_Required packages:

| > with(LinearAlgebra) :

We use a precision of 50 digits for floating point calculations.

> Digits:=50;
Digits =50 )

_Rogers dilogarithm function:

> L:=proc(x):
if x=0 then: return 0; fi:
if %=1 then: return Pi*2/6; fi:
return dilog(l-x) + log(x)*log(l-x)/2;
end:

ser(f,t,var)
Given a function 'f" in variable ‘var®, find its Taylor series at var=0 up to "var’t’ terms.

Try:
ser(1/(1-q),10,9);

> ser:=proc(f,t,var):
return (convert (series (f,var=0, t+1l) ,polynom)) :
end:

serexp(f,t:=6,var:=epsilon)

Given a function 'f" in variable “var’, find the Taylor series of
1+ £+ (f°2/21) + ... + (f*t/t!) at var=0 up to "var’t’ terms.
Default value of "t" is 6 and that of "var’ is epsilon.

Try:
serexp(q+q”2,3.9);

> serexp:=proc(f,t:=6,var:=epsilon)
local ans:=1,i,temp:=1:
for i from 1 to t do:
temp:=ser (temp*f, t,var) :
ans:=ans+ temp/factorial(i):
end:
end:

findC(L)

Given a list L = (L[1],L[2],...L[n]), consider the periodic product
P=(1-9)"L[1] * (1-g¢"2)"L[2] * ... * (1-g”n)"L[n] * (1-q"(n+1))"L[1] ...
Finds a constant C such that ¢*C * P is modular.

Try (to find C corresponding to first Rogers-Ramanujan identity):
ﬁndC([- 1 90509' 1 90])3




> findC:=proc (L)
local i, m, ans:=0:
m:=nops (L) :
for i from 1 to m-1 do:
ans:=ans+L[i]*m/24 - i*(m-i)*L[i]/4/m;
end:
end:

ppoly(p,var:=X)

Define a sequence of polynomials in variable “var® (default=X)
for p=1,2,....

such that:

ppoly(1,X)= X,

ppoly(p*1, X) = (X2 + X) * d(ppoly(p,X))/dX

We have that:
Li {2-r}(Q) = ppoly(r-1,Q/(1-Q)) for r \geq 1.

Try:

ppoly(1,X);

subs(X=Q/(1-Q), ppoly(1,X));
ppoly(2,X);

subs(X=Q/(1-Q), ppoly(2,X));

> ppoly:=proc(p,var:=X):
if p=1 then: return var: fi:
return diff (ppoly(p-1,var) ,h var) * (var*2+var) :
end:

exparg(B,xi,T,J:=1,cutoff:=4,var:=epsilon)

This is the argument of exponential in equation (12) of the paper.

B=B i,

X1 =xi_1,

T=t]1,

I=1J1,

cutoff = we take the summation over "p" up to p=cutoff. Default is 4.

var = this is actually the sqrt(epsilon) from the paper. so, the epsilon here is the sqrt(epsilon) from the

paper.

> exparg:=proc(B,xi,T,J:=1,cutoff:=4,var:=epsilon)

local p:
return (B + xi/2)*T*var
- add(
J* (p-1)
*expand (bernoulli (p,T/var) *var” (2*p-2))
*subs (X=xi/J,ppoly (p-1,X))/factorial (p)
, p=3..cutoff):
end:

_int2all(f,AtinV,cut0ff:=30,Varl =tl,var2:=t2)

consider a function 'f" in varialbes varl and var2. (Default t1, t2, respectively.)




consider a matrix At (which is A-tilde from equations (9) and (14)) whose inverse is Atinverse

calculates the value from equation (14) with C_2p replaced by f.
we cutoff f by expanding it up to terms varl”cutoff * var2 ” cutoft.

> int2all:=proc(f,Atinv,cutoff:=30,varl:=tl,var2:=t2)
option remember:
local xv,ip,ex,g,i,j,ans:=0,x1,x2:
xv:=Matrix (2,1, [x1,x2]);
ip:= ((Transpose(xv) .Atinv.xv) [1][1])/2;
ex:=expand (ser (ser (exp (ip) ,cutoff+1l,x1) ,cutoff+l,x2)) ;
g:=ser (ser (f, cutoff+l,varl) ,h cutoff+l,var2):
for i from 0 to cutoff do:
for j from 0 to cutoff do:
ans:=ans+coeff (coeff (g,varl,i) ,var2, j)
*factorial (i) *factorial (j) *coeff (coeff (ex,x1,i) ,x2,
3):
od:
od:
return ans:
end:



We now look at the Capparelli identities

> CapA:=Matrix(2,2,[4,6,6,12]);
Capxil:=3;
Capxi2:=24;
CapAt:=CapA+DiagonalMatrix ([Capxil, CapxiZ2]) ;
CapAtinv:=MatrixInverse (CapAt) ;

Cand 4 6
apd =
P 6 12
Capxil =3
Capxi2 :=24
CapA 7o
apAt =
P 6 36
1 1
CapAti 6 3 )
apAtiny =
? 11
36 216

expargcutoff is the cutoff on the values of p in equation (12)
expcutoff is cutoff for the exponential function in equation (12)

> expargcutoff:=10;
expcutoff:=expargcutoff-2;

expargcutoff =10
i expcutoff:= 8 A3)

Now we multiply the exponentials in equation (12) for i=1 and i=2 to to get the C_p polynomials in
equation (13)
Note that the epsilon here is sqrt(epsilon) from the paper.

Capwanted calculates the integrals (14) for all polynomials C_p. The terms corresponding to odd values
of p are 0
and the ones corresponding to even values are the ones that lead to constants ¢_p in (14).

> Capexptwovar:=serexp (ser (exparg (Bl,Capxil,T1l,1,expargcutoff)+
exparg (B2,Capxi2,T2,3,expargcutoff) ,expcutoff,epsilon),
expcutoff) :
Capwanted:=ser (int2all (Capexptwovar,h CapAtinv,30,T1,T2),
expargcutoff,epsilon) :

Capcl is the constant ¢l from equation (14).
Similarly, Capc2 is ¢2, Capc3 is c3, Capc4 is c4.
Note again that epsilon here is the sqrt(epsilon) from the paper.

> Capcl:=coeff (Capwanted,epsilon,?2):
Capc2:=coeff (Capwanted,epsilon,4):




Capc3:=coeff (Capwanted,epsilon, 6) :
Capc4 :=coeff (Capwanted,epsilon, 8) :

The gamma value is stored in Capg

> Capg:=simplify(C + (2*Capxil+l)/24 + (2*Capxi2+3)/24);
Capg :=C + % “4)

The expressions on the right-hand sides of (17) - (19) are stored below.

> Capexprl:=simplify (Capcl - Capg):
Capexpr2:=simplify (Capc2 - Capg*Capcl + Capg”2/2):
Capexpr3:=simplify (Capc3 - Capg*Capc2 + Capg”2/2*Capcl -
Capg”~3/6) :
Capexpr4 :=simplify (Capc4 - Capg*Capc3 + Capg”*2/2*Capc2 -
Capg”~3/6*Capcl + Capg”4/24):

Let us check that the constraints are all equal to 0 for the first Capparelli identity

> CapC:=findc([o0,-1,-1,0,0,0,0,0,-1,-1,0,01);
subs (C=CapC,B1=0,B2=0,Capexprl) ;
subs (C=CapC,B1=0,B2=0,Capexpr?) ;
subs (C=CapC,B1=0,B2=0,Capexpr3) ;
subs (C=CapC,B1=0,B2=0,Capexpr4) ;

__ L
CapC = A

©))

Now we consider general B1 and B2. We solve equation (16) for C and substitute this into (17) - (19).

> CapCval:=simplify (solve (Capexprl=0,C)) ;
Capeql :=expand (simplify (subs (C=CapCval, Capexpr2))) ;
Capeq2:=expand (simplify (subs (C=CapCval, Capexpr3))) ;
Capeqg3:=expand (simplify (subs (C=CapCval, Capexprd))) ;

CapCval := —i + iBl +%312+é522+ﬁ32— %BZBI
Capeql = - ﬁ BI*B2 + %76 BI B2 — 5—;6 BI* — 2(1)% B + % B2 BI
—ﬁBﬁ—ﬁBf-l—“l?Bl-i—;;—EBZ
Capeq2 = - 3 13110 n BI*B? + & BI*B2 — 6;%8 Bl B2 — 27197933 - Bl B>
+ 22 prpPp— 3L _pp 0 pp 1093 pypy 2105

7776 20736 746496 62208 6718464



—ﬁzzﬁ—ﬁm%ﬁwﬂ 6312 Bl + 4332 B2

Capeq3 = - 6221;88 31432—%31332%%312323—%31 B2 (6)
—%mmﬁ%m%zﬁ%31232—%31322
—%31323—%32313—%312—%322
+%3231+%B2“—%313+%814
+$BZ3+ﬁBI6+ﬁBJS—F%BZS—F%Bf
+ 4;?;2 Bl+%82+m31532—@814822—m313823
+%312324

We now solve these equations simultaneously:

> solve ({Capeql=0,Capeq2=0,Capeq3=0}, {B1,B2}) ;
{BI1=0,B2=0} @)




Now for the second Capparelli identity

Here, we have to take a sum of two expressions, as in equation (42).

The ‘beta’ constants have some factors common.

Below, mpl and mp2 denote those parts of betal and beta2 that are different
CapQl1, CapQ2 are the Q1 and Q2 constants corresponding to the matrix CapA.

> CapQl:=3/4;
CapQ2:=2/(3"(2/3));
mpl:=(CapQl*Bl*CapQ2-B2) ;
mp2 :=(CapQl*Blp*CapQ2-B2p) ;

3
1:=—
CapQ 4
CapQ2 = % 3173
Bl B2
mpl = (%—) (%—3”3)
Blp B2p
mp2 = (%) (% 3”3) ®)

Now we calculate analogues of expressions appearing in (16) - (19) for this case.
We do not print out these expressions; they are quite big.

> Cap2exprl:=simplify (mpl*Capexprl + mp2*subs (B1=Blp,B2=B2p, C=C+
Cp, Capexprl)):
Cap2expr2:=simplify (mpl*Capexpr2 + mp2*subs (B1=Blp,B2=B2p, C=C+
Cp, Capexpr2)):
Cap2expr3:=simplify (mpl*Capexpr3 + mp2*subs (B1=Blp,B2=B2p, C=C+
Cp, Capexpr3)):
Cap2expr4d:=simplify (mpl*Capexpr4 + mp2*subs (B1=Blp,B2=B2p, C=C+
Cp, Capexpri4)):

Now we check if the sum-side for the second Capparelli identity gives all these expressions to be 0:

> Cap2Cc:=findc([-1, 1, -1, O, -1, O, -1, O, -1, 1, -1, O]);
subs (C=Cap2C,Bl=1,B2=3,Blp=3,B2p=6,Cp=1,Cap2exprl) ;
subs (C=Cap2C,Bl=1,B2=3,Blp=3,B2p=6,Cp=1,Cap2expr2) ;
subs (C=Cap2C,Bl=1,B2=3,Blp=3,B2p=6,Cp=1,Cap2expr3) ;
subs (C=Cap2C,Bl=1,B2=3,Blp=3,B2p=6,Cp=1,Cap2expri4) ;

5
Cap2C = e
0
0
0
0 ®

Now we check numerically if there are other values of B 1, B 2, B 1', B_2', C' that satisfy the
constraints.




> 1b:=0;
ub:=6;
for bl from 1b to ub do:
for b2 from 1b to ub do:
for blp from bl to ub do:
for b2p from b2 to ub do:
for cp from 1b to ub do:

cval:=solve (subs (Bl=bl,B2=b2,Blp=blp,B2p=b2p,Cp=cp,Cap2exprl) =
0);

tempc2 :=abs (subs (C=cval,Bl=bl,B2=b2,Blp=blp,B2p=b2p,Cp=cp,
Cap2expr2)) :

tempc3:=abs (subs (C=cval,Bl=bl,B2=b2,Blp=blp,B2p=b2p,Cp=cp,
Cap2expr3)):

tempc4 :=abs (subs (C=cval,Bl=bl,B2=b2,Blp=blp,B2p=b2p,Cp=cp,
Cap2expri)) :

if (evalf(tempc2) < 0.001 and evalf(tempc3) < 0.001) and evalf
(tempc4) < 0.001 then:
print("C=",cval," Bl=",bl," B2=",b2," Bl'=",blp," B2'=",
b2p," C'=",cp):

print("---"):
fi:
od:
od:
od:
od:
od:
b:=0
ub =6
"C:", _ 2_14’ " Bl:u’ 0’ " B2:", O, " Blv:n, 0, " BZ':", 0’ " C':", 0
"C=", %’ " B1=", 1’ " B2="’ O’ " Bllzﬂ, 4, " B2V=H’ 6’ " CVZH’ 1

HC=H’ _ i’ n B1=H’ 1’ n B2=", 0, " B1V="’ 4’ " B2I=H’ 6’ n C1=H, 2

HC:H, %’ " Blzll’ 1’ " B2:H, 3, " Bl':”, 3’ n le:H’ 6’ " CV:H, 1

n__n (10)



Now we look at the Mod-9 identities.
Since the analysis follows similarly, we skip the explanations.

> Mod9A:=Matrix(2,2,[2,3,3,6]);
Mod9At:=Mod9A+DiagonalMatrix ([xil,xi2]) ;
Mod9Atinv:=MatrixInverse (Mod9At) ;

Mod94 =
36

24+E& 3
Mod9At =
3 6+8&

6+& 3

EIQ+6E+282+3  EE+6E +28+3
Mod9Atinv = an
3 2+ &l

CHEA6E+282+3  EHE+6E +28+3

> Mod9Q1:=1-2%sin (Pi/18) ;
Mod902 := (4*sin ( (1/18) *Pi) ~2+4*sin ((1/18) *Pi) )~ (1/3) ;

simplify (Mod9Q143 - 3*Mod9Q1%42 + 1) ;
simplify (Mod9Q249 - 6*Mod9Q276 + 3*Mod9Q243 + 1) ;

Mod90Q1:=1 —2 sin(L n)

18
| ) . 1/3
M®d9Q2F=(4$n(i§-n) +%1mn(i§-n))
0
0 (12)

_We shall substitute actual values for xi's later:

> alias(zetal=RootOf (x*3-3*x-1,x)) ;
alias (zeta2=RootOf (x*3-9*x72-54*x-27 ,x));

&1, 2

¢1, &2 13)
> expargcutoff:=10;
expcutoff:=expargcutoff-2;
expargcutoff:= 10

expcutoff =8 14)
> exptwovar:=serexp (ser (exparg(Bl,xil,T1l,1,expargcutoff) +exparg (B2,
xi2,T2,3,expargcutoff) ,expcutoff,epsilon) ,expcutoff) :
Mod9wanted:=ser (int2all (exptwovar, Mod9Atinv,20,T1,T2),
|  expargcutoff,epsilon):
> Mod9cl:=coeff (Mod9wanted,epsilon, 2) :




Mod9c2:=coeff (Mod9wanted,epsilon,4) :
Mod9c3:=coeff (Mod9wanted,epsilon, 6) :
Mod9c4 :=coeff (Mod9wanted,epsilon, 8) :
> Mod9qg:=simplify (C+ (2*zetal+l)/24 + (2*zeta2+3)/24);
Mod9exprl:=simplify (subs (xil=zetal,xi2=zeta2, Mod9cl - Mod9qg)) :
Mod9expr2:=simplify (subs (xil=zetal,xi2=zeta2, Mod9c2 - Mod9g*
Mod9cl + Mod9g”*2/2)):
Mod9expr3:=simplify (subs (xil=zetal,xi2=zeta2, Mod9c3 - Mod9g*
Mod9c2 + Mod9g*2/2*Mod9cl - Mod9g”3/6)):
1 1 1
Mod9¢g .= C + 2 {1+ 6 + 2 (15)
Now we check that the three Mod-9 identities satisfy the required constraints.

Identity 1:

> idilc:=findc([-1,0,-1,0,0,-1,0,-1,01);
evalf (subs (C=id1C,B1=0,B2=0,Mod%exprl)) ;
evalf (subs (C=id1C,B1=0,B2=0,Mod%expr2)) ;
evalf (subs (C=id1C,B1=0,B2=0,Mod%expr3)) ;
1

dIC = -——
! 18

4.1097240058012954533367242708530259123408456094164 107
6.8403817185630757697220275314654830769375301306767 10™°
6.0722094868465665674086652688149183815152250019421 10 (16)
=Identity 2:

> id2Cc:=findc([0,-1,-1,0,0,-1,-1,0,01);
evalf (subs (C=id2C,B1=1,B2=3,Mod%exprl)) ;
evalf (subs (C=id2C,Bl1=1,B2=3,Mod%expr2)) ;
evalf (subs (C=id2C,B1=1,B2=3,Mod%expr3)) ;
5

1d2C = 1_8

0.

2.0521145155689227309166082594396449230812590392029 107’
i 0. an
Identity 3:

> id3C¢:=findc([o,0,-1,-1,-1,-1,0,0,01);
evalf (subs (C=id3C,Bl1=2,B2=3,Mod%exprl)) ;
evalf (subs (C=id3C,Bl1=2,B2=3,Mod%expr2)) ;
evalf (subs (C=id3C,Bl1=2,B2=3,Mod%expr3)) ;
11

id3C = E

0.
0.

1.5180523717116416418521663172037295953788062504856 107" (18)

Now we proceed to the general search.




We do not print the output of the following commands, since they are quite big.

> Mod9cval:=solve (Mod9exprl=0,C) :
Mod9eql :=simplify (subs (C=Mod9cval,Mod9expr2)) :
| Mod9eqg2:=simplify (subs (C=Mod9cval,Mod%expr3)):
> for bl from -40 to 40 do:
for b2 from -40 to 40 do:
tempCval :=solve (subs (Bl=bl A B2=b2,Mod9exprl)=0,C) :
Mod9eqg2eval :=evalf (subs (Bl=bl,B2=b2,Mod%eql)) :
Mod9eqg3eval:=evalf (subs (Bl=bl,B2=b2,Mod%eq2?)) :
if abs(Mod9eg2eval)<10%(-3) and abs (Mod9eg3eval)<10%(-3) then:

print("C", identify(evalf (tempCval)), " B1l", bl," B2", b2):
fi:
end:
end:
HCH _L n Bl" O n B2H O
b 18 b 2 2 2
HCH i " Bl” 1 " B2H 3
b 18 b b b b
" " 11 " " " "
C’_ﬁ;’ B1",2," B2", 3 19

_Dilogarithm verification:

> evalf ((L(1) - L(Mod9Q1l)) + (L(1)-L(Mod9Q2%3))/3 - 2*pPi*2/27);

-1.01 10 (20)



