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Q loop
M(Q) = (Lx, Rx; x € Q) multiplication group
1(Q) = {» e M(Q); ¢(1) =1}  inner mapping group

2,(Q) = Z(Q)
Z1(Q)/Zi(Q) = 2(Q/z/(Q)) iterated centra

cd(Q) =min{m; Z,(Q) =1} nilpotency class

N(Q)’ Np(Q), A(Q), Tx, L(X,y) as usual
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Questions

Main problem

Is Q nilpotent when I(Q) is?
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Main problem
Is Q nilpotent when I(Q) is?

Restricted problem
Is Q nilpotent when 1(Q) is abelian?

Ales Dréapal and Petr Vojtéchovsky Loops with commuting inner mappings



Questions

Main problem
Is Q nilpotent when I(Q) is?

Restricted problem
Is Q nilpotent when 1(Q) is abelian?

Q/Z(Q) = 1(Q) when Q is a group.
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Partial answers

Below, Q is finite and 1(Q) is abelian.
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Partial answers

Below, Q is finite and 1(Q) is abelian.
@ Q nilpotent (Kepka, Niemenmaa)
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Partial answers

Below, Q is finite and 1(Q) is abelian.
@ Q nilpotent (Kepka, Niemenmaa)
@ Q CML = cl(Q) < 2 (Bruck)
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Partial answers

Below, Q is finite and 1(Q) is abelian.
@ Q nilpotent (Kepka, Niemenmaa)
® Q CML = cl(Q) < 2 (Bruck)
® QLCC = d(Q) < 2 (Csorgb, Drapal)
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Partial answers

Below, Q is finite and 1(Q) is abelian.
@ Q nilpotent (Kepka, Niemenmaa)
® Q CML = cl(Q) < 2 (Bruck)
® QLCC = d(Q) < 2 (Csorgb, Drapal)
@ Q Moufang p-loop, p > 3 = cl(Q) < 2 (G. Nagy, V.)
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Partial answers

Below, Q is finite and 1(Q) is abelian.
@ Q nilpotent (Kepka, Niemenmaa)
® Q CML = cl(Q) < 2 (Bruck)
® QLCC = d(Q) < 2 (Csorgb, Drapal)
@ Q Moufang p-loop, p > 3 = cl(Q) < 2 (G. Nagy, V.)
@ 3Q,d(Q) =3, |Q| =27 (Csobrgd)
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Partial answers

Below, Q is finite and 1(Q) is abelian.
@ Q nilpotent (Kepka, Niemenmaa)
® Q CML = cl(Q) < 2 (Bruck)
® QLCC = d(Q) < 2 (Csorgb, Drapal)
@ Q Moufang p-loop, p > 3 = cl(Q) < 2 (G. Nagy, V.)
@ 3Q,d(Q) =3, |Q| =27 (Csobrgd)
@ 3 Q Buchsteiner, c(Q) = 3, |Q| = 27 (Csotrgd, Drapal,
Kinyon)
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Partial answers

Below, Q is finite and 1(Q) is abelian.
@ Q nilpotent (Kepka, Niemenmaa)
® Q CML = cl(Q) < 2 (Bruck)
® QLCC = d(Q) < 2 (Csorgb, Drapal)
@ Q Moufang p-loop, p > 3 = cl(Q) < 2 (G. Nagy, V.)
@ 3Q,d(Q) =3, |Q| =27 (Csobrgd)
@ 3 Q Buchsteiner, c(Q) = 3, |Q| = 27 (Csotrgd, Drapal,
Kinyon)

@ there are many loops Q with cl(Q) = 3 (Dréapal, V.)

Ale$ Drapal and Petr Vojtéchovsky Loops with commuting inner mappings



Partial answers

Below, Q is finite and 1(Q) is abelian.
@ Q nilpotent (Kepka, Niemenmaa)
® Q CML = cl(Q) < 2 (Bruck)
® QLCC = d(Q) < 2 (Csorgb, Drapal)
@ Q Moufang p-loop, p > 3 = cl(Q) < 2 (G. Nagy, V.)
@ 3Q,d(Q) =3, |Q| =27 (Csobrgd)
@ 3 Q Buchsteiner, c(Q) = 3, |Q| = 27 (Csotrgd, Drapal,
Kinyon)
@ there are many loops Q with cl(Q) = 3 (Dréapal, V.)
@ 3 Q Moufang, cd(Q) = 3, |Q| = 214 (G. Nagy, V.)
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The first example

Example

Loop C constructed by Cs6rgd using loop folder (G,H, T),
|G| =218, [H| =25, |T| =27,

N(C) = N,(C) elementary abelian group of order 16,
INA(C)] = [NL(C)] = 32,

Z(C) = A(C) cyclic group of order 2,
C/Z(C) a group (not abelian, of course),
C/N(C) is an elementary abelian group
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Central extensions

Definition

Q is an extension of K by F if K 9Q and Q/K = F. The
extension is central if K < Z(Q).
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Central extensions

Q is an extension of K by F if K 9Q and Q/K = F. The
extension is central if K < Z(Q).

A\

Theorem (Central extensions)

Let Q be aloop and K an abelian group. Then Q is a central
extension of K by F = Q/K iff there exists a cocycle
6 :F x F — K such that (K x F,x) given by

(a,x)* (b,y)=(a+b+0(x,y), xy)

is isomorphic to Q.

A\
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Central extensions

Q is an extension of K by F if K 9Q and Q/K = F. The
extension is central if K < Z(Q).

A\

Theorem (Central extensions)

Let Q be aloop and K an abelian group. Then Q is a central
extension of K by F = Q/K iff there exists a cocycle
6 :F x F — K such that (K x F,x) given by

(a,x)* (b,y)=(a+b+0(x,y), xy)

is isomorphic to Q.

A\

The above theorem is of no use when cl(Q) > 3.
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Nuclear extensions

Definition
Extension Q of K by F is nuclear if K < N(Q).
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Nuclear extensions

Definition
Extension Q of K by F is nuclear if K < N(Q).

Lemma (Leong)

Let Q be a loop with a normal subloop K < N(Q). For each

X € Q, define px = Tx|k. Then ¢x € Aut(K), and the mapping
v :Q — Aut(K), X — ¢y is a homomorphism.
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Nuclear extensions

Definition
Extension Q of K by F is nuclear if K < N(Q).

Lemma (Leong)

Let Q be a loop with a normal subloop K < N(Q). For each

X € Q, define px = Tx|k. Then ¢x € Aut(K), and the mapping
¢ : Q — Aut(K), X — ¢y is @ homomorphism.

| \

Theorem (Nuclear extensions of loops)

Let K be an abelian group and Q, F loops. Then Q is a nuclear
extension of K by F iff there exists § : F x F — K and a
homomorphism ¢ : F — Aut(K) such that (K x F, ) given by

(%) % (b,y) = (a+wx(b) +6(x,y), xy)

is isomorphic to Q.

A\
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Greedy algorithm

Let’s go back to the loop C:

The algorithm results in a loop C that is more symmetric than
C.
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Greedy algorithm

Let’s go back to the loop C:
@ A(C)=2Z(C)={1,h}

The algorithm results in a loop C that is more symmetric than
C.
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Greedy algorithm

Let’s go back to the loop C:
@ A(C)=2Z(C)={1,h}
@ split Cayley table of C into blocks according to N(C)

The algorithm results in a loop C that is more symmetric than
C.
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Greedy algorithm

Let’s go back to the loop C:
@ A(C)=2(C)={1,h}
@ split Cayley table of C into blocks according to N(C)
@ try to replace xy with xyh in two diagonally opposite blocks

The algorithm results in a loop C that is more symmetric than
C.
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Greedy algorithm

Let’s go back to the loop C:
@ A(C)=2(C)={1,h}
@ split Cayley table of C into blocks according to N(C)
@ try to replace xy with xyh in two diagonally opposite blocks

@ keep the change that minimizes the number of
nonassociating triples

The algorithm results in a loop C that is more symmetric than
C.

Ale$ Drapal and Petr Vojtéchovsky Loops with commuting inner mappings



Greedy algorithm

Let’s go back to the loop C:
@ A(C)=2(C)={1,h}
@ split Cayley table of C into blocks according to N(C)
@ try to replace xy with xyh in two diagonally opposite blocks

@ keep the change that minimizes the number of
nonassociating triples

@ repeat

The algorithm results in a loop C that is more symmetric than
C.
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Second example

F, ={0,1}

K = (F2)°

Dg = (0, p; 0% = p* = (9p)* = 1)
F= FZ X D8

¢ F — Aut(K)

QD(ApZiO.j(O.p)k)(a, b,C) = (a+ kb +jc, b, C)

0:F xF — K o
0((t, P (ap)), (¢, 2oV (op))) = (€1, 01, )

C= (K x F,x%)
(a,x) = (b,y) = (a+ ¢x(b) +0(x,y), xy)
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Group modifications

@ G agroup
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Group modifications

@ G agroup
o KJAG
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Group modifications

@ G agroup
0 KJIG
® 1:G/K xG/K — G with u(K,xK) = pu(xK,K) =1
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Group modifications

@ G agroup
0 KJIG
® 1:G/K xG/K — G with u(K,xK) = pu(xK,K) =1

X xy = xyu(xK,yK) J
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The setup

@ Z <K < N <G (think: N is nucleus, Z is center)
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The setup

@ Z <K < N <G (think: N is nucleus, Z is center)
@ N is abelian, G/N is abelian
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The setup

@ Z <K < N <G (think: N is nucleus, Z is center)
@ N is abelian, G/N is abelian
0 7Z<Z(G),KIG,and N/K <Z(G/K)
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The setup

@ Z <K < N <G (think: N is nucleus, Z is center)
@ N is abelian, G/N is abelian
©Z<Z(G),K<G,andN/K <Z(G/K)

@ u:G/KxG/K—Z
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The setup

@ Z <K < N <G (think: N is nucleus, Z is center)
@ N is abelian, G/N is abelian
©Z<Z(G),K<G,andN/K <Z(G/K)

@ u:G/KxG/K—Z

0 Q = (G, ).
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The setup

@ Z <K < N <G (think: N is nucleus, Z is center)
@ N is abelian, G/N is abelian
©Z<Z(G),K<G,andN/K <Z(G/K)

@ u:G/KxG/K—Z

0 Q = (G, ).

We have:
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The setup

@ Z <K < N <G (think: N is nucleus, Z is center)
@ N is abelian, G/N is abelian
©Z<Z(G),K<G,andN/K <Z(G/K)

@ u:G/KxG/K—Z

0 Q = (G, ).

We have;:
@ Qs aloop,
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The setup

@ Z <K < N <G (think: N is nucleus, Z is center)
@ N is abelian, G/N is abelian
©Z<Z(G),K<G,andN/K <Z(G/K)

@ u:G/KxG/K—Z

0 Q = (G, ).

We have:
@ Qs aloop,
0Z<Z7Z(G)NnZ(Q)andG/Z =Q/Z is a group,
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The setup

@ Z <K < N <G (think: N is nucleus, Z is center)
@ N is abelian, G/N is abelian
©Z<Z(G),K<G,andN/K <Z(G/K)

@ u:G/KxG/K—Z

0 Q = (G, ).

We have:

@ Qs aloop,
0Z<Z7Z(G)NnZ(Q)andG/Z =Q/Z is a group,
@ the subgroup (L(X,y),R(X,y); X,y € G) is abelian.
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To make I(Q) commutative

Consider
n(xy,z) = p(x,z)uly,z) if {x,y,z} NN # 0, (1)
n(X,yz) = p(x,y)u(x,z) if {x,y,z} NN #0, 2
z7([z,y],x) = z¥4([z, x], y), 3)
where 6(x,y) = p(x,y)u(y,x) ™",
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To make I(Q) commutative

Consider
p(xy,z) = u(x,z2)u(y,z) if {x,y,z} NN # 0, ()
n(X,yz) = p(x,y)u(x,z) if {x,y,z} NN #0, )
z7([z,y],x) = z¥4([z, x], y), 3)

where 6(x,y) = pu(x,y)u(y,x)"*.

>
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To make I(Q) commutative

Consider
p(xy,z) = u(x,z2)u(y,z) if {x,y,z} NN # 0, ()
n(X,yz) = p(x,y)u(x,z) if {x,y,z} NN #0, )
z7([z,y],x) = z¥4([z, x], y), 3)

where 6(x,y) = pu(x,y)u(y,x)"*.

>

@ If (1), (2) hold then N < N(Q) and Tx commute with
L(u,v), R(u,v).
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To make I(Q) commutative

Consider
p(xy,z) = u(x,z2)u(y,z) if {x,y,z} NN # 0, ()
n(X,yz) = p(x,y)u(x,z) if {x,y,z} NN #0, )
z7([z,y],x) = z¥4([z, x], y), 3)

where 6(x,y) = pu(x,y)u(y,x)"*.

>

@ If (1), (2) hold then N < N(Q) and Tx commute with
L(u,v), R(u,v).
@ If (1), (2) hold then 1(Q) is commutative iff (3) holds.
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Structure of ¢

If (3) holds then both G and Q are of nilpotency class < 3.
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Structure of ¢

If (3) holds then both G and Q are of nilpotency class < 3.

Assume that (1)—(3) hold. Then Q is of nilpotency class three
and G is of nilpotency class two if and only if

i([x,y],z) = d([x,z],y) forevery x,y, z € G, and

o([x,y],z) # 1 for some x,y, z € G.
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Structure of ¢

If (3) holds then both G and Q are of nilpotency class < 3.

Lemma

Assume that (1)—(3) hold. Then Q is of nilpotency class three
and G is of nilpotency class two if and only if

i([x,y],z) = d([x,z],y) forevery x,y, z € G, and

o([x,y],z) # 1 for some x,y, z € G.

Theorem

Assume that (1)—(3) hold, G is of nilpotency class two and Q is
of nilpotency class three. Then there exists a subgroup A < Z
of exponent two and a nontrivial symmetric triadditive mapping
f : (G/N)® — A such that 6([x,y],z) = f(xN,yN, zN) for all x,
y,zeG.
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Constructing many examples

@ H a group satisfying H' = Z(H) boolean, H/H’ boolean
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Constructing many examples

@ H a group satisfying H' = Z(H) boolean, H/H’ boolean
@ H/H’ has basis {ejH’; 1 <i <n}
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Constructing many examples

@ H a group satisfying H' = Z(H) boolean, H/H’ boolean
@ H/H’ has basis {ejH’; 1 <i <n}
@ H’ has basis {[ej,gj]; 1 <i<j<n}

Ales Dréapal and Petr Vojtéchovsky Loops with commuting inner mappings



Constructing many examples

@ H a group satisfying H' = Z(H) boolean, H/H’ boolean
@ H/H’ has basis {ejH’; 1 <i <n}

@ H’ has basis {[ej,gj]; 1 <i<j<n}

o f: (H/H')® — F, symmetric trilinear alternating form
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Constructing many examples

@ H a group satisfying H' = Z(H) boolean, H/H’ boolean
@ H/H’ has basis {ejH’; 1 <i <n}

@ H’ has basis {[ej,gj]; 1 <i<j<n}

o f: (H/H')® — F, symmetric trilinear alternating form

@ construct 6 : H x H — A so that
f(xH',yH’,zH') = 6([x,y], 2)
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Constructing many examples

@ H a group satisfying H' = Z(H) boolean, H/H’ boolean
@ H/H’ has basis {ejH’; 1 <i <n}
@ H’ has basis {[ej,gj]; 1 <i<j<n}
o f: (H/H')® — F, symmetric trilinear alternating form
@ constructd : H x H — A so that
f(xH',yH',zH") = §([x,y], z)
@ construct i : H x H — A 'so that §(x,y) = u(X,y)u(y,x)™t
and (1)—(3) hold
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Constructing many examples

H a group satisfying H' = Z(H) boolean, H/H’ boolean

H/H’ has basis {ejH’; 1 <i < n}

H’ has basis {[ej,ej]; 1 <i <] <n}

f: (H/H')® — F, symmetric trilinear alternating form

construct § : H x H — A so that

f(xH",yH’ zH") = §([x,y],2)

@ construct i : H x H — A 'so that §(x,y) = u(X,y)u(y,x)™t
and (1)—(3) hold

@ letG =T, xH=C(H, n), say.
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Minimal situation

@ to have nontrivial f, need dim(H/H’) = 3
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Minimal situation

@ to have nontrivial f, need dim(H/H’) = 3
@ thendim(H’) =3
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Minimal situation

@ to have nontrivial f, need dim(H/H’) = 3
@ thendim(H’) =3

There are 10 such groups H, and 228 ways to obtain 1 for each
of them.
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Minimal situation

@ to have nontrivial f, need dim(H/H’) = 3
@ thendim(H’) =3

There are 10 such groups H, and 228 ways to obtain 1 for each ’
of them.

Letf : (F3)® — F, be the determinant, H the first loop in the
GAP libraries with the above properties (of order 64), all
parameters for § and y trivial. Then C(H, u) = C.
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Minimal situation

@ to have nontrivial f, need dim(H/H’) = 3
@ thendim(H’) =3

There are 10 such groups H, and 228 ways to obtain 1 for each ’
of them.

Letf : (F3)® — F, be the determinant, H the first loop in the
GAP libraries with the above properties (of order 64), all
parameters for § and y trivial. Then C(H, u) = C.

We were not able to find two sets of parameters yielding
isomorphic loops.
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Inner mapping groups

I[(C(H, u)) is an elementary abelian 2-group.
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Inner mapping groups

I[(C(H, u)) is an elementary abelian 2-group.

Observation
It appears that [M(C(H, )| > 213 when [H| = 64.
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Bruck’s construction

Theorem (Bruck, G. Nagy, V.)

Let A be an associative algebra over any ring, B a subspace of
A such that xy = —yx for every x, y € B. Let B, be the
subspace of A generated by products of at most n elements of
B. Define multiplication on Q = B x B, x B3 by

(a,b,c)*(a’,b’,c')=(a+a',b+b'+aa’,c+c +ba).

Then Q is a Moufang loop, and

Ale$ Drapal and Petr Vojtéchovsky Loops with commuting inner mappings



Bruck’s construction

Theorem (Bruck, G. Nagy, V.)

Let A be an associative algebra over any ring, B a subspace of
A such that xy = —yx for every x, y € B. Let B, be the
subspace of A generated by products of at most n elements of
B. Define multiplication on Q = B x B, x B3 by

(a,b,c)*(a’,b’,c')=(a+a',b+b'+aa’,c+c +ba).

Then Q is a Moufang loop, and
@ [(a,b,c),(a’,b’,c’),(a",b",c")] = (0,0,aa’a”)
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Bruck’s construction

Theorem (Bruck, G. Nagy, V.)

Let A be an associative algebra over any ring, B a subspace of
A such that xy = —yx for every x, y € B. Let B, be the
subspace of A generated by products of at most n elements of
B. Define multiplication on Q = B x B, x B3 by

(a,b,c)*(a’,b’,c')=(a+a',b+b'+aa’,c+c +ba).
Then Q is a Moufang loop, and
@ [(a,b,c),(a’,b’,c’),(a",b",c")] = (0,0,aa’a”)
° [[x,y],z] = 2[x,y, 7]

Ale$ Drapal and Petr Vojtéchovsky Loops with commuting inner mappings



Bruck’s construction

Theorem (Bruck, G. Nagy, V.)

Let A be an associative algebra over any ring, B a subspace of
A such that xy = —yx for every x, y € B. Let B, be the
subspace of A generated by products of at most n elements of
B. Define multiplication on Q = B x B, x B3 by

(a,b,c)*(a’,b’,c')=(a+a',b+b'+aa’,c+c +ba).
Then Q is a Moufang loop, and
@ [(a,b,c),(a’,b’,c’),(a",b",c")] = (0,0,aa’a”)

° [[x,y],z] = 2[x,y, 2]
o L(x,¥)z=R(X,y)z =z +[X,Y, 2]
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Bruck’s construction

Theorem (Bruck, G. Nagy, V.)

Let A be an associative algebra over any ring, B a subspace of
A such that xy = —yx for every x, y € B. Let B, be the
subspace of A generated by products of at most n elements of
B. Define multiplication on Q = B x B, x B3 by

(a,b,c)*(a’,b’,c')=(a+a',b+b'+aa’,c+c +ba).

Then Q is a Moufang loop, and
@ [(a,b,c),(a’,b’,c’),(a",b",c")] = (0,0,aa’a”)
° [Ix,yl.z] = 2[x.y, 2]
o L(x,¥)z=R(X,y)z =z +[X,Y, 2]
@ generators of 1(Q) commute, except possibly for two
conjugations
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Bruck’s construction

Theorem (Bruck, G. Nagy, V.)

Let A be an associative algebra over any ring, B a subspace of
A such that xy = —yx for every x, y € B. Let B, be the
subspace of A generated by products of at most n elements of
B. Define multiplication on Q = B x B, x B3 by

(a,b,c)*(a’,b’,c')=(a+a',b+b'+aa’,c+c +ba).

Then Q is a Moufang loop, and
@ [(a,b,c),(a’,b’,c’),(a",b",c")] = (0,0,aa’a”)
° [Ix,yl.z] = 2[x.y, 2]
o L(x,¥)z=R(X,y)z =z +[X,Y, 2]
@ generators of 1(Q) commute, except possibly for two
conjugations

0 (TuTy(2)(Ty Tx(2)) ™! = —4lx,y, 2].
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Exterior algebras

We need a suitable algebra A for Bruck’s construction. J
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Exterior algebras

We need a suitable algebra A for Bruck’s construction. J

Definition (Exterior algebra)

Let R be aring, n > 0. Exterior algebra &,(R) on n-generators
over R is a vector space over R with basis

{a(S); SC{1,...,n}}

with multiplication
a(S)a(T)=0

ifSNT # (), and
a(S)a(T) =sgn(m)a(SuT)

otherwise, where = is a permutation that reorders S, T into
SUT.
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Moufang loop

Let R be aring satisfying 2R # 0, 4R = 0. Let A = &(R),
where n > 3. Then Bruck’s construction applied to A yields a
Moufang loop Q with abelian 1(Q) and of nilpotency class 3.
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Moufang loop in detail

Example (Smallest known Moufang example)

R = Z4, n = 3 yields Q of order 214 = 47,
Here is the multiplication table for nonidentity basis elements in

&3 ( R ) 5
ap a az ap a3 dpz  adi123

a 0 a;z a3z O 0 aps O
ao —aj2 0 a3 0 —ai23 0 0
ag |—a;3 —a 0 apz O 0 0
a2 0 0 aj23 0 0 0 0
a3 0 —aj23 0 0 0 0 0
dp3 | A123 0 0 0 0 0 0

0 0 0 0

aj23 0 0 0

Thus B = (a3, ap,a3), By = (ai12,a13, az3), B3 = (a123).
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Open problems

Call a loop Q with 1(Q) abelian and of nilpotency class at least
3 a loop of Csorg6 type.
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Open problems

Call a loop Q with 1(Q) abelian and of nilpotency class at least
3 a loop of Csorg6 type.

@ Is there a loop of Csorgd type with cl(Q) > 37
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Open problems

Call a loop Q with 1(Q) abelian and of nilpotency class at least
3 a loop of Csorg6 type.

@ Is there a loop of Csorgd type with cl(Q) > 37
@ Is the nilpotency class of a loop of Csorgd type bounded?
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Open problems

Call a loop Q with 1(Q) abelian and of nilpotency class at least
3 a loop of Csorg6 type.

@ Is there a loop of Csorgd type with cl(Q) > 37
@ Is the nilpotency class of a loop of Csorgd type bounded?
@ Is there a loop of Csorgd type with |Q| < 1287
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Open problems

Call a loop Q with 1(Q) abelian and of nilpotency class at least
3 a loop of Csorg6 type.

@ Is there a loop of Csorgd type with cl(Q) > 37

@ Is the nilpotency class of a loop of Csorgd type bounded?
@ Is there a loop of Csorgd type with |Q| < 1287

@ Is there a p-loop of Csorg6 for some p > 2?

Ale$ Drapal and Petr Vojtéchovsky Loops with commuting inner mappings



Open problems

Call a loop Q with 1(Q) abelian and of nilpotency class at least
3 a loop of Csorg6 type.

@ Is there a loop of Csorgd type with cl(Q) > 37

@ Is the nilpotency class of a loop of Csorgd type bounded?
@ Is there a loop of Csorgd type with |Q| < 1287

@ Is there a p-loop of Csorg6 for some p > 2?

@ Is there a Moufang 3-loop of Csérgd type?
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