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Definition of orthogonality

n-ary operations fi,...,fx (n>2,k < n)on Q (m:=|Q|) are
called orthogonal, if for every by, ..., by € Q the system

f1(X1,...,Xn) = b1,
.................. (1)
fe(X1,. .., Xn) = by
has m"~* solutions. If n = k, then (1) has a unique solution.
If Kk =1, then f; is called complete, i.e., for all by € Q
fi(X1,...,Xn) = by (2)

has m"~! solutions.
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Definition of invertibility

An operation f is called i-invertible if for arbitrary elements

ai, ..., a1, b, ajy1, ..., ap there exists a unique element x
such that

f(a17“'7af—17xaaf+17"'7an):b- (3)

If f is i-invertible for all i € 1,n:= {1,2,...,n}, then it is called
an invertible or quasigroup operation.
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@ relations between orthogonal n-ary operations and their
orthogonal retracts;
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@ relations between orthogonal n-ary operations and their
orthogonal retracts;

© complementing of a k-tuple of orthogonal n-ary operations
(k < n) to an n-tuple of orthogonal n-ary operations.
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Definition of retract

Let f be an n-ary operation on a set Q.

An (n—1)-ary operation f; 5 is called a retract of f by element a,
if it is obtained from f by replacing variable x; with an element
ae Q,i.e.,ifitis defined by

f}'7a(X1,...,X,’_1,X,'+1,...,Xn):

(4)

f(X1,...,Xi,1,a,‘,Xi+1,...7Xn).
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Definition of retract

Unary operation f(,-)v{,-}) defined by
f(E,{i})(Xi) = f(by,...,bi_1,Xi, biz1,...,bn) (5)

is unary (b, {i})-retract of f, b:=(by,...,bi_1,bj11,...,bn).
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Definition of retract

Unary operation fg () defined by
f(E,{i})(Xi) = f(by,...,bi_1,Xi, biz1,...,bn) (5)

is unary (b, {i})-retract of f, b:=(by,...,bi_1,bj11,...,bn).

5::{i1,...,ik}g1,n, {j1,...,jn_k}::1,n\6, é::(ajﬂ...,ajn;k).
An operation fz 5) which is defined by
f(é,é)(xiw"'?Xik):: f(}’17---7Yn)7 (6)

where y;:= { 22’ lé I/ ; ? is called (&, 0)-retract or §-retract of f.
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Definition of retract orthogonality

Definition
Operations fi.z, 5), f2;(2,,6)s - - -+ Tk:(a.,6) @re called similar
d-retracts of n-ary operations fi, ..., fxifa; =a =--- = a.
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Definition of retract orthogonality

Definition
Operations fi.z, 5), f2;(2,,6)s - - -+ Tk:(a.,6) @re called similar
d-retracts of n-ary operations fi, ..., fxifa; =a =--- = a.

Definition
If all similar §-retracts of fy, ..., f, are orthogonal, then the
operations fi, ..., fx are called é-retractly orthogonal.
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Problem 1. Relations between orthogonality and
retract orthogonality

Theorem 1 (I. Fryz, 2017)

If for some § C 1, n a tuple of n-ary operations is §-retractly
orthogonal, then the tuple is orthogonal.

I.Fryz, Orthogonality and retract orthogonality of operations (in
print).
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Problem 1. Relations between orthogonality and
retract orthogonality

Theorem 1 (I. Fryz, 2017)

If for some § C 1, n a tuple of n-ary operations is §-retractly
orthogonal, then the tuple is orthogonal.

Theorem 2 (. Fryz, 2017)

There exist k-tuples of orthogonal n-ary operations such that

for some § C 1, n, || = k, they are not §-retractly orthogonal.

I.Fryz, Orthogonality and retract orthogonality of operations (in
print).
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Specification for central quasigroups

If an n-ary quasigroup f is linear on a group (Q; +), then
f(X1,...,Xn):O¢1X1+---+04an+3, (7)

where a € Q and a4, ..., a, are automorphisms of (Q; +). If
(Q; +) is abelian, then f is called a central quasigroup (or a
T-quasigroup).
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Specification for central quasigroups

If an n-ary quasigroup f is linear on a group (Q; +), then
f(X1,...,Xn) = a1Xq + - - + anXp + &, (7)

where a € Q and a4, ..., a, are automorphisms of (Q; +). If
(Q; +) is abelian, then f is called a central quasigroup (or a
T-quasigroup).

Theorem 3 (I. Fryz, 2017)

Let k < nand p be a prime number. n-ary central quasigroups

fi, ..., fx over field (Zp; +, -) are orthogonal if and only if there
exists 0 such that |§| = k and f, ..., fx are o-retractly
orthogonal.
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Problem 2. Complementing orthogonal operations

Embedding of orthogonal operations

Theorem (G. Belyavskaya, G.Mullen, 2005)

Every k-tuple of orthogonal n-ary operations (k < n) can be
embedded in an n-tuple of orthogonal n-ary operations.

G. Belyavskaya, G.L. Mullen, Orthogonal hypercubes and
n-ary operations, Quasigroups and Related Systems, 2005, 13,
1,73 — 86.

Iryna Fryz Retract orthogonality and orthogonality



Problem 2. Complementing of orthogonal operations

Embedding of orthogonal operations

Theorem (G. Belyavskaya, G.Mullen, 2005)

Every k-tuple of orthogonal n-ary operations (k < n) can be
embedded in an n-tuple of orthogonal n-ary operations.

This means that for every k-tuple of orthogonal n-ary

operations fi, ..., f, there exist an (n — k)-tuple of orthogonal
n-ary operations fx1,..., f, such that n-tuple fy,...,fyis
orthogonal.

Every complete n-ary operation is complementable to an
n-tuple of orthogonal n-ary operations.

G. Belyavskaya, G.L. Mullen, Orthogonal hypercubes and
n-ary operations, Quasigroups and Related Systems, 2005, 13,
1,73 — 86.
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Complementing orthogonal n-ary operations
Algorithm 1.

Theorem (Belyavskaya and Mullen’s algorithm, 2005)
Letf,...,f, be n-ary (n—i+1)-invertible operations for all

i € 1,n. Operations gy, . .., gn defined by

fi(x1,. .., Xn),

fZ(X‘Ia"'vxn—'lvg'l(X‘la---7Xn))a

(g1(X1,...,Xn)
9o(X1, ..., Xn)

g3(Xx1,...,Xn)

are orthogonal.

f3(X1 y o3 Xn—2, G (X1 pooc 7Xn)7g2(x1 pecoy Xn))a
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Complementing orthogonal n-ary operations

Algorithm 1.

Let5={i,...,ik}c1,nand 9i,.-- -, gj, are é-retractly orthogonal
Operations g;, ., - - -, gi, are constructed by

1) choose a partition m := {6, 7, ..., mq} of 1,n,
fis1s-- - B, sUch that for every r € 2, q a tuple {fj|j € =} is
wr-retractly orthogonal;
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Complementing orthogonal n-ary operations

Algorithm 1.

Let5={i,...,ik}c1,nand 9i,.-- -, gj, are é-retractly orthogonal
Operations g;, ., - - -, gi, are constructed by
1) choose a partition m := {6, 7, ..., mq} of 1,n,
fis1s-- - B, sUch that for every r € 2, q a tuple {fj|j € =} is
wr-retractly orthogonal;
2) for every j c o, Operation g; is constructed by

9i(X1,.... Xn) == fi(t, ..., tn), (8)

where .
) 9s(x,.xn), IS €D,
S X otherwise;
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Complementing orthogonal n-ary operations

Algorithm 1.

Let5={i,...,ik}c1,nand 9i,.-- -, gj, are é-retractly orthogonal
Operations g;, ., - - -, gi, are constructed by
1) choose a partition m := {6, 7, ..., mq} of 1,n,
fis1s-- - B, sUch that for every r € 2, q a tuple {fj|j € =} is
wr-retractly orthogonal;
2) for every j c o, Operation g; is constructed by

9i(X1,.... Xn) == fi(t, ..., tn), (8)

where .
) 9s(x,.xn), IS €D,
S X otherwise;

r) foreveryjc m, r=3,...,q, operation g; is constructed by
(8), where

t L gs(X'],...,Xn), IfS€(5U7T2UU7Tr_1,
ST X, otherwise.
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Complementing orthogonal n-ary operations

Theorem 4 (I. Fryz, 2017)

A (n — k)-tuple of n-ary operations g, ., .. .., gj, constructed by
Algorithm 1 is a complement of a k-tuple of J-retractly
orthogonal n-ary operations g;,.. ., g;, to an n-tuple of
orthogonal n-ary operations.

If partition 7 := {4, m1,...,mq} of 1,n, where 7, =: {ix,} for all
r € 1, n— k, then constructed complements are trivial. Thus,
we have to take ix,1-,..., ip-invertible n-ary operations.

Iryna Fryz Retract orthogonality and orthogonality



Estimation of complements

Theorem 6 (l. Fryz, 2017)

The number of all complements constructed by Algorithm 1 of a
k-tuple of §-retractly orthogonal n-ary operations (|d| = k,

k < n) on Q of order m to an n-tuple of orthogonal n-ary
operations is greater than

(m!)(n—k)m”*1
(n— k)!
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Complementing orthogonal k-ary operations

Algorithm 2.

Let 5§ € 1,nand hy, ..., hx be orthogonal k-ary operations.

1) choose (n — k + 1)-ary 1-invertible operations py, ..., px
and a permutation o € S, such that °~'§ = 1, k;
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Complementing orthogonal k-ary operations

Algorithm 2.

Let 5§ € 1,nand hy, ..., hx be orthogonal k-ary operations.

1) choose (n — k + 1)-ary 1-invertible operations py, ..., px
and a permutation o € S, such that °~'§ = 1, k;

2) operations fi, ..., fx are constructed by

f1(X17"'7XI7) 3:p1(h1(x17~-an)7Xk+17---;Xn)7
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Complementing orthogonal k-ary operations

Algorithm 2.

Let 5§ € 1,nand hy, ..., hx be orthogonal k-ary operations.

1) choose (n — k + 1)-ary 1-invertible operations py, ..., px
and a permutation o € S, such that °~'§ = 1, k;

2) operations fi, ..., fx are constructed by

f1(X17"'7XI7) 3:p1(h1(x17~-an)7Xk+17---;Xn)7

3) operations g;,, ..., g are obtained from f;, ..., fx in the
following way:

g,'1 = Uf1, ceey gik = Ufk;
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Complementing orthogonal k-ary operations

Algorithm 2.

Let 5§ € 1,nand hy, ..., hx be orthogonal k-ary operations.

1) choose (n — k + 1)-ary 1-invertible operations py, ..., px
and a permutation o € S, such that °~'§ = 1, k;

2) operations fi, ..., fx are constructed by

f1(X17"'7XI7) 3:p1(h1(x17~-an)7Xk+17---;Xn)7

3) operations g;,, ..., g are obtained from f;, ..., fx in the
following way:

g,'1 = Uf1, ceey gik = Ufk;
4) implementation of Algorithm 1.
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Complementing orthogonal k-ary operations

Theorem 5 (. Fryz, 2017)

Algorithm 2 complements a k-tuple of orthogonal k-ary
operations to an n-tuple of orthogonal n-ary operations.
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Estimation of complements

Theorem (. Fryz, 2017)

The number of all complements constructed by Algorithm 2 of a
k-tuple of orthogonal k-ary operations on a set Q of order mto
an n-tuple of orthogonal n-ary operations is greater than

(m!)km”*k—k(n—k)m”*1
(n— k)!
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Thank you for your attention
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