GORDON STRUCTURE AND SCHRODINGER OPERATORS FOR
CODINGS OF CIRCLE ROTATIONS
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ABSTRACT. We consider, for any irrational a and interval I C T, the 2-interval coding
subshift X% induced by coding orbits under repeated rotation by « via membership in I
or I¢. Each sequence ¢ € X9 has an associated Schrodinger operator H., and in [15] it
was proved that if the continued fraction of o has digits with limsup at least 4, then almost
every ¢ € X% has a shift with so-called 3-block Gordon structure, which implies that the
operator H. has no eigenvalues.

We significantly improve this result by completely characterizing almost-sure 3-block Gor-
don structure up to a shift, proving that in fact it holds for all («, I) except for a countable
set of pairs («,|I|) where a is M&bius equivalent to the silver mean and |I| € Za + f(«a)
1 a a+1

575,01‘ -

We also show that for a set of « of full measure, and for every I, the set of points whose

where f(«) is a specific infinite series taking value either

orbit codings do not have 3-block Gordon structure has Hausdorff dimension bounded away
from 1.

1. INTRODUCTION

Given a bounded sequence V : Z — C, one can define the discrete Schrédinger operator
Hy - EQ(Z) — 62(Z> by

[Hy)(n) = ¢(n—1) +¢(n+ 1) + V(n)y(n).

The study of these operators and their spectra has been incredibly fruitful. One specific
program is to try to prove that for “nice” sequences, the spectrum is relatively small and
contains few eigenvalues. For such results, an incredibly useful tool is the 3-block Gordon
lemma ([10]). A sequence z on a finite alphabet A is said to have 3-block Gordon structure
if there exists an increasing sequence (gi) such that for every k and every i € (—gy,0],
x(i) = (i — qx) = x(i + qx). The 3-block Gordon lemma states that for z with 3-block
Gordon structure, the operator H, has no eigenvalues.

Outside of Schrodinger operators, the study of such periodic structures has found multiple
applications. For instance, in [1] and [18], similar properties are applied to questions of
transcendence and simultaneous Diophantine approximation.

From the viewpoint of symbolic dynamics, it is natural to study an entire subshift X (shift-
invariant set of sequences which is closed in the product topology) and try to prove that
most/all sequences in X have desirable properties. Since it is not possible for all sequences
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of an infinite aperiodic subshift to have 3-block Gordon structure (see [4]), existing results
generally prove that 3-block Gordon structure holds for a set of positive measure for some
natural ergodic measure(s). Then one can use ergodicity to show that almost every € X has
a shift with the structure. Such results have been proved for many natural ‘low-complexity’
subshifts, such as Sturmian shifts ([8]), some simple Toeplitz shifts (see [7] and [19]), and
subshifts induced by primitive substitutions of index greater than 3 ([9]).

A natural class for which only partial results exist are codings of a circle rotation by « by
two intervals I and I we denote the subshift of such codings by X(:®). When a € Q, all

(1,2) trivially have 3-block Gordon structure, so we for now on restrict to the case

points in X
of irrational . The best known result is proved in [15]: if the rotation number « has continued
fraction expansion with digits a; and lim sup ag > 4, then 3-block Gordon structure holds for
a set with positive measure, and therefore absence of eigenvalues of the associated operator
holds almost-surely. In particular, this demonstrated that for a set of a of full Lebesgue
measure, almost-sure absence of eigenvalues holds for every 1.

Our main result improves this significantly by completely characterizing such subshifts for
which almost all x € X (up to a shift) have 3-block Gordon structure. In fact, this holds for all
but a very specific countable family of pairs («, |I|). Our proofs rely only on elementary results
about continued fractions, primarily analysis of gaps in sets of the form {0, a, 2a,...,na} as

treated in the Three-gap Theorem.

Theorem 1.1. There exists a function [ : Q° — R where f(a) € {1/2,a/2, (o +1)/2} (see
Definition 3.12)) so that the subshift X(12) fails to have almost-sure 3-block Gordon structure
(up to a shift) if and only if lima, = 2 and |I| € Za + f(«).

Combining this result with the 3-block Gordon Lemma, this yields the following simple
corollary.

Corollary 1.2. Let a be irrational and I be a subinterval of the circle. If it is not the case
that limy, o0 an, = 2 and 2|I| € Za + Z, then for almost every x € Xe) " the Schrodinger
operator H,, has no eigenvalues.

Points in a subshift X @) are nearly in bijective correspondence with the unit circle. It
is therefore possible to view the set of exceptional points (where 3-block Gordon does not
hold up to a shift) as a subset of the circle, which allows for a geometric analysis. We also
show that for a set of « of full Lebesgue measure, the exceptional set of points in [0, 1) whose
coding sequences do not have 3-block Gordon structure (without requiring a shift) actually
has Hausdorff dimension less than 1. (See [2], [5], [11], [12], and [14] for other situations
where zero measure is improved to Hausdorff dimension bounds for questions in the theory of
ergodic Schrodinger operators.)

1/k
Theorem 1.3. If ap > 4 for a set of k of positive upper density and lim sup,, (Hle a¢> <

00, then 3-block Gordon structure holds for all x € X% except for codings of a set of
Hausdorff dimension strictly less than 1.
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At least two very natural questions are raised by Theorem 1.1 and Corollary 1.2. Firstly,
in the case where lim a,, = 2 (meaning that o is Mobius equivalent to the silver mean /2 — 1)
and |I| = ma + f(a), we do not know of an argument to prove or disprove the existence
of eigenvalues; we suspect this case to be extremely interesting and give some thoughts in
Section 5. However, the case remains open and we pose the following question.

Question 1.4. Do the two-interval circle rotation codings which fail to have almost-sure 3-
block Gordon structure (up to a shift) still have associated Schrédinger operator with almost-
sure absence of eigenvalues?

In ([8]), the authors show that all Sturmian subshifts have uniform absence of eigenvalues.
Our results show almost sure absence of eigenvalues for more general two-interval codings of
circle rotations, but uniform absence is unknown.

Question 1.5. Do two-interval circle rotation codings actually have associated Schrodinger
operators with uniform absence of eigenvalues?
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2. DEFINITIONS AND PRELIMINARIES

Definition 2.1. For a starting value x € T = R/Z, an interval I, and an irrational rotation
number «, define the associated coding sequence ¢(*1:®) by

(@10 (n) = x7(x + na)
and the associated coding subshift X (/) = {¢@.La)} 0.

Informally, the coding sequence tracks whether or not the nth rotation of x by « lies in
I. Since the set {na} is dense, the coding subshift is independent of the choice of x. As an
extension of a group rotation which is 1-1 on a set of full Haar measure, every coding subshift
is uniquely ergodic, meaning that it has a unique shift-invariant measure.

Our tool for proving absence of eigenvalues for Schrédinger operators of coding sequences is
the classical 3-block Gordon lemma, which precludes eigenvalues when the sequence exhibits
certain periodic behavior at infinitely many scales.

Definition 2.2. For a finite alphabet A and « € A%, z has 3-block Gordon structure if
there exists a increasing sequence (gi) such that for every k and every i € (—qy,0], z(i) =
(i — qr) = x(i + qr)-

The following lemma is classical (for instance, see Section 7.8 of [6]).

Lemma 2.3. Ifx € A% has 3-block Gordon structure, then the associated Schrédinger operator
H, has no eigenvalues.



4 LUKE HETZEL AND RONNIE PAVLOV

It is well-known that the behavior of coding sequences is largely controlled by the continued
fraction expansion a = [a1, ag,as,...] of a; the larger the digits a,, the more repetition the
coding sequences exhibit. Although it is not possible for infinite subshifts to have uniform 3-
block Gordon structure (see [4]), it has been shown that large enough digits imply almost-sure
3-block Gordon structure for the associated coding subshift.

Theorem 2.4 ([15]). If limsupa, > 4, then almost all x € X have a shift with 3-block
Gordon structure, and therefore X 1% has almost-sure absence of eigenvalues.

The proof from [15] basically relies on the observation that the distance from gpa to the
nearest integer is much smaller than all gaps between nearest elements of {0, , ..., (g — 1)}
when a1 is large, which leads to a high probability that x(i) = (i + g) for a randomly
chosen coding sequence z € X (),

By using a more nuanced analysis of the structure of these gaps, we are able to prove
3-block Gordon structure in a much greater generality. For simplicity, we reduce information
about I to its length a from now on, as all intervals of the same length yield the same X (/)
up to sets of measure 0.

We recall some elementary definitions and results from the theory of continued fractions;

for a general introduction, see [13].

Definition 2.5. For any irrational «, one can write a continued fraction expansion of « as

1

a=ag+
ai +
as +

1
az+ .
This means specifically that the sequence of truncations

1

ap +
ay +

ag + ——

) 1

.~+7

ag

approaches «a. This is called the sequence of continued fraction convergents to «, and is
written in lowest terms as (px/qk)-

Definition 2.6. For any « and a and any k € N, define
Qr = {ia : 0<1i < qx},

where (pg/qr) are the continued fraction convergents to a, and define ¢, = d(0, gr) (according
to the standard metric on the 1-torus T). We say that gro is positive if it lies in (0,1/2)
(with the usual identification of T with [0,1)) and negative otherwise.
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The signs of gra alternate as k increases. The following recursion for continued fraction
convergents is standard:

Qk+1 = k419K + Gr—1-
Multiplying by « and recalling that g has opposite sign from qx_1a and ggy1« yields

Qk+1Q = Q1R + qp—100 = €1 = Ak41€k + €p41-
The following lemma is now an exercise.

Lemma 2.7. For any k,

o € (ant(arp-1+1)7h ap+1) and 2= € (apt(arn +1)71 ar+1).

One of the most celebrated results in Diophantine approximation is the Three-Gap The-
orem, which states that for any irrational o and n > 0, when the numbers 0, «, ..., n«a are
placed on a unit circle, the n intervals created (the ‘gaps’) have at most three distinct lengths.
We are interested specifically in the case where n = ¢ for some k, which actually implies only
two different gaps; this implicitly appears in some original proofs of the Three-Gap Theorem,
but we reference the more modern treatment [20].

Lemma 2.8 ([20], Lemma 2.1). For any o and k, the set Qp = {iav : 0 <1 < g} has two
different gap lengths Sy := €1 (short) and Ly := €x_1 + €x (long).

For brevity, we will refer to lengths of gaps simply as ‘gaps’ when context is clear. Lemma 2.8
immediately yields the following (also well-known) fact.

Lemma 2.9. For any a and k, qrer—1 < 1 and qreg, > (ap1 +2)7 L.

Proof. The first fact follows since the sum of the g gaps in @ is equal to 1, and the gaps
have lengths S = €¢,_1 and Ly > Si. The same logic immediately yields gL > 1, and so by
Lemma 2.7,
1 < qpLy = qr(er—1 + €x) < qrex(ags1 + 2).
O

Finally, we need a simple description of which elements of @) correspond to short/long
intervals.

Lemma 2.10. If qra is positive, then ic is the left endpoint of a long gap in Qi if and only
if 0 <i < qr_1- If qpav is megative, then this characterizes right endpoints of long gaps.

Proof. If qra is positive, then gi_ja is negative. Hence, i« is the left endpoint of a short gap
in Qy if and only if ia + Sy = (i — qx—1) is in Q, which happens if and only if i > gx_1.
The argument for negative g is trivially similar. U

Much of our proof relies on how intervals at each step break down at future steps; the
following is easily checked.

Theorem 2.11. If qra is positive, then each short interval in Qi breaks into, from left to
right, api1 — 1 short intervals in Q11 followed by a single long interval in Qk11, and each
long interval in Qy breaks into, from left to right, a1 short intervals in Qry1 followed by a
single long interval in Qri1. If qra is negative, all descriptions above are instead from right
to left.
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FIGURE 1. Intervals in Q for a« = 11/42 =[3,1,4,2] and 0 < k < 3

See Figure 1 for an illustration of how intervals break down over several steps according to
Theorem 2.11.

3. PROOFS

The main idea of our proofs is to characterize whether a coding sequence has repetition
around the origin in terms of location of the point of the circle being coded. Specifically, for
@61.0) “¢(i + qi,) = (i) if and only if 2 + i and x + (i & g )ex lie in the

same interval I or I°. We will from now on take I to have endpoints 0 and a without loss of
(I,a)

a coding sequence ¢ = ¢
generality, since it does not change the space X , and we also ignore coding sequences for
x € ZaU(a+Za), since they are a set of measure zero. We now make the following definition.

Definition 3.1. For any o and a and any k& € N, define T, = Q U (Qx + @) and [ =
1 —m(Ty + (—e€k, €x)), where m is Lebesgue measure.

We can now make the following characterization.

Lemma 3.2. If ¢, < min(a,1—a), then a coding sequence ¢ = 1) satisfies c(i+q) = c(i)
for all —q < i <0 if and only if © & Ty + (—€g, €k).

Proof. Essentially this was given above. Consider such a coding sequence. By definition,
x € T+ (—ex, €;) if and only if there exists 0 < i < g so that x is within distance e, of either
i or i+ a. In both cases, since x — i is within distance ¢, of an endpoint of I and since ¢
is less than the lengths of both I and I€, either z — i — gy or © — i + qr«v is in a different
interval to z — ia. Equivalently, ¢(i), ¢(i &= ¢x) are not all equal.
The converse direction is obvious, given the observation that if ¢(7), c(i + g ), c(i — qx) are
not all equal, then either c(i) # ¢(i 4+ qx) or ¢(i) # c(i — qg)-
]

This allows for a simple sufficient condition for 3-block Gordon structure.

Proposition 3.3. For any « and a, if limsup B > 0, then almost every x € X) has a
shift with 3-block Gordon structure.
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Proof. The map x — ¢®1®) sending = € T to its coding sequence is a measure-preserving
bijection off of the countable set where it is not injective, and so it suffices to show that
almost-every x € T yields coding sequence with 3-block Gordon structure.

Define G to be the set of x € T whose coding sequence has the 3-block Gordon structure
at scale gy, ie., c®H) () = @La)(G £ ¢p) for all —q, < i < 0. For sufficently large k,
€ < min(a, 1 — a), and for all such k, by Lemma 3.2 we have

Gi =T, + (—ek, Ek).

This means that ©(Gy) = Bi. Then m (limsup Gy) > limsup m(Gy) = limsup B > 0. This

La) of positive measure of points with 3-block Gordon

means that there is a subset of X(
structure. The set of points with a shift with 3-block Gordon structure is then shift-invariant

and positive measure, therefore measure 1 by ergodicity, completing the proof.
O

For future reference, we note that 5 can be interpreted in the following way: take all gaps
between elements of Ty, i.e. the intervals which comprise its complement. Then [, is the
sum, over all such gaps of length greater than 2¢;, of the length minus 2¢;. Informally, it
measures the total overage of gaps’ lengths beyond 2e¢y.

We are now prepared to prove Theorem 1.1, which will be broken into several results. We
first describe the proof of the previous best known result, Theorem 2.4, using our terminology
and Proposition 3.3.

Proof of Theorem 2.4. Note that since Tj 4 (—¢x, €;) is a union of 2¢; intervals of length 2¢y,
Br > 1 —4erqy. Since limsup ay, > 4, there either exist infinitely many & for which a;41 > 5 or
there exist infinitely many & for which ar11 = 4 and a0 < 4. In either case, €1 /e > 4.2
by Lemma 2.7. Therefore, by Lemma 2.9, for all such k,

B >1-— depqr > 1 — 4/4.26k_1qk > 1/21.
Since this holds for infinitely many k, we are finished by Proposition 3.3. U

A naive extension of this idea will not allow lim sup aj to be reduced to 3, since 4erqr can
absolutely be greater than 1 in this case. However, we can use more nuanced information
about the gap lengths from Lemma 2.8.

Theorem 3.4. If limsupay, = 3, then almost every point of X 1% has a shift with 3-block
Gordon structure.

Proof. Since limsup ay = 3, there exist infinitely many k for which axy1 = 3 and agi0 < 3.
For any such k, by Lemma 2.7, S = €1 > 3.25¢; and Ly = Sip+e€p > 4.25¢,. Now, regardless
of the value of a, we will show that there are so few elements of Q+a that T = QrU(Qx +a)
will still have many large gaps.

Denote by N the number of long gaps in Qp containing two points in Qx + a, and by M
the number of long gaps in () containing exactly one point in Qr + a. Then M + N < qi_1
since there are q;_1 long gaps in @)y, and of the qx_1 gaps of length Ly > 4.25¢; and g — qi_1
gaps of length S; > 3.25¢; in Qf, we have
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® g1 — M — N long intervals disjoint from Q) + a
e M long intervals containing only one point of Q. + a
e at least (g —qr—1) — (qk — M —2N) = M 4+ 2N — g1 short gaps disjoint from Q. +a.

This implies that T = Qk U (Qk + a) contains at least gx_1 — M — N gaps of length Ly,
at least M gaps of length Ly/2, and at least M + 2N — g1 gaps of length Sy = Ly — .
Therefore,

Br = 1=m(Ti+(—€k, €x)) > (qr—1—M—N)(Lr—2¢)+M (Ly/2—2¢)+(M+2N —qi—1)(Lr—3ex)

1
= (qg—1— M)ex, + (M +2N) (L, — 4ex) /2 > (qu—1 — TM/8)€er, > qr—1€x/8 > qkek/32 > 160
by Lemma 2.7. Since this holds for infinitely many values of k, limsup £ > Téo? and we are
finished by Proposition 3.3.
O

Although we do not deal with it in detail in this work, we note that one can generalize the
definition of X(*® to codings by partitions by k > 2 intervals. The proof of Theorem 3.4 is
easily adapted (by considering not just the sets @ and a + Q but shifts corresponding to
each endpoint of the partition) to show that limsup a, > 2k — 1 implies almost-sure 3-block
Gordon structure for every k-interval partition. This leads to the following natural direction
for future work.

Question 3.5. What sufficient and/or necessary conditions can be given for almost-sure 3-
block Gordon structure of a k-interval circle coding subshift for k > 2?2 In particular, for
k > 2, can a complete characterization be given?

We can now assume for remaining cases that eventually ar < 2. To deal with this, we
will need to not only use information about the gaps in @) but also the locations of points
in Qx + a within those gaps. (We remark that the proof of Theorem 3.4 in fact would work
not only for Tk, but for the union of @} and ANY set with cardinality ¢x). The first step is
to represent a via nearby elements of QQp. Specifically, for any k, we write a = ipa + n; for
0 < i < qr and 7 with the same sign as gra and with minimal absolute value.

Then, we can write

Qr+a = {ia+(iratn) : 0<i < qp} = {jotn, @ i <@ < g fU{ja+(gratn) : 0 < j <ip}.

In other words, we can think of (), 4+ a as coming from shifting the first ;. elements of () by
Nk + €, and the rest by 7 (in direction dependent on sign of gya). This interpretation will
allow us to conclude that T}, has large enough intervals in many cases.

We first prove a very useful auxiliary fact, showing that values of k& where i and 7 are
simultaneously small lead to values of 85 bounded away from 0.

Lemma 3.6. For any k, if ag, ag+1, agro < 2, ix/qr < 0.25 and |ng|/ex < 0.25, then [ >
0.001.
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Proof. Assume that for some value of k, iy /qr < 0.25 and |ng|/ex < 0.25. Recall that we can
write Qr + a = Uy U Vy, where

Up={ja+mn : ix <j<q}and Vi = {jo+ (gra+n) : 0< 5 <ig}. (1)

Assume without loss of generality that grpa is positive; then ni > 0 and gra = €. Uy consists
of a very large number of elements of Q) shifted by 7 to the right, and Vj consists of a very
small number of elements of Q) shifted by nx + € to the right. We note that both of these
numbers are smaller than 1.25¢;, which is smaller than the length Si = €1 of a short gap
in Qr by Lemma 2.7. So, each gap in T} is obtained by splitting a gap in Q3 by the unique
point in Q + a lying in it.

Also note that the length of a long gap in Q is Ly = €x+€x_1. By Lemma 2.7, ¢, _1 > %ek,
so Ly > (7/3)ex. Therefore, every long gap split by a point of Uy leaves a gap of length
Ly — Ne > (25/12)6k.

Every j < qi_1 for which i + j < qr_1 corresponds to a point in Uy which is the shift by
N of a left endpoint of a long gap, and so there are at least qr_1 — ix gaps of length at least
(25/12)6k in Tj. This means that 5, > (qk_l — ik)ek/12.

Finally, note that gx—1 > qr/3 by Lemma 2.7, so since i, < qx/4, we see that qx_1 — i >
qr/12. Therefore, by Theorem 2.9,

Br > qrex/144 > 1/576 > 0.001.
U

We now will show that extremely small i; or extremely small distance from @y alone yield
large enough Sy for some nearby &'.

Lemma 3.7. For any k, if apy; <2 for =8 < j <2 and iy/qi < ﬁ, then Br_g > 0.001.

Proof. Assume without loss of generality that gpo is positive, i.e. equal to €. Then, we note
that gx = arqr—1 + qr—2 = (agar—1 + 1)qr—2 + axqr—3 < 7qx_2, and similarly gr_» < Tqr_4 <
49q; ¢ < 343qk—_g, SO i < qr/9604 < qr_s/4. Therefore, since all gaps at level k — 8 are
greater than those at level k (and since qx_ga is positive), ix_g = iy and nx_g = k. Then

Nh—8/€k—8 = Mk < (€p—1 + €x)/€r—s-

€8

By Lemma Theorem 2.7, ¢;_1 > 4/3¢; for k — 7 < i < k. Therefore,
77k—8/€k—8 < (ek—l + Ek)/ek_g < (3/4)7 + (3/4)8 < 1/4.

Since we already showed that ix_g = i < gx_s/4, we now are finished by Lemma 3.6.
a

Lemma 3.8. Foranyk, if apy; <2 for1 <j <9 andd(a,Qr) < 15850, then max(Bry6, Bri7) >
0.001.

Proof. By assumption, we can write a = ia + 7 for some 0 < i < g and 7 with || < 5.
We assume without loss of generality that gpa is positive and break into cases depending on
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sign of 7.

Case 1: nn > 0. Then 44 = ¢ and ny = 1. We now consider the value k + 6. By
Lemma 2.7, €416 > €,/729, and so n < €;/10000 < e€xy6/4. This means that ixi g = ¢
and N6 = 1 < €pr6/4. Finally, qrye > (4/3)%qr > 4qr, 501 < i < quye/4. and now we have
Br+6 > 0.001 by Lemma 3.6.

Case 2: n < 0. Then we look at k + 1; git1« is negative, and so g1 =% and g1 = 1. By
Lemma 2.7, €x47 > €;,/2187, and so 1 < €;,/10000 < €g47/4. This means that ix7 = ¢ and
Met7 =N < €kyr/4. Finally, g7 > (4/3)7qr > 4qi, so i < g < qiq7/4 and so Byy7 > 0.001
by Lemma 3.6.

O

This yields the following immediate corollary via Proposition 3.3.

Corollary 3.9. If limsupag < 2 and either liminfig/q, < 0.0001 or liminfd(a, Qg)/ex <
0.0001, then almost all points of X have a shift with 3-block Gordon structure.

We can now deal with the second case of Theorem 1.1.

Theorem 3.10. Iflimsupay = 2 and liminf a;, = 1, then almost every z € X% has a shift

with 3-block Gordon structure.

Proof. By the hypotheses of the theorem, there exists K so that for k > K, 1 < a; < 2, and
there are infinitely many values of k£ for which a; = 1 and for which a; = 2. We can also
assume (by increasing K if necessary) that ix/qx, d(a, Qx)/€x > 0.0001 for all £ > K, since
if this is not the case then the proof is complete by Proposition 3.3 and Corollary 3.9. We
assume for now that gpa = € is positive without loss of generality.

Our proof relies on breaking into a variety of cases, and showing that each yields some (3,
bounded away from 0, and then showing that this must happen infinitely many times. These
cases will depend on whether a is part of long or short intervals of length S}, at various values
of k. We remind the reader that by Lemma 2.10,

i is the left endpoint of a long interval in Q <= 0 <1 < qx_1
icv is the right endpoint of a long interval in Qp < qr — qr—1 < i < Q.

We refer to a value of k when aj; = 2 as a 2-split (since €x_1 = 2€j + €x41, meaning that a
short interval in @y, splits into two intervals, one long and one short, in Qx4+1) and a value of
k when apy1 = 1 as a 1-split for analogous reasons.

Case 1: a is part of a long interval for some k£ > K with a1 = 2 (long gap before a 2-split)
Suppose that this is the case. Then i < gp_1, and based on the decomposition Qp + a =

U UVj from (1), we see that all points of the form jo for 0 < j < iy are shifted to the right
by 1 + €, and all points of the form ja for ¢y, < j < gi are shifted to the right by 7.
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Let us first suppose that nx € (Sk, Lx) = (€x—1,€k—1 + €x). Then, consider all points ja
for gx—1 < j < (4/3)qx—1. These are all left endpoints of a short interval to the left of a long
interval, meaning that jo + n; will lie inside a long interval, at distance less than € from the
left endpoint. This implies that after its partition by points of @y + a, that long interval will
still have a gap of length at least Sy = ex_1 > 7/3€x. Since there are gi_1/3 such intervals,
we see that by Theorem 2.9,

B > (qk71/3)(6k/3) > quk;/27 > 1/108.

We now assume that np < Sk. Then since ix/qr > 0.0001, we know that at least 0.0001g
left endpoints of long gaps are shifted to the right by nx + €. If g > (7/6)eg, then this
yields 0.0001¢y long gaps which retain an interval of length at least (13/6)ey, which implies
by Theorem 2.9 that

B > (qs/10000)(er,/6) > grer/60000 > 1/240000.

Before treating the final case n, < (7/6)ex, we note that i cannot be too close to gx_1: we
can write

—a = —ipa — N = (qr—1 — ) + (—qr—10 — M) = (qr—1 — i) + (k-1 — M),

corresponding to a decomposition of —a as #ja + 7). for i} = qr—1 — ix and N, = €1 — Y-
Since Qr U (Qr — a) = T — a has exactly the same gaps as Ty, we may assume without
loss of generality that i} /g, > 0.0001 just as we did for i;. In other words, we know that
e = Qk—1 — Z; < qx—1 — 0.0001¢y.

Now we treat the final case ny < (7/6)e;. By the bound just proved, there are at least
0.0001qy long intervals whose left endpoint is shifted to the right by 7 in Qr + a. Every
such interval then retains a gap of length at least Ly — (7/6)ex, > (13/6)¢y in T}, which again
implies by Theorem 2.9 that

Br > (qx/10000)(€x/6) > qxer/60000 > 1/240000.
We have then shown that in Case 1, 8 > 1/240000.
O

Case 2: a is part of a short interval for some k£ > K with a1 = 2 and a long interval for
k + 1 (short gap before a 2-split and long gap after)

[ - ®
Mk a

e ® - ®
€k a

FI1GURE 2. Case 2
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Suppose that this is the case. Since ag41 = 2, the short interval a lies in at step k becomes
a short interval to the left of a long interval in step k + 1, and since a is in the long interval
there, 1 must be greater than the length of a short interval at step k£ + 1, which is €. In
fact, then ng > €, + 0.0001€,11, by our assumption that d(a, Qgs1)/€x+1 > 0.0001.

In addition, by Lemma 2.10, i > gr_1. This means that all points of the form ja + n; + €
for 0 < j < qx_1 are in T, meaning in turn that all long intervals in @), are split by a point
at least n; + € > 2¢ + 0.0001egy1 from the left endpoint. Then by Theorem 2.9, in Case 2,

B > qo—1(€p+1/10000) > st €41,/90000 > 1/360000.
O

By Cases 1 and 2, we can assume WLOG that for £ > K, a is in a short gap before AND
after every 2-split. (Otherwise the proof would be complete by Theorem 3.3.) Consider any
k for which a1 = 2 and agio = 1 (there are infinitely many of these). Then we know that
a was in a short interval at levels k and k£ + 1. The short interval from level k + 1 becomes a
single long interval at level k + 2 since k + 1 is a 1-split. This means that k + 2 cannot be a
2-split, else we are in Case 1. Therefore, ari3 = 1.

Case 3: a is part of a short interval at step k + 3, ag11 = 2, agro = axrsz = 1 (short, then
short, then long, then short, for a 2-split followed by two 1-splits.)

S
e - ®
N a
S L
[ - ® ®
a
L L S
® - ® ® ®
a
S L S L L
[ - o o o ®
€k+2 a

FIGURE 3. Case 3

The short interval a lies in at step k + 3 shares a left endpoint with the short interval from
step k, and so ny, is less than the length of a short interval at step k 4+ 3, which is €;49. Then
as in Case 2, all left endpoints of long intervals at step k get shifted to the right by n, + € in
@k + a. This shift has length less than € + €x12. We note that by the standard recursions,
the length of a long gap at level k is ex_1 + € = 3€ + €11 = € + €x42 + €k13.
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Therefore, all long gaps at level k retain a gap of length Ly — (€ + €x12) = 2€; + €443 in
Ty.. Therefore, by Theorem 2.9, in Case 3 we have

Br > Qr—1€k+3 > qrer/81 > 1/324.

0

The proof would be complete if Case 3 happened infinitely often, and so we can assume
that for sufficiently large k, a is part of a long interval at step k + 3, implying that ag1q =1
(since we’ve assumed Case 1 does not occur for large k). We can then consider the position
of a starting from step k + 1.

Case 4: a is part of a short interval at step k + 4 and agyo = ags3 = axrq = 1 (short, then
long, then long, then short, for three 1-splits)

S
°® - ®
a
L
[ - ®
a
S L
[ o - ®
a
L L S
e ® o ®

€L+3
FIGURE 4. Case 4

We will end up showing that B2 is bounded away from 0 in this case, but first need to point
out a new subtlety that arises since ag1o = 1 (i.e. since we are making an argument at a value
of k corresponding to a 1-split). Previously, as long as we could show that enough long gaps
in @ contained a point of Qi + a close to an endpoint, we were finished, because even though
a second point of Q) + a could theoretically lie in that long interval, Sy = ex_1 > (7/3)ex
was bounded away from 2¢;, and so we were guaranteed a long enough interval in Ty. Now,
S) < 2¢x, so we need to take more care with this issue.

In the situation of Case 4, a is within distance Sxi14 = €13 of the right endpoint of the
long interval a lies in at level k + 2. This means that we can, at level k + 2, write a = ia+ 7
for —ex13 < n < 0. (This is not the standard representation of a at level k + 2, since
qr+2¢ is positive and 7 is negative. But we will use it for this case only.) In fact we can
say more; by assumption, a is distance at least 0.0001€x44 from all points in Qy4, and so
1N > 0.0001ex44 — €xy3.
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Since a is near an endpoint of a long interval at level k + 2 which was already in Qy1, we

know that ¢ < gi+1. Using a similar argument with negating a as in Case 1, we see that

—a = —ia— 1= (g+1 — D+ (=grr10 = 1) = (@1 — D) + (g1 — 7).

Since we assumed that —a does not have a representation with infinitely many i /qr < 0.0001,
as before we know that ¢ < g1 — 0.0001¢gg2.

Now, consider any point in Q42 of the form ja with gri2 — gr+1 < J < 1.0001gx42 — Git1-
This is the right endpoint of a long interval, and after adding a, it is (j + i) + 1, which is a
right endpoint of a long interval shifted to the left by |n| < x5 — 0.0001eg 4.

This means that it retains an interval of length at least

Lito — (€43 —0.0001€x14) = €pq1 + €py2 — €43 + 0.0001€x14 = 2642 + 0.0001€x14.
Since there were 0.0001¢gx 2 such intervals, by Theorem 2.9,
Br+2 > (€x1+4/10000)(gx+2/10000) > €xy2Grs2/400000000 > 1/1600000000

in Case 4.
O

The proof would again be complete if Case 4 occurred infinitely often, so for large k we may
assume that a lies in a long interval at levels k42, k+ 3, and k+ 4, and agy1, a9, ax13 = 1.
Since lim sup aj = 2, there must exist some k' > k + 2 which is a 2-split, implying that a lies
in a short interval at level k' by Case 1. We may then take &’ to be the minimal value greater
than k£ 4 2 where a lies in a short interval, meaning that ag_o, ap_1,ap = 1.

Case 5: a is part of a long interval at levels k' — 3, k' — 2, k¥ — 1, and a short interval at level
k' (long, then long, then long, then short, for three 1-splits).

L
[ - ®
Mk’ —3 a
S L
[ ® - ®
€k’ -3 a
L L S
o ® - o ®
a
S L S L L
[ o ® - o o ®
a

FI1GURE 5. Case 5
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Since we know nothing about the parity of k¥’ — k, here we cannot assume anything about
the sign of qr_3a without loss of generality. We still begin with the case where it is positive
and then describe required changes in the opposite case.

Since a lies in long intervals at levels k' — 3, k¥’ — 2, k' — 1, and short at k', the short interval
it lies in at level &’ shares left endpoint with the long interval from level k' — 2. In addition,
recall that d(a, Qo) > 0.0001eg 5. Therefore, ngr_3 € (e47_3+0.0001ex o, €3 + €k’ — 1).
Since a lies in a long gap at level ¥ — 3, by Lemma 2.10 i/_3 < q/_4.

Now, consider any point in QQ_3 of the form ja with 0.9999¢y_3 < j < qr_3. This is the
right endpoint of a long interval, and after adding a, it is (j +ix—3 — qr/—3)+ (Mg —3 + €x7—3),
which is a left endpoint of a long interval shifted to the right by

Ni'—3 + €xr—3 € (26k/_3 + 0.0001eg/_o, 2€xr 3 + Ek’—l)-

This means that the corresponding long interval retains an interval of length at least 2¢k’ — 3+
0.0001€y/_9 in Tyr_3. Since there are 0.0001¢y/_3 such intervals,

Brr_g > (ek/_Q/IOOOO)(qk/_3/10000) > Ek/_qu/_g/QOOOOOOOO > 1/800000000

If instead qp_3c were negative, all left and right endpoints in the proof are swapped, and
the sign of ng_3 will be negative, but nothing else needs to change. Therefore, in Case 5,
Brr—3 > 1/800000000.

g

Between any ki, ko for which ay, = ar, = 2 and ag,+1 = ar,+1 = 1, one of Cases 1-5 must
occur, and so there is a value of k for which 3; > 10710, Since there are infinitely many such
k, by Proposition 3.3, the proof is complete.

O

The third and fourth cases of Theorem 1.1 now follow from an analysis of the possibilities
for membership of a in long/short intervals not already treated in Theorem 3.10. We first
need a simple observation.

Lemma 3.11. If limay = 2, then the parities of pr + pr+1 and qx + qr+1 are eventually
constant and they cannot both be eventually even.

Proof. Since ay, is eventually 2, for sufficiently large k we have
Pr+1 = 2pk + pr—1 and ge1 = 2q, + qr—1-
Therefore,
Qet1— G = Qe+ k-1 = (@ — @r—1) + 2qr—1 and pri1 — px = Pk +Pk—1 = (P& — Pr—1) + 2Pk—1,

proving claimed eventual constancy of these parities. If both were eventually even, then
(recalling that pg/qx is always in lowest terms), py and g would have to eventually be odd.
Since p_1 = 0 and ¢_1 = 1, there must be a maximal value m for which p,, and g¢,, have
opposite parities. We now have a contradiction, since the recursions

Pm+2 = Om+2Pm+1 T Pm and Am+2 = Am+29m~+1 + 9m
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cannot be satisfied by odd values of P41, Pm+2, @m+1, gm+2 and py, and g, of opposite parity.
O

Definition 3.12. For any « with lim a; = 2, define f(«) to be the eventually constant value
of

(pr + pr+1) (mod 2) + a((gr + qr+1) (mod 2))
5 )

We note that by Theorem 3.11, f(«) is either §, %, or aT‘H
Theorem 3.13. Iflimay, = 2 and a ¢ Zo + f(a), then almost every x € X% has a shift
with 3-block Gordon structure.

Proof. By Case 1 of the proof of Theorem 3.10, X 1:®) has almost-sure absence of eigenvalues

if there exist infinitely many values of k for which a lies in a long interval at level k. We

therefore must only show that if a eventually lies in short intervals, then a € Za + f(«).
Suppose that there exists K so that for k¥ > K, agy1 = 2 and a lies in a short interval

at level k. Then, a is Mobius equivalent to the silver mean o = /2 — 1, i.e. there exist

po+q
ro—+s

positive, and if a = iga + Nk as usual, then since Sy = €_1, we can write (see Figure 6)

p,q,7,8 € Z for which o = and |ps — qr| = 1. Then, if we assume WLOG that gra is

a4 =1g0+ € — €41+ EK 2 — €43+

S

® - ®

iK()z a
S L

[ - ® ®

€K a
L S L S S
° * o ® ® °®
€EK+1
S S L S L S S L S L S L
® o o - —eo ® o o ® ® o o ®
EK+2

FIGURE 6. a lying eventually in short intervals for 2-splits

It remains to examine the infinite series > oc ;-(—1)%;. Note that

a:psa+qs:qi o andra:pra—i-qr:

ro+s ro+s ro+s ro+s’

This means that two consecutive values €; and €;41 have ratio o. Since €j, = 2€;41 + €442 for
all £ > K, this ratio is eventually o, and by increasing K if necessary, we may assume that
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€. = oe_q for all k > K. Then

1
GK*€K+1+€K+2*€K+3+"‘:GK(1*U+O'2+"‘):€K1+U
V2 o+1 Qk+10 — Pkt1 — Qe+ Pi
ZGKTZGK 2 :(6K+1+6K)/2::|: + +2 .

Regardless of the sign of the +, this is equal to f(«) plus an integer multiple of «, and so
since a = iga + (ex — €x41 + €42 — - -+ ), the proof is complete.
O

We can treat most of the lima; = 1 cases in a similar fashion.

Theorem 3.14. If limay = 1 and a ¢ Za, then almost every x € X) has a shift with
3-block Gordon structure.

Proof. Suppose that limay, = 1. By Cases 4 and 5 of the proof of Theorem 3.10, X(/*® has
almost-sure absence of eigenvalues if there exist infinitely many values of k£ for which a lies in
intervals which are short, then long, then long, then short, or long, then long, then long, then
short. This is equivalent to infinitely many values of k£ for which « lies in long, then long,
then short. We can therefore assume that this case happens only finitely many times.

A short interval becomes a long interval after a 1-split, and so can only come from a long
interval before a 1-split. So, if a is in a short interval at some point, it is in a long interval at
the previous step, and for large enough k, it is in a short interval at the previous step, and a
long interval the step before that. If we show that the case long, then short, then long, then
short leads to a large enough value of S5, then we will have lim sup S > 0 in all cases where
a is in short intervals infinitely many times.

Assume that a lies in a long gap at level k, then short at level k + 1, then long at level
k + 2, then short at level k£ + 3, and without loss of generality that gpo is positive. Then,
since the short interval a lies in at level k 4 3 shares left endpoint with the long interval a lies
in at step k, nx < Skys = €xro. Since a lies in a long interval at level k, 0 < i < q—1.

We again argue using —a: we can write —a = —iga — g = (qr—1 — ig) + (€x—1 — M)-
Again we can assume that qx_1 — i > 0.0001q, and so i < gx_1 — 0.0001qx. Now, consider
any point ja € Qg for 0 < j < 0.0001qg. This is the left endpoint of a long interval, and
after shifting by a, it can be written as (j + ix)a + ng. Since j + i < qx—1, this is a left
endpoint of a long interval shifted to the right by 7, and so retains an interval of length at
least Ly — np > €p_1 + € — €pro = 2€x + €xr3. Therefore, since there were 0.0001¢q; such
intervals,

Br > €x+3(qx/10000) > grer/270000 > 1/1080000.

Therefore, if a lies in short intervals for infinitely many values of k, we have almost sure
absence of eigenvalues by Proposition 3.3. To complete the proof, we must now only show
that if a eventually lies in long intervals, then a € Za.

Suppose that there exists K so that for k > K, a1 = 1 and a lies in a long interval at level

and |ps — gr| = 1. Also note that for £ > K, the length of a long interval

k. Then, a is Mobius equivalent to the golden mean v =

Py+q
ry+s

, i.e. there exist p,q,r,s € Z

for which o =
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is €x_1 + € = €x_2. Then, if we assume WLOG that gx« is positive, and if a = ixa + ni as
usual, then we can write

a=1ga+€x_1— €K + €K1 —€ExK42+ -

Note that
o PsTtas _ _
ory+s ry+ s Yy + s Y+ s

This means that two consecutive values €; and €;41 have ratio . Since €, = €1 + €x42 for
all £ > K, this ratio is eventually v, and by increasing K if necessary, we may assume that
€x_1 = e, for all K > K. Then the above yields

a=iga+ex 1 —ex+exir —exiat o =igatex(y—1+y =24 00)
—ZKO‘+€K1+771 ika+ex = (ix + qx ).

O

We now treat the final cases, which follow immediately from known results.

Theorem 3.15. If |I| € Za and either lima, = 1 or lima,, = 2, then almost every z € X ()
has a shift with 3-block Gordon structure.

Proof. This follows from known results about subshifts generated by primitive substitutions.
Specifically, it was shown in [4] that for any primitive substitution 7, if we denote the induced

34 = awawawa is in the

subshift by X, and if there is a letter a and word w so that (aw)
language of X, then almost all points of X, have a shift with 3-block Gordon structure.
(This hypothesis is equivalent to having so-called repetitivity index greater than 3, but we do
not need a full definition here).

Suppose that o and I are as in the theorem. Then X9 is quasi-Sturmian for o Mébius
equivalent to either v = @ or ¢ = /2 — 1. This means (by [3]) that there exists a fixed
primitive substitution 7 so that every point of X(1:® is the shift of some m(s) for s € S,
where S is either the Sturmian according to v or . In the former case, S is generated by
the primitive substitution 7 : 0 — 1,1 — 01, and in the latter S is generated by the primitive
substitution 7: 0 — 01,1 — 001.

Finally, in the former case the language of S contains awawawa for a = 1 and w = 0110,
and in the latter case the language of S contains awawawa for a = 0 and w = 1. Therefore,
in both cases, a positive measure subset of points of S have 3-block Gordon structure. The
image of this set under 7 is then a positive measure subset of X (1® of points with 3-block

Gordon structure, and the proof is now complete by ergodicity.

g

Theorems 2.4, 3.4, 3.10, 3.13, 3.14, and 3.15 together complete the proof of the forward
direction of Theorem 1.1.
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4. HAUSDORFF DIMENSION OF THE EXCEPTIONAL SET

Our proof shows that for all o, a except the countable set described in Theorem 1.1, the
set T of points in the circle whose coding sequences do not have 3-block Gordon structure
has Lebesgue measure less than 1 (and therefore the union of the rotations 7 4+ na has full
Lebesgue measure). The argument already involves covers of T' by finite unions of intervals
with controlled lengths and cardinalities, and so it is natural to use it to bound the Hausdorff
dimension of T'. As a proof of concept, we here present such a proof for a large set of a;, and
leave a fuller characterization to future work. We recall Theorem 1.3.

1/k
Theorem 1.3. If ap > 4 for a set of k of positive upper density and lim supy, (Hle ai> <

00, then 3-block Gordon structure holds for all x € X% except for codings of a set of
Hausdorff dimension strictly less than 1.

Proof. By definition of upper density, there exists 6 > 0 and (k,) so that at least dk,, of the
digits aq,...,ay, are greater than or equal to 4. By the proof of Proposition 3.3,

T C liminf(T), + (—ex, €x)),

where we recall that Tj, = QxU(Qr+a). Since Hausdorff dimension of a countable union is the
supremum of the dimensions of the sets, it is sufficient to bound the dimension of intersections
I = sz:K Ti + (—€k, €x).

We will bound the dimension of infinite intersections by considering finite intersections of
the form ﬂZﬁK Ty + (—€k, €;) as covers. For any N, denote by K < s1, s2,...,sy < ky values
so that for all 7, as;+1 > 4. Note that by definition, M > dky — K. It is not hard to assume
without loss of generality (by reducing ) that either as, 41 > 5 or as;+1 = 4, as,+2 < 4 for each
1, since every s; which satisfies neither has the property that s; + 1 must satisfy the former.
We can then further assume (again by reducing §) that s;41 — s; > 17 for each 7. We first

rewrite
kn M M
Ix C ﬂ T + (_elw ek) - ﬂ T, + (_€Si7 Esi) = U ﬂ(QSz + w(i)a + (_esi’ 681‘))'
k=K i=1 we{0,1}M i=1

We now inductively give an upper bound on the number of intervals in such intersections
by considering intersections at consecutive levels s; and s;11. Specifically, suppose that I is
an interval of length 2¢,, in Qs, + w(i)a+ (—¢s,, €5,) for some n. We now wish to consider how
many intervals in Qs,,, +w(i + 1)a + (—€s,,,,€s,,, ) have nonempty intersection with 1.

Since I has length 2¢,, and short intervals in @, , have length €, , 1, less than or equal
to (2€s,/€s,,,-1) +2 intervals in Qs,,, +w(i+1)a+ (=€, ,, €s,,,) have nonempty intersection
with I. Proceeding inductively, we see that

M

ﬂ(Qsl + W(i)a + (_68@'7 681‘))
i=1
can be covered by gs, Hf\ifl((%si/esi“_ﬂ + 2) intervals of length 2e5,,. By Lemma 2.7,

€j—2/€; > ajaji1 + a]aijj—l > 1.5 for every j. Since sj11 —s; > 17, €5, /€5,.,—1 > (1.5)% > 25.




20 LUKE HETZEL AND RONNIE PAVLOV

Therefore, for every 1,
((2681/681'4-1*1) + 2) < 2'08651'/682‘4—1*1'

Therefore, ﬂf‘il T, + (—¢s,;, €5,) can be covered by 2M (qsl Hlj\il_l 2.08652./632.“,1) intervals
of length 2¢,,,. And,

M T ) Mo ngM—16s1-1 1
2 <QS1 H 2-08551'/63141*1 gs,272.08 Conr H(Esz‘/esil)'
By Lemma 2.7, since ags,+1 > 5 or as,+1 = 4,as,42 < 4, we know that e5,_1 /€5, > 4.2, and
so our cover has cardinality less than 0.5(qs, €5, -1)(4.16/4.2)M (e5,,) 7! < (4.16/4.2)M (e5,,) L.
Recalling that M > 6ky — K > dspr — K, this means that for D = (105/104)%, we have
a cover C of I by at most D(104/105)%M (4, )~ " intervals of length 2¢,,,. Then, for any
n >0,
D M1 < D(104/105)°5M (eg,,) 7 (2€5,,)' 7 < 2D(104/105) M €.
IeC

1/k
Finally, since lim supy, (Hle ai) < 00, there exists B so that

spr—1 sp—1
cw=a J] gl <eat T] (ajue+1) < B
j=1 J=1
for sufficiently large M. Then, for large enough M, if we choose n = %, then

2D(104/105)%M ;7 < 2D, meaning that Y, [I|'™" < 2D. Since this holds for arbitrarily
fine covers C' (by increasing N), we see that HD(Ix) < 1 —n. Since 7 is independent of K,
this means that HD(T) < 1 — n, completing the proof.

O

We remark that for a set of a of full Lebesgue measure, the continued fraction digits
are at least 4 for a set of natural density logs(5/4) and have geometric means approaching
Khintchine’s constant K = 2.68545. .. (see for instance [16]). For such «, one can then use any
0 < 6 < logy(5/4)/34 (recalling that we had to pass to a subsequence with indices separated
by 17) and B > 2K in the above proof, yielding the following corollary.

Corollary 4.1. There exists a set S C [0,1) of full Lebesgue measure so that for every o € S
and every a € [0,1), the set of points T in the circle whose codings do not have a shift with

3-block Gordon structure has HD(T) <1 — IOgQ(SQAjl)lfggélfg‘r’/lozl) ~0.99994 ... < 1.

This is of course quite far from optimal; the above bound could surely be improved sig-
nificantly, for instance by using more information about the typical distribution of continued
fraction digits.

5. THE SILVER MEAN CASE

We conclude with a few more details about the interesting remaining case where we do
not know whether almost-sure absence of eigenvalues hold, specifically lima,, = 2 and |I| €
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Za+ f(«). First, we prove that such shifts have no points with 3-block Gordon structure (and
in fact that they contain only finitely many cubes www), completing the proof of Theorem 1.1.

Theorem 5.1. When lima, =2 and |I| € Za + f(a), there exists L so that X% contains
no word of the form www with |w| > L. In particular, there are no points in X€) with
3-block Gordon structure.

Proof. Assume that a = |I| € Za + f(a). From the proof of Theorem 3.13, for some K we
can write
a=1ia+ (€x — €xy1+E€xyo— "),
and (by replacing a with —a if necessary) can assume that K has proper parity so that gio
is positive (since +f(«) are equal modulo Z + Za).
Then, for any N, we also can write

a=(i+qx+ - +qxton—1)0+ (€EK+2N — €EKyaN+1 + EK1oN+2 — -+ ),

For large enough N, we will have qxona positive and qxion—1 < t+qr + -+ qr+on—1 <
qr+2N, meaning that (i + gk + -+ + qx+on—1)c is the left endpoint of a short interval at
step K + 2N. Then, by Figure 6, we can see that a is in short intervals before 2-splits for all
k> K.

We now claim that if ag11 = agy2 = 2 and a is in a short interval at steps k, k + 1, and
k+ 2, then Ty + (—ek, ) = [0,1).

Suppose that the above holds, and without loss of generality we assume that g« is positive.
Then by Lemma 2.10, a = i + ng for qr_1 < i < qx. At step k, a lies in the short
interval (igo, iz + €x—1). Since gra is positive, the unique short subinterval at step k + 1
is (ige, iga + €), and since gr11« is negative, the unique short subinterval at step k + 2 is
(ko + € — €xy1, ik + €x). Since a lies in this interval, e — ex11 < M < €g. Therefore,
Nk + €k € (26, — €41, 2¢). Finally, since a1 = agq2 = 2,

Ly —2€, = €1 — €p = € + €1 = 265 — €pp1 — €2 < 265 — €p41-
Therefore,
N + € € (Lk — 2€g, 2€k)- (2)
By (1), we can write Qi + a = U U V}, where
Up={ja+n, @ ixr <j<q}and Vy ={ja+ (gra+mn) : 0<7 <ix}.

Since all ja with 0 < j < qr_1 are left endpoints of long intervals and since i > qr_1,
every long interval in @ contains a point of Vj. In particular, by (2), all long intervals in Q
will be split into intervals of lengths less than 2¢; by points in V.

Short intervals are split by either points in Uy or Vi.. However, by 2, nix+e€x € (L —2¢g, 2€x),
and so ng € (L — 3¢, €). Since Sy = Li — €), this means that

Mies Mie + €1 € (Sk — 2¢x, 2€x,).

Therefore, all short intervals in )i are also split into intervals of lengths less than 2¢;, meaning
that Ty, + (—eg, €x) = [0,1) for all £ > K as claimed.
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Now choose any m > qx, and choose the unique value of k for which g < m < gg41. it
is apparent that a statement similar to Lemma 3.2 holds, i.e., if |ma| < min(a,1 — a), then

(@1,0) satisfies c(i £ m) = ¢(i) for all —m < 4 < 0 if and only if z is

a coding sequence ¢ = ¢
distance greater than |ma/ from all points of the form ja and ja + a for 0 < j < m.

However, since Ty + (—¢g, €x) = [0, 1), we know that every z € [0,1) is within distance € of
some point of the form —iav or —iav + a for 0 < i < gx. Also, since m < g1, |ma| > €k, and
so x is distance less than |ma| from the same point, with 0 < i < g < m. In other words, as
long as |ma| < min(a,1 — a), no triple www with |w| = m is in the language of X (1),

It remains only to deal with the case where |ma| > min(a,1 — a). For any such m, if we
denote by J the shorter of the intervals I, I¢, then z € J = x + ma ¢ J. This means that
if we denote by b the letter coding the interval J, then for any coding sequence ¢ € X (@)
c(i) = b = c(i + m) # b. Finally, we note that by minimality, we can without loss of
generality assume that K is so large that every word w of length at least ¢x contains a b,
meaning that www cannot possibly be in the language of X(*® for m > L = qx, completing
the proof.

O
It is perhaps instructive to look in a bit more detail at some representative examples.

Example 5.2. Define o = v2 — 1 (L.e. a; =2 for all k) and a = f(a) = 4L = v/2/2.

This example is extremely related to a Sturmian subshift. Specifically, if we define X to
be the Sturmian induced by rotation number a, then it is easily checked that the silver mean
example S just comes from taking alternate letters from points of X. In other words,

S = {(Jfgn)nez LT e X}

Since X comes from a Sturmian with continued fraction expansion a = [1,2,2,2,2,.. ], it
in fact does have almost uniform 3-block Gordon structure! It is then natural to wonder why
this does not pass through to S. The answer is that for a, the values of ¢ are given by the
recursion ¢ = 1, g2 = 3, qx+1 = 2qr + qx—1, and all gi are therefore odd. Our proofs therefore
only yield triples of words w of odd length, and taking every other letter of www only yields
a triple when w has even length.

Example 5.3. Define o = v/2/2 (i.e. a; = 1 and a, = 2 for all k > 1) and a = f(a) = 1/2.
This example is a so-called complementary symmetric Rote sequence, which has several nice
properties. For instance, it is invariant under the coordinatewise bit-flip operation, and again
there is an interesting relation to Sturmian sequences. The proof of Theorem 3 in [17] shows
that a sequence x is in X if and only if its sequence y of consecutive differences defined by
y(n) = |z(n) — z(n — 1)| is Sturmian for rotation number 2v/2 — 2.

Both of the above examples fail to have any 3-block Gordon structure by Theorem 5.1. In
systems without 3-block Gordon structure, the most common argument for proving absence
of eigenvalues is via so-called 2-block Gordon structure (which requires only z(i) = (i + qx)
for —qr < i < 0) and analysis of trace maps; see for instance a proof for Sturmian subshifts
in [8].
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it is easy to check that all two-interval circle rotations have almost uniform 2-block Gordon
structure, and so the remaining step would be analysis of traces (specifically, of products of
transfer matrices). This is usually proved by some sort of recursion generating words in the
language; for instance, the Sturmian shift from Example 5.2 has a very simple substitutive
structure coming from the recursion wg+1 = wrwrpwi—1. However, in both cases, the sub-
stitutive structure for the 2-interval coding subshift is much more complicated and does not
seem to yield a simple argument using existing techniques.

REFERENCES

[1] Boris Adamczewski and Yann Bugeaud. On the complexity of algebraic numbers i. expansions in integer
bases. Ann. Math., 165(2):547-565, 2007.

[2] Artur Avila. On the spectrum and lyapunov exponent of limit periodic Schrédinger operators. Comm.
Math. Phys., 288:907-918, 20009.

[3] Julien Cassaigne. Sequences with grouped factors. In Developments in Language Theory III, pages 211-222,
Thessaloniki, 1998. Aristotle University of Thessaloniki.

[4] David Damanik. Singular continuous spectrum for a class of substitution Hamiltonians. II. Lett. Math.
Phys., 54(1):25-31, 2000.

[5] David Damanik, Mark Embree, Anton Gorodetski, and Serguei Tcheremchantsev. The fractal dimension
of the spectrum of the fibonacci hamiltonian. Comm. Math. Phys., 280(2):499-516, 2008.

[6] David Damanik and Jake Fillman. One-dimensional ergodic Schrodinger operators—II. Specific classes,
volume 249 of Graduate Studies in Mathematics. American Mathematical Society, Providence, RI, [2024]
©2024.

[7] David Damanik, Jake Fillman, and Philipp Gohlke. Spectral characteristics of Schrodinger operators
generated by product systems. J. Spectr. Theory, 12(4):1659-1718, 2022.

[8] David Damanik, Rowan Killip, and Daniel Lenz. Uniform spectral properties of one-dimensional qua-
sicrystals. III. a-continuity. Comm. Math. Phys., 212(1):191-204, 2000.

[9] David Damanik and Daniel Lenz. Substitution dynamical systems: Characterization of linear repetitivity
and applications. J. Math. Anal. Appl., 321(2):766-780, 2006.

[10] Frangois Delyon and Dimitri Petritis. Absence of localization in a class of schrédinger operators with
quasiperiodic potential. Comm. Math. Phys., 103(3):441-444, 1986.

[11] Jake Fillman, Michala N. Gradner, and Hannah J. Hendricks. Thin spectra for periodic and ergodic word
models. J. Funct. Anal., 290(9):111385, 2026.

[12] Anton Gorodetski and Victor Kleptsyn. Parametric furstenberg theorem on random products of sl(2,r)
matrices. Adv. Math., 378:107522, 2021.

[13] G. H. Hardy and E. M. Wright. An introduction to the theory of numbers. The Clarendon Press, Oxford
University Press, New York, fifth edition, 1979.

[14] Svetlana Jitomirskaya and Igor Krasovsky. Critical almost mathieu operator: hidden singularity, gap
continuity, and the hausdorff dimension of the spectrum. Ann. Math., 194(3):975-1024, 2021.

[15] Masahiro Kaminaga. Absence of point spectrum for a class of discrete Schrodinger operators with

quasiperiodic potential. Forum Math., 8(1):63-69, 1996.

] A. Ya. Khinchin. Continued fractions. University of Chicago Press, Chicago, Ill.-London, 1964.

] Giinter Rote. Sequences with subword complexity 2n. J. Number Theory, 46:196-213, 1993.

8] Damien Roy. Approximation simultanée d’un nombre et de son carré. Mosc. Math. J., 4(3):723-733, 2004.

| Daniel Sell. Simple Toeplitz subshifts: combinatorial properties and uniformity of cocycles. PhD thesis,

Friedrich Schiller University Jena, Jena, Germany, 2020.

[20] Tony van Ravenstein. The three gap theorem (Steinhaus conjecture). J. Austral. Math. Soc. Ser. A,
45(3):360-370, 1988.



24 LUKE HETZEL AND RONNIE PAVLOV

LUKE HETZEL, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF DENVER, 2390 S. YORK ST., DENVER,
CO 80208
Email address: 1luke.hetzel@du.edu

RONNIE PAVLOV, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF DENVER, 2390 S. YORK ST., DENVER,
CO 80208

Email address: ronnie.pavlove@du.edu

URL: http://www.math.du.edu/~rpavlov/



	1. Introduction
	Acknowledgments
	2. Definitions and preliminaries
	3. Proofs
	4. Hausdorff dimension of the exceptional set
	5. The silver mean case
	References

