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% Midterm Solutions

Instructions: Answer every question as completely as possible and SHOW ALL
WORK. Make sure Lhat your final answers are clearly marked where applicable. You
may use bhe backs of the test sheets, and if you need additional scratch paper, just ask.

Saleulators should not be necessary for any exam question, but 2 basic scientific calou-
lator {no graphing or programmable capabilities) may be used. Cell phones CANNOT
BE CONSULTED during the exam for any reason. Your exam should consist of four
problems, worth a total of 50 points.

L. (20 pts.) Solve the following zero-sum matrix games. To be clear, this
means that you should present {possibly mixed) strategies for BOTH players
and a value v so that Rose's strategy gusrantees ber an expected payoff of at
least ¢, and Colin’s strategy guarantees that her expected payoft is at most v,
To save time, MAKE SURE that you begin by looking for saddle points and/or
dominaied strategiesi!!
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HINT: This SHOULD reduce to & 2 x 3 or 3 x 2 game.
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2. For each of the following nonzero-sum games,

(i) Draw the movement diagram to find all pure-strategy Nash equilibria

(ii) Draw the payoll polygon and highlight all Pareto optimal outcomes

(iii) State whether the game is solvable in the strict sense (SSS)

(iv) Find a strategic move for Rose, such as seizing first move, making Colin
move first and threatening, or making Colin move first and promising, that
guarantees her the best achievable payoff (note: some of her payoff(s) might not
be achievable because Colin won’t ever make a choice which lets her have them!)
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3. » Consider the following game: Rose chooses either the number 1 or
the number 5, and Colin chooses either the number 2 or the number 4. Then, a
fair die is rolled, which shows a random number from. 1 to 6, The person whose
number is closest to the roll of the die wins §1 from the other player. {So this
is a zevo-sum game!) As an example, say Rose chooses 5 and Colin chooses 2.
The die is rolied, and comes up a 6. In this case, Rase would win, since 6 is
closer to 5 than it i3 to 2.

Write down the payoff matrix for this game, using EXPECTED payofls in each
i 2 & pay
cagse. Do not try to solve the resulting gaine, just write the matrix,

Solution: Rose’s possible strategies arve to choose 1 or §, and Colin’s possible
strategies are to choose 2 or 4. For each of the four possible strategy choices
that the pair can make, we compute an EXPECTED payoff by fguring out who
‘wins for the six possible rolls of the die.

For instance, if Rose chooses 1 and Colin chooses 2, then

If the die comes up 1, the payolf for Rose is L {Rose is closer)
Tf the die comes up 2, the payoff for Rose is —1 {Colin is cloger)
If the die comes up 3, the payoff for Rose is =1 (Colin is closer)
If the die comes up 4, the payolT for Rose is ~1 (Colin is closer)

if the die comes up 5, the payoff for Rese is -1 {Colin is closer)
Hey /

If the die comes up 6, the payoff for Rose is —1 {Colin is closer)

4 . . . Z 3 X it i G 5
So, in this case, % of the time Rose’s payolf i 1, and the remalning # of the

time Rose's payoff is —1. Using the expected payoff formula from cless gives an
acted navel for her of i ViBy_ 1 _ 5 -4 =%
oxpected payoff for her of (D(5) +(~VE) =5 -§=F = F*

The other cases can be done similarly: /not ali work is shown here)

When Rose picks 1 and Colin picks 4, then % of the tirne Rose’s payoff is 1,
and the remaining 2 of the time Rose's payoff is —1, and her expecied payoll is
4

WG +(-)H=2-5=F =3

When Rose picks § and Colin picks 2, then % of the time Rose's payoff is 1,
and the remaining % of the tirce Rose's payoff is —1, and her expected payoft is

h
(Y + (-1 =¢-t=0

When Rose picis § and Colin picks 4, then é of the time Rose's payoft s [,
and the remaining § of the time Rose's payoff is —1, und her expected payoff is
(IR k(1) (R) =2 -4 = 2=zl
W+ =-LEl=s-5=F =T

The final matrix of expected payoffs (for Rose) is then
¥ ¥ \




4. (8 pts.) Short answer: answer each of the following questions and briefty
explain your answer in your own words. Your answers should not need to be
any longer than a few sentences. You are not necessarily supposed to krnow the
answers to these questions offhand; they can require thinking creatively about
topics from the course, -

(a) We never discussed solutions of 1 x 2, 1 %3, 1 x4, 2x 1,3 x1,4x 1, eic.
zero-sum games in this class. Can you explain why the study of such games
would be quite easy?

Solution: If the game is 1 x n, meaning that there is only one strategy for
Rose, then Colbin should clearly just choose the strategy which gives Rose the
lowest payoff. Put another way, the movement diagram for the game will just
ivok like a horizontal line with arrows pointing to one location, which will be
an equilibrium.

1 the game if 1. x 1, meaning that there is only one strategy for Colin, then Rose
will just chioose the strategy which gives her tlie highest payafl. Put ancther
way, the movement diagram for the game will just loolk like a vertical line with
arrows pointing to one location, which will be an equilibrium.

{b) Suppese that in some zero-guim game where you have two strategies, A and
B, you determine your optimal mixed strategy is to play A 1 of the time and B
% of the time. Why is it net a good idea to implement this by just playing A, B,
B, A B, B, A, BB, .7 Give & specific example of a betier way to implement
this mixed strategy,

Solution: If you play A, B, B, A, B, B, A, B, B, ..., then the other player can
predict your next move and make the best response, defeating the purpose of
playing a mired strategy. You need to play this mixed strategy in a RANDOM
way, for example by writing A on a piece of paper, B on two pieces of paper,
and choosing one at random cach time. Another option would be to roll a die,
and play A if it comes up 1 or 2, or B if it comes up 3, 4, §, or 8.



() We never discussed the idea of Pareto optimal outcomes in zero-sum gaines;
thig is because the idea ts very uninteresting for zero-sum games. Why is this?

Solution: The only way for an outcome to NOT be Pareto optimal is if there
is another outcome that is better for both players. But in a zero-sum game, it
is impogsible for both players to improve; one can only get a higher payoff if the
other gets a lower one. So, in A zero-sum game, every outcome is antomatically
Pareto optimality and the concept is uninteresting.

{d) In your own words, explain why the following is true: if a zero-sum game has
a saddle/equilibrivim point, it is a natural and logical strategy for both players.
(There are several “right” answers to this question.)

Salution: If a zero-sum game has an squilibrivin point with payofl v, then v
is the highest payoff in its column and the lowest payoil in its row. Then by
playing the row containing this equilibrium, Rose ensures her payoff to be at
least v, and by playing the column containing v, Colin ensures her payofl to be
at most v. Since Rose can make sure she gets a payoff of ab least v and Colin
can make sure she deesn't get anything more than that, both players should
just be content for Rose to get a payolt of v,

Alternately, you can shink in terms of a movement diagram; even if the players
start outthinking each other in the style of “Rose might play B, so T would play
A, but she knows this, and would respond with A...", from an equilibrivm point
there is no putthinking. If the players are at an equilibrium, each is already
playing the best response to the other player's strategy, and there is no incen-
tive to make a change.




