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Abstract

The epoxy-polymerization process can be better understood by investigating the underlying optimization problem involving a number
of conflicting objectives and more than 20 decision parameters. A combination of minimization or maximization of objectives, such as
the number average molecular weight, polydispersity index and reaction time, are considered in this paper. The first two objectives are
related to the properties of a polymer, whereas the third objective is related to productivity of the polymerization process. The decision
variables are addition quantities of various reactants, e.g. the amount of addition for bisphenol-A (a monomer), sodium hydroxide and
epichlorohydrin at different time steps (modeled in a semi-batch operation), whereas the satisfaction of all species balance equations is
treated as constraints. A multi-objective evolutionary algorithm (the elitist non-dominated sorting genetic algorithm or NSGA-II) is used
to obtain a set of non-dominated solutions in a single simulation run. The results show a substantial improvement (with about 300%
more productivity) over the benchmark condition (reported by performing a one-time addition of reactants in the beginning in a batch
process). Importantly, this study brings out a salient aspect of using an evolutionary approach to multi-objective problem solving. The
availability of multiple optimal trade-off solutions allows a process engineer to have salient information about the polymerization process.
Changes in the distribution of various polymer species in the course of polymerization process as observed among various Pareto-optimal
solutions are identified and explained for this purpose. Such information provide important information about optimal operating conditions
corresponding to different trade-offs among objectives, which are otherwise difficult to obtain. The systematic approach of starting from
the two-objective problems to capture the essential features of interesting optimal operating conditions to finally solving the three-objective
problem associated with the epoxy-polymerization problem in discovering the optimal trade-off interactions should motivate further such
studies on other chemical process optimization problems. Overall, this paper demonstrates how fundamental optimization principles can
be used systematically and reliably to find optimum operating conditions for complex chemical process operations.
� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Epoxy-polymerization process, being quite complex in
nature, can be posed as an optimization problem involving a
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number of conflicting objectives and time-varying decision
variables. In modeling the polymerization process, several
molecular parameters, such as the number or weight average
molecular weights (Mn orMw, respectively), the polydisper-
sity index (PDI), concentration of different functional groups
etc., can all be predicted accurately using various experimen-
tally measured indices such as strength and stiffness of the
final product. Moreover, the desired objectives in a polymer-
ization process often exhibit conflicting relationships and
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therefore become an ideal problem to be treated truly as a
multi-objective optimization problem. In this paper, multi-
objective optimization of a semibatch epoxy-polymerization
system, which is often used to manufacture high-strength
composites, reinforced plastics, adhesives, protective coat-
ings in appliances, etc., is performed to better understand
the complex interaction of salient objectives involved in the
epoxy-polymerization process.

Multi-objective optimization problems lead to a set of op-
timal solutions, known asPareto-optimalsolutions, as op-
posed to the single solution provided by any single-objective
optimization task. Although only one solution must be cho-
sen at the end of the optimization task and this often must
be performed with the guidance of a decision-maker, it is a
better practice to first find a set of Pareto-optimal solutions
to have an idea of the extent of trade-offs possible among
the underlying objectives before focusing on a particular
solution (Deb, 2003). There are mainly two approaches to
find a set of Pareto-optimal solutions: (i) single-objective
preference-based methods, in which multiple objectives are
scalarized into a single objective by means of certain prefer-
ence information (Chankong and Haimes, 1983;Miettinen,
1999) and multiple applications of the approach are con-
ducted to find a set of Pareto-optimal solutions and (ii) evo-
lutionary multi-objective optimization (EMO) methods, in
which multiple Pareto-optimal solutions are found simulta-
neously in a single simulation run (Deb, 2001). It is needless
to write that the second approach may be preferred simply
due to the time and effort saved in simultaneous computa-
tion of Pareto-optimal solutions.

Although the field of research and application on multi-
objective optimization is not new, the use of EMO techniques
in various engineering and business applications is a recent
phenomenon.

A recent review byBhaskar et al. (2000)reveals that sev-
eral studies are carried out on multi-objective optimization
of polymerization reactors.Tsoukas et al. (1982), Fan et al.
(1984), Farber (1986, 1989), Butala et al. (1988), andChoi
and Butala (1991)carried out multi-objective optimization
of copolymerization reactors. These studies used Pontrya-
gin minimum principle coupled with the�-constraint method
(Chankong and Haimes, 1983) to obtain a Pareto-optimal
set of non-dominated solutions.Wajge and Gupta (1994)
studied multi-objective optimization of the nylon-6 batch re-
actor and obtained different optimal temperature histories
corresponding to different solutions on the Pareto-optimal
set using the same technique.Sareen and Gupta (1995)ex-
tended that work, studied the nylon-6 semibatch reactor,
and obtained different optimal pressure histories and opti-
mal jacket fluid temperature corresponding to different solu-
tions on the Pareto-optimal set. The solution technique used
in these studies requires as many simulation runs as the de-
sired number of distinct Pareto-optimal solutions, since each
simulation run leads to a single Pareto-optimal solution. To
alleviate this difficulty, a number of studies using an EMO
approach are carried out on the multi-objective optimiza-

tion of nylon-6 and polymethyl methacrylate (PMMA) re-
actors (Chakravarthy et al., 1997; Mitra et al., 1998; Garg
and Gupta, 1999; Garg et al., 1999; Gupta and Gupta, 1999).
These studies are mainly based on adapted version of the
non-dominated sorting genetic algorithm (NSGA) developed
by Srinivas and Deb (1995). In all these studies, constraints
were handled using the standard penalty function method. It
is well known in the optimization literature that the tuning
of penalty parameters is a crucial issue in penalty-based-
constraint handling methods. The NSGA procedure is mod-
ified by its developers to remedy this problem and to intro-
duce a few other important features in the development of
NSGA-II (Deb et al. (2002)). The use of a novel constraint-
handling approach requiring no penalty parameter is a major
improvement, which has made the NSGA-II quite efficient in
solving constrained multi-objective optimization problems.
We shall give a brief overview of the NSGA-II procedure in
Section 3.

In the Taffy process (Kumar and Gupta, 1987), the most
popular industrial process for preparing epoxy polymers,
bisphenol-A (monomer) and epichlorohydrin, in excess, are
reacted in presence of sodium hydroxide (NaOH) leading to
the formation of polymer which is having glycidyl ether end
group (building block) at both the ends. In the advancement
process (McAdams and Gannon, 1986), the other route, pul-
verized sodium hydroxide is added in steps to the reaction
mixture of bisphenol-A and epichlorohydrin dissolved in a
solvent. It is well established that in all commonly used
industrial processes of epoxy polymerization, alkali has a
key role, which is usually added in semi-batch mode. Alkali
controls oligomeric impurities in the advancement process
(Kumar and Gupta, 1987; Ray, 1972). But the role of ad-
dition of other reactants (bisphenol-A and epichlorohydrin)
is not well established. Experimental and theoretical studies
are very few in open literatures for the epoxy-polymerization
process. Studies on optimization of epoxy reactors are very
rare according to the knowledge of the authors.Raha and
Gupta (1998)used species balance and equation of moments
approach to study the process. They gave special importance
to build the entire modeling framework as well as the ef-
fect of kinetic parameters and reactant’s effect over the per-
formance of the reaction process. This work was extended
elsewhere (Majumdar et al., 2004; Raha et al., 2004) with
single and multi-objective optimization studies showing the
effect of different addition amounts and patterns over the
performance of the process. These past studies motivated us
to launch this present detail study for a better understanding
of the true nature of interactions among three-conflicting ob-
jectives associated with the epoxy-polymerization process.

In the remainder of the paper, we formulate the epoxy-
polymerization process as a couple of two-objective opti-
mization problems leading to a three-objective optimization
problem. The formulation of associated constraints and the
choice of decision variables are explained. Thereafter, a brief
introduction to the NSGA-II procedure is given highlight-
ing the constraint-handling strategy. The simulation results
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of NSGA-II are then described and supported by comparing
them with a number of single-objective preference-based op-
timized solutions. The interesting task of revealing important
insights about the polymerization process is illustrated next
by analyzing the obtained Pareto-optimal solutions. Finally,
all the information gathered by the two and three-objective
optimization tasks are combined together to understand the
true trade-off among the three-conflicting objectives consid-
ered in this study, and important and useful conclusions are
derived.

2. Formulation

In this section, we formulate the epoxy-polymerization
problem as multi-objective optimization problems of various
degrees of difficulty.

2.1. Model

The complete kinetic scheme for the above-mentioned
polymerization system is given in appendix and can also be
found elsewhere (Batzer and Zahir, 1977). Recently,Raha
and Gupta (1998)andMajumdar et al. (2004)have validated
the model with the available experimental data. Using the
species balance approach, ODEs corresponding to the initial
value problem (IVP) are derived for 10 molecular species
and their moments. These equations are solved by an ex-
plicit numerical integration routine and kinetic parameters
appearing in the equations are estimated with the help of
a genetic algorithm (GA). Details on the modeling aspect,
the solution procedure and the parameter estimation can be
found in Majumdar et al. (2004). Here, we briefly describe
the mathematical model.

The “state” of the reaction scheme can be well described
by a set of 48 state variables (x = (x1, x2, . . . , x48)

T), in-
cluding all species balance and moment balance equations.
Equations for these can be written using mass balance equa-
tions and by obtaining balance of moments of various or-
ders. The state variable equations, in general, can be written
in the form

dxi

dt
= fi(x, U), i = 1, 2, . . . , 48, (1)

wherex andU are vectors of the state and decision variables
(such as intermediate additions for different reactants at dif-
ferent times). The decision variable vector consists of three
discrete histories, namely, discrete time history for NaOH
addition (described here withU1(tj )), discrete time history
for epichlorohydrin addition (U2(tj )) and discrete time his-
tory for bisphenol-A addition (U3(tj )), wheretj is the jth
time instant at which the reactants are added.

The various molecular species including the monomer
considered for the modeling exercise can be found elsewhere
(Majumdar et al., 2004; Raha and Gupta, 1998). Mole bal-
ance equations for the end groups and lower oligomers in

the batch reactor, the moment equations for various molecu-
lar species and the equations for number as well as average
molecular weights are derived for this system. Given three
discrete profiles of addition of reactants (U(tj ) at different
discrete time stepstj ) and the initial conditions of all state
variables (x at time zero), the complete mathematical model
of the semibatch polymerization process can be solved by
using an explicit integrator (a RK-type method is used here).
This simulation procedure is then combined with the NSGA-
II optimization procedure for performing a multi-objective
optimization.

2.2. Defining the optimization problems

Three different multi-objective optimization problems are
studied here. The first problem (Problem 1) is related to the
quality of polymer produced, whereas the second problem
(Problem 2) addresses the productivity issue also. The ob-
jective for Problem 1,I1, is a vector and consists of two
objectives: The first (I11) is the maximization ofMn and
the second (I12) is minimization of PDI. Thus, the simulta-
neous attainment of the two objectives has to be obtained
with satisfying the mass and moment balance equations.
A scheme of the reactions is shown in appendix. All 48
equations can be found elsewhere (Raha and Gupta, 1998;
Majumdar et al., 2004). Simultaneous attainment of these
two objectives is going to produce high quality polymers
with different trade-offs betweenMn and PDI values

Problem 1.




Maximize I11 = Mn

Minimize I12 = PDI,
subject to satisfying mass and moment

balance equations,
umin

i �ui�umax
i ,

i = 1, 2, . . . , 21.

(2)

One computer simulation runs from zero (initial condition,
t = 0) to t = tsim (7 h used here). Each of the three profiles
(U1(tj ), U2(tj ), U3(tj )) are, therefore, discretized into seven
equally spaced points (one for each time instanttj ), thereby
making a total ofn = 21 discrete values:u1, u2, …, u21).
This means that the decision variablesu1 to u7 represent
U1(tj ) (amount of addition of NaOH),u8 to u14 represent
U2(tj ) (amount of addition of EP) andu15 to u21 represent
U3(tj ) (amount of addition of AA0) at seven different times
(tj = 0, 1, 2, 3, 4, 5, 6 h). Each of these variables is forced
to lie between a lower bound (umin

i ) and an upper (umax
i )

bound. No restriction on theMn and PDI values are used,
as the satisfaction of variable bounds will ensure limiting
values onMn and PDI.

The objective for Problem 2,I2, is a vector of two objec-
tive functions: The first (I21) is the maximization ofMn and
the second (I22) is minimization of the overall reaction time,
tsim. Simultaneous attainment of these two objectives has to
be obtained with satisfying the mass and moment balance
equations. As the resultant product is supposed to obey the
chemical principles due to the satisfaction of constraints, the
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attainment of the second objective is going to ensure the op-
timal productivity (by reducing the reaction time). In short,
this formulation improves productivity

Problem 2.




Maximize I21 = Mn

Minimize I22 = tsim,

subject to satisfying mass and moment
balance equations,

umin
i �ui�umax

i ,

i = 1, 2, . . . , 21,
tmin
sim �tsim�tmax

sim .

(3)

The reaction timetsim is also a decision variable in this
problem, thereby making the total number of variables to a
maximum ofn=22. It is understood here that depending on
the value of the reaction time variable,tsim, the simulation
time of the reaction scheme is going to be determined.

The objective for Problem 3,I3, is a vector of three ob-
jective functions: The first (I31) is the maximization ofMn,
the second (I32) is minimization oftsim, and the third (I33) is
the minimization of PDI. Simultaneous attainment of these
three objectives has to be obtained with satisfying the mass
and moment balance equations. On the one hand, the product
quality is going to be assured by the first and third objectives
and the constraints assigned on them, on the other hand, the
attainment of second objective ensures productivity. In this
problem, the reaction timetsim is also a decision variable.
This problem also hasNDigit = 22 decision variables

Problem 3.




Maximize I31 = Mn

Minimize I32 = tsim,

Minimize I33 = PDI,
subject to satisfying mass and moment

balance equations,
umin

i �ui�umax
i ,

i = 1, 2, . . . , 21,
tmin
sim �tsim�tmax

sim .

(4)

3. Elitist non-dominated sorting GA (NSGA-II)

Contrary to the classical approaches, evolutionary multi-
objective optimization (EMO) procedures aim at finding
a finite, representative set of Pareto-optimal solutions in
a problem.Fig. 1 illustrates this aspect on a hypothetical
three-objective minimization problem. The task of an EMO
procedure is toidentifythe Pareto-optimal front (shown sep-
arately as a surface) out of the entire feasible search space.
This is, by no means, an easy task. Various optimization con-
cepts must have to be used to clearly identify the true Pareto-
optimal front. Starting from Section 4, we shall demonstrate
how different optimization concepts can be used to unveil
the Pareto-optimal front for the epoxy-polymerization prob-
lem and finally in Section 4.3 present the resulting front.

Although one optimal solution would be chosen at the end
of the optimization task, a knowledge of the range of Pareto-
optimal solutions is helpful in (i) choosing a particular

Feasible
search
space

Pareto
front

f2

f1

f3

Fig. 1. A three-objective feasible region and the corresponding
Pareto-optimal front.

optimal solution and (ii) getting useful insights about trade-
off among objectives of the problem (Deb, 2003). Thus, the
task of an EMO is to (i) converge to the true Pareto-optimal
front and (ii) maintain a good distribution of solutions on the
entire front. There exist a number of EMO techniques for
this purpose (Deb, 2001). The elitist non-dominated sorting
GA or NSGA-II procedure (Deb et al., 2002) for finding a
well-distributed and well-converged set of multiple Pareto-
optimal solutions in a multi-objective optimization problem
is described here.

Like in a genetic algorithm (GA), NSGA-II starts with
a population ofNpop random solutions. In theNth itera-
tion of NSGA-II, the offspring populationQN is first cre-
ated by using the parent populationPN and the usual ge-
netic operators—reproduction, recombination, and mutation
(Goldberg, 1989). Thereafter, both populations are combined
together to formRN of size 2Npop. Then, a non-dominated
sorting procedure (Deb, 2001) is applied to classify the entire
populationRN into a number of hierarchical non-dominated
fronts.Fig. 2shows a schematic of one iteration of NSGA-II.

Once the non-dominated sorting of the setRN is over,
the new population is filled with solutions of different non-
dominated fronts, one at a time. The filling starts with the
best non-dominated front and continues with solutions of
the second non-dominated front, followed by the third non-
dominated front, and so on. Since the overall population
size ofRN is 2Npop, not all fronts may be accommodated
in N slots available in the new population. All fronts which
could not be accommodated are simply deleted. When the
last allowed front is being considered, there may exist more
solutions in the last front than the remaining slots in the
new population. This scenario is illustrated inFig. 2. In-
stead of arbitrarily discarding some members from the last
front, the solutions which will make thediversity of the
selected solutions the highest are chosen. In this step, the
crowding–sorting of the solutions of fronti (the last front
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Non-dominated
sorting

Crowding distance
sorting

Fronts

1

2

3

4

Npop

5

6

Offspring

Parent
pop.

pop.

Fig. 2. Schematic of the NSGA-II procedure.

which could not be accommodated fully) is performed by
using acrowding distance metricand the adequate number
of solutions are picked from the top of the list. The crowding
distance of a solution in a non-dominated front is a measure
of crowding by other members of the front, In the NSGA-
II implementation, a simple measure totalling the objective-
wise distances between neighboring solutions is used. For
details, readers are encouraged to refer to the original study
(Deb et al., 2002). This study also showed that forN popula-
tion members solving aM-objective problem, the computa-
tional complexity of one iteration of NSGA-II isO(MN2).

3.1. NSGA-II for the epoxy-polymerization problem

Each solution is represented as a real-valued vector of 21
(or 22 for Problems 2 and 3 with an additional variabletsim)
values indicating the addition of NaOH, EP, and AA0. Thus,
a solution with known values of these quantities can be eval-
uated by following the simulation procedure described ear-
lier. The evaluation will produce two (or three for Problem
3) objective values. NSGA-II allows both minimization and
maximization of different objectives by using the domination
concept (Deb, 2001). Thus, the objectives are used straight-
way (without any transformation) as they are described in
Eqs. (2)–(4). For the real-coded NSGA-II, we use the simu-
lated binary crossover (SBX) and the polynomial mutation
operators (Deb and Agrawal, 1995). For the binary-coded
NSGA-II (mainly used here to gain confidence about the
reported non-dominated solutions), we use a single-point
crossover and a bitwise mutation operator (Goldberg, 1989).
It is interesting to note that since solutions are always cre-
ated within the specified lower and the upper bounds, the
variable bounds will never be violated by both NSGA-IIs.
Since the constraints are taken care of by solving the differ-
ential equations numerically, no explicit constraint handling
strategy is used here.

When a pre-specified maximum iteration count (N =
Nmax) is reached, NSGA-II is terminated and the non-
dominated solutions of the final population are declared

as the obtained Pareto-optimal solutions. In Problems 1
and 2,Nmax = 200 and a population size ofNpop = 250
are used. Since Problem 3 deals with a three-dimensional
Pareto-optimal front, we have chosen a larger population
size and run NSGA-II for more iterations:Npop= 1000 and
Nmax = 500. The crossover and mutation probabilities of
pc = 0.9 andpm = 0.1 are used for the real-coded NSGA-
II and of pc = 0.9 andpm = 0.001 for the binary-coded
NSGA-II. For the SBX operator mentioned above the dis-
tribution index of 0.01 and for the polynomial mutation
operator the distribution index of 0.01 are used. Each opti-
mization procedure is run at least five times from different
initial populations to build a confidence on the obtained
optimized solutions.

4. Results and discussions

As mentioned earlier, the availability of experimental data
for the epoxy-polymerization processes is really scarce. As
far as authors’ information is concerned, very little or no ex-
perimental or plant data is available for PDI and number av-
eraged molecular weight (Mn) for the epoxy-polymerization
system. This makes the entire modeling analysis extremely
difficult, as validation of the modeling exercise cannot be
done in terms ofMn and PDI.Raha and Gupta (1998)ad-
dressed this issue in an indirect way. They validated their
moment-based model with the data ofBatzer and Zahir
(1977) for the monomer concentration profile. This is
quite reasonable as after some hours of polymerization
reactions, if the monomer concentration profile can be
matched closely with the experimental data, that itself
proves the validity of the proposed mechanism as well
as the entire modeling exercise. In the present work the
same approach is followed. Kinetic parameters are es-
timated from a parameter optimization exercise using a
simple GA which is used to minimize the error between
the simulated values and experimental data on certain
monomer concentrations.Fig. 3 shows the match between
the simulated results and experimental data of a primary
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Fig. 3. Comparison of experimental data and the mathematical model in
which kinetic parameters are obtained using a GA.

oligomer (FF0). These parameters are used in the models of
this paper to simulate various scenarios.Batzer and Zahir
(1977) used 0.4 kmol/m3 for NaOH, 1.280 kmol/m3 for
epichlorohydrin (EP), and 0.4 kmol/m3 for bisphenol-A
(AA0) as initial concentrations for the three reactants. Based
on this, following variable bounds are set here to allow the
optimizer (NSGA-II) a substantial search space to look for
the optimized solutions:

(1) The addition of NaOH varies between 0.2 and
1.0 kmol/m3 att=0 h and between zero and 1.0 kmol/m3

for t > 0 h.
(2) The addition of EP varies between 0.2 and 2.0 kmol/m3

at t = 0 h and between zero and 2.0 kmol/m3 for
t > 0 h.

(3) The addition ofAA0 varies between 0.2 and 1.0 kmol/m3

for t = 0 h and between zero and 1.0 kmol/m3 for
t > 0 h.

4.1. Discussion on Problem 1

A simulation result corresponding to the initial condition
of Batzer and Zahir (1977)(with Mn =633.2 kg/kg mol and
PDI= 1.61) is considered as the benchmark performance
data with which our optimized solutions will be compared
later. After the multi-objective optimization with NSGA-II,
Pareto-optimal solutions are generated for the Problem 1 and
are marked as “NSGA-II” solutions inFig. 4. The solutions
termed as “Initial” denote the objective vectors with which
the NSGA-II search process is started (created by using ran-
dom values of 21 decision variables within their respective
bounds). The upper and lower bounds of the decision vari-
ables are used as stated earlier. The figure indicates that the
random solutions (within the chosen variable bounds) are
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Fig. 4. Obtained NSGA-II solutions for theMn and PDI optimization
are compared with single-objective optimization (SOOP) solutions. Initial
solutions of NSGA-II and the benchmark solution are also shown.

far from being close to the true Pareto-optimal front, par-
ticularly producing solutions with largeMn values and very
small PDI values. Although a maximum of 200 iterations are
scheduled, the real-coded NSGA-II took only 34 iterations
to get the distribution shown inFig. 4. The non-dominated
front dictated by these solutions was not found to change
thereafter. The figure clearly shows that a wide range of dis-
tribution in bothMn and in PDI values are obtained. The
trade-off obtained between the two objectives is also clear
from the figure. For the chosen variable bounds, this is the
maximum trade-off possible betweenMn and PDI values.
The following observations can be made from the obtained
results:

(1) The resultingMn-PDI trade-off isnon-convex, a phe-
nomenon which is rare in real-world multi-objective op-
timization problems. Recall that hereMn is maximized
and PDI is minimized.

(2) The NSGA-II progresses quite well from the initial pop-
ulation (which consists of solutions having small values
of Mn and large values of PDI) to reach the final front
having a wide range ofMn and PDI values.

(3) Investigating the solutions ofFig. 4further, it can be in-
ferred that compared to the benchmark solution (marked
as ‘Benchmark’ in the figure) there exist better solu-
tions in the system which can produce largerMn (rang-
ing from 645 to 966 kg/kg mol) and less PDI (ranging
from 1.52 to 1.61, respectively) value, leading to poly-
mers with better properties as compared to benchmark
solution. In fact, the figure also clearly indicates that
the benchmark solution isdominatedby some NSGA-
II solutions. If more than 1.61 PDI value is accepted in
an application,Mn values much larger than the bench-
mark value can be achieved and once the PDI value in-
creases beyond 1.8 or so, the correspondingMn value
is observed to increase at a fast rate.
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4.1.1. Comparing with single-objective optimization results
In order to verify whether the obtained NSGA-II solutions

can actually be close to the true Pareto-optimal front of this
problem, we use a single-objective preference-based method
next. Since, the above observation indicates that the Pareto-
optimal front is non-convex, the commonly used weighted-
sum approach (Chankong and Haimes, 1983;Miettinen,
1999) may not be the right approach for this problem, as
the weighted-sum approach is known to fail in finding the
Pareto-optimal solutions in the non-convex region (Deb,
2001). Thus, we use the�-constraint method here (Miettinen,
1999). In this case, we convert the second objective (mini-
mization of PDI) into an additional constraint as PDI�PDI�
and maximize only the first objective. Other constraints and
variable bounds, as given in Problem 1, are kept the same. To
obtain different Pareto-optimal solutions, we simply choose
a different value for PDI� and optimize the resulting single-
objective optimization problem using a single-objective GA.
The constraints are handled using a penalty parameter less
procedure (Deb, 2000). The GA parameters, such as the
population size, operator parameters, etc., are kept the same
as those used in the above NSGA-II study. This approach
must be applied as many times as the desired distinct Pareto-
optimal solutions, since each single-objective optimization
solution leads to only one solution on the Pareto-optimal
front. Fig. 4 marks these solutions as ‘SOOP’ solutions ob-
tained by 10-independent GA runs, each performed with a
different PDI� value. Since these solutions are found to lie
on or near the Pareto-optimal front obtained by the NSGA-
II, it can be stated that the Pareto-optimal front found by
NSGA-II is probably the true Pareto-optimal front.

4.1.2. Comparing with binary-coded NSGA-II
Next, all 21 decision variables are coded in binary strings

of seven bits each and the same NSGA-II is used, except that
the real-coded crossover and mutation operators are replaced
by single-point and bit-wise mutation operators. The com-
parative performance between real-coded and binary-coded
NSGA-II is presented inFig. 5, where it is observed that
the real-coded NSGA-II performs slightly better than the
binary-coded NSGA-II for higher values ofMn. Thus, the
agreement of the results obtained from three procedures give
us enough confidence on the optimality of the obtained solu-
tions and more importantly on the performance of the real-
coded NSGA-II on the two-objective epoxy-polymerization
problem. Such a reliable and systematic procedure is rarely
performed in other chemical process optimization studies.
Here, we advocate following the above practice, particularly
because in such problems the knowledge oftrue Pareto-
optimal solutions is not known and investigators must try to
use all available optimization tools to gain confidence about
the optimality of the obtained solutions. We now discuss an
interesting and important aspect of the obtained solutions
advocated in this paper.
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Fig. 5. Real-coded and binary-coded NSGA-II solutions for theMn and
PDI optimization.

4.1.3. Searching for salient properties of pareto-optimal
solutions

Each of the solutions on Pareto-optimal front carries in-
formation about 21 decision variables. The Fritz–John nec-
essary conditions for Pareto-optimal solutions (Deb, 2001;
Miettinen, 1999) indicate that there exist a number of mathe-
matical conditions which every Pareto-optimal solution must
satisfy. This leads us to believe that the obtained solutions, if
close to the Pareto-optimal solutions, will share some com-
mon properties among them and, of course, will have some
differences in order to have trade-offs among them. If such
properties exist, they would be worth searching for in a real-
world application problem, as a knowledge of them will
provide important and useful information about the optimal
trade-off among objectives (Deb, 2003).

An investigation is performed next to identify whether the
obtainedMn-PDI solutions bear some kind of similarity in
terms of the associated decision variables. Interesting trends
are discovered and shown inFig. 6. Addition rates of all
three ingredients for all obtained solutions are shown in the
figure. Though the decision variables are discrete amount of
addition of reactants at various time steps, they are joined
with straight lines to show the trends. A casual look at the
plots will reveal some interesting patterns followed in all ob-
tained solutions. Although, the additions at every hour could
have been anywhere on the vertical axis at each time step,
all obtained solutions seem to follow some patterns. These
patterns reveal important insights about the optimal working
characteristics of the epoxy-polymerization problem, some
of which we have deciphered and are discussed in the fol-
lowing:

(1) The general trend captured in NaOH addition is to start
from the lower bound, reduce or increase the amount
of addition at the first hour, increase close to the up-
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Fig. 6. Time-variant addition of NaOH (top-left), EP (top-right), and AA0 (bottom) show common patterns for real-coded NSGA-II solutions on Problem 1.

per bound in the next hour, then continue with the same
quantity for some more time and finally reduce close to
the lower bound. This phenomenon can be explained as
follows. A high amount of NaOH addition is required
in the first phase of reaction process for a better initi-
ation of polymerization (first three steps are responsi-
ble for chain initiation, as presented in appendix) and
the amount of NaOH can be kept low in the later part
of the process as mainly the growth of chain length
(in appendix, last two steps are responsible for chain
growth) occurs at that part of time and NaOH is pro-
duced as a by-product. The reason for NaOH to come
down at the lower bound after the addition at the zeroth
hour for some solutions is due to the fact that the ini-
tiation steps require NaOH as a reactant and also pro-
duce as a by-product. In case ofMn value less than
7.0 × 103 kg/kg mol, NaOH is found to be added in a
systematic fashion. ForMn value greater than 7.0 ×
103 kg/kg mol, NaOH, instead of decreasing at time step
of the first hour after the first addition, goes up and rest
of the trend remains same as it is stated earlier. In these
cases, NaOH takes part not only in the initiation but
also in growth of chain length by helping to form cer-
tain species of polymer (BEn) which contributes signif-
icantly towards the high value ofMn.

(2) The trend found for epichlorohydrin is straightforward.
It must be started at different levels depending on the
requiredMn value, but must be quickly increased close
to the upper limit and must be continued at that amount
till the end. The reason for small required value of
epichlorohydrin initially is due to it having a less contri-
bution in polymer chain initiation. However, epichloro-

hydrin should be supplied maximally in the later stages
due to its major contribution in chain growth mecha-
nisms. Also, more epichlorohydrin results in more BFn,
EFn, and FFn kind of polymer species in the ultimate
polymer product. It is experienced by the authors that if
the amount of epichlorohydrin is less (especially in the
later part of the reaction process), one can expect more
growth in ABn and BBn type of polymer species. So,
based on the requirement of the process engineer, con-
trolled species distribution can be achieved by different
kind of intermediate additions.

(3) Bisphenol-A must be started in large amount and then
must be reduced with time. This is because bisphenol-
A takes part actively in polymerization initiation step
and its requirement is reduced at the later part (in ap-
pendix, last two steps are responsible for chain growth).
The addition is observed to prolong for longer time
steps for higher values ofMn. This happens because
a largeMn value is achieved by adding more amount
of bisphenol-A in the system. It has been seen that the
added bisphenol-A is consumed almost completely (i.e.
not added more than the amount required) in most of
the cases.

It is clear from these observations that different polymers
(with differentMn and PDI values) must be produced opti-
mally with a different addition pattern of reactants. Although
this is intuitive,Fig. 6 shows a particular pattern of achiev-
ing themoptimally.

To better understand the characteristics of solutions at dif-
ferent parts of the Pareto-optimal front, we divide the entire
Pareto-optimal region into three groups and then discuss the
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Table 1
Three representative solutions picked from the Pareto-optimal front ob-
tained by real-coded NSGA-II in each of the three problems are shown

Source PDI (kg/kg) Mn (kg/kg mol) Reaction time (h)

Benchmark 1.61 633.2 7.00
Problem 1

Group 1 1.59 926.5 7.00
Group 2 1.87 3186.1 7.00
Group 3 1.97 9507.8 7.00

Problem 2
Group 1 1.70 946.6 2.57
Group 2 1.90 3219.5 4.00
Group 3 1.99 9507.6 6.60

Problem 3
Group 1 1.61 943.71 3.80
Group 2 1.88 3218.02 5.17
Group 3 1.97 9508.45 6.98

properties of each group by choosing one representative so-
lution from each group. This may be used to predict the addi-
tion patterns to be maintained when a process engineer picks
up a solution from Pareto-optimal front and wants to man-
ufacture the polymer of that specification. As the solutions
on Pareto-optimal front spanMn from 0.4 × 103 kg/kg mol
to almost 9.5 × 103 kg/kg mol, each region roughly spans
3.0 × 103 kg/kg mol in Mn-axis: 0.0–3.0 × 103 kg/kg mol
Mn (Group 1), 3.0–6.0 × 103 kg/kg molMn (Group 2), and
6.0–9.0 × 103 kg/kg mol Mn (Group 3). The representative
solution in each group are shown inTable 1and the regions
for each group is also marked inFig. 5.The trend in the
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Fig. 7. Time-variant addition of NaOH (left), EP (middle), and AA0 (right) are shown for three representative solutions from each group on the
Pareto-optimal front obtained using the real-coded NSGA-II for Problem 1.

amount of addition of reactants for each group is shown
in Fig. 7. Each group has a distinct pattern of adding the
three reactants. For example, although in all cases the NaOH
addition must be high in the middle of the reaction time span
and must be drastically reduced soon thereafter, polymers
with very smallMn values need to be produced with almost
zero addition of NaOH att = 1 h. Similarly, for producing
polymers having very largeMn value, the comparatively
small dosage of epichlorohydrin must be added initiallyt=0.
Although such conclusions can be made by understanding
the chemistry of the process, the above plots presents the
trend quantitatively for a specific requirement of a polymer.
We summarize these findings in the following:

Group1: NaOH addition needs a delayed rise accompa-
nied by a dip in first hour after starting from the low ini-
tial (lower bound) concentration; Epichlorohydrin addition
needs a fast rise from low starting concentration; AA0 ad-
dition needs a very quick fall from a somewhat high initial
(near to upper bound) concentration.
Group 2: NaOH addition needs a delayed rise without

any fall in between after starting from the low initial (lower
bound) concentration; Epichlorohydrin additions needs a
faster rise from relatively higher starting concentration;
AA0 addition needs a fall at the second hour starting from
a high initial (upper bound) concentration.
Group3: NaOH addition needs a sharp rise after starting

from the low initial (lower bound) concentration; Epichloro-
hydrin addition needs a comparatively delayed rise from
the low starting concentration; AA0 addition needs a much
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late (after the second hour) fall from the high initial (upper
bound) concentration.

The information above conveys that there lies a relation-
ship between the solutions in the Pareto-optimal front and
the system under consideration. The relationship can be re-
garded as the ‘blue-print’ of the system. Given a set of ob-
jectives, certain properties emerge from the system, not ar-
bitrarily, but following some basic properties of the system.
This relationship between the property of the system and the
solutions of the Pareto-optimal front would be of tremen-
dous importance to process or production engineers. Such
observation has also been observed in other engineering de-
sign problems such as gearbox design, truss-structure de-
sign, etc. (Deb, 2003) and in other chemical process opti-
mization problems, such as in multi-objective optimization
of various processes like grinding of lead zinc ore (Mitra
and Gopinath, 2003), iron ore sintering process (Nath and
Mitra, 2004). Various rules that are evolved while character-
izing the Pareto-optimal front can be used as innovative and
intelligent thumb rules for epoxy polymerization. Such in-
telligent rules, though appeared simple, cannot be predicted
easily for a complex system like epoxy polymerization and
requires a thorough study and can be proved to be benefi-
cial for most of the industrial systems where operating rules
are generally slowly developed on the basis of experience.
Pareto characterization can help a process engineer to con-
trol the operation of an epoxy-polymerization reactor for
maintaining different production schedules as well. Besides
utilizing the mathematical optimality conditions outlined in
standard texts (Deb, 2001; Miettinen, 1999), there exist no
other methods to decipher such vital information about a
complex problem.

As several polymer species are involved in this polymer-
ization study, the next interest would be to investigate the
distribution of various species at the end of polymerization.
Fig. 8(left plot) shows EEn as a major product for polymers
of lower dispersity and as dispersity increases, BEn, another
species, evolves as the nearest competitor. As the first-order
moment is directly related to the growth in chain length,
variation of different polymer species plotted against the

first-order moment (the right plot inFig. 8) shows the same
trend. Polymer of higherMn can be achieved by the growth
of various other polymer species (BFn, EFn, BBn), but as
the number of species increases in the final distribution, the
dispersity (PDI) also increases. The only way, therefore, to
achieve higherMn with a lower PDI is to have growth of
any particular polymer species in course of polymerization.
Here, for polymers having a higher PDI value, like one in
Group 3, as more than one species start competing with the
major species (EEn), a higherMn is achieved at the cost of
a higher PDI value. For a process engineer, if a higher poly-
dispersity value is desired, a polymer with a higherMn value
will be desired and otherwise not. Even, based on the type
of the species, the process engineer can have choices among
various options from the Pareto-optimal front solutions.

4.1.4. NSGA-II parametric study
The effect of varying GA parameters on the obtained

Pareto-optimal front is studied next. If the population size
is decreased from 250 to 100, the convergence rate is
marginally faster (converging at iteration 27, instead of 34
iterations required with 250 population members), but the
convergence speed is achieved at the cost of a poor spread
of solutions on the front, especially towards the smaller
PDI values. The effect of reducing the crossover probabil-
ity (from 0.9 to 0.7) again leads to no significant change
in converging and maintaining spread of solutions on the
Pareto-optimal front. The effect of a change in the mutation
probability (from 0.1 to 0.01) indicates no significant change
as well. However, when the distribution index of the SBX
operator is changed gradually from 0.01 to 100, a slightly
inferior spread of Pareto-optimal solutions is obtained.
When the distribution index for polynomial mutation opera-
tor is changed gradually from 0.01 to 100, a better spread of
Pareto-optimal solutions is observed. In all cases, the perfor-
mance is compared by keeping the same number of overall
solution evaluations. Since the chosen NSGA-II parame-
ter values (as described in Problem 1) produce reasonably
good convergence and maintenance of spread of solutions,
we continue the rest of the simulations with these values.
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Fig. 9. Obtained NSGA-II solutions for theMn and reaction time opti-
mization are compared with single-objective optimization (SOOP) solu-
tions. Initial solutions of NSGA-II and the benchmark solution are also
shown.

4.2. Discussion on Problem 2

Next, we turn our attention to the optimization ofMn and
the reaction time. The reaction time is also treated as an ad-
ditional decision variable. The same upper and lower bounds
for reactants are kept for this case also, only addition being
the reaction time which is varied as follows: 0�tsim�7 h. Af-
ter the multi-objective optimization with NSGA-II, Pareto-
optimal solutions (marked as ‘NSGA-II’) are plotted inFig.
9. To show the progress made by NSGA-II over iterations,
the randomly created initial solutions are also shown as
“Initial” in the figure. Once again, the random solutions
within the chosen variable bounds are far from being close
to the true Pareto-optimal front and NSGA-II is able to find
a wide range of solutions starting with these random solu-
tions. The generic observation is that a smaller reaction time
produces polymers having a smallerMn value. Once again,
theMn-time optimality front seems to be non-convex.

Like before, the�-constraint method is used to constrain
the reaction time values andMn is maximized. A number
of solutions (marked as ‘SOOP’) obtained with this repeat-
edly applied single-objective formulation are also shown in
Fig. 9. Both the NSGA-II and the single-objective GA solu-
tions agree at most cases (in other cases, NSGA-II solutions
are better), thereby establishing confidence in the optimality
of the obtained solutions.

The NSGA-II solutions are much better than the bench-
mark solution, as shown inFig. 9. Among many solutions
from the Pareto-optimal front obtained using the real-coded
NSGA-II, one solution is chosen for demonstrating how the
same quality polymer (having the same order of magnitude
of Mn and PDI as compared to the benchmark solution) can
be obtained in a much less processing time. A polymer hav-
ingMn value of 616 kg/kg mol and PDI value of 1.57 is com-
pared with the benchmark solutions (Mn of 633.2 kg/kg mol
and PDI of 1.61 obtained with 7 h of reaction time). The

obtained NSGA-II solution requires only 2.13 h of reaction
time, thereby requiring less than one-third time of comple-
tion from the benchmark solution. This is equivalent to a
300% improvement in the productivity. In general, in case
of Problem 2, it has been observed that by manipulating sev-
eral reactant addition amounts, a similar quality polymer (as
compared to that obtained in Problem 1) can be obtained in a
much less processing time. But since the PDI minimization
is not performed in Problem 2, for similarMn values in both
cases, PDI values for theMn-time Pareto-optimal solutions
(Problem 2) are higher as compared to the same for Prob-
lem 1. This calls for an optimization of all three objectives
for a better solution, a matter which we deal in Section 4.3.

4.2.1. Analyzing the solutions of Problem 2
In Problem 2, each of the solutions on the Pareto-optimal

front carries information of 22 decision variables. A similar
investigation, as done in Problem 1, is intended to carry out
next to identify whether these solutions on the time Pareto-
optimal front have some commonality among themselves.As
the reaction time is a variable here, it is not easy to perform
a trend analysis similar to that used in Problem 1.Fig. 10
compares the characteristics of equivalent solutions (having
similar Mn values) taken from the Pareto-optimal front of
Problems 1 and 2.Table 1showed these chosen solutions
from the three groups in both fronts. It can be stated that
in case of Problem 2, though the patterns for addition of
epichlorohydrin and bisphenol-A are almost similar to those
in case of Problem 1, the reduction in time is mainly achieved
by adding more NaOH into the system right from the start of
the reaction process. That is, for preparing a polymer having
a similar value ofMn as that obtained in Problem 1, the
reaction time is found to be reduced drastically in Problem 2
as compared to the fixed reaction time of 7 h (for Problem 1)
by increasing the initial addition of NaOH, but at a cost of a
slightly higher PDI value. As more and more NaOH, EP and
AA0 are added to the system, secondary species like BEn,
EEn, BFn, EFn get generated (as compared to the primary
species BBn, ABn) in the system contributing significantly
in increasing theMn value and by parallely increasing the
PDI value. This is due to the fact that an increase in number
of species increases the dispersity value.

Fig. 10clearly shows that although similar quality poly-
mers are produced by both optimizations, their operating
principles are quite different. The top row shows the addition
trend of NaOH, EP and AA0 for two equivalent solutions
from the lowMn group (Group 1). The middle row shows
the same for the intermediateMn group (Group 2) and the
bottom row shows the same for the highMn group (Group
3). The dashed pattern is for the 7 h long solution obtained
in Problem 1, whereas the solid pattern is obtained in Prob-
lem 2. For the latter case, the end of reaction time is shown
by a vertical downward arrow.

The general trend captured in the NaOH addition is that
NaOH must be added at a high quantity to start with, then
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Fig. 10. Effect of reaction time minimization on three equivalent optimal solutions from Problems 1 and 2. Each row shows the comparison on a particular
group. The dashed line is taken from Problem 1 and solid line is taken from Problem 2.

must continue with a similar amount for some time and then
must be reduced. Here, NaOH is realized to take part not
only in the initiation process, but also in the growth of the
chain length. Epichlorohydrin (EP), on the other hand, is
found to be needed more (as compared to Problem 1) in
the beginning for low and mediumMn requirement, but for
high Mn values, EP addition needs to be slowed down in
the beginning. Trends for bisphenol-A (AA0) remain almost
the same as in Problem 1 (that is, adding more in the be-
ginning and using the same for polymerization for the rest
of the time). Barring the details, it can be concluded that al-
though all three reactants are required to be added more in
the beginning (in comparison to a 7 h long polymerization
process) to achieve a similar polymer in a smaller time, the
addition patterns of reactants, requiring the formation of the
desired polymer are similar.

Next, the species distribution for all three groups men-
tioned inTable 1for Problem 2 is plotted in terms of mo-
ment zero (left plot inFig. 11) and the first-order moment
(right plot in Fig. 11) carrying information on concentration
of species and growth of chain length, respectively. From
the left plot inFig. 11, it can be seen that the species BBn

(ABn being its close competitor) is a primary species and
there is a clear shift towards BEn, BFn, EEn, and EFn for the
cases with higher time andMn. In fact, with more addition
of NaOH, epichlorohydrin and higher bisphenol-A affect the

process for producing more BEn, BFn, EEn, and EFn type
of polymer species. Similarly first moments for all the cases
have also indicated a large growth in chain length for BEn,
BFn, EEn, and EFn type of species for a longer time and a
higherMn value (right plot inFig. 11).

4.3. Discussion on Problem 3

The Pareto-optimal solutions for three objective opti-
mization problem (henceforth called as ‘three-dimensional
Pareto-optimal front’) are plotted inFig. 12.

When the previously obtained two fronts (from Problems
1 and 2) are drawn on this plot, they are interestingly found
to be the limiting fronts lying on the two edges of the three-
dimensional front. First, we deduce the following conclu-
sions from the three-dimensional front:

(1) The three-dimensional Pareto-optimal front is a non-
convex front.

(2) For low values ofMn, polymers can be prepared in much
less than 7 h. Since the reaction time is also minimized
in Problem 3, there exists almost no solution requiring
as large as 7 h to produce a polymer having a lowMn.

(3) For high values ofMn, more reaction time is needed.
As in the polymerization process, the repeat units get
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added with the monomer to form a longer chain length,
a polymer having a high value ofMn requires more time
to form than a polymer having a low value ofMn. But
for a desiredMn and PDI combination, one can find a
solution requiring smaller than 7 h to do the job, but the
occurrence of such a quick operation gets reduced with
the requirement of higher and higherMn values.

(4) Finally, for the maximumMn requirement, there exists
only one solution (withMn =10, 402.12 kg/kg mol), re-
quiring 7 h (the maximum allowed) of reaction time,
but also producing the largest PDI value (1.985). Such
is the trade-off often observed in multi-objective opti-
mization problems andFig. 12shows many such trade-
off solutions producing different values ofMn and PDI
and requiring different amount of reaction time.

(5) Another interesting aspect is that for any fixed reaction
time, theMn-time optimization (Problem 2) solutions
produced the maximumMn value and there exists no
other solution producing a better (smaller) PDI value
and an identicalMn value. But, the three-dimensional
Pareto-optimal front provides more information about
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Fig. 13. Several optimizations of Problem 1 with differenttsim values help
find the third boundary of true three-dimensional Pareto-optimal front.

the trade-off than both two-objective Pareto-optimal
fronts, discussed earlier.

On the three-dimensional Pareto-optimal front, there
seems to be a larger concentration of solutions towards the
Mn-time front (in other words, there are more solutions re-
quiring a smaller processing time). To understand this trend
better, we repeat Problem 1 for different reaction times.
We force the reaction time to end attsim = 1 h, 2 h, and so
on, and collect all the obtained Pareto-optimal solutions.
Thereafter, we perform a non-domination check considering
all three objectives (maximization ofMn, minimization of
PDI, and minimization oftsim) and the resulting solutions
are plotted inFig. 13. An interesting aspect is revealed.
For identical PDI values, there exists a smaller reaction
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Fig. 14. PDI and reaction time interaction (left) andMn and reaction time interaction (right) reveal interesting properties about theoptimal operating
conditionsof the polymerization problem. In the left figure,Mn is shown in kg/kg mol.

time solution outperforming a larger time solution. This
feature of the problem produces athird boundary on this
three-dimensional Pareto-optimal front, thereby showing
the complete bounded trade-off surface of interactions. The
figure also shows the projection of the three-dimensional
trade-off surface on the three two-objective planes. It is clear
that although there are some rooms for trade-offs among
Mn-time and PDI-time combinations, in terms ofMn-PDI
combinations, there is almost a straightforward trade-off.
This fact also indicates that the consideration of minimiza-
tion of the reaction time is important in this problem to
reveal interesting time-saving trade-off solutions.

To understand the three-objective interactions further, we
consider the PDI-time andMn-time projections (as shown
shaded inFig. 13) and plot them again inFig. 14 in the
left and right plots, respectively. On the PDI-time plot, we
show contours of fixedMn values. For each contour line,
the trade-off between PDI and reaction time is clear. How-
ever, what is more interesting is that the trade-off becomes
marginal away from theMn-time Pareto-optimal front (the
upper boundary). To achieve a small advantage in the PDI
value, a large reaction time is necessary. Since the slope
of the three-objective Pareto-optimal front is quite small at
these regions, the NSGA-II has found very few solutions
away from theMn-time boundary inFig. 12. It can then be
concluded that for a fixedMn requirement, it is better to
consider the trade-off solutions close to theMn-time Pareto-
optimal boundary. Another aspect is the rate at which the ‘re-
gion of optimality’ reduces for an increasingMn value. For
example, if a polymer withMn greater than 5000 kg/kg mol
is desired, there does not exist too many options in terms of
the reaction time. The right plot inFig. 14 shows contour
lines for fixed values of PDI on the three-objective Pareto-
optimal front. Once again the trade-off betweenMn and
reaction time is clear from the plot. Although a similar con-
clusion (about choosing solutions close to theMn-time op-
timal boundary) can be made for smaller PDI values, for
large PDI values (such as PDI= 1.95) the trade-off between
Mn and reaction time is quite substantial. These two plots
can be chosen to determine a suitable operating condition
for the epoxy-polymerization problem.

Once again, like Problems 1 and 2, representative so-
lutions are chosen for analysis from the three groups of
Mn (seeTable 1). It can be easily observed that in case
of Problem 3, similarMn (943.71 kg/kg mol as compared
to 946.6 kg/kg mol of Problem 2) can be achieved with a
smaller PDI (1.61 as compared to 1.70 of Problem 2), but at
the cost of a little more reaction time (3.80 h as compared
to 2.57 h). This was one difficulty in Problem 2 stated ear-
lier: similar Mn is achieved at the cost of more PDI, but
with the smallest possible reaction time. This trade-off be-
tween PDI and time can be very effectively used by a pro-
cess engineer for different kinds of operations, i.e. the en-
gineer can choose a solution from the results of Problem 3
if the product quality is extremely important for a client (of
course, at the cost of productivity) or choose a solution from
the results of Problem 2 if the product quality requirement
is not so stringent, but the productivity is of utmost impor-
tance. For example, one solution of Problem 3 recommends
Mn = 630 kg/kg mol, PDI= 1.54 and reaction time equal
to 2.27 h, but for the benchmark case, they are as follows:
Mn = 631, PDI= 1.61 and reaction time equal to 7 h. So, a
much better quality polymer (with reduced polydispersity)
can be produced in less than one-third of the actual reaction
time (recommending more than 300% productivity improve-
ment). Although the Problem 2 finds two similar polymers
(with Mn = 616 and 666 kg/kg mol) in slightly less reaction
times (2.13 and 2.21 h, respectively), the PDI values (1.57
and 1.60, respectively) are slightly inferior. This shows the
effectiveness of using all three objectives in a study, where
all of them are important in the decision-making process.

The extreme solutions are extracted from the above stud-
ies and are presented inTable 2. For a fixed reaction time,
the trade-off betweenMn and PDI is clear from the table.
Interestingly,Fig. 13also indicates that there exist polymers
with a continuous variation ofMn and PDI between the two
extreme cases for each reaction time shown in the table.

The three-objective optimization study also leads to the
investigation of species distribution for the groups presented
in Table 1(Problem 3). Both the zeroth and the first-order
moments are shown for these groups in left and right plots
in Fig. 15, respectively. It is clear from the figures that in
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Table 2
Extreme polymers extracted from the three-objective Pareto-optimal front
(Fig. 13) for different reaction times of the epoxy-polymerization process

Reaction MaximumMn Minimum PDI

time (h) Mn (kg/kg mol) PDI Mn (kg/kg mol) PDI

1 294.524 1.147 238.519 1.005
2 561.872 1.522 236.751 1.008
3 1379.881 1.788 268.711 1.034
4 3162.372 1.906 282.337 1.069
5 5333.817 1.934 289.212 1.075
6 7949.621 1.966 279.515 1.096
7 10402.122 1.985 271.734 1.083

Problem 3, there is no development of new species in the
course of the polymerization (as also observed in Problem
2) and distribution of species is much organized in these two
cases. Here, BEn and EEn are the primary species whenMn

requirement is low. With a larger requirement ofMn, sec-
ondary species, like BBn, BFn, and EFn, get generated, a
phenomenon which was observed with solutions from Prob-
lem 1 as well.

5. Conclusions and extensions

A well-validated model consisting of a large number
of moment-based ordinary differential equations has been
utilized for the multi-objective optimization of epoxy-
polymerization process using an evolutionary algorithm
(NSGA-II). The aim of the study has been to extract the
discrete addition patterns of the reactants for optimizing
various objectives simultaneously (e.g. Problem 1: Max-
imization of Mn with minimization of PDI, Problem 2:
Maximization of Mn with minimization of reaction time
and Problem 3: Maximization ofMn, minimization of PDI,
and minimization of reaction time). The salient features
which resulted from this work are:

(1) Solutions to Problem 1 have led to betterMn (higher)
and PDI (lower) values as compared to the available
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Fig. 15. Change in concentration (left) and first-order moment of different polymer species are shown for representative solutions from each group
obtained using real-coded NSGA-II for theMn, PDI, and reaction time optimization.

benchmark data on the problem. Solutions to Problems
2 and 3 have provided optimal operating conditions
of producing polymers with a similarMn, but with a
smaller PDI value in as much as one-third of the reac-
tion time (as compared to benchmark solution).

(2) Importantly, the multi-objective optimization of the
epoxy-polymerization process has led to the discov-
ery of certain operating principles (addition time-
pattern of three reactants (NaOH, Epichlorohydrin, and
Bisphenol-A)) for all high-performance solutions. The
trade-off between the objectives have been clearly char-
acterized by showing and contrasting a representative
additive pattern of all three reactants. Such a piece of
information brings out the ‘blue-print’ of the optimal
operating conditions of a chemical process and is of-
ten important from the point of view of a process or
production engineer.

(3) The distribution of various species for all three prob-
lems has been studied to show how a change in reactant
addition pattern has changed different species distribu-
tion during the course of polymerization. This study has
also showed the change in the distribution of various
species for different degrees of polymerization, which
has provided further insight into the underlying process.

(4) Semi-batch mode of operations for epoxy processes has
been found to be much superior to the benchmark, one-
time addition processes (batch mode).

(5) The study of multi-objective optimization on all three
objectives has demonstrated a systematic procedure of
identifying the overall trade-off relationship among the
objectives. Since the NSGA-II procedure is capable of
finding multiple Pareto-optimal solutions with a good
spread in them, it has been possible to perform such a
study. Once such a trade-off relationship is identified
and a mapping of every solution from the trade-off sur-
face to the corresponding decision variables is estab-
lished, such information can be used an ‘operating chart’
for performing an optimal operation. For a desired re-
quirement in any combination of objectives, a suitable
operating solution can be found from such a chart.
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(6) All three problems considered here have displayed a
non-convex Pareto-optimal front. NSGA-II has been-
able to find solutions on or near the true Pareto-optimal
front of the problems. This has been validated by solving
the multi-objective problems using a single-objective
preference based optimization method (�-constraint
method). The advantage of using the NSGA-II is that
it has found multiple (as many as 250) Pareto-optimal
solutions in a single simulation run.

The two-objective optimization problems took about 3 h of
computational time on a Pentium IV 1.5 GHz processor and
the three-objective optimization problem took about 13 h on
the same machine. However, since such a study is expected
to be performed off-line and once for a particular process for
the purpose of understanding the process better, such tasks
providing useful information discussed above are worth the
effort.

This study used some primary oligomer concentration
profiles available as experimental data. With the availability
of more such experimental data, the underlying mathemat-
ical model can be improved further. In fact, using the rec-
ommendations of this optimization study, experiments now
can be performed and effectiveness of the current recom-
mendations can be validated as well. Specific growth of a
particular polymer species out of several considered here
can also be performed depending on the requirements of
the industry. Nevertheless, this extensive study has clearly
demonstrated the use of a multi-objective optimization pro-
cedure in understanding a complex process, such as the
epoxy-polymerization process, and outlined a systematic op-
timization procedure for arriving at the optimal operating
chart with a clear trade-off information about salient objec-
tives of the process—a matter which would ultimately have
a tremendous practical importance.

Notation

AA0 bisphenol-A (monomer)
ABm molecular species (polymer)
B sodium phenoxide end group
di crowding distance ofith population member
E glycidyl ether group
EP epichlorohydrin
F chlorohydrin end group
Fi ith fitness function
Iij jth objective function for theith problem
Ii objective function vector of theith problem
Ki reaction rate constant
Mn number average molecular weight (kg/kg mol)
Mw weight average molecular weight (kg/kg mol)
NaOH sodium hydroxide
n number ofui values used in NSGA-II
NGen iteration number

NGen,max maximum number of iterations
NPop number of solutions in the NSGA-II pop-

ulation
PN parent population atNth iteration
pm mutation probability
pc crossover probability
PDI poly-dispersity index (Mw/Mn)
QN offspring population atNth iteration
RN combined population atNth iteration
tsim reaction time (h)
tj discrete time instants for adding reactants

(h)
U vector of control variables,U1(tj ),U2(tj ),

U3(tj )

U
(i)
pop,j value of control variable at the end ofkth

time interval forith solution
Umax

pop,j ,U
min
pop,j upper and lower bounds on control vari-

able at the end ofkth time interval
x vector of state variables,xi

�m0 a factor (0 for molecular weight determi-
nation without epichlorohydrin and 1 with
epichlorohydrin)

[•] concentrations
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Reaction scheme for epoxy polymerization

Here, we present five reaction schemes of the epoxy-
polymerization process. The details can be found in
Majumdar et al. (2004)and in Raha and Gupta (1998).
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The end groups present in the reaction mass are as follows:
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