). We claim that z;y; fB(ei, e;) = 0 for all i < j. Indeed, if ¢ > r then
x; = 0 and if ¢ < r then 5(e;, e;) = 0 and hence fG(e;, e;) = 0. Similarly, x;y;6(e;, e;) =0
for all ¢ < j. Hence f(z +y) = f(z) + f(y).

In particular, f restricts to an automorphism of R. To show that f permutes X, it
suffices to prove that f is onto X. Let 2 € X and write z = 2’ + 2", where 2’ € R and
2" € (ert1,...,en). Since {f(e;) : 1 <14 < n} is a basis of X, there is x = > x;e; such
that > ax;f(e;) = 2. Then f(z) = z” + u for some u € R. Now, 2/ —u € R and therefore
fla+ 1 —w) = fla) + [ —u)=2"+u+2 —u=z

The condition (1) holds if and only if f(5(z,y)+z+vy) = f(z)+ f(y) for all z,y € X.
Since S(z,y) € R, we need to check that f5(z,y)+ f(x+y) = f(x)+ f(y). The left hand
side is equal to >, - zy; fB(es e5) + > (@i +yi) fle:) — D>, (@i + i) (@5 +y;) [ Bles, e5),
while the right hand side is equal to >, (z; +ys) f(e:) — >2,;(zizj +yiy;) fB(ei, e5). We
therefore need to check that Zi,j ziy; fB(ei, e5) — ZKj(ziyj +y;x;)fB(e;, e;) = 0, which
holds since § is symmetric and alternating.

Condition (2) holds because we are assuming Img(8) C R C Rad(f).

Suppose that (3) holds whenever {z,y} C {e1,...,e,}. We need to verify that it then
holds for all z,y € X. Let us write f(e;) = >, fixer for suitable scalars f;,. Calculating
modulo R we have f(3, wie;) = >, xif(ei) = > xi >y fiver = 2, (D, Tifix)er. Rein-
dexing, we have f (32, zie;) = 32,30, wx fri)es- Then f2(3wies) = f(O0,(, anfries) =
Sk anfrefe)ei  and  finally 3 wie) = 3,00, 0k T Srefom mi)ei
Thus fB(f3z, fy) = f(Z” ij?k T fre fom fmiyjB(eie;)) and the coefficient at
Blei, ej) is Zm,z,k 2 fre fom fmiyj. On the other hand, by our assumption, 5(fz, fy) =
5(21 z; f(ei), Zj y;f(ej)) = Zm‘ ziy; B(f(e), flej)) = Zm‘ xiyjfﬁ(f?)(ei)v ej). Apply-
ing the above formula for f3(x) in the special case of x = e, we conclude that f3(e,) =
Zi,m,l futfom fmie; and upon reindexing we obtain f3(e;) = Zu -y fiefom fmuew. Hence

fx fy Z,Izy]fﬂ qu,yjfﬁ Z fz@fﬁmfmueuaej)

u,m,l

=f szy] Z fzéfimfmuﬂ(euyej))
wu,m, b
In this expression the coefficient at B(ey,e;) is equal to Y, , @i fie fem fmuy; and this
agrees with the above coefficient upon reindexing. m

We can now calculate Mfp(X) for X = C} somewhat efficiently. First, we find all
symmetric alternating biadditive mapping f : X x X — X with Img(5) C Rad(5)
up to the action of GLk(2) as in Subsection 4.1. For a given § : X x X — X with
Img(5) C Rad(B) = {e1,...,e,), we prescribe the values of f on the basis in all possible
ways so that {f(e1),..., f(er)} is a basis of (e1,...,e.) and {f(e1),..., f(en)} is a basis
of X. We then extend f to X according to the formula (7). By Proposition 4.4 we obtain
a Moufang pair (f, 8), except that we must explicitly check that the condition (3) holds
on a basis.

Following this procedure, a computer search finds 16 Moufang permutations f for
B = B31, 224 fs for B4 2, 5056 fs for 851, 1408 fs for f52 and 6144 fs for 35 3. These
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Moufang permutations can be further filtered by considering the conjugation action of
the stabilizer of 3.

EXAMPLE 4.5. We wish to recover the three proper Moufang permutations on X = F3
for the symmetric alternating biadditive mapping B3 1 of Table 2. We have Img(5) =
Rad(8) = {e1). According to (6), such Moufang permutation f must satisfy

3 3
f(z Tie;) = Z z; f(e:) + z2ws f(e1).
i=1 i=1
We must also have f(0) =0, f(e1) = e; and {f(e1), f(ez2), f(e3)} must be a basis of X.
There are thus 6 - 4 = 24 possible choices of f(ez) and f(es). If we choose f(e2) = ez
and f(es) = es, formula (6) yields the transposition (ea + e3,e1 + e2 + e3). If we choose
fle2) = e1+eq and f(es) = e1 + e3, we get the permutation (ea, e + e2)(es, e1 +e3)(ea +
es,e1 + ex + e3). Finally, towards the last nonconjugate Moufang permutation, we can
choose f(e3) = e3 and f(e3) = ea+es, obtaining (es, e3, ea+e3, e1+ea, e1+e3,e1+ea+e3).
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