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Homework Assignment 8 Solutions

Show your work!

1. For cach of the following positions in a game of STANDARD Nim {l.e. not imited; vou can take as many chips
as you want from any pile, person t6 take the lasé chip wing), use binary expansions of the pile numbers to decide if
the position is a W{in) or L{oss) for the player about to move, For the positions that are Wiins), list ALL winning

moves, L.e. moves which present the next player with a L{osing) position.
{2} Three piles, with 4, 7, and 8 abjects.

Solutiorn Convers the piles fo binavy: 4 i 3160 in binary, 718 111 in binary, and 8 is 1000 i binary, Then write the
P D& y
binary representations of the pile sizes on top of one another and take the column sums:

0100
ol
1000
1211

Since the eolumn sums are not all even, this is & winning poesition. The first player wants a move to change all
column sums Lo even numbers. To do this, they need fo change the first, thivd, and fourth columns in one of the
piles, and do this in such a way that $he pile total goes DOWN. This will work if the LEFTMOST changed column
goes from a 1 to a 0. For instance, a winning move is to change the third pile from 1806 lor 8) to D011 (o 3),

None of the other piles can give winning moves, because their first columng have Os. For instance, 1T we trisd to
change the second pile, the change woull be from 0311 {or 7) to 1160 (or 12, which is bigger than 71)

{b) Three piles, with 21, 42, and 63 objects.

Solution: Convert the piles to binary: 21 is 10101 in binary, 42 is 101010 in binary, and 63 is 111111 in hinary.
Then write the binary represemtations of the pile sizes on top of one another and take the column sums:

010101
L1016
111311
999229

All column sums are even, so thds ig a lesing position.

{c} Four piles, with 20, 25, 26, and 28 ebjects.

Solutiom: Convert the piles to binary: 20 is 101060 in binary, 25 is 11001 in binary, 26 is 11010 in binary, and 28 is
11180 in binary. Then write the binary representations of the pile sizes on top of one another and take the columm
SUns:

10100
11001
J10L0
111040
43211



Since the column sums are not all even, this Is & winning position. The first piayer wants & move to change all

column suns 1o even numbers. To do this, they nead to change the second, fourth, and Bfth columns in one of the

piles, and do this in such a way that the pile total goes DOWN. This will work if the LEFTMOST changed colurn
{L.e. the sscond cobumn) goes from a L to 2 Q.

The winning moves are: you could change the second pile from 11001 {or 25} to 10010 (or 18}, or you could change the
third plie from 11610 (or 28) to 16001 (or 17), or you conld change the fourth piie from 12100 (or 28) to 10117 {or 23).

% We discussed in class how certain “heles” in the game of Cram are equivalent to positions in Nim. For example,
T . 1 . s . i . B f . . . N . -
U1 s obvicusly equivalent to a Nim pile with 1 chip in i uo matter what move is made, there is no room for

ancther doming alterwards, so the position s like a single “chip” which can be taken.

Slightly more tricky is 1 Here, vhere are twe possible types ol moves; you could Gl the lefimost two
squares, leaving space for one domino (which Is ke a pile with 1 chip), or All the middie two squares, leaving no
space for any dominoes {which is like a pie with ) chips.} Since the legai moves leave sither [ chip or § chips,

15 like a pile with 2 chips (just think of the legal moves in Nim frovs a pile with 2 chips...)

Continuing with this idea of working backwardg to equate holas in Craon to Nim vositions, explain what Nim nosi-
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3. You're playing a game of Cram, and after your opponent’s move, are presented with the following positicn. Use
roasoning as in problem 2 te describe an eguivalent Nime position {1t will have lots of pilas!) and determine a winning
move, (SOLUTION ON NEXT PAGE)
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